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Abstract We consider the presence of odd powers of the
speed of light ¢ in the covariant nonrelativistic expansion of
General Relativity (GR). The term of order c in the relativistic
metric is a vector potential that contributes at leading order in
this expansion and describes strong gravitational effects out-
side the (post-)Newtonian regime. The nonrelativistic theory
of the leading order potentials contains the full non-linear
dynamics of the stationary sector of GR.
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1 Introduction

The covariant nonrelativistic approximation to GR as intro-
duced by Dautcourt [1] has recently been revisited [2-9].
The approximation amounts to an expansion of the relativis-
tic metric in inverse powers of the speed of light ¢ and for this
reason we will refer to it as the large ¢ expansion. Originally
[1,2] the aim was simply to provide a manifestly coordinate
invariant version of the post-Newtonian expansion. But in [3]
it was pointed out that the large ¢ expansion naturally allows
the inclusion of strong gravitational effects which are not cap-
tured! in the post-Newtonian setup. That the large ¢ expan-
sion extends the post-Newtonian expansion is no surprise,
since the latter is not only a nonrelativistic, but also a weak
field expansion [10]. This feature of effectively describing
some strong gravitational effects suggests the large ¢ expan-
sion could have interesting phenomenological applications.
This remains largely unexplored, but we make a few initial
observations in Sect. 4.4. Still this approach has already led to
some interesting theoretical progress, such as the formulation
of a variational principle for Newtonian gravity [5] and a bet-
ter understanding of the geometry underlying nonrelativistic
gravity [3,4]. Furthermore it has some conceptual value, in
that it clearly separates relativistic effects from strong gravity
effects [8]. The work on the large ¢ expansion, which by con-
struction provides a nonrelativistic gravity theory descendant
from GR, is also of value to the recent explorations of more
general theories of nonrelativistic gravity. In that context we

1 To be precise, the strong gravitational effects present at leading order
in the large ¢ expansion can not be fully reproduced at any finite order
of the post-Newtonian expansion.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-020-8112-6&domain=pdf
mailto:mert.ergen@boun.edu.tr
mailto:efe.hamamci@boun.edu.tr
mailto:dieter.van@boun.edu.tr

563 Page2of 16

Eur. Phys. J. C (2020) 80:563

can mention for example recent work on 3d nonrelativis-
tic gravity [11-27], Lifshitz Holography [28-31], nonrela-
tivistic string theory [32—47] and condensed matter and fluid
mechanics applications [48—57]. In parallel the symmetries
underlying such theories have been further investigated [58—
67].

Previous work on the large ¢ expansion has focused on
an expansion of the metric in inverse powers of ¢2. This is
a self-consistent assumption in the gravitational sector since
gravitational potentials of even power in ¢ can not source
potentials of odd power in c. Under an additional weak field
assumption, together with consideration of some physical
constraints on energy-momentum and an appropriate coor-
dinate choice, one can show that odd terms in the relativistic
metric can appear only at subleading order [1,10]. In case
one does not make the weak field assumption the presence
of terms with an odd power of ¢ has to date remained unex-
plored and in this work we initiate its study. This is motivated
by the observation that energy-momentum that sources the
strong time dilation potential — the twistless torsion of [3]
— will also source the leading order odd term in the metric
when it is dynamic [4,68].

The main result of this paper is the set of equations pre-
sented in Table 4. These are the Einstein and conservation
equations, at leading order in an expansion of inverse pow-
ers of ¢, with the only assumption made that the relativis-
tic metric and the energy-momentum tensor are of the form
8uv ™ czru 7, +0(c), Ty ~ c6rurv +O(c>). The physical
fields at the leading order are a scalar potential W, a vector
potential C;; and a spatial metric k*V, which in appropriate
coordinates correspond to a relativistic metric

ds* = guvdxtdx" = —e Y(cdt + Cidx")?
+eVkijdx'dx’
+0(c) dt* + Oi(c")dtdx'
+C’)ij(c71)dxidxj

In case the fields (W, Cj,, k*V) are time independent the lead-
ing part of the metric above describes a generic stationary
metric and indeed the leading order nonrelativistic equations
in Table 4 can be identified with the Einstein equations for
stationary metrics. Absence of time derivatives in the lead-
ing order equations in Table 4 implies that more generally at
leading order in the large ¢ expansion any solution to Ein-
stein equations will be of the form of a stationary metric, but
with integration constants replaced by an arbitrary function
of time. This extra time dependence will lead to source terms
in the subleading equations. This observation gives the large
¢ expansion the interpretation of an expansion around the
stationary sector of GR. This generalizes the observation of
[7] that the large c>-expansion has the interpretation of an
expansion around the static sector of GR.

@ Springer

If one chooses the leading order stationary metric to be
Minkowski space the large ¢ expansion reduces to the stan-
dard post-Newtonian one. But more generally one can choose
any stationary metric (with time-dependent integration con-
stants) as the starting point for the expansion, extending it
into the strong gravitational regime. We illustrate this explic-
itly using the example of the Kerr metric.

In our derivation of the leading order equations we make
use of the Newton—Cartan formalism. We make a number
of comments and observations that are new with respect to
[1-4]. One main novelty is that we leave the leading time-

like component of the relativistic metric — denoted (AZ T free,
rather than choosing it to be —1 as was done previously. This
clarifies the structure of the various potentials and equations
appearing at arbitrary order, see Table 2. Additionaly there

now appears an extra local scaling symmetry under which
-2
A = —1 is a particular choice of gauge. We point out that

there is another appealing choice of gauge, namely one where
the torsion of the Newton—Cartan structure vanishes.

In addition to this new scaling symmetry we also consider
the Milne boost symmetry inherent to the Newton—Cartan
formalism and in particular carefully analyze the diffeomor-
phism symmetry at various orders. This leads us to introduce
a new set of variables and to reorganize the equations, see
Table 3, simplifying them greatly. This suggests that, espe-
cially if one would attempt to go to higher orders, the large ¢
expansion can be formulated more efficiently in an alterna-
tive set of variables rather then those used in [1-4].

The paper is organized as follows. In Sect. 2 we review
some of the Newton—Cartan formalism we need, introduce a
convenient dotted index notation and prepare GR towards a
covariant nonrelativistic expansion. Section 3 concerns itself
with this expansion: we define it precisely, discuss its symme-
tries and present the leading order equations upon the inclu-
sion of odd terms, our main result. We then comment on
various properties of these equations in Sect. 4. We present
an example, discuss various gauge choices and provide a vari-
ational principle. Appendices A and B contain some techni-
calities, while appendix C contains a three parameter gen-
eralization of the nonrelativistic algebra of [4,5], which we
believe is new. We take the non-uniqueness of the nonrel-
ativistic local translation algebra as an indication that the
large c expansion is most naturally expressed in terms of met-
ric variables transforming under expanded diffeomorphism
symmetries rather than vielbein variables transforming under
expanded Poincaré symmetries.

2 GR in Newton—Cartan split form

A diffeomorphism invariant formulation of the nonrelativis-
tic approximation to GR — the large ¢ expansion —is naturally
formulated using the language of Newton—Cartan geometry
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[1-4]. One feature of Newton—Cartan geometry is that it pro-
vides a local split of time versus space, something expected
in a nonrelativistic theory.

Anticipating these facts we choose to ’prepare’ GR
towards this expansion by performing this split in space vs
time already at the relativistic level. We do this by introducing
an arbitrary Newton—Cartan structure (t,,, 2*") in addition to
the relativistic metric g, . Later, once we perform the expan-
sion, this artificial Newton—Cartan structure will be given a
natural interpretation by equating it to some of the leading
order components of g;,,,. Our approach is similar in spirit to
that of [4,9], but differs in that the Newton—Cartan structure
we introduce will be chosen to be ¢ independent.

In this section we first discuss how any tensorial quan-
tity can be split along temporal and spatial directions using a
Newton—Cartan structure and introduce a dotted index nota-
tion to represent this split in a convenient way. In the second
part of the section we apply such a split to the main ingredi-
ents of GR: the metric, energy-momentum tensor and their
equations of motion.

2.1 Newton—Cartan split: generalities

We will restrict the discussion in this paper to 1+3 dimensions
— a generalization to arbitrary dimensions is straightforward
— and work with coordinates x*, u =0, 1, 2, 3.

We’ll define a Newton—Cartan structure (t,, h*") as a
positive semi-definite, symmetric 2-tensor 2*V together with
a zero eigencovector 7, that is unique up to rescaling, i.e.

o, =0 & w,~ 1. ey

The one-form 7, is often referred to as the clock form as it
sets the direction of time, while #2*" encodes a purely spatial
metric [69,70].

Given a Newton—Cartan structure one can introduce addi-
tional fields # and h,,, such that

Tt +hyph® =6, tthy, =0. 2)

Note that # and A, are not unique for a given Newton—
Cartan structure. This non-uniqueness can be interpreted as
a gauge invariance of the formalism, the Milne boosts that
we will discuss below. The equations (2) can also be read as
the definition of two complementary projectors:

vo__ v
'L'M—'L’M‘L'

v %
hy, = hyph” 3)
Using these, any tensor index can be decomposed into a
temporal and spatial part, something we will refer to as a
"Newton—Cartan split’. For an arbitrary one-form U, for

example, such decomposition reads
Uy = tut"Uy + h), U, “

Since we will perform such a Newton—Cartan split on essen-
tially any tensor we will encounter it will be useful to intro-

duce some more compact notation. We’ll write the temporal
part of U, as

U =thU, s)

and we will indicate the spatial projection by putting a dot
on the projected index:

U, = hz U, (6)
In this notation the decomposition (4) then simplifies to
U,=tU+U; @)

Note that dotted indices contracted with T vanish, while the
spatial components can be lowered and raised by &

rMU"‘=O

thU; =0 _h,wU"
Uy = UR 8)

This notation can be safely extended to higher rank tensors
as long as they are either fully symmetric or anti-symmetric.
For example for a (1,2)-tensor that is symmetric in its upper
indices we get

V" =V, o't + 2V(‘>rﬁ) + Vﬁﬁrﬂ
+VrVe? 2V, 0P v, P )

We will reserve the raising and lowering of dotted indices
with # as in (8) only for tensors where there will be no
ambiguity in the notation. For example, note that in the
split of V"’ above we have V#V = t"’hﬁhK Vp"’\ and
Vi" = 1,h%h} V" and thus VY £ RO VY.

Finally it is important to point out that we will not work
with the most general type of Newton—Cartan structure, but
rather assume that the clock form satisfies oy, ;) = 0. This
condition can be expressed in three equivalent ways:

‘L’[Mav‘rp] =0 < 3[117:{;] =0
& Ty = T[pdv], aGu = ay (10)

Geometrically these conditions guarantee the existence of a
foliation by spatial hypersurfaces. Another interpretation is
that this condition restricts the torsion of any connection com-
patible with the Newton—Cartan structure and for this reason
(10) also goes under the name of twistless torsion [28]. We
make this assumption on the Newton—Cartan structure from
the beginning, anticipating compatibility with the expanded
Einstein equations [3].
Note that from (10) it follows that

ap =219ty = L1y (11)
where furthermore

opay =0 (12)
so that locally

a;, = oy (13)

@ Springer
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The derivation of (10) and the other formulae above is shortly
reviewed in appendix A.

2.2 Newton—Cartan split: GR

We take as our dynamical variables for GR a Lorentzian
metric g, and the trace-reversed energy-momentum tensor
Tt

B 1
T =c* (TW — Eg,wT,,P> (14)

The dynamics is then provided by the Einstein equations,
which we write as

Ey = Ruy —87GN Ty =0 (15)

The Bianchi identity satisfied by the Ricci tensor R, guaran-
tees the conservation of energy-momentum, which is equiv-
alent to

1
Cp= VT — 59, T," =0 (16)

We then apply a Newton—Cartan split to each of these ingre-
dients:

T = Tty + 21, Ty + T (17)
Ew = Etuty + 2100 + Eip (18)
Cu = Cr +Cy (19)

We will use a separate notation for the split of the metric and
its inverse:

g = AT, Ty + ApTy + ATy + By

g™ = Bt't" + BtV + BUtH 4 AR (20)
This A vs B notation is introduced to indicate that we will
treat the A variables as independent fields, while the B fields

are interpreted as fully determined in terms of the A’s through
the condition that g*°g,, = 8. :

B=A"'1+A7"TA,A,A)
Bl = —ATTA A
By = Ay + AT A Ay 1)
with A is the unique? solution to
1,70+ App AP =8, (22)

The upshot of this Newton—Cartan split of GR can be found
in Table 1.

2 Contrary to (2), which has no unique solution for 7** and i wv given T,
and h*”, the equation (22) has a unique solution for A, given 7, , T/
and AM*Y.

@ Springer

Table 1 GR formulated through a Newton—Cartan split

Dynamical variables

A, Ay, A and T, T, T
Equations
E=0, £ =0, £y=0 and C=0, C;=0

3 The large ¢ expansion

A manifestly diffeomorphism invariant approximation to GR
can be constructed by expanding the relativistic metric and
its inverse in inverse powers of the speed of light [1-4]:

e ¢]

o
g =Y gue™* M=) g (@23)
k=—2 k=0
Although it is consistent to assume all coefficients of odd
powers to vanish — as was done in [1-4] — we will explore
in this work the consequences of relaxing this assumption.
The presence of non-vanishing coefficients for odd powers
of ¢ is motivated by the fact that these coefficients can be
sourced in the equations of motion by certain types of energy-
momentum [4,68].

We will first discuss some generalities and then focus on
the leading order, working out explicitly the dynamical equa-
tions to this order. Symmetries will play an important role in
an appropriate organization of the result.

3.1 Setup and general observations

We will take a slightly different — but equivalent — approach
than the one that was previously taken in [1-4]. We will
perform the expansion not directly in terms of the relativis-
tic metric as in (23), but rather expand the components as
obtained after a Newton—Cartan split as in (20), see also
Table 1. It should be stressed that the Newton—Cartan struc-
ture 7, , h*" is taken to be independent of c.
Our expansion ansatz for the dynamical fields is then

o
(k)
An(c) = Z Apc*

k=—1

o
(k
A =3 Act

k=—2
o

i N Wi~k

A (c)_ZA c (24)
k=0

o
(k)

T(c) = Z ’(Zk')cfk Ti(c) = Z Tﬂcfk

k=-2 k=—

(k)

Tpi(c) =Y T pic™ (25)
k=0

This ansatz is based on a number of starting assumptions,
equivalent to those of [ 1-4] with the exception that odd pow-
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ers are allowed to be non-vanishing. In those previous works

(=2)
[1-4] the choice A = —1 was made, but as we will explain

below that is simply a choice of gauge for a local scaling
=2
symmetry in our formulation. Leaving A free has some

advantages. In particular it makes manifest the fact that at

each order in the expansion there appear two new triplets
k+1) (k + k) (k+1) k+2)

of fields, (}k\’, Ay, A"’fw) and (7, T 4, T o), all of
which are a priori free to vary. In Table 2 we compare the
potentials as we define them here, to the potentials as pre-
viously considered in [1-4]. In the formulation using the
Newton—Cartan split it also becomes clear that the proper
organization of the orders is not just by counting inverse
powers of ¢, but rather that at a given order the powers of

¢ depend on the number of spatial indices the field carries.
k) (k+1 k+2), .
The triplet (A, A ,, A *")forexample consists of coeffi-

cients of the powers (c7k, %=1 ¢=%=2) Thisis something
which was not properly appreciated in [1-3], but suggested
by the results of [4,5]. That this is indeed the more appropri-
ate point of view is supported by the fact that the equations
of motion — which we will further work out below — organize
themselves in the following form?:

® (=h (Sk+D (kD). . ®
ElA, A, AMT]I=0
G+D) 5k (<KD (Sk+D). . k4D
alA, A 4, w. T x1=0
k+2) (=0 (Sk+D (Sk+D) .. (+D)
EwlA, A 4, K T ] =0 (26)

One sees that if the expansion is truncated at order n, i.e.
k) &+ k+2), .
keeping only triplets of the form (A, A ;, A *") and
(k) k+1) (k+2)
(T, T, T pp) with k < n, then the above set of equa-

tions for k < n is consistent. Furthermore the set of equations
has a hierarchic structure, in that one can solve them recur-
sively in the order. The leading order corresponds ton = —2
and will be worked out fully below.

..
Finally we should point out that since 7, A*" = 0 we
can choose to identify the spatial part of the Newton—Cartan
structure introduced in section (2.1) with it:

o..
AN = ptv 27

Translated back to the more familiar relativistic metric vari-
ables this amounts to

(=2)
g = ATL+O0E g =h" 0T (28)
So once we start considering the large ¢ expansion, we iden-
tify the Newton—Cartan structure that was artificially intro-

- (=4
3 Note that the structure of (26) follows upon assuming that R ;,, =0

which amounts to the twistless torsion condition (10), see [3]. But since
(=4) (=3)
this is equivalent to the assumption that 7 ,,, = 7 ,, = 0, one sees

that this condition is already encoded in (25).

Table 2 In this table all gravitational potentials appearing up to next
to next to leading order (N?LO) in the large ¢ expansion are listed. In
the previous literature on this expansion [1-4] most of these potentials
have been assumed to vanish, as indicated in the table. The NLO level
can be identified as the Newtonian level, since ® (in blue) is Newton’s
potential. Up to this order we have used the nomenclature of [4] for
the fields. For the two highest orders we used the nomenclature of [2].
Non-trivial values for the fields in violet have only been considered
more recently [3,4]. If the potentials in violet are assumed to vanish
then the potentials in red can be identified with those appearing at first
Post-Newtonian (PN) order in the standard PN expansion [2] . In this
paper we will focus on the LO only but will allow non-trivial values for
the full triplet, see Table 5

(=2) (=1 o). .
LO =—1 AMZO AR — prv
(=1 0 . .
N!'/2LO A=0 Ap=my; AP =0
0 (0] 2., . ..
NLO (Newtonian) A= —2& A, =0 AR — @iy
32 [0} ) 3. .
N3/2L0 A=0 Ay = AR =0
2 3)

[CY
N2LO A=—y  A,=0 A =0

duced in Sect. 2.1 with the leading coefficients of the rela-
tivistic metric and its inverse.

3.2 Symmetries

The relativistic theory we start from, GR, has as its symme-
tries simply the diffeomorphisms®*. These diffeomorphisms
are however allowed to depend on the speed of light ¢, which
implies that they will generate a new independent set of sym-
metries at each order of the expansion [2,3]. In addition to
the diffeomorphisms — and their descendants — there are two
additional symmetries that appear into the expansion simply
because the Newton—Cartan structure and decomposition we
introduced in Sect. 2 have some redundancy: a nonrelativistic
local boost symmetry and a local scaling symmetry. We now
discuss the various symmetries in turn, in the next subsection
they will be used to organize the LO equations.

Milne Boosts

Given a Newton—Cartan structure (t,, h*") the ’inverse’
fields T/ and A, — defined to satisfy (2) — are not unique.
An equivalent set of solutions to (2) is generated through the
infinitesimal transformations

Syt = —x" Syhuy = XaTo + X0 Tu (29)

4 In a frame formulation one can introduce local Poincare symmetries.
These symmetries are however not compatible with the large ¢ expan-
sion ansatz. This is related to the appearance of exotic nonrelativistic
algebras that have no relativistic origin, see appendix C. For this reason
we refrain from using a frame formulation in this work.

@ Springer
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Note that this implies® via (11, 13) that

8yap =tuxPa, S, =0 (30)

Since the relativistic metric g,, is independent of our
choice of T/ and h,, used to split it, it follows that the com-
ponents as defined in (20) must transform as

Sy A = —2X”A~ Sy A

= (1, A; — Bip)x? 8, AR = 2By Y (31)

Since we choose T, , T, h*" and h,,, to be c independent it
follows that the parameter x, will be ¢ independent and thus
the action of the boost symmetry on the expanded fields is
immediate:

(k) . (k) (k)
§yA=-2x"A, 8,A;
(k) (k) *k) . . &), . .

= (1, Ay — Bip)x? 8, AR? = 2By (32)
Still, these are rather complicated transformations due to the
rather lengthy expressions for the B’s in terms of the A’s once
the order increases, see appendix B. On the leading triplet the
action is very simple however:

=2 = =D ﬂ
5, A =0 6, Ap=1,A;x
..
S AR =68, =0 (33)

The boost transformations of the leading order energy-
momentum triplet are found to be

(=2) =D =D

8,7 =0 & T,-L:ru’]'/,x‘j
(0) (0)
SX T[w (TMTvp + Tv up)X (34)
Scaling

A re-scaling of the clock form can be absorbed in the defi-
nitions of the A fields, while leaving g, invariant. Infinites-
imally these scaling transformations that leave (20) and (2)
invariant are

St = —Aath,

8. A = —AAg,

0Ty = A1y,

S, A = —2)1A, 8, AP = 0 (35)

Let us point out that this implies that
Sudp = — ik (36)

Because of (13) this reveals that the twistless torsion degree
of freedom in 7, is pure gauge, something which we’ll dis-
cuss further below.

Due to the ¢ independence of A it follows that the scaling
acts straightforwardly on the expansion coefficients:

(k) (k) (k)

® ..
0hA=-=20A, 8 A= —AA 5HAM =0. (37)
3 One computes 8, (3¥) = T, xP9,¥ + 38y ¥r.

@ Springer

Similarly

(k) (k) (k) (k)

k)
5T =-20T, 8Ti=-2Tu. &Tuw=0. (38

Diffeomorphisms

One of the key features of GR is its invariance under dif-
feomorphisms. A priori they can depend arbitrarily on the
speed of light c. Compatibility with the expansion ansatz
(23) requires however that the generating vector field satis-
fies [2,3]

gy =Y Ere (39)

The zeroth order coefficients g)“ generate the diffeomor-
phisms of the nonrelativistic theory obtained by the expan-
sion, while the higher order coefficients generate additional
gauge transformations. The action on the coefficients of an

. .. V...V, .
arbitrary relativistic tensor Uy, ) (¢) is

=k

5(k)UV1 _L(ék) U

o M Vi...Up (40)

M1 Mn

We define the Newton—Cartan structure 7, h*" and T/,
0)
hyv to transform as tensors under £/ but to be invariant

under all subleading diffeomorphisms g)“, k > 0. We stress
that although such definition is consistent, it implies that the
components A, A and A™ do not transform as tensors under
¢ dependent diffeomorphisms. Rather their transformations
are defined as the respective components of the transformed
relativistic metric:

o ®

(S(g)gl“; = TMTV(S(?A

(]

+2t(ﬂ8(k)AlL) + (S(k)B,w (k> 0) 41)

This is equivalent to

U] =k
8(§>A = 'L"O'L' 8(§)ng = 'L' T L(g) 8 po

) (=

S(g)Aﬂ = t"h° 8(k>gpg =1°h¢ L(k) 8 po

@ .. _
Sg)A’“ Rt hvs(k, - hgh;Lg)“g“pf’ 42)

which in turn can be rewritten via (20) as

(0} =k

(S(k;A = L(k) A
3 §

=k Kk

+2 A (3g—apgp)—2A L?rp k > 0)

o =k k)

(S(k)AM— A (8 $+a#$)+h L(g) &

=k (k) (k)

+ A M(ag —(lpg )— B MpL(éf)T
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.. -k, . . =k ..
Sg)AMV =2 B (Ml’l;)L(g)Tp +hgh;L(§) A po

(k) k+1) (k+2
Note that because A = A ;= A T = 0whenk < —2
it follows that the subleading diffeomorphism ? acts non-
trivially only on the triplets (A UA”,,, (IA %) for which [ >
k — 2. In particular, at leading order only g) acts non-trivially,

in the simple fashion

=2 )

(=2)
82)A :O SE)AM—A(E) E+au‘§)

0. .
ag,‘AW —0 (43)

(&)
Note that the transformation of A ;; resembles a U(1) trans-
formation, and indeed we will recast it as such below. Fur-

thermore, the spatial part é”ﬂ acts trivially at this order. Let us
point out that this simple structure repeats itself at all orders,
when one considers only the action of the highest order dif-
feomorphisms on the highest order triplet:

U] a+1 =2 +3) @+3)

8(1;3)A :0 8(/;3) A ,u = A(8M g —i—au g )

+2). .

5(153) A =0 (44)

A similar analysis reveals the transformations of the lead-
ing order energy-momentum triplet to be

(=1) (=2) (1)

-2
5(1)'7 =0 5(1)714 = T(auf +a/1,§)

(1) =D (1)

S(I)le = ZT(MB,,)S + ZT(Ma,,)E 45)

3.3 Leading Order

Atleading order in the large c expansion we have the dynam-
-2) (=D

)
ical fields ( A A s A’“’) and(T Th, T,w) The leading
order in the expansion of the equations in Table 1 provides a
consistent set of equations for these fields that we will now

compute. Although similar in spirit to [1-4], this is the first
=D
such calculation keeping A ; arbitrary.

Field redefinitions

A brute force calculation —using (73), see footnote 3 —reveals
that the leading coefficients of the Einstein and conservation
equations are

(=2) =D (U] =D «

£ =0, E[L:O, 5,'“',:0, C =0 (?ll:()46)

Although these equations can in principle be expressed as
(=2) (=D (=2) (=D
equations for the variables (A , A ;, A’“’) and (7, 7T g,
(©0)
T 1») they can be much more efficiently formulated in terms

of an equivalent set of equations expressed in terms of rede-
fined variables that are more adapted to the symmetries.
Schematically we replace

(=2) =

A—w  Aycy AR a4

(=2) (=1 )

T % Typ— %, T = T (48)

and

(=2) (=1 ©)

E > ¢ 5#—)@3,’1 gﬂ,’,—)@m) (49)
(G0 ©)
C - ¢ C—¢, (50)

The detailed redefinitions behind the above schematic are
collected in Table 3.

We start our motivation for these redefinitions by con-
sidering the scaling symmetry. Since all variables and equa-
tions scale homogeneously with a respective weight we can

make them scale invariant by multiplication with an appro-
(=2)
priate power A, which scales with weight —2. In particular

one can check that the following objects are scale invari-

(=2) =1 (=2) (=2)
ant: (—A) V2 A, A AT ( A) 1/27 and A~ E
(=2) =D
(— A)—1/2 £ P

, (— A )_1/2 C iz Since after such a reformu-

lation all equations and all variables — except one — are scale

=2
invariant, it follows that A , which scales non-trivially has to
disappear. There is one subtlety to this observation, in that

derivatives of (A) will transform non-homogeneously, with
the transformation including an extra 0, A. But remembering
that the one-form q;; transforms in the same way — see (36)
— we can define an invariant one-form:

1 (-2)
3 9 log(—A)

Q= a; — 5.2, =0 (51)

Additionally, due to (13), we can furthermore write

=2y —log(—A) HY=0 (52)

The upshot of this observation is that the torsion one-form a;,

(=2)
and the field A can only appear in the scale invariant equa-
tions through the scale invariant field W, or its derivatives.
Further simplification can be obtained by considering

(1)
invariance under the subleading diffeomorphisms & /. The

=D (=2 =D
scale invariant version of A, (— A)~!/2 A ;, transforms
under subleading diffeomorphisms (43) as

(=2) (=1 (=2) (1)
agm—A)—‘/zA,; = — (3, + Q) (—A)¢ (53)

The definition (52) then suggests to define

(=2) =1

Cp=—e"?(—A)124, (54)
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Table 3 Redefinition of
dynamical variables and
equations

W =2y —log(— A)

) -
C,z — e\JJ/z(_<A ),1/21A i
Y = eV k= e Vhy,

(=2) (=2)

T=—eVA"1T

(=2) —1 (=2 (=2)(=1)
T = e V(= A) I (‘T}L — AT A,-L>

() (=2) =D (=D

=D (=D -2

(=2)(=) (=D

Tiw=Tuw— ATV (ALT s+ Ay TM)-l—A 2T A Ay

(=2)

=D (=D (=2)

1 o0 _ _pCPED D 2
A (Tps —2A VA, To+ A2T A3 As + Lhpy A= T

(=2) (=2)

¢e=A"l¢

(=2) [C)) =2) =2 (=D
¢, :(_A)—W(sﬂ— A-le A,;)

=2 =D (=D =1

- 2) (=2)(=1) (=D

Cv= Epp— A N(A eyt Ay€ )+ A2E A, 'A,

(-2) (=1
c=(—A)"12¢
0) (-2) (=D (=1

@u:CﬂfA_ICA,;

b (=D =2

=2
—%hwh/’”(sp(,—ZA”A Es+ A™

(m n D (=2) (=2)
2E A A+ hpe ATLE

=
so that this appropriately rescaled version of A ; transforms
as a U(1) gauge field under subleading diffeomorphisms:

=2 1M

SuCi=0if ¢ = e V(- A)E (55)

If one can make the other variables and equations manifestly
invariant under these subleading diffeomorphisms then it will
follow that C}; can only appear through its gauge invariant
curvature. Let us illustrate how one can indeed make the other

(1
variables invariant under £ # transformations, by considering
(1
the transformation (45) of 7 and using the transformation

_h
(43) of (A i one can make the invariant combination:

(=1 (=2) 1( 2)( b
Sg)(Tﬂ—(A) TA >_O (56)

Similar invariant combinations can be made for (70'),-“; and the
equations, see Table 3.

Finally we should point out that in addition to scale and
subleading diffeomorphism invariant combinations, the field
redefinitions in Table 3 contain also particular conformal
rescalings by powers of ¢¥. Except for the definition of C s
where this is related to making the U(1) gauge invariance
manifest, these powers in the definitions of the other fields
are chosen to simplify the equations. In particular the choice
to redefine the spatial metric with such a factor is related to
putting the equations in a form that can naturally be obtained
from a variational principle.

@ Springer

LO equations

Finally we are ready to present the leading order Einstein and
conservation equations. After the redefinitions (48, 50) — see
Table 3 for details — one finds that each of € = 0, ¢, =
0,€;, =0and € =0, &, = 0is equivalent to the corre-
sponding equation in the list of equations in Table 4. Note that
in those equations all upper indices are indices raised with
k" and the connection V,, is one preserving the Newton—
Cartan structure (7, k*"). There are various such connec-
tions, see e.g. [71,72] for a discussion of the possibilities, but
in Table 4 we used the connection®

1
I, =t 0,1 + Ekkf’ (dukpy + dvkpp — dpkyin) (57)

Note that this connection has the torsion I[‘ ] = = t*1ua,.In
the equations of 4 also the “Einstein tensor of this connection
appears,

1
Gy =Ry — Ekuvk’prd , (58)

6 Note that actually any connection of the form If‘fw =7, +S P, T, +
S "’;, + Sﬁ 7, would leave the equations in Table 4 invariant. In that
sense (57) is the minimal choice. It is related to the boost invariant
connections of [3,4] by an appropriate choice S’s in terms of the higher

order fields and a conformal transformation h*” = e~ Vi1V,
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as well as the field strength of the gauge potential C,-L7
Fup = hh7(0,Co — 3,Cp) . (59)

An important consistency check on the equations in
Table 4 is that last two equations — the conservation equa-
tions — follow from the first three equations — the "Einstein’
equations — through the Bianchi identity® VﬂG’l"’ =0.

4 Discussion

We conclude the paper with a number of remarks and obser-
vations about the equations in Table 4.

4.1 Invariance

Due to the introduction of scale invariant variables — see
Table 3 — invariance under the scale symmetry has become
trivial. The tensorial nature of the equations guarantees

invariance under ¢ independent diffeomorphisms ?. Further-
more, in these new variables the subleading diffeomorphisms
only act on C;; and precisely as a U(1) transformation. The
equations are invariant since C;; only appears through its
gauge invariant curvature F;. So of the symmetries listed
above only Milne boost invariance remains to be considered.

Because some of the variables do transform non-trivially
under boosts it might appear as if boost invariance is not
manifest. However, only objects with lower indices have a
non-zero transformation under the Milne boosts and this will
furthermore be proportional to 7. It follows that all objects
that either have all indices raised or contracted with some
other raised indices will automatically be boost invariant. As
this is exactly the case for the equations in Table 4, these
are actually manifestly boost invariant. Let us illustrate this
argument with the example of 9, W. By (33, 30) it follows
that W is boost invariant so that 8, (0, W) = rﬂxﬂ"a/)\p. But
then observe that

8, (0W) = 8, (KM 0,W) = kM08, (0;W) = 0. (60)

Similarly 4, (8’1\118,1\11) =3y (V"‘E),-L\IJ) =0.

Note that invariance under Milne boosts as above is pos-
sible due to absence of time-like derivatives. At higher order
such derivatives will be present. In that case boost invari-
ant variables can be introduced [3,4], but the construction of
these variables requires fields that are not present at leading
order.

7 Note that C,, = Ct,, + Cj,. The scalar C does actually not appear
in (59) as one can check that Fy; = hih9(3,Cs — 3,C;). Note that
this expression is subtly different from 8;,Cy — 9,Cy = h7d,Cy —
hgapCﬂ = Fup + ZI[thj]Cdapfo.

8 See [4] fora comprehensive discussion of various curvature identities
of Newton—Cartan connections.

4.2 Gauge choices

As we mentioned in Sect. 3.1, our approach differs from some

(=2)
of the earlier literature [1-4] in that we leave the potential A
free, rather than choosing it to be —1. This does not amount

to the introduction of a new degree of freedom, since upon
(-2)
freeing A there appears a local scaling symmetry that in turn

removes one scalar degree of freedom. The gauge invariant
scalar degree of freedom W — defined in (52) — is a combina-

-2
tion of A and the torsion potential ¢ defined in (13).

Dautcourt gauge

(=2)
By a scale transformation (37) one can always make A =

—1, fixing the scaling symmetry. In this choice of gauge our
setup reduces to that originally introduced by Dautcourt [1]
and followed in [2—4]. In this case the variable ¥ can be
identified with the torsion potential ¥, or in other words:

1
Dautcourt gauge: ag = 58,;\11 (61)
In this gauge the physical degree of freedom W — describing
a nonrelativistic but strong gravitational time dilation — finds
itself thus in the (twistless) torsion of the Newton—Cartan
structure, as was first emphasized in [3].

Torsion free gauge

Alternatively, via (36), one can also use a scale transforma-
tion to put ¥ = 0, again fixing this gauge symmetry. In this
gauge the vector a; vanishes and hence the Newton—Cartan
structure is torsionless:

(=2)

Torsion free gauge: A=—¢" a, =0 (62)

This gauge has the advantage that the nonrelativistic geom-
etry used to express the large ¢ expansion is simpler and that

(k)
the potentials A are treated equally at all orders. The field
redefinitions for the leading order triplet, see Table 3, reduce
in this gauge to those in Table 5.

Galilean gauge

The main motivation behind the Newton—Cartan formal-
ism is to express nonrelativistic gravity in manifestly 4-
diffeomorphism invariant form. Still, it turns out that the
dynamics restrict 7, to be twistless [3] which means that there
is an inherent direction of time in the theory that all observers
can agree upon. Furthermore it is clear from Table 4, the
equations obtained from the large ¢ expansion take their sim-
plest form in terms of a time vs space split. This all suggests
that it might be quite natural to gauge-fix some of the dif-
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Table 4 The equations for GR

at leading order in the large ¢ Dynamical variables

T, %,

T -

FP% Fps — 161 GNT

. o 1 .
(k“"Fp” Fas —4FMF?;) - KW

1. . .
+ 58”\118"\1/ + 87 GNTMY

expansion v, Cup, kM and
LO Equations
2w
Vi, w =2
V(e 2V Ay = — 167 GNT!
o _ o2V
V/)‘Ip =0

VT =T 4 T, PO

Table 5 The leading order gravitational potentials in torsion free gauge

LO A =—e" ‘Xﬂ\) = eV

feomorphism invariance by working with an adapted time
coordinate. As reviewed in appendix A, the twistless torsion
condition guarantees that there exists a function ¢ (x**) such
that locally 7, = eV d,t. One can thus choose coordinates
x* = (¢, x') such that Ty = e"”&g. Together with a choice
of tH = e‘”(Sg these conditions are left invariant by a partic-
ular combination of Milne boosts (29) and time-dependent
spatial diffeomorphisms [7,73]. This gauge condition can be

summarized as
. . _ n
Galilean gauge: ™= e‘/’(SO ,

0 = k0 =0

T = e_‘/’82 ,
k'kj = o (63)

The LO equations in Table 4 remain essentially form invari-
ant under this gauge fixing: one simply replaces o — i
and finds that the covariant derivatives and Einstein tensor
become those with respect to the Levi-Civita connection of
the 3-metric k;;. Note that in this gauge the relativistic metric
becomes’

ds® = guvdxtdx" = —e Y(cdt + Cidx?

+e¥kijdx'dx

+0(c) dt* + O;(c")dtdx’

+0;; (¢ Hdx'dx’ (64)
If one additionally observes that there are no time derivatives
in the LO equations in Table (4), one recognizes these equa-
tions as those for an arbitrary stationary relativistic 4-metric.
The key crucial difference is that in the large ¢ expansion

we performed we did not assume time independence of the
fields. But we can conclude that any stationary metric will

9 See (88, 93) for the error terms.

@ Springer

solve the LO equations exactly. Conversely it follows that
at leading order in the large ¢ expansion any solution to the
relativistic Einstein equations takes the form of a solution
to the stationary Einstein equations but with time-dependent
integration constants. We can conclude that the large ¢ expan-
sion is an expansion around the stationary sector of GR. If
one makes the coefficients of odd powers vanish — i.e. take
C; = 0 above — the leading order reduces to the static sector,
as was already observed in [7].

Finally we point out that the (vacuum) LO equations, just
like those for stationary metrics, can be obtained from a
Lagrangian, which follows from a time-like Kaluza-Klein
reduction of the Einstein-Hilbert Lagrangian:

e—ZlIJ

Fij FY (65)

1 .
L= /d3x VKR — Eal-\lfal\y +

4.3 Example

Here we illustrate the expansion procedure and how station-
ary relativistic metrics provide exact solutions to the LO
equations. Starting with the relativistic Kerr metric as in
[74] one finds for the potentials defined through the Newton—

Cartan !0 split (20)
2GNmr )

A= 1-"F—
C( )

1 2aGnmr sin? 0

Agdxt = — -7 74
pax c ) ¢
- A 1 Acsc? 9 —a?
[y _ 2 2 2
A 3u®3v—§3r+§ae+T3¢ (66)
where
2=r2—|—azcos29,
2G J
A:r2+a2—L2mr, a=—. (67)
c mc

10 We made the choice 7, dx* = dt.
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Depending on how one assumes the mass m and angular
momentum J to scale with the speed of light ¢ one gets
different expansions.

Weakly massive, weakly rotating Kerr metric

First let us consider the standard Newtonian regime where
Gr—m &« ¢? and % < ¢, expanding (66) and expressing the
fields in terms of the variables of Table 3 gives

v =0, Cpdxt =0, k“”au®8v=8"j8i®8j (68)
In this case at leading order the fields simply provide a
nonrelativistic description of Minkowski space, the start-
ing point of a weak gravity approximation to GR. The first

correction comes in the form of the Newtonian potential
©0)
A=20 = MTM, and then follow further subleading post-

Newtonian corrections.

Strongly massive, weakly rotating Kerr metric

Another regime is where % ~ ¢? but # <« c¢. We can
formally implement this regime by defining m = Mc? and
keeping M rather than m fixed as ¢ — o0. In this way of

expanding the Kerr metric the leading order fields become

2GNM

r

lIl:—10g<1— ) Cpdx* =0,

K9, @ 3, = 92 + 02 + csc? ea;)

r2 —2GNMr (
In this regime we see that the LO fields contain a spatial met-
ric that is not flat and that translates to a relativistic metric
which is not approximately Minkowski. This is an exam-
ple where the large ¢ expansion extends beyond the regime
of weak gravity captured by the post-Minkowski/Newtonian
expansion. Note that up to the leading order written here,
the Kerr solution coincides with that of Schwarzschild [3,4].

Again there is an infinite series of further subleading correc-
©0)
tions. Interestingly the Newtonian potential A vanishes.

Strongly massive, strongly rotating Kerr metric

The previous expansions of the Kerr solution are free of odd
powers of ¢ and as such fall inside the treatment of [3,4]. If
we however consider a regime where Gr—’" ~ ¢? and JT’" ~c
we will see the odd powers appear already at leading order. To
set up an expansion around this regime we keep M = m/c>
and a = J/mc fixed as ¢ — oo. In this case one finds at

leading order

2GNM
\I/:—log(l—Lr>,

z

2aGNMr sin? 9
Cpdxt =—"—" """ 4o,
Rax s _2Goumr
1
Ky, ®0) = —
n®h =5 2GNMr
a2
x (Aaf +05 + <05029 - Z) aé)
where

Y =r’+d’cos’0, A=r>4+a>—2GxMr. (69)

We see here an explicit example of the situation discussed in
this paper, namely one where the whole leading order triplet
of fields is non-trivial.

Finally let us point out that an analogous weakly massive,
strongly rotating regime would be unphysical as it violates
the extremality bound.

4.4 On phenomenological applications

The example of the Kerr black hole in the previous subsec-
tion shows that there are real world gravitational phenomena
that find themselves in the strong field non-relativistic regime
that is well approximated by the large ¢ expansion. Still, the
expansion is only of real practical use for phenomena that
— contrary to the Kerr black hole — are too complicated to
describe analytically in GR and at the same time require high
orders, or a break down, in the post-Minkowski/Newtonian
approximation. For such phenomena the large ¢ expansion
would an efficient, and possibly unique, analytic tool to com-
pete with numerical GR. What phenomena would qualify as
such? The main result of this paper was to identify the large
¢ expansion as an expansion around the stationary sector of
GR, and as we pointed out it generalizes the post-Newtonian
expansion to include metrics that are not nearly flat. One
concludes that possible practical applications of the large ¢
expansion concern phenomena where gravity is strong and
that are almost stationary.

An actual computation of practical value in the large ¢
expansion would hence go at least one order beyond the lead-
ing one we worked out, and falls for this reason outside the
scope of this paper. Still, to motivate why a further study of
the large ¢ expansion might be relevant also to gravitational
modeling, we point out two phenomena where an improve-
ment on current techniques might be made.

Dense rotating stars In the interior, or close to, massive
dense stars, such as neutron stars or white dwarfs, gravity is
strong. When the star is rotating at a small, constant angu-
lar velocity it is well described by a stationary space-time
that approximately solves Einstein’s equations, known as the
Hartle-Thorn metric [75]. As we showed in this paper this sta-
tionary metric can be taken as a starting point at leading order
for the large c-expansion and non-stationary corrections can
be computed at the next to leading order. This provides an
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example where one improves on post-Minkowskian/post-
Newtonian methods almost by definition, since reproducing
the Hartle-Thorn metric itself would already amount to a re-
summation of an infinite number of terms of those series.

Black hole binaries In the current exciting new era of
gravitational wave astronomy [76] an outstanding question is
of course if the large ¢ expansion could help improving mod-
els of black hole inspiral. For well separated black holes the
initial phase of inspiral is well described by post-Newtonian
methods, see e.g. [77] for an introduction. Close to merger,
when gravity becomes strong, this expansion reaches its lim-
its and we currently need to rely on numerical methods. The
merging of two black holes is of course not an almost station-
ary setting either, which suggests that this phenomenon will
fall outside the reach of the large c-expansion as well. Still,
we expect that there exists a regime, at least for certain types
of inspiral and for short enough time-scales, where the cen-
ters are close enough in orbit that gravity is already strong but
motion is not too far from stationarity such that the large c-
expansion, possibly at a few orders, will give accurate results
while post-Newtonian methods would be much less efficient
or even break down. It is interesting to recall that station-
ary solutions describing orbiting black holes have been well
studied [78,79]. These solutions are typically disqualified
as unphysical since they exhibit a conical excess singularity
between the holes. It is tempting to speculate however that
such a singularity might be an artifact that can be resolved
by including non-stationary corrections such as described by
the large c-expansion. In more basic terms a concrete prob-
lem/challenge can be posed as follows. Where the two-body
problem in GR is currently out of reach of analytic treat-
ment, its (post-)Newtonian version was solved a long time
ago. Can this problem still be solve/addressed analytically
in the large c-expansion? This expansion has the advantage
that it removes radiation, just as the Newtonian version, but
gets us closer to GR by including various strong field effects,
such as time dilation.
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A Some technicalities behind twistless torsion.

A first technical result is that for any two-form ¢, one has
the following equivalences

bpp =0 & TpPu =0
< ¢;w = 277[u¢1'1] (70)

The equivalence of the very left and very right follow directly
from a decomposition as in Sect. 2.1:

¢;w = 27:[;1451')] + d’;lf} s
NS Tphg(ppa bpp = hﬁhg‘mm (71)
Note that the middle equality in (70) is a direct consequence

of the equality on the far right. Furthermore observe that via
the decomposition above

TP =0 = Tpdpi =0
= °0u1=0 = ¢ =0 (72)
This then establishes (70), which by taking ¢, = 09}, Ty

becomes (10).
Given that

OuTv] = T[uav], dy =d; (73)

one can then additionally observe that
0= a[paﬂtv] = —‘E[pauav] (74)

Combining this with (70) for ¢,, = 0| ay) then leads to
(12), which for convenience we reproduce here:

opap =0 (75)

It follows from a simple calculation that this is satisfied if
a, =

daaiy = hf h0p06 % = dpuTo T 049 = 0 (76)
We need a more geometric argument to show that (75) actu-
ally always implies that (locally) a,, = 9, . First note that
the condition (73) is actually equivalent to the definition of a
foliation by hypersurfaces. Consider two purely spatial vec-
tors, i.e. v* = v* and w* = w#, then their commutator will
also be purely spatial:

v, wl* = v"‘w"’a[ﬂrv] =0 (77

By Frobenius theorem there thus exists a corresponding foli-
ation and, because the kernel of 4% is one dimensional, the
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leaves are hypersurfaces. We can now argue for a, = 9%
in two separate but equivalent ways. One could consider
the hypersurfaces to be defined as those surfaces for which
the function #(x) is constant. It then follows that because
7, v#* = 0 for any vector v* = v/ tangent to the hypersur-
face that

T, = e_waut (78)
It then follows that
ay, =2tHop Ty = 0,y (79)

An alternative route to the same conclusion is to introduce
coordinates y“ along a given hypersurface, it follows that

3, = eloy, (80)

because the 9, form a basis for the hypersurface’s tangent
space. Furthermore, because a coordinate basis commutes it
follows that

ebdpey; =0 1)
Then observe that
opan =0 = Oap =0 (82)

Via the Poincare lemma on the hypersurface we conclude
that

aqg = 0ayr (83)

Finally we use the fact that (80) is invertible, i.e. since also the
d;, form a basis of the tangent space of the hypersurface we
can conclude that there exists a matrix ej; such that e}, e? =
h''. Multiplying both sides of (83) with this matrix we again
find a; = 9.

B From A to B

The relativistic metric g;,, and its inverse g” are determined
in terms of (A, Ay, A"“") through the fields (B, BE, Bj;) as
in (20, 21). If one wants to carry out the large ¢ expansion in
practice then one will need the expression of the coefficients
of the B’s in terms of the coefficients of the A’s. Expanding
the equations (21) results in the following recurrence rela-
tions:

(k+2) k( 2) (2)_1 @) (k—1i) (A) (k 1)
B =8fA1— Z AB +A;

i=—1

@) (k— 1) (k —
e Z (A B +A A ”/‘)

i=—1

(k+2).
2

k+1
(k) k—i) @) . (k —1i) @ .
By = 8 hyy — Y :<A B’ + B ;6A°
i=1

) hpy  (84)

To illustrate the use of these recursion relations we work out
the first orders of the B fields:

e LO (k = —2):

0) ©0) (=2)

B=0 B*=0 B;;=0 (85)

Which is equivalent to

(-2 -2

Suw=At,T, g =h" (86)

e N'2LO (k = —1):

(1) @ . (= l) (=D

B=0 Bit=A-14k By =0 (87)
Which is equivalent to
“n - o) -
gw=Aun+ A+ Ay, (88)
™) (*2)_1 =D . =D. @M. .
gt =—AT(A*TV + AVTH) + AW (89)
e NLO (k =0):
2 (*2)72 =D =D, (—2)71
B=A A/,Ap—i-A (90)
2. (*2)_2%1)(*1) _1 @ . D v
BY = AT7A AF — (A“A +h“A) 9n
0) (*2)_1( n =D
Bpy=hyw+ A7 A A, 92)

Which is equivalent to

o © © ©

8w = At F ATy + Ayt F hy

2) D (=1
(= 1( )

+AT A LA,

=D (=D

v = (A2'A AP+ AVyghgy

+A2 t”Aﬁ(Ah/’“— A APy
(=2) 2 (=D (=D
+ A2 A (AR

=M ..

oV Al oy WG )
—AAPY)Y— AT (WM +2AM YY) (93)

C A comment on local translations

The content of this appendix is somewhat independent of the
main text, it served however as an important motivation for
the choice of formalism used there. We point out that the link
between diffeomorphims and local translations in the nonrel-
ativistic case is more degenerate than in the relativistic case.
Where in the relativistic case this degeneracy can be lifted by
expressing the Einstein equations in terms of curvatures only,
this seems not to be the case in the nonrelativistic setting.
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Consider a Lie-algebra valued one form A, and a gauge
parameter A, whichis a zero-form valued in the same algebra.
Then we can define the adjoint transformation and curvature
as

SadA=dA+[A, Al F :dA—l—%[A,A] (94)
The Lie derivative of the gauge field is defined as

LA =d(:A) +1idA (95)
It follows that

LeA =0,qA+igF for A =i:A (96)

Since the Lie derivative generates an infinitesimal diffeo-
morphism the above equality can be used to translate an
adjoint transformation into a diffeomorphism at the cost of
an extra curvature contribution. This procedure is very natu-
ral if the curvature vanishes by a combination of constraints
and dynamic equations, as for example in a frame formu-
lation to general relativity, but less so when this is not the
case, as for example in the nonrelativistic approximation to
general relativity. Nonetheless this approach remains valid
and in [4,5] an algebra was introduced whose translational
part reproduces the diffeomorphism symmetries on the gauge
field

A=tH+mN +¢e*P, + 7T, + oG, + Q*B,
1 1
+§a)“bJab + zsz“”sa,,. ©7

This Lie-algebra is however not the unique one with this
feature since in (96) a modification of the adjoint action can
be canceled by a modification of the curvature contribution,
leading to identical transformations under diffeomorphisms.
Demanding that the Lie-algebra is consistent and that the
boost and rotational part remains unchanged one can classify
all possibilities:
[H, G4l = Py
[Pa, Gpl = 8apN
[Ga. Gpl = —Sup [Sab, Ge]l = —Badpe + Bpdac
[Sap, Pel = —T48pc + Tpdac
[Jab, Jeal = —8aaJbe + SbaJac + 8acba — SbcJad
[Jab, Scal = —8adSbe + 8bd Sac + SacSba — dbeSad
[Pa, Pp] = aSap [N, Pil=aB, [H, T] = aB,
[H, P.] = aGq + BT, + v Bg
[Jab, Xc] = —Xabpe + Xpbac

[N, Ga]ZTa [H,B,]=T,

Xa € {Pa’ Ga» Taa Ba}

This is a family of algebra’s parameterized by the real num-
bers «, B and y, that reproduces the algebra of [4,5] when
a = B =y = 0. Just as that algebra can be obtained by an
expansion procedure from the Poincare algebra [4,80], the
algebras with non-trivial & but 8 = y = 0 can be obtained
by expansion from the (A)dS algebra. For other values of the

@ Springer

parameters there doesn’t seem to exist any relativistic alge-
bra that they descent from, making them similar to some of
the exotic nonrelativistic algebras found in [64].
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