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Abstract Circular motion of test particles in the equato-
rial plane of the Kerr–Newman–de Sitter (KNdS) spacetime
is analyzed for both black-hole and naked-singularity back-
grounds. We present relations for specific energy, specific
angular momentum and Keplerian angular velocity of a par-
ticle on equatorial circular orbit, and discuss criteria for the
existence of such orbits giving limits on spacetime parame-
ters. The orientation of motion along circular orbits is dis-
cussed from the point of view of locally non-rotating frames.
Finally, we discuss the stability of circular motion against
radial perturbations and determine limits on the existence
of stable circular orbits, as well as the structure of stability
regions in KNdS spacetimes.

1 Introduction

More than two decades of astronomical observations, includ-
ing high-redshift supernovae, cosmic microwave background
radiation and large-scale structure, indicate convincingly
accelerated expansion of the Universe [1–5]. As commonly
accepted hypothesis, the dark energy, demonstrating gravi-
tational repulsion, was proposed to cause this phenomenon.
Detailed analyses of various data show that the dark energy
behaves like the vacuum energy, which, in relativistic cos-
mology, is represented by a repulsive cosmological constant
Λ > 0 [6,7]. Its current value, being in accordance with
astronomical observations, is of the order 10−52 m−2. Impor-
tant alternatives to the vacuum energy are represented by a
variety of quintessential fields [8–10]. On the other hand, the
recent accelerated expansion of our observable Universe can
be explained also in the non-standard way, e.g. in the frame-
work of inhomogeneous or anisotropic cosmologies [11–13].

Here we assume the case of repulsive cosmological con-
stant. Due to this fact, the structure of black-hole (naked-
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singularity) solutions of Einstein equations of General Rela-
tivity is substantially modified in comparison with the Λ = 0
case, as these solutions contain another, so-called cosmolog-
ical, event horizon, with a dynamic region behind it [14,15].
For Λ ∼ 10−52 m−2, the cosmological horizon is located at
the distance rc ∼ 1026 m, comparable with the current Hub-
ble radius of the Universe. Such a value of rc is relevant for
all astronomical black holes, as their masses are well below
1011 M�. We should stress that the cosmological horizon is
important for cosmology and related problems, but it is irrele-
vant for astrophysics of black holes. However, various studies
show that for astrophysical processes, another radius related
to the cosmic repulsion could be relevant. This is the static (or
turnaround) radius [16–18], depending on the central mass
M and cosmological constant Λ as rs = 3

√
3GM/Λc2. At the

static radius, the gravitational attraction caused by the central
mass is just compensated by the cosmic repulsion described
by the cosmological constant. It has been shown that the static
radius gives an upper limit on an extension of disk-like struc-
tures around black holes, coinciding with dimensions of large
galaxies with central supermassive black holes [19–22], and
gives also a natural limit on extension of bound systems in
an expanding universe with Λ > 0 [23–28].

Till now, studies of the black-hole (naked-singularity)
backgrounds with Λ > 0 were mainly concentrated on
uncharged Schwarzschild–de Sitter and Kerr–de Sitter space-
times [16,29–37]. However, theoretical considerations,
together with recent observations of structures near Sgr A∗ by
the GRAVITY experiment [38], indicate possible presence
of a small electric charge of central supermassive black hole
[39,40]. Therefore, it could be interesting to study the com-
bined effect of cosmic repulsion and electromagnetic fields
on the black-hole astrophysics. The simplest case would be,
of course, their influence on the motion of uncharged mat-
ter. In the case of non-rotating Reissner–Nordström–de Sitter
black holes, the circular motion of test particles and photons
was studied in [41], where the naked-singularity background
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was analyzed too. Here we include also the influence of black
hole (naked singularity) rotation.

More precisely, we concentrate on circular geodesics in
the equatorial plane of the Kerr–Newman–de Sitter (KNdS)
spacetime, which incorporates both the gravity of a charged
rotating black hole (naked singularity) and the cosmic repul-
sion, and corresponds to the most general asymptotically
de Sitter black-hole solution of Einstein’s General Relativity.
Due to this fact, such an analysis can also have a significant
theoretical meaning.

2 The background

The KNdS solution describes spacetime geometry of a rotat-
ing and electrically charged black hole (naked singularity)
in the universe with non-zero cosmological constant. In the
well-known Boyer–Lindquist coordinates (t, r, θ, ϕ) and
geometrical units (c = G = 1), the spacetime geometry
is described by the line element [14]

ds2 = − Δr

I 2ρ2 (dt − a sin2 θdϕ)2

+Δθ sin2 θ

I 2ρ2

[
a dt −

(
r2 + a2

)
dϕ

]2

+ ρ2

Δr
dr2 + ρ2

Δθ

dθ2, (1)

where

Δr = r2 − 2Mr + a2 + e2 − 1

3
Λr2

(
r2 + a2

)
, (2)

Δθ = 1 + 1

3
Λa2 cos2 θ, (3)

I = 1 + 1

3
Λa2, (4)

ρ2 = r2 + a2 cos2 θ. (5)

It depends on four parameters, M, a, e, and Λ, correspond-
ing, respectively, to the mass, spin and electric charge of a
central black hole/naked singularity, and to the cosmological
constant. Together with the gravitational field there is also
related electromagnetic field described by the 4-potential

Aμ = − er

Iρ2

(
δtμ − a sin2 θδϕ

μ

)
. (6)

For a = 0, the relations (1)–(6) describe geometry and elec-
trostatic field of the Reissner–Nordström–de Sitter space-
time. In the uncharged case, we can distinguish the Kerr–
de Sitter (e = 0, a �= 0) or Schwarzschild–de Sitter
(e = 0, a = 0) spacetimes.

In order to simplify relations, instead of the cosmological
constant Λ we use a dimensionless cosmological parameter
y,

y = 1

3
ΛM2. (7)

Almost all quantities are scaled with the mass M , therefore it
is useful to fix the mass parameter putting M = 1. Remaining
three parameters (a, e, y) are still free and limits of their
values will be a part of discussion in our analysis.

3 Horizons

Event horizons of the KNdS spacetime correspond to null
hypersurfaces of r = const determined by the condition
grr = 0, i.e. Δr = 0, which can be rewritten into the form

y = yh(r; a, e) ≡ r2 − 2r + a2 + e2

r2(r2 + a2)
. (8)

Detailed analysis of the function yh(r; a, e) can be found in
[42], here we summarize only the most important results.

In all KNdS spacetimes (y > 0), there is always a cosmo-
logical horizon located at r = rc. If the values of spin and
charge of the central mass allow existence of black holes, the
function yh(r; a, e) has two local extrema–minimum yh,min

and maximum yh,max which is always positive. Then for cos-
mological parameter yh,min < y < yh,max, the spacetime
contains also two black-hole horizons, the inner one at r = r−
and the outer one at r = r+ where r− < r+ < rc. In regions
r− < r < r+ and r > rc the spacetime is dynamic, forbid-
ding the existence of stationary observers at r = const orbits.
For 0 < a2 + e2 < 1, the local minimum yh,min is negative,
and for cosmological parameter yh,min < y < 0 the space-
time contains only two horizons r± corresponding to black-
hole horizons of the Kerr–Newman–anti-de Sitter (KNadS)
black hole. Independently of the sign of yh,min, for y = yh,min

both black-hole horizons coincide, r+ = r−, and the space-
time geometry describes extreme KN(a)dS black hole. Other
cases correspond to naked-singularity spacetimes. Behavior
of the function yh(r; a, e) for various values of the rotational
and charge parameters is presented in Fig. 1.

Extrema of the function yh(r; a, e) are given by the con-
dition

e2 = e2
ex(h)(r; a) ≡ r(3r2 + a2) − (r2 + a2)2

2r2 + a2 , (9)

where only non-negative values of the function e2
ex(h)(r; a)

are physically relevant. The analysis of its behavior in depen-
dence of the rotational parameter a shows that e2

ex(h) ≥ 0

only for a2 ∈ 〈0, a2
crit〉, where a2

crit = 3(2
√

3 + 3)/16
.=

1,21202. The function e2
ex(h)(r; a) is for r > 0 strictly con-

cave, possessing one local maximum which value depends
on the parameter a as
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(a) (b)

Fig. 1 Profiles of the function yh(r; a, e) for a fixed value of the
parameter a and various values of the parameter e, b fixed value of
the parameter e and various values of the parameter a. Dashed profiles

correspond to the case where a2 + e2 = 1, dotted profiles correspond
to situation in which both local extrema coincide in an inflex point

e2
ex(h),max(a) = 3

8

[
F2(a)

(
1 + a2 −

√
a2(a2 + 2)

)

+ F(a) − 8

3
a2 + 1

]
;

F(a) =
(

1 + a2 +
√
a2(a2 + 2)

)1/3
. (10)

Function e2
ex(h),max(a) is monotonically decreasing in the

interval a ∈ 〈0, acrit〉, reaching its minimal value for a =
acrit . Therefore the maximal value, denoted as e2

crit , this func-
tion reaches for a = 0. From relation (10) it is clear that
e2

crit = 9/8.
Previous analysis of the function e2

ex(h)(r; a) shows that
the KNdS spacetime contains a black hole only if its param-
eters do not exceed certain critical values 0 ≤ a2 ≤ a2

crit,
0 ≤ e2 ≤ e2

crit , where the higher is the value of the charge
parameter e from given interval, the lower is the maximal
value of the rotational parametera admitting a black hole, and
vice versa. For limiting values both extrema of the function
yh(r; a, e) coincide in an inflection point determining, for a
given e and a, a limiting value of the cosmological parame-
ter y admitting the existence of black holes. Analysis of the
function yh(r; a, e) shows, see also [42], that the maximal
value of the cosmological parameter y admitting the exis-
tence of KNdS black hole coincides with the maximal value
for extreme Reissner–Nordström–de Sitter black hole [43],
ycrit = 2/27. It should be noted that the maximal value of
the cosmological parameter admitting the existence of Kerr–
de Sitter black hole is yc(KdS) = 16/(2

√
3 + 3)3, while for

the Schwarzschild–de Sitter black hole it is yc(SdS) = 1/27,
see [29,30].

4 Equations of motion

Motion of a test charged particle with mass m and elec-
tric charge q can be the most effectively analyzed by the

Hamilton–Jacobi formalism. The corresponding Hamilton–
Jacobi equation [44],

− ∂S

∂λ
= 1

2
gμν

(
∂S

∂xμ
− q Aμ

) (
∂S

∂xν
− q Aν

)
, (11)

for the principal Hamilton function S(λ, t, ϕ, r, θ) takes, in
the KNdS spacetime, the form

− 2
∂S

∂λ
= − 1

ρ2Δr

[
I (r2 + a2)

∂S

∂t
+ I a

∂S

∂ϕ
+ eqr

]2

+ 1

ρ2Δθ sin2 θ

[
I a sin2 θ

∂S

∂t
+ I

∂S

∂ϕ

]2

+Δr

ρ2

(
∂S

∂r

)2

+ Δθ

ρ2

(
∂S

∂θ

)2

; (12)

λ is an affine parameter connected with particle’s proper time
τ by the relation λ = τ/m so that

gμν

dxμ

dλ

dxν

dλ
= −m2, (13)

where m2 can be considered as the first constant of motion.
Both the spacetime and the electromagnetic field are station-
ary and axially symmetric, thus the corresponding time and
azimuthal canonical momenta pμ = ∂S/∂xμ are another
constants of motion: pt = −E , pϕ = Φ.1 As was shown by
B. Carter in the case of Kerr–Newman spacetime [14,45], a
solution of the Hamilton–Jacobi equation can be written in a
separated form,

S = 1

2
m2λ − E t + Φϕ + Sr (r) + Sθ (θ), (14)

1 In asymptotically flat Kerr–Newman spacetime (Λ = 0) these con-
stants correspond, respectively, to energy and axial angular momentum
of a particle at infinity but in asymptotically de Sitter background such
interpretation is not possible. However despite this fact we will still call
these quantities “energy” and “angular momentum”.
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where Sr and Sθ are some functions of their variables, leading
to the fourth constant of motion K and enabling to find a
complete set of first integrals of motion. The same technique
holds also in the KNdS spacetime for which

Sr =
∫ r 1

Δr

√
R(r) dr , Sθ =

∫ θ 1

Δθ

√
W (θ) dθ, (15)

where

R(r) = P2
r − Δr (m

2r2 + K ), (16)

Pr = IE (r2 + a2) − I aΦ − eqr, (17)

W (θ) = Δθ(K − m2a2 cos2 θ) − P2
θ

sin2 θ
, (18)

Pθ = I (aE sin2 θ − Φ). (19)

Applying the Hamilton–Jacobi method, we obtain the inte-
gral form of equations of motion:

∫ r dr√
R

=
∫ θ dθ√

W
, (20)

λ =
∫ r r2

√
R

dr +
∫ θ a2 cos2 θ√

W
dθ, (21)

t =
∫ r I (r2 + a2)[IE (r2 + a2) − I aΦ − eqr ]

Δr
√
R

dr

−
∫ θ I 2a(aE sin2 θ − Φ)

Δθ

√
W

dθ, (22)

ϕ =
∫ r I a[IE (r2 + a2) − I aΦ − eqr ]

Δr
√
R

dr

−
∫ θ I 2(aE sin2 θ − Φ)

Δθ

√
W sin2 θ

dθ. (23)

However, for subsequent discussion, their differential form
following directly from the integral form is more useful [16]:

ρ2 dr

dλ
= ±√

R(r), (24)

ρ2 dθ

dλ
= ±√

W (θ), (25)

ρ2 dt

dλ
= I (r2 + a2)Pr

Δr
− I aPθ

Δθ

, (26)

ρ2 dϕ

dλ
= I aPr

Δr
− I Pθ

Δθ sin2 θ
. (27)

Carter’s equations (24)–(27) describe motion of a charged
test particle in the KNdS spacetime. Further we focus our
attention to circular motion of test uncharged particles in the
equatorial plane θ = π/2, i.e. to equatorial circular timelike
geodesics.

5 Circular geodesics in the equatorial plane

If the motion of a test particle is restricted to the equatorial
plane θ = π/2, then dθ/dλ = 0, and from equation (25)
follows that the constants of motion are connected by the
relation

K = I 2(aE − Φ)2. (28)

Now we define specific energy E and specific angular
momentum L of a particle by relations

E ≡ IE

m
, L ≡ IΦ

m
. (29)

Then the Eq. (24), describing radial motion, for test uncharged
particle moving in the equatorial plane takes the form

r2 dr

dτ
= ±

√
R̃(r), (30)

where

R̃(r) = [E(r2 + a2) − aL]2 − Δr [r2 + (aE − L)2]. (31)

In order to simplify description and further calculations, it is
useful to introduce another axial parameter

X ≡ L − aE, (32)

giving

R̃(r) = (Er2 − aX)2 − Δr (r
2 + X2). (33)

Equation (30) governs the radial motion of uncharged test
particles in the equatorial plane. Taking its square, or sim-
ply from the reality condition that any relation under a square
root has to be non-negative, the test particle motion is allowed
only in the region where R̃(r) ≥ 0. The radial function R̃(r)
is a quadratic trinomial for the specific energy E . There-
fore, the motion of a particle with given specific energy E
and axial parameter X is allowed only in that regions where
E ≥ V+(r; X), or E ≤ V−(r; X); equalities correspond to
turning points of radial motion and the functions

V±(r; X) = 1

r2

[
aX ±

√
Δr (r2 + X2)

]
(34)

correspond to the roots of the equation R̃(r) = 0. If we
restrict only on particles in so-called “positive-root states”
[44], i.e. particles on future directed trajectories, then from
the condition dt/dτ > 0 follows that their energy must sat-
isfy the inequality

E >
aX

r2

(
1 − Δr

r2 + a2

)
. (35)

Comparing the condition (35) with behavior of functions
V±(r; X) reveals that for such particles only the function
V+ is relevant. In that sense, V+(r; X) plays a role of the
effective potential governing the radial motion of uncharged
test particles in the equatorial plane of the KNdS spacetime.
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Fig. 2 Radial profiles of
specific energy and specific
angular momentum of test
particles moving on equatorial
circular orbits around KNdS
black holes with cosmological
parameter y = 10−4. Values of
corresponding rotational and
charge parameters (a, e) are
assigned to each curve
separately. a, b Correspond to
the plus-family orbits, while the
c, d correspond to the
minus-family orbits

(a) (b)

(c) (d)

Extrema of the function V+(r; X) in terms of radial coor-
dinate r determine positions of equatorial circular geodesics
and, subsequently, values of corresponding constants of
motion. Equivalently, circular geodesics are given by con-
ditions

R̃(r) = 0,
d R̃

dr
= 0, (36)

which must be both satisfied. Applying the same procedure
for elimination of variables as in the case of Kerr–de Sitter
background [30], the specific energy and specific angular
momentum of an uncharged test particle on circular orbit
(geodesic) in the equatorial plane of the KNdS spacetime are
given by relations

E±(r; a, e, y)

=
1 − 2

r
+ e2

r2 − y(r2 + a2) ± a

√
1

r3 − e2

r4 − y

⎡

⎣1 − 3

r
+ 2

e2

r2 − ya2 ± 2a

√
1

r3 − e2

r4 − y

⎤

⎦

1/2 , (37)

L±(r; a, e, y)

=
−2a

r
+ ae2

r2 − ya(r2 + a2) ± (r2 + a2)

√
1

r3 − e2

r4 − y

⎡

⎣1 − 3

r
+ 2

e2

r2 − ya2 ± 2a

√
1

r3 − e2

r4 − y

⎤

⎦

1/2 .

(38)

As in other Kerr-like spacetimes, there are two families of
orbits – the plus-family and the minus-family – correspond-

ing to upper and lower signs in relations (37) and (38). Note
that given relations for specific energy and specific angular
momentum are valid also for motion of an uncharged test
particle on equatorial circular geodesic in the KNadS space-
time. Further discussion, however, we will continue only for
the case of a repulsive cosmological constant, i.e. for the cos-
mological parameter y > 0. Characteristic behavior of radial
profiles of specific energy and specific angular momentum,
showing the change of constants of motion E and L during
the transition from one orbit to another one, is presented for
appropriately chosen spacetime parameters in Figs. 2 and 3 .
Importance of local extrema of the functions E±(r; a, e, y)
and L±(r; a, e, y) is related to stability of orbits against
radial perturbations, and will be discussed later.

5.1 Existence of equatorial circular geodesics

Reality conditions

1

r3 − e2

r4 − y ≥ 0, (39)

1 − 3

r
+ 2

e2

r2 − ya2 ± 2a

√
1

r3 − e2

r4 − y > 0, (40)

following from the relations (37) and (38) for specific energy
and specific angular momentum, mean that equatorial circu-
lar geodesics exist only in those regions of spacetime where
both conditions are satisfied.

The first condition (39) can be rewritten to the form

y ≤ ys(r; e) ≡ r − e2

r4 , (41)
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Fig. 3 Radial profiles of
specific energy and specific
angular momentum of test
particles moving on equatorial
circular orbits around KNdS
naked singularities with
spacetime parameters shown in
each panel. Values of rotational
and charge parameters (a, e) are
assigned to each curve
separately. a, b Correspond to
the plus-family orbits, while the
c, d correspond to the
minus-family orbits

(a) (b)

(c) (d)

where the function ys(r; e) determines so called static radii
of the KNdS spacetime. Since the static radii are determined
independently of the rotational parameter a, these are the
same as in the Reissner–Nordström–de Sitter spacetime [41].
Static radius is an orbit where freely falling observer has
non-zero time-component Pt of its 4-momentum only; other
(space-)components Pi are zero there which can be seen
directly from the geodesic Eqs. (24)–(27) for y = ys(r; e)
and θ = π/2.

Function ys(r; e) has one local extreme – maximum – at
r = rex(s) ≡ 4e2/3, giving the value yex(s) = 27/256 e6.
Moreover, for r → 0, the function ys(r; e) → −∞, while
for r → ∞, the function ys(r; e) → 0. Therefore, in KNdS
spacetimes with cosmological parameter y < yex(s), there are
two static radii, rs1 a rs2, where rs1 < rs2, but not always both
lie in physically important stationary regions of spacetime.
In black-hole spacetimes with charge parameter e2 ≤ 1 and
rotational parameter a2 < e2(1 − e2), the inner radius rs1

is located in dynamic region between black-hole horizons,
r− < rs1 < r+, and thus, in fact, does not influence the exis-
tence of circular orbits. If a2 > e2(1 − e2) (for e2 ≤ 1), and
for e2 > 1 there are KNdS black holes, for which rs1 < r−,
i.e. it lies in a stationary region inside the black hole. Inter-
sections of functions yh(r; a, e) and ys(r; e) reveal that in
black-hole spacetimes with sufficiently large value of cos-
mological parameter y � yh,max ∼ ycrit = 2/27, the outer
radius rs2 lies behind the cosmological horizon rc and, thus,
has no relevance for the existence of circular orbits. Nev-
ertheless, in most of black-hole spacetimes the outer static
radius lies in a stationary region between the black hole
and the cosmological horizon, r+ < rs2 < rc. Analogous

analysis in the case of naked singularities reveals that in
a stationary region 0 < r < rc, there can be one, two, or
even no static radii. The better insight into possible mutual
positions of spacetime horizons and static radii gives Fig. 4
showing behavior of functions yh(r; a, e) a ys(r; e) for var-
ious values of spacetime parameters a and e. Note that in
uncharged Schwarzschild–de Sitter and Kerr–de Sitter space-
times, there is always only one static radius located at the
position rs = y−1/3 [16,29,30].

Condition (40) corresponds to limits on the existence of
circular orbits given by orbits of photons. In KNdS space-
times, their location is given by the relation

y = yph(r; a, e)

≡ −(r2 + 3r − 2e2) + 2
√
r(3r2 + a2) − e2(2r2 + a2)

a2r2 .

(42)

Detailed analysis of the function yph(r; a, e) can be found
in [42], here we are going to present only its basic character-
istics.

In black-hole spacetimes, the function yph(r; a, e) has
three local extrema: positions of two of them are given by the
condition e2 = e2

ex(h)(r; a), where the function e2
ex(h)(r; a)

is defined by the relation (9), location of the third extreme is
given by condition

e2 = e2
ex(ph)(r) ≡ 3

4
r. (43)

If the extreme determined by the condition (43) corresponds
to a local minimum of the function yph(r; a, e), this mini-
mum lies between two local maxima given by the function
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e2
ex(h)(r; a). Since this function determines also extrema of

the function of horizons yh(r; a, e), it follows that in a sta-
tionary region out of the black hole there are always two
photon orbits playing a role of inner limit on the existence
of circular orbits. The outer limit is then given by the outer
static radius rs2 (if rs2 < rc) or by the cosmological horizon
rc. If the extreme given by the condition (43) corresponds to
a local maximum, we denote it as yph,max, it is located under
the inner black-hole horizon r−. Then for the cosmological
parameter yh,min < y < yph,max (if yph,max < yh,max) or
yh,min < y < yh,max (if yph,max > yh,max), there are other
two photon orbits in the region between the inner static radius
and the inner black-hole horizon, rs1 < r < r−. Moreover,
one of these photon orbits is stable against radial perturba-
tions, see [42].

In naked-singularity spacetimes, in dependence of space-
time parameters, there can be up to four photon circu-
lar orbits. Such a situation takes place for those spacetime
parameters a and e, for which both the function yh(r; a, e)
has local extremes with a minimum yh,min > 0, and the
local extreme of the function yph(r; a, e), given by the con-
dition (43), corresponds to a local minimum – we denote it
as yph,min. Then for 0 < y < yh,min (if yph,min < 0), or
for yph,min < y < yh,min (if yph,min > 0) we get KNdS
naked singularities with four circular photon orbits in the
region between the static radii, rs1 < r < rs2. Remaining
naked-singularity spacetimes contain maximally two circu-
lar photon orbits located above the inner static radius. The
upper limit for their existence is again given either by the
outer static radius or by the cosmological horizon. If the local
extreme given by the condition (43) corresponds to the local
maximum yph,max, then for y > yph,max the KNdS space-
time contains no circular photon orbit in the equatorial plane.
Behavior of the function yph(r; a, e) for various values of
spacetime parameters is presented in the Fig. 4.

For further discussion it is useful to distinguish between
particular classes of equatorial circular photon orbits. The
plus-family circular photon orbits are given by the condition

a = a(+)
ph(1,2)(r; y, e)

≡
√
r(1 − yr3) − e2 ± √

r(1 − 3yr2) − e2(1 − 2yr2)

yr2 ,

(44)

while the minus-family circular photon orbits are given by
the condition (for a > 0)

a = a(−)
ph (r; y, e)

≡ −√
r(1 − yr3)− e2 + √

r(1 − 3yr2)− e2(1 − 2yr2)

yr2 .

(45)

Circular photon orbits often form lower but in many cases
also upper boundary of a region where circular test-particle
orbits can exist. How such regions of existence for both plus
and minus family orbits look like shows Fig. 5, in which solid
curves correspond to the boundary given by photon orbits,
dashed lines determine static radii and dotted curves deter-
mine horizons of corresponding KNdS spacetimes. Notice
some interesting cases: (i) in the Fig. 5c we can see that
there are naked-singularity spacetimes, in which the region
of existence of circular orbits is split by a region where motion
along equatorial circular orbits is impossible, (ii) it is shown
that circular test-particle orbits can exist also in the naked-
singularity spacetimes with no photon circular orbits, see
Fig. 5d, (iii) there are KNdS spacetimes [of both kind-naked
singularities (Fig. 5a–f) and black holes (Fig. 5e)], in which
the existence of equatorial circular orbits of both test particles
and photons is impossible at all.

From behavior of the functions (44) and Fig. 5 follow that
for given values of cosmological and charge parameters y
and e allowing existence of equatorial circular orbits (see
subsequent discussion), there is always a maximal value of
rotational parameter

a = a(+)
max(y, e)≡

1

16ye3

(
3
√

3 − 32ye4 +
√

27 − 256ye6

)
,

(46)

for which equatorial circular orbits belonging to the plus-
family can exist.2 From detailed analysis of the function
a(+)

max(y, e) follows that equatorial circular orbits exist only
in those KNdS spacetimes whose cosmological parameter
meet the condition

y ≤ 3

32e4 , if e2 ≤ 9/8, (47)

or

y ≤ yex(s)(e) ≡ 27

256e6 , if e2 ≥ 9/8; (48)

the last condition is equivalent to the upper limit for the
cosmological parameter enabling existence of static radii in
given KNdS spacetime.

Limiting values of cosmological and charge parameters,
for which circular orbits of the minus-family just (i.e. for
a = 0) disappear, are given by relations

y = u − 1

2u3 , e2 = u

2
(3 − u), 1 < u ≤ 3, (49)

where u is auxiliary parameter. Maximal values of both cos-
mological and charge parameters we get for u = 3/2, giving
values y = 2/27 and e2 = 9/8, which are the same as the
limits for the existence of KNdS black holes. Note that for

2 This value corresponds to the maximum of the function
a(+)

ph(1)(r; y, e), whose position is given by the relation (43).
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Fig. 4 Various profiles and
positions of functions
yh(r; a, e), ys(r; e) and
yph(r; a, e) determining for
given values of spacetime
parameters y, a, e locations of
horizons (solid curve), static
radii (dashed curve) and photon
orbits (dotted curve)

(a) (b)

(c) (d)

(e) (f)

(g) (h)

u = 3 we get e = 0 and y = 1/27, which is the limit-
ing value of the cosmological parameter for the existence of
minus-family equatorial circular orbits in the Kerr–de Sitter
spacetime [30] and also for the existence of Schwarzschild–
de Sitter black holes [29].

5.2 Orientation of circular orbits

Like in the Kerr and Kerr–de Sitter spacetimes, also in the
Kerr–Newman–de Sitter spacetime we distinguish prograde

and retrograde circular motion of a particle with respect to
the rotation of a central black hole/naked singularity. Particles
rotating in the same direction as the center are called coro-
tating, particles rotating in the opposite direction are called
counterrotating.

In order to determine the direction of orbital motion, it
is necessary to choose suitable reference frame in which
azimuthal component of particle’s 4-momentum is measured.
Due to dragging of inertial frames, which takes place in all
rotating spacetimes, the most suitable reference frame seems
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(a) (b) (c)

(e) (f)(d)

Fig. 5 Characteristic regions of existence of the equatorial circular
orbits of the plus (+) and minus (−) families in the KNdS spacetimes.
Solid curves correspond to circular photon orbits of a given family.
Dashed lines and dotted curves determine static radii and horizons of

given KNdS spacetimes, respectively. Minus-family orbits exist only in
the shaded regions (a, c, d). In the black region (c), there are no circular
orbits

to be the locally non-rotating frame (LNRF) [46]. In the
KNdS spacetime, the LNRF is determined by the tetrad of
basis 1-forms

ω(t) =
(

ΔrΔθ�
2

I 2Σ2

)1/2

dt, (50)

ω(ϕ) =
(

Σ2 sin2 θ

I 2�2

)1/2

(dϕ − Ωdt), (51)

ω(r) =
(

�2

Δr

)1/2

dr, (52)

ω(θ) =
(

�2

Δθ

)1/2

dθ, (53)

where

Ω = a

Σ2

[
(r2 + a2)Δθ − Δr

]
(54)

is the angular velocity dϕ/dt of the LNRF and

Σ2 = (r2 + a2)2Δθ − a2Δr sin2 θ. (55)

Locally measured components of particle’s 4-momentum in
the LNRF are given by its projection onto the LNRF-tetrad,
P(α) = ω(α)(P) = ω

(α)
μ Pμ, where Pμ = dxμ/dλ are coor-

dinate components of particle’s 4-momentum. For a test par-
ticle with rest mass m, Pμ = m dxμ/dτ ≡ m ẋμ, where τ is
its proper time. The locally measured azimuthal component

of particle’s 4-momentum is, then, given by relation

P(ϕ) = mΣ

Iρ
(ϕ̇ − Ω ṫ). (56)

Using geodesic Eqs. (26)–(27) and restricting into the equa-
torial plane θ = π/2, we obtain for ṫ and ϕ̇ the expressions

ṫ = I

r2Δr

{
E

[
(r2 + a2)2 − a2Δr

] − aL
[
(r2 + a2) − Δr

]}
,

(57)

ϕ̇ = I

r2Δr

{
aE

[
(r2 + a2) − Δr

] + L(Δr − a2)
}
, (58)

and after adding them into (56) we finally get

P(ϕ) = mr

Σπ/2
L , (59)

where Σπ/2 ≡ Σ(θ = π/2). We can see that the sign of
locally measured azimuthal componet of 4-momentum of a
particle on equatorial circular orbit is given by the sign of
its specific angular momentum on such orbit. Orbits with
P(ϕ) > 0, i.e. with L > 0, are corotating, while the orbits
with P(ϕ) < 0, i.e. with L < 0, are counterrotating.

Equivalently, the orientation of equatorial circular orbit
can be determined by comparison of angular velocity of a par-
ticle (so-called Keplerian angular velocity) ΩK = dϕ/dt =
ϕ̇/ṫ , where ṫ a ϕ̇ are given by relations (57) and (58), with
angular velocity of the LNRF on the same orbit. Substituting
E and L in relations (57) and (58) by their profiles (37) and
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(38) for circular orbits, we get for each family of particles
the radial profile of Keplerian angular velocity:

ΩK± = ± 1

r2/
√
r(1 − yr3) − e2 ± a

. (60)

Radial profile of the LNRF angular velocity in the equatorial
plane is given by relation (54) for θ = π/2:

ΩLNRF = a
[
2r + yr2(r2 + a2) − e2

]

r2(r2 + a2) + a2
[
2r + yr2(r2 + a2) − e2

] .(61)

Then, a given orbit is corotating or conterrotating, if ΩK >

ΩLNRF or ΩK < ΩLNRF on given r , respectively.
Detailed analysis of the functions (38), describing behav-

ior of specific angular momentum of particles on equatorial
circular orbits, reveals that, like in the Kerr–de Sitter space-
time, also in the KNdS spacetime the minus-family orbits are
always counterrotating. Plus-family orbits are mostly coro-
tating but, as in the Kerr–de Sitter spacetime, there are coun-
terrotaing plus-family orbits too. Similar behavior of plus-
family orbits have been found also in the Kerr [47,48] and
the Kerr–Newman [49,50] spacetimes, but only in naked-
singularity spacetimes with sufficiently low value of their
rotational parameter; in Kerr–de Sitter and KNdS spacetimes,
counterrotating plus-family orbits can be found also around
black holes.

Counterrotating plus-family orbits are separated from the
corotating ones by orbits with zero angular momentum, L =
0, which are given by the condition

e2 = e2
(L=0)(r; y, a)

≡ 1

2a2

{
−(r2 + a2)2 + 4a2r

[
1 + 1

2
yr(r2 + a2)

]

+ (r2 + a2)

√
(r2 + a2)2 − 4a2r [1 + yr(2r2 + a2)]

}
.

(62)

Zero-points of the function (62) determine locations of the
L = 0 orbits in an uncharged Kerr–de Sitter spacetime. For
e2 > 0, the particular KNdS spacetime can contain up to
four equatorial circular orbits with zero angular momentum.
Note that in the Kerr–de Sitter spacetime there are maximally
three such orbits [30].

In black-hole KNdS spacetimes, the plus-family orbits
change their orientation from the corotating ones to the coun-
terrotating ones always near the outer static radius. In some
black-hole spacetimes, the plus-family orbits change their
orientation also in the region under the inner horizon where
the orbits nearby the singularity are counterrotating, above
them are corotating orbits followed by the counterrotating
ones. For higher values of charge parameter e even all plus-
family orbits under the inner horizon of the KNdS black hole
can be counterrotating.

In naked-singularity spacetimes, the plus-family orbits
can change their orientation up to 4-times. This is the case
of those naked singularities, which spacetime parameters are
close to the values for the extreme KNdS black hole. Going
from singularity to static radius, there are at first counter-
rotating plus-family orbits, followed by narrow region of
corotating ones, which are replaced by also not very broad
region of counterrotating orbits, after which there is a main
region of corotating orbits which is replaced by relatively
narrow region of counterrotating orbits near the static radius.
For higher values of rotational and/or charge parameters,
the inner region of spacetime near the singularity can con-
tain only counterrotating plus-family orbits, thus, the plus-
family orbits change their orientation only twice (see Fig. 3b).
Finally, there are also naked-singularity spacetimes allowing
only counterrotating plus-family orbits.

5.3 Stability of equatorial circular orbits

Circular motion of a test particle is stable against radial per-
turbations if given orbit corresponds to a local minimum
of the effective potential V+. Equivalently, for stable cir-
cular orbits d2 R̃/dr2 < 0.3 Transition between the stable
and unstable orbits is formed by so-called marginally sta-
ble orbits. These are given by the condition d2 R̃/dr2 = 0,
which must be satisfied together with conditions (36) for cir-
cular orbits, leading to the quadratic equation for rotational
parameter a:

a2
[
3r − 4e2 + yr3(1 − 4yr3)

]
∓ 8a

[
r(1 − yr3) − e2

]3/2

−r2
[
r − 6 − yr3(4r − 15)

]
+ 4e4 − 3e2r(3 − 4yr3) = 0,

(63)

Its roots define functions

a(+)
ms(1,2)(r; y, e) ≡ 4

[
r(1 − yr3) − e2

]3/2 ± r
√
D

3r − 4e2 + yr3(1 − 4yr3)
, (64)

a(−)
ms(1,2)(r; y, e) ≡ −4

[
r(1 − yr3) − e2

]3/2 ± r
√
D

3r − 4e2 + yr3(1 − 4yr3)
, (65)

where

D = (1 − 4yr3)
{

3y2r5(5r − 4e2)

−yr
[
4e4 − 3e2r(4r + 3) + 2r2(5r + 3)

]

+3r2 − 2r − e2(4r − 3)
}

. (66)

3 For the stability of circular geodesics against latitudinal (vertical)
perturbations see [16,51]. It follows that all circular geodesics, being
stable against radial perturbations, are also stable against the latitudinal
ones.
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(a) (b) (c)

(e) (f)(d)

Fig. 6 Various forms of stability regions (shaded), enabling the exis-
tence of stable equatorial circular orbits in the KNdS spacetimes, in
dependence of a charge parameter e. The regions are given by common

intersection of conditions (67)–(69) for the cosmological parameter y.
For e � 0, 55548, the stability region is limited only by the functions
ys(r; e) and yms(r)

Regions, where functions a(±)
ms(1,2)(r; y, e) are real, deter-

mine regions, in which motion along stable equatorial cir-
cular orbits is possible. More precisely, stable circular orbits
exist in those KNdS spacetimes which cosmological param-
eter y satisfies simultaneously the conditions

y ≤ ys(r; e) ≡ r − e2

r4 , (67)

y ≤ yms(r) ≡ 1

4r3 , (68)

y ≤ yms−(r; e), or y ≥ yms+(r; e), (69)

where

yms±(r; e) ≡ 1

6r4(5r − 4e2)

{
4e4 − 3e2r(4r + 3)

+2r2(5r + 3) ± 2
[
4e8 − 6e6r(4r + 3) − 12e4r3(4r − 3)

+3e2r3(12r2 − 50r − 9) − r4(20r2 − 60r − 9)
]1/2

}
.

(70)

Detailed analysis of conditions (67)–(69) reveals that maxi-
mal value of the cosmmological parameter allowing motion
along stable circular geodesics of the KNdS spacetime with
a charge parameter e > 0 corresponds, independetly of the
rotational parameter a, to extremal value of the function
ys(r; e), i.e. to

ystab,max = yex(s) ≡ 27

256 e6 . (71)

For further discussion, the existence of local extrema of
the function yms−(r; e) is important. If e = 0, the function
yms−(r; e) has one local extreme – maximum in the region
satisfying condition (68), which value y(KdS)

stab,max
.= 0, 06886

corresponds to maximal value of the cosmological parame-
ter y allowing existence of stable equatorial circular orbits in
the Kerr–de Sitter spacetime [30]. If 0 < e � 0, 33202, the
function yms−(r; e) has two local extrema, minimum yms,min

and maximum yms,max, which values depend on the charge
parameter e. For e � 0, 28907, the yms,min is negative, while
for higher values of e it is positive. The other extreme yms,max

is always positive. For y ∈ (yms,min, yms,max), the corre-
sponding KNdS spacetime contains two separate regions of
stable circular orbits. Influence of the charge parameter e on
character of regions with stable equatorial circular orbits in
the KNdS spacetime is shown in the Fig. 6.

For given values of spacetime parameters (y, a, e), the
locations of marginally stable circular orbits are implicitly
determined even by relations a = a(+)

ms(1,2)(r; y, e) valid

for the plus-family orbits, or a = a(−)
ms(1,2)(r; y, e) valid for

the minus-family ones. In subsequent discussion we restrict
on the a > 0 cases only. Detailed analysis of behavior of
the functions (64) and (65) shows that in black-hole space-
times allowing motion along stable equatorial circular orbits
of a given family, there are for each family, in general, two
marginally stable orbits, rms(i) and rms(o), located above the
outer black-hole horizon. Stable circular orbits lie in the
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(a) (b) (c)

(e) (f)(d)

(h) (i)

(j)

(g)

Fig. 7 Characteristic mutual positions of marginally stable and pho-
ton orbits in dependence of the rotational parameter a for appropriately
chosen KNdS spacetimes with cosmological parameter y and charge
parameter e. Plus/minus-family marginally stable orbits are given by

solid/dashed curves, while the plus/minus-family photon orbits are
determined by dotted/dashed-dotted curves. Shaded are the regions in
between the inner and outer black-hole horizons, if they exist

region between the inner and outer marginally stable orbits,
rms(i) < r < rms(o), while the unstable orbits are located in
regions r < rms(i) and r > rms(o). The inner region of unsta-
ble orbits is extended down to the (inner) photon orbit of
given family, while a boundary of the outer region of unsta-
ble orbits is formed either by the outer static radius or by

the (outer) photon orbit (the latter is valid only for the plus-
family orbits in the KNdS spacetimes with no minus-family
orbits.

In naked-singularity spacetimes allowing motion along
stable equatorial circular orbits of a given family, there are
for each family, in dependence of spacetime parameters, up
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(a) (b) (c)

(e) (f)(d)

Fig. 8 Characteristic specific energy profiles of test particles on equa-
torial circular orbits of the plus/minus-family in the field of KNdS black
holes (a–b) and naked singularities (c–f). Solid parts of the curves cor-

respond to the motion along stable circular orbits of a given family,
dashed and dotted parts represent unstable circular orbits. Solid circles
denote marginally stable orbits of a given family

to three marginally stable circular orbits. If there is only one
marginally stable orbit (located at r = rms), it separates the
inner region of stable orbits (r < rms) from the outer region
of unstable ones (r > rms). In the case of two marginally
stable orbits, rms(i) and rms(o), the situation is similar to the
one for black holes: the region of unstable orbits, r < rms(i),
is followed by the region of stable orbits, rms(i) < r < rms(o),
above which there is again the region of unstable orbits,
r > rms(o). If the spacetime possesses three marginally sta-
ble orbits of a given family, rms(i), rms(c) a rms(o), it contains
two regions of stable orbits, r < rms(i) a rms(c) < r < rms(o)

and two regions of unstable ones, rms(i) < r < rms(c) a
r > rms(o). Outer boundary of unstable orbits is like in black-
hole backgrounds formed either by the outer static radius or
by the outer photon orbit. Analogically, the inner boundary
of orbits (both unstable and stable) is formed either by the
inner static radius or by the inner photon orbit. This is true
also in the case when the innermost region of orbits is sta-
ble, but only for the plus-family orbits; stable minus-family
orbits cannot end “at” the inner photon orbit. Nevertheless,
there are naked-singularity spacetimes with the inner region
of stable minus-family orbits bounded from the outer side by
the inner photon orbit and from the inner side by the inner
static radius, without crossing any marginally stable orbit.

Figure 7 shows mutual positions of marginally stable and
photon orbits in dependence of the rotational parameter a for
selected KNdS spacetimes with prescribed cosmological and
charge parameters y and e. Note that the marginally stable

minus-family orbit located between two minus-family pho-
ton orbits is unphysical because in this region the condition
(40) is not valid and, thus, in this region no minus-family
orbits exist.

Following the definition of marginally stable orbits, it is
clear that these orbits must correspond to local extrema in
radial profiles of the specific energy and specific angular
momentum of particles on equatorial circular orbits given
by the relations (37) and (38). Raising parts of the functions
E±(r; a, e, y) correspond to stable circular orbits while
descending parts correspond to unstable ones. Several inter-
esting profiles, showing possible regions of stable circular
orbits (which were discussed previously) and corresponding
decrease of specific energy, are presented in the Fig. 8. If
the inner boundary of stable plus-family orbits is given by
the stable photon orbit, the specific energy of particles mov-
ing along orbits near the inner boundary decrease deeply to
negative values and in the limit r → rph the specific energy
E+ → −∞. Simultaneously, these orbits are, at least close to
the inner boundary, counterrotating, which means that their
specific angular momentum is also negative, and in the limit
r → rph, L+ → −∞. Such a behavior of constants of
motion E+ and L+ is typical for a wide range of naked-
singularity spacetimes of the Kerr–Newman type (with prop-
erly tuned parameters). For a more detailed discussion see
[50], where the authors discussed also an efficiency of accre-
tion in the Keplerian regime and anticipated an unstability of
given naked singularity which behaves like apparently inex-
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haustible source of energy. Clearly, in order to obtain deeper
insight it is necessary to study the evolution of naked singu-
larity with respect to change of their parameters caused by
the accretion of matter (see, e.g., [52]), which together with
negative energy brings also negative angular momentum. For
ultrahigh-energy particle collisions and optical effects in such
a special Kerr–Newman naked-singularity background see
also [53].

6 Conclusions

The paper brings the analysis of common influence of the
electric charge, spacetime rotation and cosmic repulsion on
properties of equatorial circular orbits of uncharged test par-
ticles, i.e. geodesics, in the frame of exact Kerr–Newman–
de Sitter solution of Einstein–Maxwell equations of General
Relativity. The study was done for both the black-hole and
naked-singularity backgrounds in a similar manner as for the
Kerr–de Sitter spacetimes [30] and, in that sense, it extends
our previous studies. Note that the separate analysis of com-
mon influence of the cosmic repulsion and electric charge
on circular geodesics of the Reissner–Nordström–de Sitter
spacetimes was done in [41]. In our final study, the crucial
point is, therefore, the incorporation of all the three effects.

Influence of the cosmic repulsion, connected with a posi-
tive cosmological constant Λ, is reflected mainly in the exis-
tence of the outer boundary for general equatorial circular
orbits (the outer static radius), and also for stable circular
orbits (the outer marginally stable orbit), while the influence
of spacetime rotation is connected with the existence of two
families of orbits, and with various properties of each family.

Influence of the electric charge can be summarized in sev-
eral points:

1. Together with the outer static radius, there is also the inner
static radius connected with a charge repulsion, which
limits the existence of equatorial circular orbits from the
inner side.

2. Charge parameter of the KNdS spacetime determines
maximal value of the cosmological parameter allowing
existence of equatorial circular orbits.

3. Charge parameter of the KNdS spacetime determines
maximal value of the cosmological parameter allowing
existence of stable equatorial circular orbits.

4. Due to the existence of the stable photon circular orbit in
the KNdS spacetime, there are naked-singularity space-
times in which the innermost stable circular orbit of a
test particle approaches this photon orbit, being char-
acterized by the diverging specific energy and specific
angular momentum, both going to −∞.

The results presented in the paper are of general character,
and in that sense they can be used in various subsequent anal-
yses. Some sort of them can be found in recently published
review paper [54]. Especially, discussion of naked singular-
ities enables to show differences between black holes and
even more compact objects like superspinars [55,56], which
existence follows from alternative theories of gravity. In near
future, we plan to study properties of Keplerian discs orbiting
KNdS black holes and naked singularities.
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