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Abstract We study analytically the physical and mathe-
matical properties of spatially regular massless scalar field
configurations which are non-minimally coupled to the elec-
tromagnetic field of a spherically symmetric charged reflect-
ing shell. In particular, the Klein–Gordon wave equation
for the composed charged-reflecting-shell-nonminimally-
coupled-linearized-massless-scalar-field system is solved
analytically. Interestingly, we explicitly prove that the dis-
crete resonance spectrum {Rs(Q, α, l; n)}n=∞

n=1 of charged
shell radii that can support the non-minimally coupled mass-
less scalar fields can be expressed in a remarkably compact
form in terms of the characteristic zeros of the Bessel func-
tion (here Q, α, and l are respectively the electric charge of
the central supporting shell, the dimensionless non-minimal
coupling parameter of the Maxwell-scalar theory, and the
angular harmonic index of the supported scalar configura-
tion).

1 Introduction

Black-hole spacetimes are characterized by the presence of
event horizons, well defined boundaries on which matter and
radiation fields are characterized by purely ingoing (absorb-
ing) boundary conditions. This remarkable property of clas-
sical black-hole horizons has led Wheeler [1–3] to conjec-
ture that static field configurations cannot be supported in
the exterior regions of black-hole spacetimes with spatially
regular horizons.

The absorbing boundary conditions, which characterize
the behavior of matter fields on classical black-hole horizons,
have played a key role in various no-hair theorems [4–11]
that explicitly proved, in accord with Wheeler’s conjecture
[1–3], that spatially regular matter configurations made of
minimally coupled scalar fields (or scalar fields with a non-
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minimal coupling to the Ricci curvature scalar) cannot be
supported in black-hole spacetimes.

Intriguingly, recent studies [12–15] have revealed the fact
that absorbing boundary conditions are actually not a nec-
essary condition for a no-hair property of compact physical
objects. In particular, the no-hair theorems presented in [12–
14] have explicitly proved that spherically symmetric hori-
zonless compact stars with reflecting (rather than absorbing)
boundary conditions cannot support spatially regular scalar
field configurations.

Interestingly, it has recently been proved in the physi-
cally important works [16,17] (see also [18]) that the no-hair
conjecture can be violated in composed Einstein–Maxwell-
scalar theories in which the scalar fields are non-minimally
coupled to the Maxwell electromagnetic tensor. In particu-
lar, it has been explicitly demonstrated in [16,17] that spher-
ically symmetric charged black holes can support massless
scalar field configurations which are non-minimally coupled
to the electromagnetic field of the central supporting charged
black hole (See [19–21] for the interesting case of scalar
fields which are non-minimally coupled to the Gauss–Bonnet
invariant and supported by black holes and reflecting shells.).

In the present compact paper we shall explicitly prove that,
similarly to the familiar case of charged black-hole space-
times with absorbing boundary conditions, charged compact
shells with reflecting boundary conditions can also support
spatially regular massless scalar field configurations which
are characterized by a non-minimal coupling to the electro-
magnetic field of the central supporting shell.

In particular, using analytical techniques (The case of
massive non-minimally coupled scalar fields was studied
numerically in the interesting work [22]. In the present
paper we shall explicitly prove that the case of massless
non-minimally coupled scalar fields can be studied analyt-
ically), we shall explicitly prove below that, for a spheri-
cally symmetric compact reflecting shell of electric charge
Q, there exists an infinitely large discrete resonance spec-
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trum {Rs(Q, α; n)}n=∞
n=1 of shell radii that can support non-

minimally coupled massless scalar field configurations [here
the physical parameter α is the dimensionless coupling
parameter between the supported scalar field and the elec-
tromagnetic field of the central charged shell, see Eq. (3)
below].

2 Description of the system

We shall analyze the physical and mathematical properties of
massless scalar field configurations which are non-minimally
coupled to the electromagnetic field of charged reflecting
shells.

The spatial behavior of the non-minimally coupled scalar
field configurations is determined by the differential equation
(The scalar field equation (1) follows from the Lagrangian
density 2∇αφ∇αφ + f (φ)I [16,17]. In addition, in order
to facilitate a fully analytical treatment of the composed
charged-shell-nonminimally-coupled-massless-scalar-field
system, we shall work within the flat-space approximation, in
which case the metric is described by the spherically symmet-
ric line element ds2 = −dt2 + dr2 + r2(dθ2 + sin2 θdφ2).)
(We shall use natural units in which h̄ = c = 1.) [16,17]

∇ν∇νφ = 1

4
f,φI, (1)

where the source term I, which governs the non-trivial cou-
pling between the supported scalar field φ and the electro-
magnetic Maxwell tensor Fμν of the central charged shell, is
given by the simple expression (Note that I = Q2/r4 in the
weak-field regime.)

I = FμνF
μν. (2)

In the weak-field regime, the scalar coupling function f (φ)

is assumed to be characterized by the quadratic behavior [16–
18]

f (φ) = 1 + αφ2, (3)

where the dimensionless physical parameter α (We shall
henceforth assume that α>0.) couples the scalar field to the
electromagnetic field of the charged supporting shell (It is
important to emphasize the physically interesting fact that,
as nicely shown in [23], this class of models with a differ-
ent coupling function f (φ) also allows for the existence of
everywhere regular (solitonic) field configurations.).

In order to facilitate a fully analytical treatment of the
composed charged-shell-nonminimally-coupled-massless-
scalar-field system, we shall work within the flat-space
approximation, in which case the scalar equation (1) can be
written in the compact mathematical form

d

dr

(
r2 dRlm

dr

)
−

[
l(l + 1) − αQ2

r2

]
Rlm = 0, (4)

where Q is the electric charge of the central supporting shell
(Without loss of generality, we shall assume Q>0 for the
electric charge of the compact shell.). The radial scalar eigen-
function Rlm(r) is defined by the relation

φ(r, θ, φ) =
∑
lm

Rlm(r)Ylm(θ)eimφ. (5)

Here the integer parameters {l,m} are the angular harmonic
indices of the supported scalar field modes [note that the
characteristic eigenvalue of the angular scalar eigenfunction
Ylm(θ) is given by the simple expression l(l + 1)].

Below we shall consider spatially regular non-minimally
coupled scalar field configurations whose radial profiles
decay asymptotically [16,17],

φ(r → ∞) → 0. (6)

In addition, we shall assume that the charged shell, which
supports the non-minimally coupled scalar field configura-
tions, is characterized by a reflecting surface of radius Rs with
Dirichlet boundary conditions. This property of the central
supporting shell dictates the inner reflecting boundary con-
dition

φ(r = Rs) = 0 (7)

for the composed charged-shell-nonminimally-coupled-
massless-scalar-field configurations.

As we shall now prove, the radial differential equa-
tion (4) for the supported scalar field configurations, sup-
plemented by the boundary conditions (6) and (7), deter-
mines an infinitely large discrete resonance spectrum of
radii, {Rs(Q, α, l; n)}n=∞

n=1 , which, for given values {Q, α, l}
of the physical parameters of the system, characterize
the central reflecting shells that can support the non-
minimally coupled static scalar field configurations. In par-
ticular, in the next section we shall explicitly demon-
strate that the physical and mathematical properties of the
composed charged-reflecting-shell-nonminimally-coupled-
massless-scalar-field configurations can be studied analyt-
ically.

3 The resonance spectrum of the composed
charged-reflecting-shell-nonminimally-coupled-
massless-scalar-field
configurations

In the present section we shall determine analytically the dis-
crete resonance spectrum {Rs(Q, α, l; n)}n=∞

n=1 which char-
acterizes the charged reflecting shells that can support the
spatially regular static configurations of the non-minimally
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coupled massless scalar fields. This to this, it proves useful
to define the radial scalar eigenfunction

ψlm ≡ r Rlm, (8)

in terms of which the radial equation (4) can be written in
the form

d2ψl

dr2 − Vlψ = 0 (9)

of a Schrödinger-like ordinary differential equation. Here
[16,17]

Vl ≡ V (r; l, α) = l(l + 1)

r2 − αQ2

r4 (10)

is the effective radial potential of the composed charged-
shell-scalar-field system (For brevity, we shall henceforth
omit the angular harmonic parameters l and m.).

Interestingly, as we shall now show, the Schrödinger-like
radial equation (9), which determines the spatial behavior
of the static non-minimally coupled scalar configurations, is
amenable to an analytical treatment. In particular, the general
mathematical solution of this radial differential equation can
be expressed in terms of the Bessel function of the first kind
(see Eq. 9.1.53 of [24]):

ψ(r) = A · r 1
2 Jl+ 1

2

(√
αQ

r

)
+ B · r 1

2 J−(l+ 1
2 )

(√
αQ

r

)
,

(11)

where A and B are normalization constants.
Using the characteristic small-x behavior (see Eq. 9.1.10

of [24])

Jν(x → 0) = ( 1
2 x)

ν

�(ν + 1)
· [1 + O(x2)] (12)

of the Bessel functions, one finds that the asymptotic large-r
(
√

αQ/r → 0) behavior of Eq. (11) is given by

ψ(r → ∞) = A[�(l + 3

2
)]−1 ·

(√
αQ

2

)l+ 1
2
r−l

+B[�(−l + 1

2
)]−1 ·

(√
αQ

2

)−(l+ 1
2 )

rl+1.

(13)

Taking cognizance of the asymptotic boundary condition (6),
one deduces the simple relation B = 0. We therefore find
that the spatially regular static configurations of the non-
minimally coupled massless scalar fields are characterized
by the radial functional behavior

ψ(r) = A · r 1
2 Jl+ 1

2

(√
αQ

r

)
. (14)

Taking cognizance of the inner boundary condition (7),
which characterizes the behavior of the supported scalar
fields on the surface of the central reflecting shell, one finds

that the composed charged-reflecting-shell-nonminimally-
coupled-massless-scalar-field system is characterized by the
discrete resonance spectrum

Rs(Q, α, l; n) =
√

αQ

jl+ 1
2 ,n

; n = 1, 2, 3, . . . (15)

of the supporting shell radii. Here n = 1, 2, 3, ... is the res-
onance parameter of the system and jl+ 1

2 ,n is the nth posi-
tive zero of the Bessel function Jl+ 1

2
(x). The real zeros of

the Bessel function were studied by many authors, see e.g.
[24,25].

4 Neumann boundary conditions

In the previous section we have analyzed the physical prop-
erties of non-minimally coupled scalar field configurations
which are supported by a charged reflecting shell with reflect-
ing Dirichlet boundary conditions [see Eq. (7)]. It is also
physically interesting to study the case of Neumann bound-
ary conditions

dφ

dr
= 0 for r = Rs (16)

at the surface of the supporting shell.
Taking cognizance of Eqs. (5), (8), and (14), one can write

the inner boundary condition (16) in the form

d
[
r− 1

2 Jl+ 1
2

(√
αQ
r

)]

dr
= 0 for r = Rs. (17)

Using Eq. 9.1.31 of [24], one can express Eq. (17) in the form

Jl+ 1
2

(√
αQ

Rs

)

+
√

αQ

Rs

[
Jl− 1

2

(√
αQ

Rs

)
− Jl+ 3

2

(√
αQ

Rs

)]
= 0. (18)

As we shall now show explicitly, the rather cumbersome
resonance equation (18) can be solved analytically in the
regime
√

αQ

Rs
� 1 (19)

of small shell radii. In particular, using Eq. 9.2.1 of [24], one
can write (18) in the remarkably compact form

cos
(√

αQ

Rs
− 1

2
lπ

)
+ O

[(√
αQ

Rs

)−1] = 0. (20)

From the resonance condition (20), one finds that the
composed charged-reflecting-shell-nonminimally-coupled-
massless-scalar-field system with reflecting Neumann bound-
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ary conditions is characterized by the resonance spectrum

Rs(Q, α, l; n) =
√

αQ(
n − 1

2 + 1
2 l

)
π

; n = 1, 2, 3, . . . (21)

in the regime (19) of small shell radii (Note that the regime
(19) of small shell radii corresponds to large-n values and/or
lareg-l values.).

5 Summary and discussion

Classical black holes with absorbing boundary conditions
cannot support minimally coupled scalar field configurations
[4–11]. Interestingly, this remarkable property is also shared
by compact reflecting stars with repulsive (rather than absorb-
ing) boundary conditions.

Intriguingly, the recently published works [16,17] have
revealed the physically important fact that charged black-
hole spacetimes with regular event horizons can support
massless scalar field configurations which are non-minimally
coupled to the Maxwell tensor of the charged spacetime.

In the present compact paper we have explicitly proved
that charged reflecting shells in flat spacetimes, like charged
absorbing black holes, can support spatially regular config-
urations of massless scalar fields which are non-minimally
coupled to the Maxwell tensor of the central compact shell. In
particular, using analytical techniques, we have derived the
remarkably compact dimensionless formula [see Eq. (15)]
(The analytically derived resonance formula (22) is valid for
the physical case of reflecting Dirichlet boundary conditions.
See (21) for the case of reflecting Neumann boundary con-
ditions.)

α(Rs, Q, l; n) =
( Rs

Q

)2 × j2
l+ 1

2 ,n
; n = 1, 2, 3, ... (22)

for the discrete resonance spectrum that characterizes the
physical coupling parameter α of the non-trivially coupled
Maxwell-scalar theory (The physical parameter α couples the
massless scalar field directly to the electromagnetic Maxwell
tensor of the central charged sphere [see Eqs. (1), (2), and
(3)].).

The analytically derived resonance spectrum (22) implies
that, for given values {Rs, Q} of the physical parameters
of the central supporting shell, the dimensionless coupling
parameter α of the composed charged-shell-nonminimally-
coupled-massless-scalar-field theory is an increasing func-
tion of the resonance parameter n. In particular, in the
regime n � l of large overtone numbers, one may use
the asymptotic relation (see Eqs. 9.5.12 of [24]) jl+ 1

2 ,n =
π [n + 1

2 l + O(n−1)] for the zeros of the Bessel function,

which yields the asymptotic large-n behavior

α(n � l) =
(πRs

Q

)2 × (
n + 1

2
l
)2 (23)

of the resonance spectrum.
In addition, the resonance spectrum (22) implies that

the dimensionless coupling parameter α of the composed
charged-shell-nonminimally-coupled-massless-scalar-field
configurations is an increasing function of the angular har-
monic index l. In particular, in the regime l � n of large
angular harmonic indices, one may use the asymptotic rela-
tion (see Eq. 9.5.14 of [24]) jl+ 1

2 ,n = (l + 1
2 )[1 + O(l−2/3)]

for the zeros of the Bessel function, which yields the asymp-
totic large-l behavior (Note that (22), (23), and (24) are
dimensionless expressions.)

α(l � n) =
( Rs

Q

)2 × l2 (24)

of the resonance spectrum.
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