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Abstract The cosmological scalar perturbations of stan-
dard matter are investigated in the context of extended
teleparallel f (T ) gravity theories using the 1 + 3 covariant
formalism. After a review of the background gravitational
field equations of f (T ) gravity and the introduction of the
covariant perturbation variables, the usual scalar and har-
monic decomposition have been performed, and the anal-
ysis of the growth of the density contrasts in the quasi-
static approximation for two non-interacting fluids scenar-
ios, namely torsion-dust and torsion-radiation mixtures is
presented for the generic f (T ) gravity theory. Special appli-
cations to two classes of f (T ) gravity toy models, namely

f (T ) = μT0

(
T
T0

)n
and f (T ) = T + μT0

(
− T

T0

)n
, have

then been made within the observationally viable regions
of their respective parameter spaces, and the growth of the
matter density contrast for both torsion-dust and torsion-
radiation epochs of the Universe has been examined. The
exact solutions of the dust perturbations, with growing ampli-
tudes in cosmic time, are obtained for some limiting cases
of n. Similarly, the long- and short-wavelength modes in the
torsion-radiation case are treated, with the amplitudes either
oscillating or monotonically growing with time. Overall, it
is noted that f (T ) models contain a richer set of observa-
tionally viable structure growth scenarios that can be tested
against up-and-coming observational data and can accom-
modate currently known features of the large-scale structure
power spectrum in the general relativistic and ΛCDM limits.

a e-mail: shambel.sahlu@wku.edu.et (corresponding author)

1 Introduction

The recent discovery of the accelerating expansion of the
Universe [1,2] together with the anisotropy of the Cosmic
Microwave Background Radiation (CMB) [3–5], and how
cosmological perturbations [6–10] and the primordial fluctu-
ations of the early Universe formed the large-scale structures
[3,4,7,11] require to go beyond the standard model of cos-
mology. One of the modified gravity theories currently under
active exploration is f (T ) gravity [12–20], where T repre-
sents the torsion scalar. The f (T ) gravitational theory can
resolve a number of longstanding issues in general relativity
(GR), e.g., to study the primordial nucleosynthesis [21], the
static spherically symmetric self-gravitating objects [22,23],
observational constraints [24,25], the background and pertur-
bation analysis in the metric formalism [26–31], just to men-
tion a few. The study of linear cosmological perturbations
in f (T ) gravity theory using the 1 + 3 covariant formalism
is the main focus of research in this manuscript. Basically,
there are two mainstream formalism to study cosmological
perturbations, namely, the metric formalism [8,32,33] and
the 1+3 covariant gauge-invariant formalism [6,34–37], for
GR and extended gravity approaches. In the 1 + 3 covariant
formalism, the perturbations defined describe true physical
degrees of freedom and no physical gauge modes exist. In
recent years, there has been active research on cosmologi-
cal perturbations theory for both GR [38–41] and different
extended gravity theories [34,35,42] using the 1+3 covariant
formalism.

One of the significant advantages of f (T ) over f (R)

gravity is that its field equations are a second-order instead
of fourth-order in the metric. However, f (T ) gravity does
not respect the local Lorentz invariance, which is one of
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the disadvantages of this theory. The teleparallel gravity
( f (T ) ≡ T ) is both covariant and local Lorentz invariant
[43,44]. But when it comes to the generic function f (T ) �=
T, the field equations happen to be covariant but not local
Lorentz invariant [43]. There is a proposed way to handle this
problem. In the work done in [44,45], it has been concluded
that in order to achieve local Lorentz invariance for f (T )

theory, one has to replace the partial derivative by Lorentz
covariant derivative in the definition of the torsion tensor T λ

μν

so that one gets a new defined torsion scalar. In the present
work, we are not dealing with this type of issue, we rather
consider the field equations that were developed in the liter-
ature and are covariant [43–45] and the torsion tensor is con-
structed based on the Weitzenböck connection, focusing on
the covariant perturbations [44]. So, we adopted the covariant
version of field equations of f (T ) gravity from this litera-
ture to study the linear cosmological perturbations and depict
the significant role of torsion fluid for the growth of density
contrasts with redshift using the 1 + 3 covariant approach.
For the case of f (T ) = T , the field equations reduced to
GR which demonstrates that teleparallel gravity and GR are
equivalent.

Within the f (T ) gravity framework, we will include to
the energy-momentum tensor (EMT) of the torsion [fluid]
in addition to the EMT of the physical standard matter flu-
ids [44,46] to derive the perturbation equations. After deriv-
ing the perturbation evolution equations for generic f (T )

theories, we use two paradigmatic power-law f (T ) gravity
models considered in [47] in f (T ) = μT0 (T/T0)

n and the
more generalized f (T ) = T + μT0 (−T/T0)

n as [48]. For
certain parametric values, these models produce the acceler-
ating expansion Universe without invoking the cosmological
constant. It has been tested to be consistent with the obser-
vational data SNIa in [47] and [48] respectively. So, these
models are preferred for the cosmological expansion history
and now we wish to investigate how they respond to the lin-
ear cosmological perturbations in 1 + 3 covariant formalism.
For further analysis, we use the well-known approximation
technique dubbed quasi-static approximations [13,35,49–
51]. For instance, in [13] the validation of such an approx-
imation technique was considered to explore the so-called
effective field theory approach to torsional modified gravity
by considering the k2/a2H2 � 1 regime. In this work, we
shall apply this approximation method and assume very slow
temporal fluctuations in the perturbations of both the torsion
energy density and its momentum compared with the fluctu-
ations of matter-energy density. As such, the time derivative
terms of the fluctuations of the torsion field and its momentum
are neglected in favor of those matter. Finally, for compari-
son, we study the growth of energy density fluctuations with
redshift for both GR and f (T ) gravity approaches.

The road-map of this manuscript is as follows: in the fol-
lowing section, we review the covariant form of the field

equations in f (T ) gravity. In Sect. 3, the 1 + 3 covari-
ant gauge-invariant cosmological perturbations formalism
within the f (T ) gravity framework is presented. The kine-
matic feature of the Universe and the general fluid descrip-
tion are also studied in the presence of an effective torsion
fluid in Sects. 3 and 4 respectively. In Sect. 5, we derive the
linear evolution equations for matter and torsion perturba-
tions, the scalar decomposition of which will be carried out
in Sect. 6. In Sect. 7, we discuss the harmonic decomposition
of the scalar perturbations and figure out how to analyze the
growth of matter-energy density perturbations. We explore
the growths of matter density contrasts in Sect. 8 for dust
and radiation fluids in the GR context and in Sect. 9, for the
torsion-dust and torsion-radiation systems for f (T ) gravity
approach. Finally, we wrap up with the main results of the
manuscript in Sect. 10.

2 The covariant form of the field equations for f (T )

gravity

In this paper, we consider the covariant form of f (T ) gravity
to clearly show the equivalence between teleparallel grav-
ity, GR and GR + Λ as well. This form of field equation is
very advisable to define the covariant variables in a gauge-
invariant formalism for the study of the cosmological per-
turbations [44]. To provide the covariant form of the field
equation, we start from the relation between both connec-
tions, namely: Weitzenböck connection Γ̃ c

ab and Levi-Civita
connection Γ c

ab. The torsion tensor is the difference of anti-
symmetric part of the Levi-Civita connection [14], and it can
be expressed with tetrad fields as1

T c
ab = ecμ(∂ae

μ
b − ∂be

μ
a ). (1)

The difference between the Weitzenböck and Levi-Civita
connections

Kc
ab = Γ̃ c

ab − Γ c
ab, (2)

is called the contortion tensor. The trace of the torsion tensor
is given as

T = 1

2
S ab
d T d

ab, (3)

where the super-potential term is given as [14,16]

Sabd = Kba
d + δad T

σb
σ − δbdT

σa
σ , (4)

and the contortion tensor is re-written as

Kba
d = −1

2

(
T ab

d − T ba
d − T ab

d

)
. (5)

1 The Latin alphabets represent the tangent space of the manifold, and
Greek letters represent for the coordinate on the manifold.
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We express the Riemann tensor associated with the Levi-
Civita connection and contortion tensors as [43–45]

Rd
cab = ∂aΓ

d
cb − ∂bΓ

d
ca + Γ d

f aΓ
f
cb − Γ d

f bΓ
f
ca , (6)

= ∇aK
d
cb − ∇bK

d
ca + Kd

f aK
f
cb − Kd

f bK
f
ca, (7)

and the Ricci scalar is given as

R = −T + 2∇aT b
ab ≡ −T + 2∇aTa, (8)

where Ta = T b
ab . So, the field equations can be rewritten as

[45]

Gab − 1

2
gabT + ∇cSbca − Sdca Kcdb = 0, (9)

where Gab = Rab − 1
2gabR is well-known Einstein tensor.

From this equation, the covariant form of field equations for
f (T ) gravity yields as [43–45]

f ′Gab= − 1

2
gab

(
f − f ′T

) +
(
f ′′S d

ab ∇dT
)

+κ2Θ
(m)
ab ,

(10)

where gab is the metric, f ′ = d f/dT , f ′′ = d2 f/dT 2 and

Θ(m)a
b = 1

e
δ(eLm)

δeab
denotes the usual EMT of standard mat-

ter (m) fields.
Note that teleparallel gravity (TG) and GR could be recov-

ered for the limiting case of f (T ) = T , whereas we restore
GR with the cosmological constant ΛCDM for the case of
of f (T ) = T + 2Λ [52]. It is straightforward to see that
the above field equations can be written in the more compact
form as

Gab = Θ
(T )
ab + Θ

(m)
ab = Θ

e f f
ab , (11)

where we have defined the EMT of the torsion (T ) fluid as
[12]

Θ
(T )
ab = − 1

2 f ′ gab( f − f ′T )

− 1

f ′ ( f
′′S d

ab ∇dT ) − 1

f ′ ( f
′ − 1)Θ

(m)
ab . (12)

All thermodynamic quantities, such as the total energy den-
sity ρ, isotropic pressure p, heat flux qa and anisotropic stress
tensor πab for matter (m) and torsion (T ) fluids are extracted
from the total EMT Θab as follows:

ρ = Θabu
aub , (13)

p = −1

3
habΘab, (14)

qa = hbau
cΘbc , (15)

πab = hcah
d
bΘcd + phab, (16)

whereas the respective quantities for both matter and tor-
sion components can similarly be extracted from their corre-

sponding EMTs, such that

ρ = ρT + ρ̄m, p = pT + p̄m,

qa = qaT + q̄am, πab = πab
T + π̄ab

m ,

where

ρ̄m = ρm

f ′ , quad p̄m = pm
f ′ , q̄am = qam

f ′ , and π̄ab
m =πab

m

f ′ .

From Eq. (10), the Friedmann equations of the effective fluid
are presented in [12,45] as follows:

H2 = ρm

3 f ′ − 1

6 f ′ ( f − T f ′) , (17)

2Ḣ + 3H2 = pm
f ′ + 1

2 f ′ ( f − T f ′) + 4 f ′′HṪ

f ′ , (18)

where H(t) ≡ ȧ(t)/a(t) is the Hubble parameter defined in
terms of the scale factor a(t) and its time derivative. One can
directly obtain the corresponding thermodynamic quantities
such as the effective energy density of the fluid

ρ = ρm

f ′ − 1

2 f ′ ( f − T f ′), (19)

and the effective pressure of the fluid

p = pm
f ′ + 1

2 f ′ ( f − T f ′) + 2 f ′′HṪ

f ′ , (20)

respectively. It is easy to show that the Friedmann Eqs. (17)
and (18) can be re-expressed as

1 = Ω̄m + X , (21)

Ḣ

H2 = −3

2
+ 3w

2
Ω̄m − 3

2
X + 3Y , (22)

where we have introduced the following new variables2:

X ≡ T f ′ − f

6H2 f ′ , Ω̄m ≡ ρm

3H2 f ′ = Ωm

f ′ ,Y ≡ 2 Ṫ f ′′

3H f ′ . (23)

In this work, we consider the non-interacting perfect fluids
and the energy flux and anisotropic stress to be zero in our
case. Obviously, in the case of a Lagrangian f (T ) ≡ T [43,
44], the physical quantities in Eqs. (12), (19) and (20) reduce
to the usual GR limit. In such a limit, the linear cosmological
perturbations have been studied in [54,55].

2 It is worth noting here that Ω̄m = Ωm/ f ′ is the fractional energy den-
sity of effective matter like fluid (similar representation is done for f (R)

gravity as [34,53], Ωm being the normalized energy density parameter
of standard matter fluid with Ωm = Ωd + Ωr , Ωd and Ωr being frac-
tional energy densities for dust and radiation and X being the fractional
energy density of torsion fluid alone.
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3 Kinematic quantities in the presence of torsion

In the 1+3 covariant decomposition formalism, it is assumed
that a fundamental observer slices space-time into tempo-
ral and spacial hyper-surfaces [56]. Given the fact that mat-
ter components in the Universe would define a physically
motivated preferred motion, it is usual to choose the CMB
frame, where the radiation dipole vanishes, as the natural
reference frame in cosmology [38,57]. For the unperturbed
(background) Universe, we define the tangent space-time by
the tetrad field ea0 = ua , where ua is the four-velocity vector
of the observer. The preferred world-line is given in terms of
local coordinates xa in the general coordinate xa = xa(τ )

and we define the four-vector velocity ua as

ua = dxa

dτ
, (24)

where τ is measured along the fundamental world-line.
According to the reason above, the component of any vector
Xa parallel to the 4-velocity vector ua becomes

Xa = Ua
b X

b, Ua
b := −uaub, (25)

where Ua
b is the projection tensor into the one-dimensional

tangent line and satisfies the following relations:

Ua
b U

b
c = Ua

c �⇒ Ua
b u

a = ua,

ua = δa0 �⇒ Ua
b = δa0δ0

b . (26)

Moreover, we define hab as another projection tensor into
the three-dimensional, orthogonal to uμ and it satisfies the
following properties:

hab = gab + uaub �⇒ habh
b
c = hac ,

haa = 3, habu
b = 0. (27)

As stated previously, the kinematics of the four-velocity vec-
tor ua determines the geometry of the fluid flow. Any tensor
Vab can be expressed as a sum of its symmetric V(ab) and
anti-symmetric V[ab] parts as

Vab = V(ab) + V[ab]. (28)

In this formalism, the covariant derivative of ub is split into
the kinematic quantities [58] as

∇̃aub = 1

3
habθ̃ + σ̃ab + ω̃ab − ua ˙̃ub, (29)

where θ̃ is the fluid expansion, σ̃ab is the shear tensor, ˙̃ua
is the four-acceleration of the fluid and ω̃ab is the vorticity
tensor in the presence of torsion. Notice that a tilde repre-
sents torsion-dependent physical parameters and a non-tilde
represent Levi-Civita connection-dependent parameter. The
detailed expressions of torsion dependent kinematic quanti-
ties such as expansion of the fluid, shear tensor, the vorticity
tensors and the relativistic acceleration vector are presented

in Refs. [17,18,20]. The expansion of the fluid flow in the
presence of torsion is given by

θ̃ = θ − 2ubTb, (30)

where the torsion vector Tb can be either space-like, time-like
or light-like and this three different types of vector torsion is
discussed in [17]. Here we have defined the Hubble expansion
parameter 3H ≡ θ and θ = ub; b is the volume-expansion.
The shear tensor denotes the change of distortion of the matter
flow with time and it is given as

σ̃ab = σab + 2hcah
d
b K

e[cd]ue, (31)

and the vorticity tensor denotes the rotation of matter relative
to the non-rotating (Fermi-propagated) frame and it is given
as

ω̃ab = ωab + 2hcah
d
b K

e
[cd]ue. (32)

Also, the relativistic acceleration vector describes the degree
of matter to move under forces other than gravity plus inertia,
namely

˙̃ua = u̇a + ubK e
abue, (33)

which vanishes for free-falling matter. The general expres-
sion for the torsion-based Raychaudhuri equation is given by
[17,18,20]

˙̃
θ = ∇̃a ˙̃ua − 1

3
θ2 − σ̃ cbσ̃cb − ω̃cbω̃cb

−Rcbu
cub − 2ubT d

cb

(
1

3
hcd θ̃ − σ̃ c

d − ω̃c
d − uc ˙̃ud

)
.

(34)

In this paper, we assume that the world-line is tangent to uc

but parallel to u̇c, i.e., uc ˙̃uc = 0. Moreover, ω̃cb = 0 =
σ̃cb in the case of non-rotational and shear-free fluids and
from the covariant approach of the field equation, Rcbucub =
1/2 (ρ + 3p) for relativistic fluid [57,59]. Then, Eq. (34)
becomes

˙̃
θ = ∇̃a ˙̃ua − 1

3
θ2 − 1

2
(ρ + 3p) − 2

3
ubTbθ̃ . (35)

For a space-like torsion vector the inner product of the tor-
sion and four-velocity vectors of the fluid ubTb is vanished
identically [20]. Consequently, Eq. (30) reads θ̃ = θ and Eq.
(33) reads ˙̃ua = u̇a . Then, from the result of Eq. (35), we
obtain

θ̇ = −θ2

3
− 1

2
(ρ + 3p) + ∇̃au̇a, (36)

and this equation is the same as the usual Raychaudhuri equa-
tion which is presented in Refs. [40,44,57,60].
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4 General fluid description

Here, we assume the non-interacting matter fluid (ρm ≡ ρr +
ρd ) with torsion fluid in the entire Universe and the growth of
the matter-energy density fluctuations has a significant role
for formation of large-scale structures.

4.1 Matter fluids

Let us consider a homogeneous and isotropic expanding
(FLRW) cosmological background and define spatial gradi-
ents of gauge-invariant variables such as those of the energy
density Dm

a and volume expansion of the fluid Za as follows
[35,40,61,62]:

Dm
a ≡ a

ρm
∇̃aρm , (37)

Za ≡ ∇̃aθ. (38)

Those two gradient variables are key to examine the evolution
equation for matter density fluctuations.

4.2 Torsion fluids

Analogously to the 1 + 3 cosmological perturbations treat-
ment for f (R) gravity theory [35], let us define extra key
variables resulting from spatial gradients of gauge-invariant
quantities which are connected with the torsion fluid for f (T )

gravity. Accordingly, we define the quantities Fa and Ba as

Fa ≡ a∇̃aT, (39)

Ba ≡ a∇̃a Ṫ , (40)

to characterize the fluctuations in the torsion density and
momentum respectively. All the quantities listed in Eqs.
(37)–(40) will be considered to develop the system of cos-
mological perturbation equations for f (T ) gravity. More-
over, for each non-interacting fluid, the following conserva-
tion equations, considered in [39,40]

ρ̇m = −θ(ρm + pm) + (ρm + pm)∇̃aΨa, (41)

and

(ρm + pm)u̇a + ∇̃a pm + Ψ̇a − (3c2
s − 1)

θ

3
Ψa + �a = 0,

(42)

hold, where

Ψa = qa
(ρm + pm)

, �a = ∇̃bπab

ρm + pm
. (43)

The speed of sound c2
s = δp

δρ
plays an important role since

it allows us to relate the perturbed pressure with the energy
density of the fluid. Also, the time derivative of the equation

of state parameter ẇ = ṗm/ρ̇m can be related to the speed
of sound [35], and it is given as

ẇ = (1 + w)(w − c2
s ). (44)

This equation of state parameter is the generalized one for
all matter fluids. In fact, for non-interacting fluids, in the
following we shall consider the equation of state parameter
to be independent of time, thus ẇ = 0. In this approach, the
speed of sound becomes equivalent to the equation of state
parameter w = c2

s [63]. Also, for a perfect fluid both the
energy flux and anisotropic-stress are zero (Ψa = �a = 0).

5 Linear evolution equations

Here we derive the first-order evolution equations for the
above-defined gauge-invariant gradient variables. In the
energy frame of the matter fluid, these evolution equations
for the perturbations are given as:

Ḋm
a = −(1 + w)Za + wθDm

a , (45)

Ża =
(

wθ2

3(1 + w)
− 1 + 3w

2 f ′(1 + w)
ρm − w

2 f ′(1 + w)
( f − T f ′)

− 2 f ′′w
3 f ′(1 + w)

θ Ṫ − w

1 + w
∇̃2

)
Dm
a

+
(

2 f ′′

3 f ′ Ṫ − 2θ

3

)
Za

−
(

3ρm f ′′

2 f ′2 + 3wρm f ′′

2 f ′2 + 2 f ′′2

3 f ′2 θ Ṫ − 2 f ′′′θ Ṫ
3 f ′

)
Fa

+2 f ′′θ
3 f ′ Ba, (46)

Ḟa = Ba − wṪ

1 + w
Dm
a , (47)

Ḃa =
...
T

Ṫ
Fa − wT̈

1 + w
Dm
a . (48)

In the following section, we will see how to decompose the
evolution of the above vector gradient variables (45)–(48)
into those of scalar variables by applying the scalar decom-
position method outlined.

6 Scalar decomposition

It is generally understood that the large-scale structure forma-
tion follows a spherical clustering mechanism, and that only
the scalar (non-solenoidal) parts of the above gradient vec-
tors (45)–(48) assist in the clustering. As a result, we extract
the scalar part of a vector Ia by taking its divergence as [35]

a∇̃aIb = Iab = 1

3
habI + � I

ab + I[ab], (49)

123
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where

I = ∇̃aI
a, and � I

ab = I(ab) − 1

3
habI . (50)

The last two terms of Eq. (49) describe shear and vorticity
effects, respectively. To extract the (scalar) density contrast,
the vorticity vanishes and only the shear part is considered.
From vector quantities, one can further extract the scalar gra-
dient quantity of our cosmological perturbations, believed
to be responsible for the spherical clustering of large-scale
structure [35,64]. Let us now define our scalar gradient vari-
ables as follows:

Δm = a∇̃aDm
a , (51)

Z = a∇̃a Za, (52)

F = a∇̃aFa, (53)

B = a∇̃aBa . (54)

It can be shown that these quantities evolve as:

Δ̇m = −(1 + w)Z + wθΔm , (55)

Ż =
[ wθ2

3(1 + w)
− 1 + 3w

2 f ′(1 + w)
ρm − w

2 f ′(1 + w)
( f − T f ′)

− 2 f ′′w
3 f ′(1 + w)

θ Ṫ − w

1 + w
∇̃2

]
Δm +

[
2 f ′′

3 f ′ Ṫ − 2θ

3

]
Z

−
[

3ρm f ′′

2 f ′2 + 3wρm f ′′

2 f ′2 + 2 f ′′2

3 f ′2 θ Ṫ − 2 f ′′′

3 f ′ θ Ṫ

]
F

+2 f ′′θ
3 f ′ B, (56)

Ḟ = B − wṪ

1 + w
Δm , (57)

Ḃ =
...
T

Ṫ
F − wT̈

1 + w
Δm . (58)

Finally, the second-order scalar evolution equations can be
derived by differentiating the above first-order evolution
equations with respect to time. For instance, from Eqs. (55)
and (56) we obtain

Δ̈m =
[

1 + 3w

2 f ′ (1 − w)ρm + w

f ′ ( f − T f ′)

−2 f ′′w
3 f ′ θ Ṫ + w∇̃2

]
Δm +

[
f ′′

3 f ′ Ṫ + θ

(
w − 2

3

)]
Δ̇m

+
[

3ρm f ′′

2 f ′2 + 3wρm f ′′

2 f ′2

+2 f ′′2

3 f ′2 θ Ṫ − 2 f ′′′

3 f ′ θ Ṫ

]
(1 + w)F

−2 f ′′

3 f ′ θ(1 + w)Ḟ , (59)

whereas from Eqs. (57) and (58) we get

F̈ =
...
T

Ṫ
F − 2wT̈

1 + w
Δm − wṪ

1 + w
Δ̇m . (60)

The scalar gradient variables (45)–(60) we take as an input
to study the energy density fluctuations in different cosmo-
logical era by applying the harmonic decomposition of these
variables in the next section.

7 Harmonic decomposition of variables

From the results of previous sections, we clearly see that the
linear cosmological evolution equations of the scalar vari-
ables are second-order differential equations, complicated to
solve. Thus, in order to obtain the eigenfunctions and cor-
responding wave-numbers from those second-order differ-
ential equations, we shall apply the separation-of-variables
technique. Then we shall use the standard harmonic decom-
position of the evolution equations for cosmological pertur-
bations [35,61,65] for further details on this technique. All
the above linear evolution Eqs. (55)–(60) have a similar struc-
ture as the harmonic oscillator equation and the second-order
differential evolution equations for any functions X and Y
can be represented schematically as [35]

Ẍ = AẊ + BX − C(Y, Ẏ ), (61)

where the terms A, B, and C represent the damping oscil-
lator or frictional force, restoring force and source force
respectively. Then by applying the separation-of-variables
technique, we express

X =
∑
k

Xk(t)Qk(x), and Y =
∑
k

Y k(t)Qk(x), (62)

where k is the wave-number and Qk(x) is the eigenfunctions
of the covariant derivative. Wave-number k represent the
order of harmonic oscillator and relate with the scale factor
as k = 2πa

λ
, where λ is the wavelength of the perturbations.

Here, we define eigenfunctions of the covariant derivative
with the Laplace-Beltrami operator for FLRW space-time as

∇̃2Qk(x) = − k2

a2 Q
k(x) . (63)

Armed with all this machinery, the first and second-order
evolution Eqs. (55)–(60) are expressed as:

Δ̇k
m = −(1 + w)Zk

m + wθΔk
m , (64)

Ż k =
[

wθ2

3(1 + w)
− 1 + 3w

2 f ′(1 + w)
ρm

− w

2 f ′(1 + w)
( f − T f ′) − 2 f ′′w

3 f ′(1 + w)
θ Ṫ + wk2

a2(1 + w)

]
Δk

m

+
[

2 f ′′

3 f ′ Ṫ − 2θ

3

]
Z

−
[
(1 + w)

3ρm f ′′

2 f ′2 + 2 f ′′2

3 f ′2 θ Ṫ − 2 f ′′′

3 f ′ θ Ṫ

]
F k + 2 f ′′θ

3 f ′ Bk ,

(65)

Ḟ k = Bk − wṪ

1 + w
Δk

m , (66)
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Ḃk =
...
T

Ṫ
F k − wT̈

1 + w
Δk

m , (67)

Δ̈k
m =

[
1 + 3w

2 f ′ (1 − w)ρm + w

f ′ ( f − T f ′)

−2 f ′′w
3 f ′ θ Ṫ − wk2

a3

]
Δk

m

+
[ f ′′

3 f ′ Ṫ + θ

(
w − 2

3

) ]
Δ̇k

m +
[
(1 + w)

3ρm f ′′

2 f ′2

+2 f ′′2

3 f ′2 θ Ṫ − 2 f ′′′

3 f ′ θ Ṫ

]
(1 + w)F k

−2 f ′′

3 f ′ θ(1 + w)Ḟ k , (68)

F̈ k =
...
T

Ṫ
F k − 2wT̈

1 + w
Δk

m − wṪ

1 + w
Δ̇k

m . (69)

In the following, we shall apply the aforementioned quasi-
static approximation in which time fluctuations in the pertur-
bations of the torsion energy density F k and momentum Bk

are assumed to be constant with time, i.e., one is allowed to
take Ḟ k = F̈ k = Ḃk ≈ 0. Under this approximation, the
first-order linear evolution Eqs. (64)–(65) reduce to:

Δ̇k
m = −(1 + w)Zk

m + wθΔk
m, (70)

Ż k =
[

wθ2

3(1 + w)
− 1 + 3w

2 f ′(1 + w)
ρm − w

2 f ′(1 + w)
( f − T f ′)

+ wk2

a2(1 + w)

]
Δk

m +
(

2 f ′′

3 f ′ Ṫ − 2θ

3

)
Z

−
(

3ρm f ′′

2 f ′2 + 3wρm f ′′

2 f ′2

+2 f ′′2

3 f ′2 θ Ṫ − 2 f ′′′

3 f ′ θ Ṫ

)
F k . (71)

Also, from Eqs. (66) and (69) results the relation

F k = 2wṪ T̈

(1 + w)
...
T

Δk
m + wṪ 2

(1 + w)
...
T

Δ̇k
m . (72)

By using the Eq. (72) together with the quasi-static approx-
imation itself, Eq. (68) for matter-energy density perturba-
tions yields

Δ̈k
m =

{
1 + 3w

2 f ′ (1 − w)ρm + w

f ′ ( f − T f ′)

−2 f ′′w
3 f ′ θ Ṫ − w

k2

a2

+(1 + w)

[
3ρm f ′′

2 f ′2 + 2 f ′′2

3 f ′2 θ Ṫ −2 f ′′′

3 f ′ θ Ṫ

]
2wṪ T̈

...
T

}
Δk

m

+
[

f ′′

3 f ′ Ṫ + θ

(
w − 2

3

)

+
(

3ρm f ′′

2 f ′2 + 3wρm f ′′

2 f ′2 + 2 f ′′2

3 f ′2 θ Ṫ − 2 f ′′′

3 f ′ θ Ṫ

)
wṪ 2

...
T

]
Δ̇k

m .

(73)

For the case of f (T ) = T + 2Λ , Eq. (73) is reduced to the
well-known evolution equation of ΛCDM :

Δ̈k
m =

[
3

2
Ωm(1 + 3w)(1 − w)H2 + 6wH2ΩΛ − w

k2

a2

]
Δk

m

+3H

(
w − 2

3

)
Δ̇k

m, (74)

where the energy density of cosmological constant fluid Λ =
3H2

0 ΩΛ. In this context, the matter and cosmological con-
stant fluids are involved in the growth of the energy density
fluctuations. Also, for the paradigmatic case of f (T ) = T
[43,44], GR is exactly recovered and the evolution Eq. (73)
coincides with GR as [34]

Δ̈k
m =

[
3

2
Ωm(1 + 3w)(1 − w)H2 − w

k2

a2

]
Δk

m

+3H

(
w − 2

3

)
Δ̇k

m . (75)

As we shall see in the following sections, Eq. (73) remains
a key equation for analyzing the growth of energy density
fluctuations capable of explaining the formation of large-
scale structures. For the sake of simplicity and with the aim
of illustrating the versatility of our analysis, we shall con-
sider a paradigmatic power-law f (T ) gravity models which
is compatible with the cosmic acceleration for n > 1.5 [47],
and the model is given as

f (T ) = μT0

(
T

T0

)n

, (76)

where μ and n are dimensionless constants, and T0 = −6H2
0

is the present-day value of the torsion scalar. For the case of
n = 1 this model is suitable to recover GR. Let us further
assume a power-law expansion [66–68]:

a(t) = a0(t/t0)
m, (77)

where m is a positive constant, and as usual the scale factor3

is related to the cosmological redshift as a = a0/(1 + z).
From Eq. (21), we redefine the normalized energy den-

sity parameter for non-interacting torsion-matter fluids as
1 = Ω̄d + ΩT ,, since, ΩT ≡ X is the normalized energy
density parameter of torsion fluid. Consequently, a normalize
parameters for the fluid yields

Ω̄m = 2n − 1

n
. (78)

With this definition, it is possible to know the amount of mat-
ter fluid in the non-interacting system and analyze the growth
of matter fluctuations with redshift (we will see in detail for

3 In this manuscript, both a0 and t0 are normalized to unity for simplic-
ity.
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torsion-dust and torsion-radiation cases in Sect. 9)4. As an
example: for n = 1, the matter fluid is large enough in the
system and torsion fluid becomes negligible. In this case,
we obtain the matter-dominated Universe and our general-
ized evolution Eq. (73) reduces to Eq. (75). For the case of
n ≈ 0.595, the value of Ω̄m = Ωm ≈ 0.32 [69], conse-
quently ΩT = ΩΛ ≈ 0.68 [69], with the understanding
that the torsion fluid acts as a cosmological constant. This
indicates that our system filled by both fluids: matter and
torsion fluid. For n ≥ 1, Ω̄m ≥ 1 and ΩT ≤ 0, in this
situation the matter fluid is a major component of the Uni-
verse and contributions of torsion like a fluid with a negative
energy density are the same as of a cosmological constant.
However, the effective energy density of the fluid becomes
ρ = ρm +ρT ≥ 0 [12] as presented in Eq. (19). Before solv-
ing the linear evolution Eqs. (70)–(73), let us point out that
for f (T ) gravity model (76) and scale factor (77), the back-
ground quantities ΩT and Y as defined in Eq. (23) become

Y =
(n − 1)

[
2w(2n − 1) − 1

]

n(5 − 4n)
, (79)

ΩT = 1 − n

n
, n �= 0. (80)

For the case for n = 1, Y = ΩT = 0. Here, we define the
normalized energy density contrast for matter fluid as

δk(z) ≡ Δk
m(z)

Δin
, (81)

where the subscript in refers initial value of Δm(z) at redshift
zin .5 Where analogously to (81)

δGR ≡ Δk
m(z)(n = 1)

Δi (zin)
. (82)

and for the case for f (T ) = T, δk(z) = δkGR(z) which coin-
cides with TEGR and the results are exactly the same as GR.
Indeed, the variation of CMB temperature detected observa-
tionally in the order of 10−5 [70] and this variation strongly
supports the gravitational perturbations initially through their
redshifting effect on the CMB [71,72]. Also, we shall assume
the following initial conditions as Δin ≡ Δk(zin = 1100) =
10−5 and Δ̇in ≡ Δ̇k(zin = 1100) = 0, for every mode k to
deal with the growth of matter fluctuations (similar analysis
is done in [53]). Therefore the energy density fluctuations
have initial value as Δm(zin) = Δin = 10−5 for all n at
the initial redshift zin = 1100. At this redshift the value of

4 For the case of n < 0.5, the normalized effective fluid energy density
parameter has a negative sign which shows an unphysical mode based
on relation (78).
5 We set the initial conditions at zin ≈ 1100 during the decoupling
era. So, in the following two sections we shall explore the feature of
fractional energy density perturbations δ(z)with redshift 0 � z � 1100.

normalized energy density perturbations of the matter fluid
presented in Eq. (81) becomes one (δ(zin) = 1).

For convenience, we also transform any time derivative
functions f and H into a redshift derivative as follows:

ḟ

H
= d f

dN
, where N ≡ ln(a), (83)

ḟ = −(1 + z)H
d f

dz
, and

f̈ = (1 + z)2H

(
dH

dz

d f

dz
+ H

d2 f

dz2

)
. (84)

We apply these transformation techniques in the following
sections.

8 Matter density fluctuations in GR and ΛCDM Limits

In this section, we analyze the growth of energy density fluc-
tuations for dust and radiation fluids in ΛCDM and GR limits
from Eqs. (74) and (75) respectively.

8.1 Dust-dominated universe

If, we assume that the Universe is dominated by dust fluid
only, then the equation of state parameter is wd ≈ 0. Conse-
quently, Eqs. (74) and (75) read 6

Δ̈d + 2HΔ̇d − 3

2
Ωd H

2Δd = 0. (85)

By applying Eqs. (83) and (84), this equation becomes

d2Δd(z)

dz2 − 1

2(1 + z)

dΔd(z)

dz
− 3ΩdΔd(z)

2(1 + z)2 = 0. (86)

and admits the solution

Δ(z) = C1(1 + z)
1
4 (1+√

24Ωd+9) + C2(1 + z)
1
4 (1−√

24Ωd+9),

(87)

where C1 and C2 are integration constants and we determine
these constant by imposing the above initial conditions7. In
the dust-dominated Universe, the input parameter Ωd is a
key point to determine the magnitude of matter fluctuations
with redshift. For instance, the numerical result of Eq. (87)
is presented in Fig. 1 for Ωd = 1 (blue-solid) and it shows
the growth of energy density fluctuations of dust fluid in the
dust-dominated Universe. With this plot, the density contrasts
grows up with redshift.

6 From here onwards, we remove the superscript k to avoid the unnec-
essary cluttering of notations.
7 NB All integral constants Ci , i = 1, 2, . . . 18 are determined by
imposing the initial conditions Δin = 10−5 and Δ̇in = 0. And we used
these initial conditions to present all plots in this manuscript.
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Fig. 1 The δ(z) versus redshift z for Eq. (87) for dust dominated Uni-
verse for GR limit

8.2 Radiation-dominated universe

Here, we study the growth of energy density perturbations of
the radiation fluid, by assuming the Universe has two non-
interacting cosmic fluid components, namely radiation and
the cosmological constant. In this assumption, the equation of
state parameter wr ≈ 1/3 and the normalized energy density
parameters is ΩΛ = 1−Ωr . Then, Eq. (74) in redshift space
becomes

d2Δr (z)

dz2 + 1

1 + z

dΔr (z)

dz

− 1

(1 + z)2

[
2(Ωr + ΩΛ) − k2

3a2H2

]
Δr (z) = 0. (88)

Notice that, the difference between ΛCDM and GR limits
is the parameter ΩΛ in sence that ΩΛ = 0 in GR solutions
but remains in the ΛCDM. So, for the radiation-dominated
Universe, we can re-write Eq. (88) as

d2Δr (z)

dz2 +
(

1

1 + z

)
dΔr (z)

dz

− 1

(1 + z)2

[
2Ωr − 16π2

3λ2(1 + z)4

]
Δr (z) = 0 . (89)

For ΛCDM limits Ωr + ΩΛ = 1 and for GR limit ΩΛ =
0, consequently the solution of Eqs. (88) and (89) have the
same behavior, and choose Eq. (88) to present the numerical
solutions.

Fig. 2 δ(z) versus z for Eq. (90) for short-wavelength mode in the
radiation-dominated Universe for ΛCDM approach. We consider dif-
ferent wave-length (λ) limits and 1 = Ωr + ΩΛ for plotting

The exact solution of Eq. (88) for the short-wavelength
mode, k2/a2H2 � 1, becomes

Δr (z) = C3BesselJ

(
1

2

√
2(Ω̄r + ΩΛ) ,

2

3

√
3π

λ (1 + z)2

)

+C4BesselY

(
1

2

√
2(Ω̄r + ΩΛ),

2

3

√
3π

λ (1 + z)2

)
,

(90)

whereC3 andC4 are the are integration constants. Whereas in
the long-wavelength mode, k2/a2H2  1, the exact solution
reads

Δ(z) = log(1 + z)
[
C5 sinh

(√
2(Ωr + ΩΛ)

)

+C6 cosh
(√

2(Ωr + ΩΛ)
) ]

. (91)

In the above result, the relation k2

a2H2 = 16π2

λ2(1+z)4 is used.
The numerical results of the matter density contrast for Eqs.
(90) and (91) are presented in Figs. 2 and 3, respectively.
From these plots, we see that the energy density fluctuations
of a radiation fluid are growing on large wave-length scales
with decrease in redshift (see Fig. 3) but oscillate in the short
wave-length limits for different values of λ (see Fig. 2)8.

9 Matter density fluctuations in f (T ) gravity approach

Here, we consider the cosmic medium as a mixture of two
non-interacting fluids as a torsion-dust and torsion-radiation
mixture.

8 We consider small value of λ = 0.001, 0.01 and 0.1 in Mpc for short-
wave length cases.
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Fig. 3 δ(z) versus z for Eq. (91) for long-wavelength mode in
radiation-dominated Universe for ΛCDM approach and for 1 = Ωr +
ΩΛ

9.1 Torsion-dust system

In this fluid mixtures, we assume that the Universe hosts two
dominant cosmological fluids, namely a torsion-like fluid and
the usual dust (wd = 0) matter. In this case, evolution Eq.
(73) reduces to

Δ̈d = ρd

2 f ′ Δd +
(

2 f ′′

3 f ′ Ṫ − θ
2

3

)
Δ̇d , (92)

since Δm ≈ Δd , ρm/ f ′ = ρd/ f ′, consequently, Ω̄m = Ω̄d

is the effective normalized dust density.
As we compare this perturbation equation with the equa-

tions for perturbations in the metric approach as presented in

[30], the extra term 2 f ′′ Ṫ
3 f ′ = HY is obtained due to the def-

inition of the spatial gradients of gauge-invariant variables,
Consequently, the results of the matter density contrasts have
different features for both approaches. For the assumptions
of Y = 0 (or if the rate of change of the torsion scalar is very
slow, i.e., Ṫ ≈ 0), our result is mathematically the same as
[30] in the dust-torsion system.

Then, we choose our paradigmatic f (T ) gravity model
from Eq. (76) and applying Eq. (79) onto (108) yields9

Δ̈d − H (Y − 2) Δ̇d − 3

2
H2Ω̄dΔd = 0 . (93)

We note that for the case of n = 1, the parameter Y = 0
and Eq. (97) reduces to the well-known evolution equation
of energy density of dust fluid in the GR limit namely

Δ̈d + 2HΔ̇d − 3

2
H2ΩdΔd = 0. (94)

9 μ is eliminated during the simplification.

In redshift space, it can be shown that Eq. (93) yields

d2Δd

dz2 + 1

1 + z

(
Y + 1

m
− 2

)
dΔd

dz
− 3Ω̄dΔd

2(1 + z)2 = 0.

(95)

Our free parameters Ω̄d , m and n have a significant role to
play in the numerical solution of Eq. (95), and explore the
fluctuation of energy density with redshift. To provide the
parameter Ω̄d , we use the definition from Eq. (78). From this
definition, it is possible to determine the fractional amount
of the normalized energy density parameters ΩT and Ω̄d in
the system. For instance, at n = 1, Ω̄d = 1 and ΩT reads
zero. In this case, the numerical solution reduces to GR limit
Eq. (86) and the effective matter fluid acts as dust. For n ≥ 1,
Ω̄d ≥ 1 and ΩT ≤ 0, the dust fluid is the major component
of the Universe and we note the contributions of torsion fluid
with negative energy density but ρ = ρd + ρT ≥ 0. For
n = 0.9, Ω̄d ≈ 0.88 and ΩT ≈ 0.12 the Universe has
relatively more dust than torsion fluids and at a particular n ≈
0.5953, the value of normalized energy density parameter
Ω̄d ≈ 0.32 as the observation expects Ωd ≈ 0.32 in SNIa
data. Consequently, ΩT = 0.6800001 which closer to the
observed value of ΩΛ = 0.68 and the torsion fluid acts as
cosmological constant. At n ≈ 0.595, the growth of energy
density fluctuations occurs in the present torsion-dust era.
For the case of n = 0.5, Ω̄d reads zero and ΩT = 1, i.e.,
the Universe becomes torsion dominated fluid alone at the
background level.

Due to cosmic expansion, the background energy den-
sity of the dust fluid decreases with the scale factor of Uni-
verse, ρ = ρ0a−3 and it is proportional to the redshift z.
Then, the scale factor becomes a(t) = a0(t/t0)2/3(1+wd ).
To keep the generality our anastz in Eq. (77), we choose
m = 2/3(1 + wd) = 2/3 for the scale factor exponent in
Eq. (77) assuming a dust-dominated epoch. Then, we sub-
stitute Eqs. (78) and (79) into our evolution equation which
(95), consequently reads

d2Δd

dz2 + 1

1 + z

(
(1 − n)

n(5 − 4n)
− 1

2

)
dΔd

dz

− 3(2n − 1)

2n(1 + z)2 Δd = 0. (96)

This equation is similar to the Euler–Cauchy type equation
in z which is presented in [73] and it can be rewritten as

(1 + z)2 d2Δd

dz2 + (1 + z)b
dΔd

dz
− cΔd = 0, since

b = 1 − n

n(5 − 4n)
− 1

2
, c = 3(2n − 1)

2n
. (97)

Let us consider Δ(z) = (1 + z)r , and the first- and second-
order derivative with respect to redshift becomes r(1+ z)r−1

and r(r − 1)(1 + z)r−1 respectively. Then, the characteristic
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Fig. 4 δ(z) versus z for Eq. (100) in the torsion-dust system for n is
closer to 0.5

equation reads

r2 + r(b − 1) − c = 0, (98)

and the solution is given by

r± = −b + 1 ± √
b2 − 2b + 4c + 1

2

= (12n2 − 17n + 2 ± �)

4n(4n − 5)
. (99)

The value of r± is always real for n ≥ 0.5. Then, the exact
solution of Eq. (97) is given as

Δd(z) = C7(1 + z)
(12n2−17n+2+�)

4n(4n−5)

+C8(1 + z)
(12n2−17n+2−�)

4n(4n−5) , (100)

where � = √
912n4 − 274n3 + 2497n2 − 668n + 4. Our

free parameter n has a significant role to present the numeri-
cal solution of Eq. (100), and to explore the growth of energy
density fluctuations with redshift. However, for illustrative
purposes, we use different values of n for all numerical anal-
ysis and show that the f (T ) gravity model under considera-
tion is an alternative approach to explain the growth of matter
fluctuations in a dust-dominated Universe and make a com-
parison with the well-known theory of gravity GR limit as
well.10

Now, we only use one free parameter n to present the
numerical results of the torsion-dust system Eq. (100). We
choose different ranges of n and clearly see the behavior of
the growth of density contrasts with cosmic-time. For exam-
ple, at n = 0.5, Ωm = 0 (black line) and ΩT = 1 in Fig. 4,
and observe that the rate of the growth energy density fluc-

10 The first terms of the right-hand side of Eq. (100) is growing with
redshift so decaying with cosmic-time, and the second term is decayed
with redshift so growing with cosmic-time for any value of n.

Fig. 5 δ(z) versus z for Eq. (100) in the torsion-dust system for n closer
to 1

Fig. 6 δ(z) versus z for Eq. (100) in the dust-torsion system for n > 1.5

tuations is constant11 with cosmic-time (δ(z) = 1), but it is
growing with redshift till near-future epoch for n > 0.5. The
growth of density contrasts (in this case the dust density con-
trast) is decreasing instead of for n < 0.5 which is unrealistic
for growth of perturbations and is growing with cosmic time
for n ≥ 0.5. Based on these facts, we use n ≥ 0.5. The
growth of density constants has a near-oscillatory behav-
ior for n closer to 0.5. On-the other hand, for the case of
n = 1 (blue solid line) in Fig. 5, the growth of density fluc-
tuations is the same as GR which is presented in Fig. 1. The
growth of the fluctuations also is proportional to the values
of n. For instance, at n > 1 in Fig. 6, the growth of energy
density fluctuations is very high compared with other val-
ues of n presented in the other plots. As mentioned earlier,
for n closer to 0.5 the second term of RHS in Eq. (100) is
over-dominated than the first term and due to this reason, the
behavior of δ(z) shows small oscillation for the intervals of

11 If δ(z) = 0, density fluctuations is nil with time; for δ(z) =
constant , mean that the rate of growth density fluctuations is constant
with time.
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Table 1 We illustrate the features of density contrast for torsion-dust
system with different ranges of n

Ranges of n Behavior of δ(z)

n = 0.5 Growing with a constant rate

0.5 < n ≤ 0.5008 Oscillating

n > 0.5008 Growing

We consider here n ≥ 0.5 due to the reason of definition (78)

0.5 < n < 0.5008. However, for n greater than 0.5008, the
energy densities contrast δ(z) is growing with cosmic time
and it is also growing proportional to n values. Moreover,
we discuss the behavior of the growth of density contrasts in
Table (see Table 1).

The growth of the matter density perturbations can be
explored for the range of n ≥ 0.5. In deed, the work done
by Wei et.al in [47] pointed-out that the value of n > 1.5,
for the deceleration parameter q to be negative and to explain
the background history of the accelerating expansion. Within
this frame-work, the deceleration parameter can be given by

q = −1 − Ḣ

H2 = −1 + 3

2
+ 3wd

2
Ω̄d + 3

2
X − 3Y

= −1 + 3

2
+ 3

2
X − 3Y ;

{
q < 0, for n > 1.5,

q ≥ 0, for n ≤ 1.5.

(101)

Then, q has positive values from 0.5 ≤ n ≤ 1.5, and negative
values for n > 1.5. So, we can easily identify the growth of
density contrasts in the decelerating and accelerating epochs
by using the above relations of n and q. We note here that the
range of n between 0.5 to 1.5 is incompatible with current
observations (of an accelerated expansion phase). To solve
such inconsistency between model and observation, we look
at the more general f (T ) gravity model

f (T ) = T + μT0

(
− T

T0

)n

, (102)

which is constrained from solar-system tests to be valid only
for small values of n  1 as [48]. ΛCDM can be recovered
for the case of n = 0. From the Eq. (19), the parameter μ

yields as

μ =
(

6H2
0

)1−n(1 − Ω(m=d)

2n − 1

)
. (103)

By applying the same mathematical procedures, the exact
solution of Eq. (108) for this model reads as

Δd (z) = C9 (1 + z)l+ + C10 (1 + z)l− , (104)

Fig. 7 δ(z) versus z for f (T ) = T + μT0(T/T0)
n in the torsion-dust

system for for different values of n. We used Ωd = 0.32 for illustrate
purposes

where

l± = Y1

4
+ 1

2
± 1

4

√
Y1

2 + 4Y1 − 24 ΩT + 28 (105)

ΩT = (1 + n)(1 − Ωd)

1 − 2n + n(1 − Ωd)
(106)

Y1 = 12n (n − 1)Ωd (Ωd + n + 1)

(nΩd + n − 1) (23 nΩd − 24 Ωd − n + 1)
. (107)

Note that, for the case of n = 0, we have ΩT = 1−Ωd = ΩΛ

andY1 = 0. The numerical results of Eq. (104) are presented
in Fig. 7. From this figure, we clearly show that the matter
density contrast is growing with cosmic-time.

This shows that the f (T ) gravity model Eq. (102) is viable
to study the matter density contrast, formation of large-scale,
and it is also favored with the observational bounds. And
the amplitude of matter density contrasts is increasing in the
torsion-dust Universe for n  1 which is favored with the
theoretical and observational aspects of cosmology.

9.2 Torsion-radiation system

Here, we assume that the Universe is dominated by a torsion
fluid and radiation (wr = 1/3) mixture as a background,
consequently the energy density of dust matter contribution
is negligible. In such a system, perturbations would evolve
according to the following Eq. (73)

Δ̈r =
[

2

3 f ′ ρr + 1

3 f ′ ( f − T f ′) − 2 f ′′

9 f ′ θ Ṫ

− k2

3a2 +
(

2ρr f ′′

f ′2 + 2 f ′′2

3 f ′2 θ Ṫ

−2 f ′′′

3 f ′ θ Ṫ

)
2Ṫ T̈

3
...
T

]
Δr +

[
f ′′

3 f ′ Ṫ
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+θ

3
+

(
2ρr f ′′

f ′2 + 2 f ′′2

3 f ′2 θ Ṫ − 2 f ′′′

3 f ′ θ Ṫ

)
Ṫ 2

3
...
T

]
Δ̇r ,

(108)

i.e., Δm ≈ Δr , ρm = ρr and Ω̄m = Ωr . By applying our
paradigmatic f (T ) gravity model and the power scale factor
associated with Eqs. (79) and (80), it can be shown that the
second-order evolution Eq. (108) of the energy density for
torsion-radiation system can be re-written as

Δ̈r − H

(
Y

2

{
1 + m

3

[
Ω̄r (1 − n) − 2n + 3

]}
− 1

)
Δ̇r

−H2
[

2nΩ̄r − 2ΩT − Y (6 − 2n) − k2

3H2a2

]
Δr = 0.

(109)

For n = 1, this equation reduces to the well-known GR limit
[34]:

Δ̈r + HΔ̇r −
(

2H2Ω̄r − k2

3a2

)
Δr = 0. (110)

In the following two sub-sections, we further analyze the
growth of energy density fluctuations from the evolution Eq.
(109) in short- and long-wavelength modes.

9.2.1 Short-wavelength mode

Here, we discuss the growth of fractional energy density
fluctuations within the horizon, where k2/a2H2 � 1. In
this regime, the Jeans wavelength λJ is much larger than the
wavelength of the mean free path of the photon λp and the
wavelength of the non-interacting fluid, i.e., λ  λp  λJ

(see similar analysis: [39] for GR and [35] for f (R) gravity
theory approaches).

For further processing, we have to use the definitions of
(78), (79), and apply the same reason to fix the first parameter
m as Sect. 9.1 for expanding Universe ρ = ρ0a−4, and the
scale factor becomes a(t) = a0(t/t0)2/3(1+wr ). Explicitly,
we can choose our input parameter m = 2/3(1 + w) = 1/2
for the scale factor exponent in Eq. (77) assuming we are in
a radiation-dominated epoch. In this context our leading Eq.
(109) reads

d2Δr

dz2 + β

1 + z

dΔr

dz

− 1

(1 + z)2

[
γ − 16π2

3λ2(1 + z)4

]
Δr (z) = 0. (111)

where

β ≡ 4n4 + 33n3 − 57n + 2

72n3 − 90n2 ,

and γ ≡ 44n3 − 36n2 − 68n + 54

12n2 − 15n
,

and the solution of the second-order evolution Eq. (111)
admits

Δr (z) = C11

(
1 + z

) 1
2 (1−β)

BesselJ

(
ξ

4
,

2

3

√
3π

λ (1 + z)2

)

+C12

(
1 + z

) 1
2 (1−β)

BesselY

(
ξ

4
,

2

3

√
3π

λ (1 + z)2

)
,

(112)

where ξ = √
β2 + 4 γ − 2 β + 1.

For more clarity, the BesselJ and BesselY presented in Eq.
(112) have increasing and decreasing behavior with redshift
respectively. For small values of n and λ, the second terms
of the right hand-side Eq. (112) is decreasing with redshift,
in other words, increasing with cosmic-time and vice-versa
for the first term of this equation.

The solutions of evolution Eq. (112) depend on our free
parameters n and λ. From the definition of (78), we consider
n ≥ 0.5 for numerical plotting and in these intervals of n,
the value of ξ is always real. Apparently, at n = 1 the value
of Ω̄r becomes unity and ΩT reads zero and ξ = 2

√
2,

consequently Eq. (112) reduces to radiation dominated case
in GR limit, see Eq. (90). For the case of n ≈ 0.5000112,
the value of Ω̄r = Ωr ≈ 4.48 × 10−5 and is closer to the
observed value presented in [74]. At n = 0.5, Ω̄r = 0 and
ΩT = 1, here one can say that the torsion fluid is the major
component in the system mean that torsion fluid act as a
cosmological constant.

In the following plots, we present the numerical results of
Eq. (112) for different values of n associated with different
wave-lengths, see Figs. 8, 9, 10 and 11 and clearly we see
the oscillatory behavior of δ(z) for the given values of n and
λ.

For n = 1, Eq. (111) reduces to GR limit presented
in Eq. (89) and the numerical result which is presented in
Fig. 10 is exactly the same as ΛCDM results presented in
Fig. 2.

The behavior of the growth of density contrasts is also
summarized in Table 2 for short-wavelength mode.

By assuming the same reason as in Sect. 9.1 here, we
also consider the generalized power-law f (T ) gravity model
which is presented in Eq. (102), and the solution of Eq. (111)
read as

Δr (z) = C13

(
1 + z

) 1
2 (1−β1)

BesselJ

(
ξ1

4
,

2

3

√
3π

λ (1 + z)2

)

+C14

(
1 + z

) 1
2 (1−β1)

BesselY

(
ξ1

4
,

2

3

√
3π

λ (1 + z)2

)
,

(113)
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Fig. 8 δ(z) versus z for Eq. (112) for short-wavelength mode different
λ at n = 0.5

Fig. 9 δ(z) versus z for Eq. (112) for short-wavelength mode for dif-
ferent λ at n = 0.8

Fig. 10 δ(z) versus z for Eq. (112) for short-wavelength mode for
different λ at n = 1

Fig. 11 δ(z) versus z for Eq. (112) for short-wavelength mode for
different λ at n = 1.5

Table 2 We illustrate the features of the density contrast for torsion-
radiation system for short-wave length mode and for different ranges of
n

Ranges of n Behavior δ(z)

For n ≥ 0.5 Oscillating behavior for all values of λ

The behavior is highly depends only the wave-length range (λ), and we
consider here n ≥ 0.5 due to the reason of definition (78)

where

β1 = 1

3 (nΩr + n − 1)2 (23 nΩr − 24 Ωr − n + 1)[ (
28 Ωr

3 − 2 Ωr
2 − 26 Ωr

)
n4

+
(
−69 Ωr

3 + 91 Ωr
2 + 191 Ωr − 3

)
n3

+
(

148 Ωr
3 − 87 Ωr

2 − 426 Ωr + 9
)
n2

+
(
−114 Ωr

3 − 100 Ωr
2 + 383 Ωr − 9

)
n

+4 Ωr
3 + 98 Ωr

2 − 122 Ωr + 3

]
,

and

ξ1 = 1

(nΩr + n − 1) (23 nΩr − 24 Ωr − n + 1)[ (−16 Ωr
2 + 16 Ωr

)
n3 + (

234 Ωr
2 − 40 Ωr − 2

)
n2

+ (−412 Ωr
2 + 28 Ωr + 4

)
n + 192 Ωr

2 − 4 Ωr − 2

]
.

By admitting the definition presented in Eq. (81), the numer-
ical results of the density contrast (in this case radiation) for
Eq. (113) are presented in the Figs. 12 and 13 for different
values of wavelength ranges and n. From these figures, we
clearly observe that the amplitude of matter density contrast
has an oscillatory behavior and the model is viable for n  1.
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Fig. 12 δ(z) versus z for f (T ) = T + μT0(T/T0)
n for short-

wavelength mode different λ at n = 0.01. We use Ωr = 4.48 × 10−5

for plotting

Fig. 13 δ(z) versus z for f (T ) = T + μT0(T/T0)
n for short-

wavelength mode for different λ at n = 0.1. We use Ωr = 4.48 × 10−5

for plotting

We choose n = 0.01 and 0.1 with λ = 0.001, 0.01 and 0.1
in Mpc for illustrative purposes.

In this subsub-section, the density contrasts for f (T ) grav-
ity models are studied by using Eq. (111) in torsion-radiation
system with short-wavelength mode and its numerical results
are presented in Figs. 8, 9, 10 and 11, 12 and 13 for the given λ

and n values accordingly. The detailed analysis of the growth
of matter density fluctuations in torsion-radiation system for
short-wavelength mode is made. For instance, the growth of
density contrasts in Figs. 8, 9, 10 and 11, 12 and 13 are pre-
sented for different values of n at λ = 0.001, 0.01 and 0.1
in Mpc. From these figures, we observe that the amplitude
of the fluctuations δ(z) has oscillatory behavior, with ampli-
tudes growing with cosmic-time.

Fig. 14 δ(z) versus z in long-wavelength mode for Eq. (115) for the
values of 0.5 ≤ n ≤ 0.54

Fig. 15 δ(z) versus z in long-wavelength mode for Eq. (115) for the
values of 0.6 ≤ n < 0.8

9.2.2 Long-wavelength mode

In the long-wavelength range where k2/a2H2  1, all cos-
mological fluctuations begin and remain inside the Hubble
horizon. For this limit, our evolution equation (109) takes the
form of the Cauchy–Euler equation. So, we apply the same
mathematical approach as Eq. (95) on Eq. (111). In this case
we have

(1 + z)2 d2Δr

dz2 + β
dΔr

dz
− γΔr = 0.

(114)

We assume that Δr (z) = (1 + z)r and we have r± =
1
2 (1 − β ± ξ). Then, with the k-dependence dropped, Eq.
(111) admits an exact solution of the form

Δr (z)=C15 (1+z)
1
2 (1−β+ ξ) +C16 (1+z)

1
2 (1−β− ξ) . (115)

For large values of n, the second term of the right hand-
side of Eq. (115) is decaying with redshift or growing with
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Fig. 16 δ(z) versus z in long-wavelength mode for Eq. (115) for the
values of n closer to one

Fig. 17 δ(z) versus z in long-wavelength mode for Eq. (115) for the
values of n greater than one

cosmic-time and vice-versa for the first term of this equation.
The value of ξ highly depends on the n intervals, i.e., ξ is
an imaginary for 0.5 < n ≤ 0.8 and real for n > 0.8, due
to this reason the behavior of Δr (z) has oscillating behavior
for 0.5 < n < 0.8 and growing for n > 0.8.

In the following, we present the numerical results of Eq.
(115) for torsion-radiation system for different values of n
in the long-wavelength mode in the Figs. 14, 15, 16 and
17. As mentioned earlier, we clearly observe that the feature
of density contrast δ(z) is very sensitive to the values of n.
Due to that reason, it has the oscillatory behavior shown in
Figs. 14 and 15 for small values of n ( 0.5 ≤ n ≤ 0.8). For
n closer to one and greater than one, the amplitude of δ(z)
is very high and growing with cosmic time or decaying with
redshift exponentially (see Figs. 16 and 17), but for n = 1
(red solid-line in Fig. 16) the result is recovers GR which
is presented in Fig. 3. The main results are summarized in
Table 3 for the long-wavelength model.

Table 3 We illustrate the features of the density contrast for torsion-
radiation system for long-wave length mode and for different ranges of
n

Range of n Behavior of δ(z)

0.5 ≤ n ≤ 0.8 Oscillating

n > 0.8 Growing

The behavior is highly depends only the ranges (n)

Fig. 18 δ(z) versus z in long-wavelength mode for Eq. (116) for the
n  1

On other-hand, the solutions of Eq. (109) for the general-
ized power-law f (T ) gravity model (102) for the long-wave
length limit yields

Δr (z) = C17 (1 + z)
1
2 (1−β1+ ξ1) + C18 (1 + z)

1
2 (1−β1− ξ1) ,

(116)

and the numerical results of the density contrasts in this limit
are presented in Fig. 18 for n  1.

In general, f (T ) gravity theory has gained much attention
for different cosmological implications and it is shown that
the f (T ) gravity can be an alternative approach to study the
growth of energy density fluctuations for torsion-dust and
torsion-radiation systems with 1 + 3 covariant formalism by
applying the paradigmatic power-law f (T ) gravity models
in Eq. (76) and (102) with power scale factor. We presented
the numerical results of Eq. (73), for analyzing the growth of
energy density fluctuations from past to present Universe in
torsion-dust and torsion-radiation systems for different val-
ues of n, λ.

10 Conclusions

This work presents a detailed analysis of scalar cosmological
perturbations in f (T ) gravity theory using the 1+3 covariant

123



Eur. Phys. J. C (2020) 80 :422 Page 17 of 19 422

gauge-invariant formalism. We defined the gauge-invariant
variables and derived the corresponding evolution equations.
Then, the harmonic decomposition technique was applied to
make the equations manageable for analysis. From that, we
obtained exact solutions of the evolution equations for both
torsion-radiation and torsion-dust two-fluid systems after
considering the quasi-static approximation, and computed
the growth of fractional energy density perturbations δ(z)
for the paradigmatic f (T ) gravity models and the power-law
cosmological scale factor. For the torsion-dust system, we
studied the behavior of dust perturbations and observed that
δ(z) is growing with cosmic time. In the torsion-radiation sys-
tem, we considered short-wavelength and long-wavelength
modes. It is observed that the growth of matter density fluc-
tuations for both modes and the density contrast change dra-
matically for different ranges of n considered, and the ampli-
tude of the density contrasts increases with the values of λ

and n. The density contrasts in our toy f (T ) gravity models
obviously consistent with GR predictions for f (T ) = T .

Some of the specific highlights of this work are as follows:

in the first model, f (T ) = μ
(

T
T0

)n
, we have shown the

ranges of n for which the perturbation amplitudes δ(z) oscil-
late or grow in both dust- and radiation-dominated epochs.
For instance, in dust perturbations, the oscillating behav-
ior is observed for n closer to 0.5 while the modes grow
for n > 0.5008. In radiation perturbations, δ(z) depicts
oscillatory behaviour in the short-wavelength regime for
all n ≤ 0.5, as well as in the long-wavelength regime for
0.5 ≤ n ≤ 0.8. But for the range of n > 0.8, the amplitudes
of δ(z) grow in the long-wavelength regimes. In the second
model, f (T ) = T + μT0(− T

T0
)n , with the value of n con-

strained by solar system tests to be in the range n  1, we
have shown that the amplitude of δ(z) grows monotonically
in the dust-dominated perturbations. For the radiation case,
the oscillating behavior is observed in the short-wavelength
and the modes monotonically grow for the long-wavelength
regime for small values of n.

In general, it is evident from our preliminary results that
our f (T ) models contain a richer set of possibilities whose
model parameters can be constrained using up-and-coming
observational data and can accommodate currently known
features of the large-scale structure power spectrum in the
general relativistic and ΛCDM limits. We envisage to under-
take this aspect of the task for more realistic f (T ) models in
a multi-fluid cosmological fluid setting in a subsequent work.
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