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Abstract Einstein-Maxwell-dilaton theory is an interest-
ing theory of gravity for studying scalar fields in the context
of no-hair theorem. In this work, we consider static charged
dilaton and charged, slowly rotating dilaton black holes in
Einstein-Maxwell-dilaton gravity. We investigate the accre-
tion process in thin disks around such black holes, using
the Novikov-Thorne model. The electromagnetic flux, tem-
perature distribution, energy conversion efficiency and also
innermost stable circular orbits of thin disks are obtained
and effects of dilaton and rotation parameters are studied.
For the static and slowly rotating black holes the results are
compared to that of Schwarzschild and Kerr, respectively.

1 Introduction

General relativity (GR) is a successful theory for describing
various gravitational phenomena from planetary to cosmic
scales. In contrast, at very small scales where quantum grav-
ity becomes essential, there is no such viable theory. Never-
theless, string theory somewhat paves the way for quantum
gravity by supplementing the usual Einstein-Hilbert action
with possible higher-order curvature invariants which result
from its low energy limit, together with an additional scalar
dilaton field non-minimally coupled to gravity [1]. These
considerations have motivated a large number of studies
in the past decades in a scenario where a dilaton field is
non-minimally coupled to a Maxwell field, also known as
Einstein-Maxwell-dilaton gravity (EMDG).

In the absence of dilaton potential, charged dilaton black
holes and slowly rotating charged dilaton black holes, as
exact solutions of EMDG, have been studied in [2–8] and
[9–11], respectively. All these solutions are asymptotically
flat. Also, recently the authors in [12,13] have obtained exact

a e-mail: m_heydarifard@sbu.ac.ir
b e-mail: heydarifard@qom.ac.ir
c e-mail: hr-sepangi@sbu.ac.ir (corresponding author)

asymptotically flat hairy black holes with a dilaton poten-
tial. These solutions can recover some solutions of [2–4] and
Reissner-Nordstrom solution in the limiting cases of a dilaton
potential. They can be overcharged and cure the inner horizon
problem of dilaton black holes and are thermodynamically
and dynamically stable [14,15]. The effect of the hair of such
asymptotically flat black holes on the bending angle of light
have been considered in [16]. On the other hand, in [17,18],
by considering a suitable combination of three Liouville-type
potentials, exact charged dilaton black hole solutions in an
(anti)-de Sitter space-time have been constructed in the pres-
ence of linear Maxwell electrodynamics. Generalization of
this study for the case of nonlinear electrodynamics has been
investigated in [19]. Also, black hole solutions which are nei-
ther asymptotically flat nor (A)dS are studied in [20–32]. In
higher dimensions, slowly rotating charged black hole solu-
tions of EMDG have been studied in [33]. Superradiance, fate
and evaporation of dilaton black holes have been discussed in
[34] and [35], respectively. Geodesic analyses for the static,
rotating, electrically and magnetically charged dilaton black
holes have been carried out in [36–38]. Also, light path and
deflection angle in normal and phantom dilaton black holes
have been studied in [39]. Phase transition and thermody-
namical behavior of charged dilaton black holes have been
considered in [40]. New solutions of dilaton black holes in
the presence of Gauss-Bonnet term were done in [41]. Quasi-
normal modes and shadows cast by dilaton black holes and
dilaton wormholes are studied in [42–44].

A black hole has no electromagnetic radiation and can only
be detected through its gravitational effects on the surround-
ing objects. We can observe the stellar-mass black holes in
some special cases. For instance, the discovery of gravita-
tional waves resulting from merging of a binary black hole
system provided the best evidence for the existence of black
holes [45,46]. Also, a stellar-mass black hole can be found
through the X-ray emission of a binary system. In such bina-
ries the other component is a visible star from which there
is an outflow of matter to the black hole. This process leads
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to formation of an accretion disk around the black hole and
one may observe the X-ray radiation from the inner part of
the disk [47,48]. In non-interacting binaries the presence of
a black hole can be inferred by the radial velocity mea-
surements of the companion star [49,50]. The first study
of accretion disks based on Newtonian approach was car-
ried out in [51]. Subsequently, in several papers by Novikov,
Thorne and Page [52–54], the general relativistic approach
was investigated. The model is based on the assumption that
the mass accretion rate is constant and is not dependent on
the radius of the disk, that is, the disk is in a steady state.
The accreting matter is also supposed to move in Keplerian
orbit. This assumption requires that the central object does
not have a strong magnetic field. Moreover the radiation ema-
nating from the disk is considered under the assumption of
black body radiation resulting from thermodynamic equi-
librium of the disk. Thin accretion disk models and their
properties in f (R) modified gravity have been investigated
in [55–57]. In extra dimensions within the context of mod-
ified gravity, such as Kaluza-Klein and brane world scenar-
ios, accretion disks have been studied in [58–60]. Accretion
disks in Chern-Simons and scalar-tensor-vector gravity have
been considered in [61,62]. The analysis of disk properties
around an exotic matter such as wormholes is an interest-
ing subject that has been considered in [63–65]. Accretion
disks for other compact astrophysical objects such as neutron,
boson and fermion stars and gravastars have been studied in
[66–74]. In a recent work [75], the authors have studied thin
accretion disks around electrically and magnetically charged
Gibbons-Maeda-Garfinkle-Horowitz-Strominger (GMGHS)
black holes. Also, kα iron line analysis and continuum-fitting
method are used to distinguish different astrophysical objects
through their accretion disks [76–79]. In this paper we con-
sider static and slowly rotating charged dilaton black holes
and study the properties of thin accretion disks around them.

The structure of the paper is as follows. In Sect. 2, we give
a brief review of geodesic equations and accretion process in
thin disks around a general stationary axisymmetric space-
time. In Sect. 3 we introduce static and charged rotating dila-
ton black holes and derive the effective potential, electro-
magnetic flux, temperature distribution and energy conver-
sion efficiency of thin disks in the context of EMDG and
move on to investigate the effects of dilaton coupling α and
rotation parameter a on the disk properties. The concluding
remarks are presented in the last section.

2 Accretion in thin disks around stationary
axisymmetric spacetimes

Let us first briefly review the electromagnetic radiation prop-
erties of a thin accretion disk in general stationary axisym-
metric space-times [61] and derive the basic mathematical

equations that are needed to study Einstein-Maxwell-dilaton
black hole solutions.

2.1 Geometry of space-time and geodesic equations

Accretion disks form by particles moving on geodesics orbit-
ing a compact central object. The general form of the metric
for a stationary axisymmetric space-time is given by

ds2 = gttdt
2 +2gtφdtdφ+grrdr

2 +gθθdθ2 +gφφdφ2. (1)

In equatorial approximation, | θ − π
2 |� 1, we assume that

gtt , grr , gθθ , gφφ and gtφ components of the metric are func-
tions of r only. The geodesic equations in terms of the con-
stants of motion, namely the specific energy Ẽ and the spe-
cific angular momentum L̃ , using the above metric are given
by

dt

dτ
= Ẽgφφ + L̃gtφ

g2
tφ − gtt gφφ

, (2)

dφ

dτ
= − Ẽgtφ + L̃gtt

g2
tφ − gtt gφφ

, (3)

and

grr

(
dr

dτ

)2

= Vef f (r), (4)

where τ is the affine parameter. The normalization condi-
tion, gμνuμuν = −1, for test particles leads to the following
effective potential

Vef f (r) = −1 + Ẽ2gφφ + 2Ẽ L̃gtφ + L̃2gtt
g2
tφ − gtt gφφ

. (5)

For circular orbits with an arbitrary radius r in equatorial
plane we have Vef f (r) = 0 and Vef f,r (r) = 0. Use of these
conditions leads to the angular velocity �, the specific angu-
lar momentum L̃ and the specific energy Ẽ for a particle in a
circular orbit in the gravitational potential of a massive object

Ẽ = − gtt + gtφ�√−gtt − 2gtφ� − gφφ�2
, (6)

L̃ = gtφ + gφφ�√−gtt − 2gtφ� − gφφ�2
, (7)

� = dφ

dt
= −gtφ,r + √

(gtφ,r )2 − gtt,r gφφ,r

gφφ,r
. (8)

Moreover, to determine the inner edge of the disk we should
determine the innermost stable circular orbit (ISCO) of the
black hole potential by using the condition Vef f,rr (r) = 0
which leads to the following relation
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Ẽ2gφφ,rr + 2Ẽ L̃gtφ,rr + L̃2gtt,rr −
(
g2
tφ − gtt gφφ

)
,rr

= 0.

(9)

As can be seen, the above quantities depend only on the
metric components. In the next section we determine these
quantities and the ISCO radius for Einstein-Maxwell-dilaton
black holes.

2.2 Electromagnetic properties and structure of thin
accretion disks

Let us now summarize the physical properties of thin accre-
tion disks which we will use in our calculations, such as the
energy flux emitted by the disk, F(r), the efficiency ε, tem-
perature distribution T (r) and Luminosity spectra L(ν). We
use the standard relativistic thin accretion disk model devel-
oped by Novikov and Thorne [52] which is a generalization
of that studied by Shakura-Sunyaev [51]. In what follows we
state the assumptions used in Novikov-Thorne model.

The first assumption is that the accretion disk is geomet-
rically thin and optically thick. This respectively means that
the vertical size of the disk, h, is negligible compared to its
horizontal size, h � r , and that the photon mean free path
in the disk, l, is negligible compared to its depth, l � h.
The second assumption is that the space-time is stationary,
axisymmetric, asymptotically flat and reflection-symmetric
in the equatorial plane and that the self-gravity of the disk is
negligible. The third assumption states that the disk is in both
hydrodynamical and thermodynamic equilibrium; the elec-
tromagnetic properties of the disk is similar to a black body
and that the disk’s temperature does not increase by convert-
ing all the gravitational energy into heat. The fourth assump-
tion is that the disk lies in the equatorial plane of the accreting
compact object and has an inner edge in a marginally stable
orbit, rms , known as the ISCO radius and extends to the outer
edge, rout . Disk particles have Keplerian motion between
risco and rout accreted by the central massive object. Finally,
the last assumption considers disks to be in a steady-state. In
the steady-state of Novikov-Thorne model it is assumed that
the mass accretion rate, Ṁ0, is constant and does not change
with time. In the standard thin accretion disk the physical
quantities which describe the orbiting plasma are averaged
over the time scale �t for a total period of the orbits and over
the thickness of the disk H .

The radiation flux emitted by the surface of accretion disk
can be derived from three structure equations, namely the
conservation equation of rest mass, energy and the angular
momentum of disk particles [80]

F(r) = Ṁ0

4πM2 fdisk(r), (10)

where

fdisk(r) ≡ −�,r
M2

√−g
(
Ẽ − �L̃

)2

∫ r

risco

(
Ẽ − �L̃

)
L̃ ,r dr.

(11)

Here, Ṁ0 is the mass accretion rate and fdisk(r) is a dimen-
sionless function of radius.

As was mentioned above, the thin disk is assumed to be in
local thermal equilibrium and so the radiation emitted by
the disk surface is black body-like for which the Stefan-
Bltzmann law is valid

F(r) = σSBT
4(r), (12)

where σSB = 5.67 × 10−5 ergs−1 cm−2 k−4 is the Stefan-
Boltzmann constant. The observed luminosity L(ν) has a
red-shifted black body spectrum

L(υ) = 4πd2 I (ν) = 8πh cos γ

c2

∫ rout

rin

∫ 2π

0

ν3
e rdrdφ

exp
[
hνe
kBT

]
− 1

,

(13)

where h is the Plank constant, kB is the Boltzmann constant,
γ is the disk inclination angle and rin and rout are inner and
outer radii of the edge of disk.

Radiative efficiency is another parameter in accreting pro-
cess which demonstrates the conversion of rest mass into
radiation by the central object. When the emission of disk and
the absorption by the black hole are negligible, the Novikov-
Thorne radiative efficiency is given by

ε = 1 − Ẽisco. (14)

It is important to point out that the accretion mechanism is
an efficient process for converting rest mass into radiation.
Although in the case of a star the efficiency is less than 1%
due to nuclear fusion, in a Schwarzschild black hole about 6%
of rest mass is converted into energy. Also in a rotating black
hole, without capture of radiation by the hole, the efficiency
can be 42% and, if the photon capture is taken into account,
it is about 40% if the spin parameter of the black hole is
a = 1.

3 Properties of thin accretion disks in EMD gravity

3.1 Static charged dilaton black holes

The action of Einstein-Maxwell-dilaton gravity is given by
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S =
∫

d4x
√−g

[
R − 2gμν∇μ
∇ν
 − e−2α
FμνF

μν
]
,

(15)

where the Ricci scalar and dilaton field are represented by R
and 
 respectively and Fμν is the usual electromagnetic ten-
sor defined as Fμν = ∂μAν − ∂ν Aμ with Aμ being the elec-
tromagnetic vector potential. The dilaton coupling constant
α represents the strength with which the dilaton is coupled
to the Maxwell field. For α = 0 this is the effective action
of Einstein-Maxwell theory coupled to a dilaton scalar field.
In this case, according to no-hair conjecture, 
 must be con-
stant and static black hole solutions are the same as that of
the Reissner-Nordstrom. The low energy limit of the string
theory can be achieved for α = 1 and the case of α = √

3
corresponds to the five-dimensional Kaluza-Klein theory.

Static, spherically symmetric charged black hole solutions
governed by action (15) were presented in [2–4]. The line
element is

ds2 = − f (r)dt2+ dr2

f (r)
+R2(r)

(
dθ2 + sin2 θdφ2

)
, (16)

where

f (r) =
(

1 − r+
r

) (
1 − r−

r

) 1−α2

1+α2
, (17)

and

R2(r) = r2
(

1 − r−
r

) 2α2

1+α2
. (18)

We have denoted the radius of the outer and inner event hori-
zons by r+ and r−, given by

r+ = M[1 +
√

1 − v2(1 − α2)], (19)

r− = M(1 + α2)[1 − √[1 − v2(1 − α2)]
(1 − α2)

, (20)

where M and v = Q
M are the black hole mass and electric

charge to mass ratio, respectively. Moreover, the maximal
value of charge, i.e. Qmax = M

√
1 + α2 can be obtained

when r+ = r− and for this reason the black hole is known
as extremal. The extremal limit of the static solution (16) is
not well defined because the event horizon r+ = M(1 + α2)

becomes a naked singularity and it has vanishing area for α �=
0. Also in this limit there is a critical value of the coupling
constant at α = 1, so that when α < 1 the temperature in the
extreme limit vanishes and for α > 1 it diverges. However
for α = 1 it remains finite [35].

As is clear, in the limiting case v = 0 with arbitrary values
of α, the above metric reduces to the Schwarzschild metric
where r+ = 2M and r− = 0 are the coordinate and intrin-
sic singularity respectively. Also, for α = 0 it reduces to

Reissner-Nordstrom metric with r± = M[1 ± √
1 − v2].

The behaviour of the dilaton field and vector potential are
given by


(r) = α

1 + α2 log
(

1 − r−
r

)
, (21)

At = Mv

r
. (22)

The dilaton charge defined over a two-sphere at infinity is
[2–4]

D(r) = − r2
(r),r |r→∞ . (23)

Now, using the metric components of equation (16), we
obtain the specific energy, specific angular momentum and
angular velocity of EMD black holes as given below

Ẽ =
√

2
(
1 − r+

r
) (

1 − r−
r

) 1−α2

1+α2√(
1− r−

r

) 1−α2

1+α2 [2(1+α2)r2+r(α2(r−−3r+)−3(r++r−))+4r+r−]
r(α2r+r−r−)

,

(24)

L̃ =
r2(1 − r−

r )
2α2

1+α2

√(
1− r−

r

) 1−3α2

1+α2 [r(α2(r+−r−)+r++r−)−2r+r−]
r3(α2r+r−r−)√(

1− r−
r

) 1−α2

1+α2 [2(1+α2)r2+r(α2(r−−3r+)−3(r++r−))+4r+r−]
r(α2r+r−r−)

,

(25)

and

� =

√√√√√(
1 − r−

r
) 1−3α2

1+α2
(
r
(
α2(r+ − r−) + r+ + r−

) − 2r+r−
)

2r3
(
α2r + r − r−

) .

(26)

The ISCO equation (9) is now given by

c1r
4 + c2r

3 + c3r
2 + c4r + c5 = 0, (27)

where

c1 = −2(1 + α2)2 [
(r+ + r−) + α2(r+ − r−)

]
,

c2 = 2(1 + α2)
[
(r+ + r−) + α2(r+ − r−)

]
[
3r+(1 + α2) + 2r−(2 − α2)

]
,

c3 = −2r−[
12r2+(1 + α2)2 + 15r+r−(1 − α4) + r2−(3 − 4α2 + α4)

]
,

c4 = 2r+r2−[
r+(1 + α2)(17 − α2) + r−(9 − 8α2 − α4))

]
,

c5 = −16r2+r3−, (28)

and r+ and r− are given by Eqs. (19) and (20). Only one of
the real roots of this equation is outside the event horizon
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and determines the ISCO radius of the accretion disk. For
small α, the above equations can be used for an expansion
to O(α2) to find the corrections to radius of the accretion
disk and comparison with that of black holes when α van-
ishes. Meanwhile it is easy to verify that in the case v = 0 it
reduces to ISCO equation for the Schwarzschild black hole
with risco = 6M .

We have calculated these quantities for a EMD black hole
for dilaton coupling α = 0.2 and different values of v.
The results are displayed in Fig. 1 and for comparison we
have also plotted the corresponding result for a disk rotat-
ing around a Schwarzschild black hole in GR. We see that
both Ẽ and L̃ are larger in GR than in EMDG and, as the
value of parameter v increases, deviation with respect to GR
becomes more prominent, although the angular velocity in
EMDG is almost the same as in GR. Also the radial profile
of the effective potential is given by

Vef f (r) =
(

1 − r+
r

) (
1 − r−

r

) 1−α2

1+α2

(
1 + L̃2

r2

(
1 − r−

r

)−2α2

1+α2

)
. (29)

The behavior of the effective potential for α = 0.2 and dif-
ferent values of v for a EMD black hole is plotted in Fig. 1.
For smaller values of v the peak of the effective potential
decrease so that the Schwarzschild black hole has a mini-
mum peak compared to EMD black holes.

The radial profile of the energy flux over the surface of the
disk is shown in Fig. 2. In the left panel, we have displayed
this quantity for a fixed value of α and different values of v.
As is clear, the energy flux is larger in EMDG than in GR
and, as the value of parameter v increases deviation from GR
also increases, similar to the effective potential. In addition,
the figure shows that close to extremity, EMD black holes
have the largest maximum of energy flux. In order to see
the effect of dilaton parameter on the energy flux in the right
panel of Fig. 2 we have plotted the energy flux for a fixed vale
of v and different values of α . The dilaton parameter runs
from α = 0, representing a Reissner-Nordstrom solution, to
α = 2. It should be noted that for α = 1, the low energy limit
of the string theory, we have used the GMGHS metric where
the disk properties of this special case have been studied in
[75]. The disk temperature profile is displayed in Fig. 3 and
the same features are also observed.

Fig. 1 The effective potential Vef f (r). Top-left panel: the angular
velocity �(r). Top-right panel: the specific energy Ẽ(r). Bottom-left
panel: the specific angular momentum L̃(r). Bottom-right panel: a static
charged dilaton black hole with total mass M = 2.5 × 106M
 shown

as a function of the radial coordinate r for different values of v and
are compared with the Schwarzschild black hole (v = 0). At the near-
extremal limit, Qmax ∼ M

√
1 + α2, the effective potential has the

largest maximum. The dilaton parameter is set to α = 0.2
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Fig. 2 The energy flux F(r) of a disk around a static charged dilaton
black hole with the mass accretion rate Ṁ = 2 × 10−6M
year−1, for
different values of v, left panel and different values of α, right panel.
The solid curves correspond to the Schwarzschild (v = 0) and Reissner-

Nordstrom (α = 0) black holes in the left and right panels, respectively.
At the near-extremal limit Qmax ∼ M

√
1 + α2, the energy flux has the

largest maximum

Fig. 3 Disk temperature T (r) for a static charged dilaton black hole
with mass accretion rate Ṁ = 2 × 10−6M
year−1, for different val-
ues of v, left panel and different values of α, right panel. The solid
curves correspond to Schwarzschild (v = 0) and Reissner-Nordstrom

(α = 0) black holes in the left and right panels, respectively. At the
near-extremal limit Qmax ∼ M

√
1 + α2, the disk temperature has the

largest maximum

In Table 1, we present the ISCO radius, risco and efficiency
of the EMD black hole, ε, for different values of α and v. We
find the ISCO radius by calculating the roots of Eq. (9) where
only one of the real roots is outside the event horizon of the
EMD black kole. According to Table 1 for a fixed value of
α the ISCO radius increase as the value of v decreases so
that for the Schwarzschild space-time with smallest value of
v (v = 0), the ISCO radius has the largest value risco =
6M and as we expect it has the lowest value of the energy
flux, temperature and efficiency, as shown in the left panel
of Fig. 2. This is because the gravitational field in GR is
stronger than that in EMDG so that the instability area around
the black hole increases and the ISCO radius assumes larger
values.

Table 1 shows that for a fixed value of v, as the value of α

decrease the value of ISCO radius also decreases and tends
to the limiting case of Reissner-Nordstrom (α = 0) with
risco = 4M . Therefore the smaller the dilaton parameter,
the larger the efficiency. We note that the rate of increase in
efficiency is smaller for the smallest values of v.

In the extremal limit the ISCO radius, risco, and efficiency
of an EMD black hole are presented in Table 3. The results
show that in the extreme case the inner edge of the disk
approaches the event horizon and the black hole becomes
more efficient as shown in the left panels of Figs. 2 and 3.

The EMD black holes we are studying have a non-trivial
profile of scalar field outside the event horizon. Therefore,
they have a scalar hair, as defined in Eq. (23). This dilaton
hair, however, is not an independent quantity and as we have
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Table 1 The risco of the accretion disk and efficiency for a static,
charged dilaton black hole

α v risco/M r+/M ε

0.2 0.2 5.9404 1.9806 0.0577

0.4 5.7563 1.9200 0.0594

0.6 5.4289 1.8089 0.0627

0.8 4.9115 1.6209 0.0687

0.9 4.5465 1.4715 0.0735

0.4 0.2 5.9428 1.9830 0.0577

0.4 5.7668 1.9303 0.0594

0.6 5.4556 1.8352 0.0627

0.8 4.9708 1.6800 0.0685

0.9 4.6364 1.5653 0.0732

0.6 0.2 5.9469 1.9871 0.0577

0.4 5.7839 1.9474 0.0594

0.6 5.4984 1.8773 0.0626

0.8 5.0612 1.7684 0.0683

0.9 4.7669 1.6939 0.0728

1.2 0.2 5.9686 2.0088 0.0577

0.4 5.8720 2.0346 0.0594

0.6 5.7028 2.0763 0.0624

0.8 5.4475 2.1321 0.0674

0.9 5.2807 2.1646 0.0710

- 0 6 2 0.0572

shown in Fig. 4, depends on the black hole mass. Hence,
the dilaton hair of such black holes is a “secondary hair”
associated with the primary hair (mass). As is clear from the
figure, the dilaton charge is monotonic and the black hole
with a larger mass has a larger scalar hair. So it is expected
that by increasing α in EMD black holes the position of ISCO
radius is shifted towards the larger radii which is in agreement
with Table 1.

3.2 Charged rotating dilaton black holes

Let us now study the physical properties of accretion disks
around charged rotating dilaton black holes in EMDG. Here,
there are only two exact black hole solutions for particu-
lar values of dilaton parameter; Kerr-Newmann (α = 0)
and Kaluza-Klein (α = √

3) [81]. However, for arbitrary
values of coupling constant α, an approximate solution for
slowly rotating black holes has been constructed in [9–11].
It is found that perturbing the rotation parameter a by an
infinitesimal value to order O(a) only causes components of
the metric and gauge field to change and thus behavior of
the dilaton field dose not change to first order. Therefore, for
an infinitesimal rotation parameter, the metric of a charged
rotating dilaton black hole is given by [9–11]

ds2 = − f (r)dt2 + dr2

f (r)
− 2aU (r) sin2 θdtdφ

+R2(r)
(
dθ2 + sin2 θdφ2

)
, (30)

with

U (r) = r2(1 + α2)2(1 − r−
r )

2α2

1+α2

r2−(1 − α2)(1 − 3α2)
−

(
1 − r−

r

) 1−α2

1+α2

(
1 + r2(1 + α2)2

r2−(1 − α2)(1 − 3α2)
+ r(1 + α2)

r−(1 − α2)
− r+

r

)
.

(31)

Although U (r) appears to be singular at α = 1 and α =
1√
3

, it is well behaved and approaches a finite value in each
case. Similar to static dilaton black holes, the extreme limit
of solution (30) is given by Qmax = M

√
1 + α2. Also in

[34,35] it is shown that there is a critical value of α ∼ 1 for
which black holes may evolve into having a naked singularity

Fig. 4 The amplitude of the scalar field 
(r), left panel, and dilaton charge D, right panel, are plotted against values of dilaton parameter and are
compared to a Reissner-Nordstrom black hole (α = 0). Parameter v is set to v = 0.2
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Fig. 5 The energy flux F(r) from a disk around a charged, slowly
rotating dilaton black hole with mass accretion rate Ṁ = 2 ×
10−6M
year−1, for α = 0.6, v = 0.1 and different values of rota-
tion parameter a = 0.1, 0.2, 0.3

for α > 1. The vector potential has the following form

Aφ = −a sin2 θ
Mv

r
. (32)

One notes that for α = 0, the above solution reduces to
the well-known Kerr-Newmann solution. Also, for any α,
an uncharged (v = 0) rotating black hole reduces to Kerr
solution.

At this point it is appropriate to investigate how different
parameters influence the physical properties of thin disks
around slowly rotating, charged dilaton black holes. In Fig. 5,
we have plotted the flux distribution for these black holes for
given values of α and v. The rotation parameter runs from
0.1 to 0.3 in order to see its effects on the energy flux of thin

disks. The plot shows that as the rotation parameter increases,
the energy flux also increases.

Similarly, the energy flux and temperature distribution for
a fixed value of the rotation parameter, a = 0.1, are shown in
Fig. 6 and compared to Kerr black hole in GR. As expected,
the energy flux is always larger for a charged, slowly rotating
black hole in EMDG than the Kerr black hole in GR and
with increasing v, the maximum value of the energy flux
also increases so that close to extremity EMD black holes
have the largest maximum of the energy flux.

In Table 2, we also present the ISCO radius and efficiency
of a charged, slowly rotating dilaton black hole for different
values of a and v. For a fixed value of v, the ISCO radius
decreases as the value of rotation parameter increases. There-
fore, as one expects, the amount of energy radiated away by
the accretion disk increases which is in agreement with Fig. 5.
We also see that for a given value of the rotation parameter,
the ISCO radius increase as the value of v decreases, so that
for a Kerr black hole with smallest value of charge (v = 0),
the ISCO radius has the largest value, in contrast to energy
flux, temperature and efficiency for which it has the lowest
values, as shown in Fig. 6. This result is due to the fact that
the gravitational field in GR is stronger than that in EMDG.
Therefore, the instability area around the black hole increases
and the ISCO radius takes larger values. Similar to a static
dilaton black hole, the results for an extremal black hole in
Table 3 shows that close to extremity, slowly rotating dilaton
black holes are more efficient as shown in Fig. 6.

Finally, it is worth stressing that the effect of dilaton
parameter α on the disk properties is the same as that in
previous section and we therefore set α = 0.6 in Table 2.

Fig. 6 The energy flux F(r), left panel, and disk temperature T (r),
right panel, for a charged, slowly rotating dilaton black hole with mass
accretion rate Ṁ = 2 × 10−6M
year−1, for different values of v. In
each panel the solid curve correspond to Kerr (v = 0) black holes. At

the near-extremal limit, Qmax ∼ M
√

1 + α2, the energy flux and disk
temperature have the largest maxima. The dilaton parameter is set to
α = 0.6 and rotation parameter to a = 0.1
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Table 2 The risco of the
accretion disk and efficiency for
charged, slowly rotating dilaton
black holes

a v risco/M r+/M ε

0.1 0 5.6693 1.9945 0.0606

0.1 5.2789 1.9968 0.0652

0.2 5.2342 1.9871 0.0658

0.3 5.1585 1.9708 0.0668

0.4 5.0499 1.9474 0.0683

0.2 0 5.3294 1.9786 0.0646

0.1 4.4017 1.9968 0.0785

0.2 4.3472 1.9871 0.0796

0.3 4.2539 1.9708 0.0814

0.4 4.1179 1.9474 0.0842

0.3 0 4.9786 1.9539 0.0694

0.1 2.9840 1.9968 0.1153

0.2 2.8729 1.9871 0.1197

0.3 2.6574 1.9708 0.1291

0.4 2.1972 1.9474 0.1537

Table 3 The risco of the
accretion disk and efficiency for
static, charged, slowly rotating
dilaton black holes at the
extremal limit

a α Qmax/M risco/M r+/M ε

0 0.2 1.0198 3.9464 1.04 0.0832

0.4 1.0770 3.7825 1.16 0.0889

0.6 1.1662 3.4958 1.36 0.1009

0.8 1.2806 3.0474 1.64 0.1271

0.1 0.2 1.0198 1.0737 1.04 0.7764

0.4 1.0770 1.2091 1.16 0.7465

0.6 1.16622 1.4173 1.36 0.7334

0.8 1.2806 1.7012 1.64 0.7147

4 Conclusions

In this paper, we have studied the accretion process of thin
disks around static charged dilaton black holes obtained by
Gibbons and Maeda [2–4] and also slowly rotating, charged,
dilaton black holes derived by Shiraishi [9–11]. We applied
the steady-state Novikov-Thorne model to these dilaton black
holes and numerically obtained the accretion disk profiles
such as the energy flux and temperature distribution for thin
accretion disks. We calculated the ISCO radius for both the
static and rotating EMD black holes and found that for EMD
black holes the ISCO radius is smaller than the Schwarzschild
and Kerr black holes. By using the ISCO radius of EMD
black holes, we also obtained the conversion efficiency of the
accreting mass to radiation and shown that the EMD black
holes are much more efficient than Schwarzschild and Kerr
black holes. We compared the results to that in GR and found
that the accretion disks for EMDG black holes are hotter
and more luminous than in GR. As observations of electro-

magnetic spectrum become more accurate, study of emission
spectra of accretion disks can be a way for testing EMDG.
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