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Abstract In this work, we obtain the Casimir energy for
the real scalar field and the Elko neutral spinor field in a field
theory at a Lifshitz fixed point (LP). We analyze the mass-
less and the massive case for both fields using dimensional
regularization. We obtain the Casimir energy in terms of the
dimensional parameter and the LP parameter. Particulariz-
ing our result, we can recover the usual results without LP
parameter in (3 + 1) dimensions presented in the literature.
Moreover, we compute the effects of the LP parameter in the
thermal corrections for the massless scalar field.

1 Introduction

The Casimir Effect is characterized by force between two
neutral parallel conducting plates, separated by a very short
distance, in the vacuum [1]. This effect was conceived by
Hendrik Casimir, in 1948. The Casimir Effect arises by the
difference in the vacuum expectation value of the energy due
to the quantization of the electromagnetic field [2,3]. Exper-
imentally, the Casimir effect was verified at the micrometer
scale by Al plates in 1958 [4], and layers of Cu and Au in
1997 [5]. A modern review of experimental methods, issues,
precisions and realistic measures is presented in [6,7]. Once
that several factors can modify the zero energy, the Casimir
force depends on many parameters: as the geometry and the
boundary [8-10], the type of field studied [10-12], and the
presence of extra-dimensions [13]. Moreover, some results of
Casimir force were applied to black holes [8], cosmic strings
[9], modified gravity [14], Lifshitz-like field theory [16—18]
and others Lorentz Violation scenarios [15]. In particular,
the scalar field was studied in the context of Casimir force in
several works [16-24], which will be detailed along with all
the paper.
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On the other hand, the so-called Elko field (dual-helicity
eigenspinors of the charge conjugation operator) are 1/2 spin
neutral fermion field with mass dimension one in (3 + 1)
dimensions [25-29]. Due to this, the interactions of Elko
spinor field is restricted to only the gravity field and the
Higgs field. Hence these fields are dark matter candidates
[30,31]. Besides, Elko fields have several recent applications
to the cosmological inflation [32-34], Very Special Rela-
tivity (VSR) [35], Hawking radiation [36] and braneworlds
[37,38]. Moreover, some phenomenological constraints and
mechanisms to detect Elko at the LHC have been proposed
[39,40]. The influence of Elko in the Casimir Effecton (3+1)
spacetime was studied in Ref. [12], where the Casimir force
differs both those found for the scalar field as the Dirac field.
The Casimir force is repulsive for the Elko field because the
Elko fields are spinors with anti-commutation relation [12].

Furthermore, from the point of view of modified grav-
ity, the Horava-Lifshitz (HL) theory allows the gravity to be
power-counting renormalizable [43]. The HL theory intro-
duces a space-time anisotropy by the scaling of coordinates
such as x! — bx' and r — bft, being b a length con-
stant and & the critical exponent [43]. Moreover, due to the
high-derivative been present in the spatial direction only, the
quadratic terms improve the ultra-violet (UV) behavior of the
particle propagator, without introducing ghostlike degrees of
freedom [41]. The absence of temporal high-derivative also
prevents issues about unitarity breaking, and the spatial high-
derivative terms were shown to arise as quantum correction
[42]. These high-derivative features collaborate for the renor-
malization of theories. The HL proposal induces a Lorentz
violation at high energies. However, the usual Lorentz sym-
metry is preserved at low energies [16,43]. The HL theory
in the curved space has several applications, for example, in
cosmology [44—-46], black holes [47,48], gravitational waves
[48-50], and black body radiation [51]. Alternatively, when
gravity effects are not considered, a field theory at a Lifshitz
fixed point (LP) in the flat spacetime has some applications
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to the Casimir effect [16,17]. The Casimir force was stud-
ied under the influence of the LP field theory for the mass-
less scalar field in Refs. [16,17]. In this LP field theory, the
critical exponent changes the usual result allowing an attrac-
tive, repulsive, and even a null Casimir force in (3 + 1)-
dimensions.

In this work, we deal with the Casimir force due to a mas-
sive real scalar field and the Elko spinor field in a flat (34 1)
LP scenario. We will note that the Casimir energy for the
Elko differs from the scalar field one only by a multiplicative
factor. In order to regularize the Casimir energy, we apply
the dimensional regularization. Hence the Casimir force will
be obtained in terms of main parameters: dimension d, mass
m and the LP critical exponent £. Due to the complexity of
Casimir energy, we will detail our results in terms of particu-
lar choices of the mass and &, where some unusual behaviors
will be discussed. Moreover, we consider the influence of
the LP parameter in the thermal corrections of the Casimir
effect.

This paper follows the structure: in Sect. 2, we introduce
the massive scalar field and the Elko fermion into a field
theory at a Lifshitz fixed point. In Sect. 3, we present our
results: In Sect. 3.1 we will obtain the results for the Casimir
energy for the massless Elko. We will recover both the results
for the usual massless scalar field in the LP scenarios [16],
such as the particular massless case of Elko presented in Ref.
[12]. In subsection 3.2, we study the massive cases. The result
for the massive scalar field and Elko field will be recovered
for & = 1. Moreover, the first non-trivial result to LP with
& = 2 for the massive scalar field and Elko field will be
studied, and also the small-mass regime for all £. In Sect. 4,
the role of the LP parameter in the thermal corrections for
the massless scalar field is discussed. The paper finishes in
Sect. 5, where the main results are summarized.

2 Casimir energy in a Lifshitz-like field theory

In this paper, we study some models in field theories at a
Lifshitz fixed point (LP) on flat spacetime, were the criti-
cal exponent & changes the usual behavior of the Casimir
energy. For the massless real scalar field, the result present
in [16,17] points out that the Casimir effect depends on the
parameter £ (allowing the null, attractive or repulsive force,
that always decays with the distance). Our main goal is to
generalize this result for the massive scalar field (and the
Elko field), studying finite-temperature, as well. The influ-
ence of the mass parameter will yield unusual results for the
Casimir force under LP field theory, as an increasing Casimir
force with the distance for larger £.

Let us start computing the Casimir energy for a free mas-
sivereal scalar field ¢ in LP field theory through the following
action in natural units 7 = ¢ = 1:

@ Springer
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S = E/dth Tx (30¢>30¢ — 25D 0y, - die # i iy
..-aigqb—mz(f)z), M

with repeated Latin indices summed from one to D — 1, and

& as the above mentioned critical exponent (which will be

considered in this work as a positive integer £ = 1,2, 3...).

The field ¢ (x) has a mass dimension (D — 1)/(2§) — 1/2

and the usual flat spacetime is recovered when D = 4 and

& = 1. As required by consistency, the constant ¢ has the

dimension of length.

The corresponding equation of motion is

(ag +RED D by B + m2> $(x) = 0.

(2)

In (3 + 1)-dimension, the operator 9;, -~-8i$ i, "'31'5
takes the following form:

¢
a,-l---a,-ga,»l-.-a,-g=(a§+a§,+a§) : 3)
which reads,
¢
[ag 4 2ED (af +02+ ag) + m2i| $(x) = 0.
4

For two large parallel plates with area L? and separated
by an orthogonal z axis with a small distance a (@ < L), the
Dirichlet boundary conditions read

¢ (x)z=0 = ¢ (x)z=q = 0. &)

Adopting the standard procedure [52], the quantum field
can be written as

R D) d*k 1 /nnz
P(x) = ,,X:;\/;f T sin <7>
x I:a” (K)e %5 4 ¢ (k)e”‘x] , (6)

where n is an integer and we have defined kx = koxo —k,x —
kyy, being

m\2\*
koswn,g(k)=zf—‘\/u2€+<k,%+k§+(%) > . (D

with & = m€'~¢. The annihilation and creation operators
a, (k) and aZ (k) obey the following commutation relations

[an®), ), (6) | = @722, 106D (k = K)o,

(a0 (), a (k)] = [} G0), a], (4] = 0. ®
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Hence, the Hamiltonian operator H ,resulting from canon-
ical quantization reads

dkl

_Z/a )22

This expression leads to the vacuum energy for the massive
real scalar field in the LP scenario given by

a3 000, K + Loe®). ©)

L d*k S k 10
(271)2/ gzwn,g( ), (10)

or more explicitly as

= (0|H|0) =

&

12 =1 w2
E= APy = JpE (224 (— )
<2n>2f ;2 a +<X+)’+<a))

(1D

It is easy to see that the vacuum energy (11) is infinite,
and thus, some renormalization procedure must be applied to
remove the divergences. Before studying the regularization of
the Casimir energy (11), let us obtain the Casimir energy for
the so-called Elko (the German acronym for “eigenspinors
of the charge conjugation operator”). The Elko fieldis a 1/2
spin neutral fermion field with mass dimensiononein D = 4.
The Casimir effect for the massive Elko field in the usual flat
spacetime was already obtained in Ref. [12]. In this work,
we perform a comparative of the massive Elko spinor and
the massive scalar field in the LP field theory.

The action for the free massive Elko field 7 (x) in Lifshitz
fixed point theory is

S = fdth_lx (ao 1 don — € Do, 0, -+ 3, 1 9,05,
9 2y
i —m nn>, (12)

where the n(x) represents the Elko (and its dual E (x)).
Notice that just like the scalar field ¢ (x), the field n(x) also
has a mass dimension (D — 1)/(2§) — 1/2.

Again, the Elko equation of motion in (3 4 1)-dimension
is similar to equation (4)

&
[ag 4 2ED(E (a§ +02+ af) + m2:| n(x) = 0(13)
Furthermore, with the Dirichlet boundary conditions

N(X)2=0 = 1(X)emq = 0, 1 (x)ym0 =N (¥);=q =0,

(14)

the Elko quantum field operator stands for

d*k sin(nmz/a)
nx) = Z\/>f(2n)2 2mko

X Z I:Clﬂ,n(k))»g(k)e*ikx + agyn(k))hg(k)eikx] ,
B
(15)

and

d*k sin (nwz/a)
700 = Z\/>/(27r)2 2mke

, - ‘ _A '
xy [a;,nao g (e +ag (k) ag (k)e—"“} ,
2

(16)

with the same frequency w, ¢ (k) defined in Eq. (7) associ-
ated.

The spin one-half eigenspinors, )‘2/ A (k), satisfy the eigen-
value equation C)Lg/ A(k) = :I:)Lz/ A(k), being C the charge
conjugation operator and A% stands for the self-conjugate
spinor (positive), while A4 stands for its anti self-conjugate
(negative). Moreover, the helicity is represented by 8 =
({+, =} {=, +D [12,26,27].

The spinor and its dual satisfy the following orthonormal-
ity relations [26]:

_S
rp AG(K) = 2mdgg
_A

g (OAG (K) = —2médgy .

_s _A
hp (K)AG(K) = g (K)AZ(K) = 0. (17)

In contrast to the bosonic scalar field, the creation
and annihilation operators for the Elko field satisfy anti-
commutation relations like fermions [26], namely

{apn 0, af, 00} = @28D & = K)3gp 80 (18)
{ap.n 00, apwK)) = {aj, 0. a), 60} =0. (19

The Hamiltonian operator H for the Elko field is

x Y- (a},, 005,000 — agnoaf (). 20)
B

and the corresponding vacuum energy for the Elko field may
be written as

pElko) _ _y plscalar) _ _y ¢
(2m)?
o0 C
1 nmw\2
kY S+ (R (5))
x f ;2 i +< i3+ (=

21
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As can be seen from Egs. (21) and (11), the difference
between the vacuum energies of the Elko field and the real
scalar field lies on the — v4 factor in front of the zero-point
energy. The minus sign reminds us of the fermionic character
of the Elko field, and the factor of 4 refers to the fact that all
the four degrees of freedom associated with n(x) carry a
vacuum energy = —(1/2)w (k) [26,27].

3 The vacuum energy in a Lifshitz-like field theory

The vacuum energy represented by the integral (11) is infi-
nite, and so some regularization schemes must be employed
to remove this divergence. Several regularization methods
can be implemented to calculate the Casimir energy; for
example, the adoption of a well-behaved cutoff was used
in Ref. [16] to determine the Casimir energy for the massless
scalar field in the LP scenario. In Ref. [17], the authors use
the Abel-Plana formula in order to obtain the Casimir energy
in this same context. In Ref. [12] the Casimir energy for the
Elko field was determined using the Poisson sum formula. A
technique widely used in the general context of quantum field
theories is the so-called dimensional regularization [53,54],
based on the analytical continuation in the spatial dimension
number. This regularization scheme allows us to observe the
behavior of the Casimir force concerning the dimension of
the transverse space and leads to finite energies without any
explicit subtraction [20-22]. In what follows, we will use
the dimensional regularization to evaluate the integral (11)
in different cases involving the mass m and the LP critical
exponent &.

3.1 Casimir energy and Lifshitz fixed point modifications:
massless case

As the most straightforward case for the calculation of the
Casimir energy modified by the LP critical exponent, let us
consider a real massless scalar field. In this case, the dimen-
sionally regularized integral (11) takes the form

d §/2
(reg) E-1yd d% 1 nw\2
EJY = LZ/(Z)M[ (a) . (22)

where d is the transverse dimension assumed as a continuous,
complex variable. The term in brackets under the integral can
be expressed conveniently through the Schwinger proper-
time representation:

1 1 o 1 —
= dr tv7 e, (23)
at  I'(2) Jo

@ Springer

After performing the moment integration, the equation
(22) becomes

glres) _ /
y 2(4m)E T _g Z

d 2 2
= +§+ )e_(%) !

(24)

where Sg(reg) is the regularized energy density between the
plates. The remaining integral can be made using the Euler
Representation for the gamma function, and the summation
in n is carried out employing the definition of the Riemann
zeta function. Therefore, the energy density is expressed as

¢!
204m)5T (-%)

x(f)d+ér< (d+‘§))g( —d —&). (25)

(reg) __
85 =

a

We note that this expression is indeterminate for d + & pos-
itive integer even. Nevertheless, we can apply the reflection
formula [20,22,55]

r(3)c@ms =F<1_Z

and rewrite the energy density (25) as

)ca —nT, (26)

g("Eg) gé*l
5 d+1 gd+E 7 5 <_§)
d4E+1
xF(—i )c(d+s+1>, @7)

which is finite for every d and & positive integer.

A case of particular interest is when d = 2, which implies
a Casimir energy per unit area

(cas)
g(CaS) — EE
§ L2
¢!

—————>—>si

2E+44E+2,2

g
n (7) Ir'é+2)¢6 +3),
(28)

which corresponds exactly to the result found in Ref. [17]
obtained via Abel-Plana formula. In particular, we note that
the Casimir energy is always zero for £ even, and it is chang-
ing the signal to & odd. The origin of the cancellation for
& = 2n with n positive integer follows immediately from
the application of the Schwinger proper-time representation,
which introduces a factor of I"(—n) into the denominator
of the regularized energy density, as can be seen in (27).
This result is similar to the well-known cancellation of the
massless Feynman integrals associated with so-called tad-
pole diagrams [56].

Once that the Casimir force per unit of area (Casimir pres-
sure) is obtained by F = 38‘2 , let us explicit some values
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Table 1 The Casimir energy per unit of area and the Casimir force
per unit of area for the massless real scalar field and the massless Elko
considering some values of critical exponent £ and d = 2

Field E=1 £=2 £=3 &£=4 £=5
Sealar £V gm0 gm0 gy
FO om0 4mL 0 X0
Eko & 4+ 0 —ZC. o gl
F gm0 s 0 G

of & for the Casimir energy and force, considering d = 2 in
Table 1.

From Table 1 we note that the results are in agreement
with the massless scalar field in LP field theory presented in
Ref. [16,17]. In particular, for £ = 1 we have the well-know
case for the massless real scalar field in (3 + 1) dimensions

( ]:1(5“”“’ ) — ) [22]. Moreover, the Elko field with

~ 78047

& = 1 and small mass agrees with the result found in Ref.
(cas) 2 2

[12], where (5 +3g)a Z"—a>

3.2 Casimir energy and Lifshitz fixed point modifications:
massive case

For the case of a massive real scalar field, the Casimir energy
modified by the LP critical exponent & is given by

¢!
r ()T (9) myin

00 00 2
Y [l
n=1 0

00 (12 arn2)E
x/ dk k-1 (FHCE?) (29)
0

gg(reg) (m) _

where 116 = m¢!~%. In this general case, the integration over
k does not have a closed-form in terms of known functions.
Therefore, we will restrict ourselves to evaluating the exact
form of (29) for some particular values of &.

Assuming & = 1 and proceeding in a similar way to the
massless case, the equation (29) takes the form

1 ( (d+1)>
— —I(-
4T (4)7 2

d+1

xZ(m +"”>2. (30)

81(reg) (m) _

We can perform the summation using the functional rela-
tion (an Epstein-Hurwitz Zeta function type) [20,23]

s _ _1
Z (bnz—i—,uz) S:TZF(S 2)M172s
n=—0oo

€1y

where K, (z) is the modified Bessel function, and the prime
means that the term n = 0 has to be excluded in the sum.
After some algebra, it can be shown that the expression (30)
results in

1
24m)F

+ am?*t?r <—

&) m) = —

et
)

d+2

4

M Zn Ex Kup (Zamn)} (32)
2

a

d
*‘1>,nd+1
2

n=1

The first term in brackets does not depend on a, so it does not
contribute to the Casimir force. The second term in brackets
depends linearly on the distance between the plates and pro-
duces a constant Casimir force. It is, in fact, related to the
Casimir energy of the vacuum in the absence of the plates
(being discarded). The third term in brackets is the relevant
part for the Casimir energy. Thus, we find the following
Casimir energy density for & = 1:

(7"

gl(reg) (m) —— Zn_in_pz (2amn)

ad+1
n=1
(33)

which recovers the classical result for the Casimir energy for
Dirichlet condition [22]. For completeness, let us evaluate
the general result (33) at d = 2. This expression implies a
Casimir energy

(cas) L2 m2 ad 1
Ef ) = -5 — z_: — K2 Qamn), (34)
whose asymptotic behavior for m < a~! gives
L’z% 1 L*m?1

Eicas)(m < a_l) _ 4.

44025 9% a ’
so that the first term corresponds to the Casimir energy for the
usual massless scalar field. Note that the mass term decreases
the massless Casimir energy.

On the other extreme, i.e., for m > a~!, the Casimir
energy (34) decays exponentially with the mass of the parti-
cle, namely

(35)

@ Springer
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Eicas)(m >ah=—

1672 a \ma

L% m? ( T )1/2
e

—2ma

. (36

leading to a small force at the non-relativistic limit [22,24].

Now, we consider the massive case when the LP critical
exponent assumes the value of £ = 2. In this case, the inte-
grations over k and on the ¢ parameter can still be performed
analytically. We can show that, for this case, the Eq. (29)

results in

d+1
7.[4”4 2
a4

s 1
-~ [(d d—l—2_d+3.1
4’ 4 7 27

) atut
ndms

i <Z>d+2

- (—d—-2 d 1-d
X2F1 ,——'—;1

4 4
a

: +_M ,

4 4 2 nimé

(37)

where ,u4 = m%¢72, and zﬁl (a, b, c; 7) is the regularized
hypergeometric function, defined by 2 F1(a, b, ¢; 2)/I(c).

Unfortunately, there is no closed expression for the sum
over n in (37). So, in order to get some information about the
behavior of the Eéreg) (m), let us expand (37) around a = 0.
Thus, the leading order contribution to the Casimir energy is
mass-independent and can be written as

442 d
gy o s (5) o)
2 T gd+lgd+2p (d'£'4)
d+1
8¢r 2 sin (%)
e P r(—d—2)

qd+2
d+5
Ir'—d-3r <%> )

and it can be shown that this result is identically null. There-

(38)

fore, the Casimir energy Sz(reg ) is zero in this approximation,
agreeing that the result previously obtained for the massless
case (Table 1).

The small-mass regime with arbitrary &

Now we will consider the small-mass regime which we
assume /ﬁ = mt'=% « a!, such that we can write

[uzf v (";)Z)T

nma212 % aa2]" 3
:[k2+(7)} +“7[k2+(7)] +Ou%).

@ Springer

Substituting the above expression in (11), the first term in
(39) results in the Casimir energy for the massless scalar
field identical to that obtained in (27). The second term gives
rise to correction due to mass and can be put into the form

ZEI—E
Ag(reg)( )_ m
: 1 (5
d—&+1
F(%){(d—§+l). (40)

For the case of interest, d = 2, the mass correction to the
Casimir energy becomes

Als(d =2, m)
2p1-¢
m-L . (Té&
= WSHI(?)F(Z—@((?’—@
m?mg ! =af =201
B 8(5 -2

where we use the reflection (26) and the Legendre duplication
formula I (s) = 2‘“171_1/21"(12')1"(%). Considering & >
0, the equation (41) diverge only for & = 2 and £ = 3. To
isolate these divergences and determine the relevant part of
Casimir energy, let us assume d = 2 — € in (40) and expand

around € = 0.
For & = 2, one finds

£ =2, (41)

AEY S d =2 —e,m)

— _%é ¥ % (y “n (167ra2)) +0(%e), (42)

where y is the Euler-Mascheroni constant, with numerical
value y =~ 0.577216. We observe that the term containing
the pole at e = 01is independent of a, so it does not contribute
to the Casimir force. The finite contribution and a dependent,
at the limit € — 0, is then

2

m
A5 ) = = 1670

For & = 3, one finds

Ina. (43)

AET D (d =2 —€,m)

am? 1 am? a?
= Sl e + 16202 <7/ +In (;)) +0(@), 44

where we note that the divergent part is linear with respect
to the parameter a, and it is related to the vacuum energy in
the absence of the plates (being discarded). The relevant part
is then

am2

822

Table 2 shows the small-mass corrections for the densities
of the Casimir energy and the Casimir force of real massive
scalar field for some values of critical exponent & with d =
2. The Casimir effect for the Elko field is embedded. We

Ina. (45)

AET (m) =
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Table 2 The small-mass .
corrections for the Casimir Field f=1 §=2 §=3 f=4 £=5
nergy (fort r unit of ar
1e’ore tl%Z ;Zszfxzepsecaliartﬁoel; aer?d Scalar AgécaS) % - ﬁ Ina 87r’(2 Ina ;627:22‘ a;f;:fz(f :
the massive Elko field with A}_(cas) m?_ m? m?(1+Ina) _ am? _d®m%*¢(3)
some values of critical exponent § 96a’ 167252“ 87 @2 482” ‘5; 38”74‘74
fandd =2 Elko AL - 2 Ina — s Ina — g —emi®
AFcas) _m* m? _ m*(1+lna) am? a’m?¢(3)
3 24a? 47 0%a 202 12763 T2t
Fig. 1 Casimir force for the 0.000 0.000015
real scalar field for d = 2 and 0002
¢ = 1. Dependence of mass on 0.000010 %
the force with & = 1 (left -0.004 5108
figure). Dependence of & QS -0.006 '
parameter on the correction of 0008 0.000000
the force with m = 1072 (right et
figure) -0.010 i
-0.012ke L L L " -0.000010
1.0 1.5 20 25 3.0 0 1 2 3 4
a a

note that, in the small-masses regimen, the Casimir forces
for & > 3 increase with the distance between plates a, which
is an unusual behavior since in the ordinary case (§ = 1)
it vanishes when the distance a tends to grow. This result
becomes relevant, especially when & is even, such that the
correction due to the mass term becomes dominant, as seen
in the previous massless case. Figure 1 shows the density of
the Casimir force for £ = 1 with some masses parameters
(derived from the Eqs. (28) and (34)). Note the decreasing
of Casimir force with the mass parameter. Moreover, Fig. 1
also shows the variation of force with the & parameter for the
small-masses regimen with m = 1072,

The above result for the Casimir effect was obtained con-
sidering only free theories. However, there are other relevant
deformations with several numbers of spatial derivatives that
can be generated at the quantum level when the interactions
are turned on. It would be interesting to understand the effects
of these relevant deformations on the Casimir effects since
they usually dominate over the mass term around a Lifshitz
fixed point with £ > 1. Establishing the physical implica-
tions of the radiative corrections induced by these terms is
an interesting open issue for future investigation.

4 Thermal corrections and the role of the Lifshitz fixed
point parameter

In this section, we study the thermal corrections to the
Casimir energy for the massless case of the scalar field in
a field theory at a Lifshitz fixed point. Where we bring atten-
tion to the case of interest d = 2 and & arbitrary. In this
context, a great read for the general applications of finite-
temperature and some useful formulas can be found in Ref.
[57].

Following the approach described in Refs. [3,22,24] for
the Casimir effect, the Casimir free energy F¢ can be decom-
posed in the form

Fc=EQ + Fe, (46)

where the E g) ) is the zero temperature energy contribution
(previously computed in Eq. (27) and F is the temperature-

dependent part of the Casimir free energy which has the form
[3,22]:

Fc(a, T, §)
KB TL2 de = —Bw, E(k)
- /(27‘[)2 Z ln(l P ) (47)
—00
£/
where w, ¢ (k) = €671 [k2+(%)2] B = kD)7,

being T the temperature and «p the Boltzmann constant.
After performing the angular integration, the equation (47)
takes the form:

2 ~
Fota, 1.6 ="2 =7 Zf dyln(l—e ﬂ),

n=—oo
(48)
where we are changing from k to the dimensionless integra-
tion variable y = n% + (“k)z and introduced the constant
B = peE-1 ( ) Defining the function

kT A3
ba,T,E, n)—T . dyln 1—e PP ), (49)
n

the expression (48) can be written as

L2 1 +o00
Fea,T,&) = S 150@ T.£,0)+ Y b, T.&n)

=1
(50)
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The resulting sum in (48) cannot be performed ana-
lytically, and an exact evaluation for the thermal correc-
tion of Casimir at an arbitrary temperature is not possible.
Approximate expressions for Fc can be obtained in the low-
temperature and in the high-temperature limit [3,22,24,57].

We first consider the low-temperature regime. When 7' <
1 (B > 1), a series expansion of the logarithm in Eq. (49)
is justified. The zero-temperature limit comes entirely from
n=0:

£
2

o0 —mﬁ
bla, T, 0) = % Z -
kBT (2) <2+€>
=B (2) (222, 51)
gfe \& ‘ §

The leading corrections come from n # 0, and they are
characterized by exponentially small terms. Thus, we have

b(a,T,E&, n)

_ kgT e §-2\ 1 g2
T & ﬁn5—2[1_< § >5n5+o(ﬁ )i|
(52)

Inserting these expressions into equation (50) lead to the
finite-temperature correction in the low-temperature regime:

() g (2) (25)
1@ \g )| 57 \&)°\ ¢

Fc(a, T, &) =

(53)

The dominant contribution is obtained by taking n = 1, so
we find the result

Fc(a, T, £)

_ LT (KBTZ)%%F<%>§_ (2+s)
e | et \E) s
aNe2 kBT (5
+2<—) Kg—_le B

(HeE) e

We note that the thermal correction is proportional to 1/
and decreases when & increases. For the particular case with
& = 1, one recognizes that the expression (54) recovers in
the usual case presented in Ref. [24] (less than a 1/2 factor
due to degrees of freedom).

The calculation of the high-temperature limit, i.e., 7 > 1
(B < 1), becomes more difficult than the low-temperature
expansion because the logarithm in (49) can not be expanded
anymore. One convenient way to carry out the series in (50)

@ Springer

is to use the Poisson sum formula, which states that if ¢(«)
is the Fourier transform of f(x),

1 oo .
c(a) = —/ dx €' f(x), (55)
27 J_ o
then the following identity is verified [22,24]:
+00 +00
Y fmy=2m Y c@mn). (56)
n=—00 n=—00

In our specific case we can write the expression for
Casimir energy as

Fe(a,T.§)
2 o0
_ (%”) {%c(a, T,£,0) + glc(a, T,f,znm},
(57)
where
cla, T,Ea)= %/Oodn cos (an) b(a, T, &, n). (58)
0

At this point, we would like to call attention to the fact that
the term c(a, T, £,0) = 1/ [;° dnb(a, T, &, n) in (57) is
connected to the boundaryless free energy . In the usual case
(¢ = 1) this contribution can be calculated directly, and gives
rise to the Stefan-Boltzmann law, in which F ~ VT4 and
V = L’arepresent the spatial volume. As our main objective
is to determine the Casimir energy in the presence of con-
straints (e.g., external plates), we only need to calculate the
part involving the sum, and the finite-temperature correction
for free energy Fc becomes

2
Fc(a, T, &) = (La—”> Y cla.T.& 2mn). (59)

n=1

The function c(a, T, &, o) assumes the form

ca, T, & a)

T 8 o0 ~
_ 19 U dn cos (an) In (1 —e—ﬁ’lf)}
o da | Jo

Cle g QT [ né-1
= ( ) — dnsin (an) — |,
ra \a/ da 0 Pt _ 1

(60)

where in the first line of (60) we integrate by parts. To make
a high-temperature expansion of c(a, T, &, o) we can use the
identity (see appendix in Ref. [57])

1

61
1z (61)

Z 2 + (2].[ 1)2
Then, it follows that

cla, T, & a)
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(tm)s~! (7E

2kpTE 0
L 2eBTE 9
T Jdo

_ «pTé&
T 208

261

li/"od n
— nsin (an) ——
@ &)y e

(62)

The last integral over n does not have a closed analytic
expression for an arbitrary &£. Keeping only the first two terms
in (62), the free energy F¢ in the high-temperature expansion
becomes
L%kpTé&

" léma? ¢®)

+ —L26571 sin E
2E+44E+2 2 D)

I'E+2)¢@E+3). (63)

Fc(a, T, ) =

We observe that the first term in the above expression recov-
ers the leading correction at the high-temperature limit when
& = 1 [22]. Besides, it should be noted that the second
term of eq. (63) is precisely the Casimir energy at zero-
temperature with opposite sign. Therefore, it is canceled in
the total Casimir free energy defined in (46). This result is a
general characteristic of Casimir thermal corrections at the
high-temperature regime, as discussed by Ref. [24].

5 Conclusions

In this work, we perform the calculation of Casimir energy
and force for two fields: the real scalar field and the Elko
field in a field theory at a Lifshitz fixed point. We study the
equation of motion for both fields and remark its differences.
Using the dimensional regularization, we obtain the expres-
sion for the Casimir effect in term of dimensional parame-
ters d and the LP parameter &. Our results generalize those
obtained in Refs. [16,17] for the massless scalar field and also
for the Elko field obtained in Ref. [12]. For the massive case,
we obtain the usual expressions for & = 1 where the mass
decreases slightly the Casimir force. With & = 2, we observe
that the Casimir energy still null, regardless of mass value.
In the small-mass regime the Casimir energy depends on m>
for any &, however, the Casimir force is unusually increasing
with the distance for £ > 3. Besides, we study the thermal
correction to the Casimir effect for the low-temperature and
the high-temperature limits. At both limits, the LP parameter
modifies the usual results. As perspectives, we want to study
the scalar field with a similar LP anisotropy in the context of
cosmology, cosmic inflation, and braneworlds models.
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