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Abstract Compact orbiting binaries like the black hole
binary system observed in GW 150914 carry large amount
of orbital angular momentum. The post-ringdown compact
object formed after merger of such a binary configuration
has only spin angular momentum, and this results in a large
orbital angular momentum excess. One significant possibility
is that the gravitational waves generated by the system carry
away this excess orbital angular momentum. An estimate of
this excess is made. Arguing that plane gravitational waves
cannot possibly carry any orbital angular momentum, a case
is made in this paper for gravitational wave beams carrying
orbital angular momentum, akin to optical beams. Restrict-
ing to certain specific beam-configurations, we predict that
such beams may produce a new type of strain, in addition to
the longitudinal strains measured at alLIGO for GW 150914
and GW170817. Current constraints on post-ringdown spins,
derived within the plane-wave approximation of gravitational
waves, therefore stand to improve. The minimal modification
that might be needed on a laser-interferometer detector (like
alLIGO or VIRGO) to detect such additional strains is also
briefly discussed.

1 Introduction

Gravitational waves (GWs) detected by the Advanced Laser
Interferometer Gravitational Wave Observatory (aLIGO) [1-
3] have established the existence of inspiralling compact
object binaries. Within General Relativity (GR), such sys-
tems radiate gravitational waves, carrying energy and angular
momenta [4,5], while spiraling into each other. The amount
of angular momentum carried, as viewed by an observer at
infinity (assuming the space-time to be asymptotically flat)
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can be estimated by the difference in angular momentum of
the initial and final stages of a merger. GW 150914 confirmed
the merger of two black holes separated by a radius of 210 km
and of masses around 36 Mg and 29 M, forming a resul-
tant Kerr black hole of mass ~ 62 M and a spin parameter
of ~ 0.67 [1]. We estimate the rate of loss of orbital angular
momentum by the coalescing binary, assuming the objects to
be slowly moving, such that the quadrupole approximation
to gravitational wave generation still holds. In this approxi-
mation, the rate of loss of orbital angular momentum can be
given as
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Inserting typical values for the masses (~ 30 M) and the
size of the compact binary (~ 200 km), with the rotational
angular frequency of about 10 Hz, the rate of loss of orbital
angular momentum from the system is about 103* Joules—
which is quite large. An actual estimate of orbital angular
momentum radiated closer to merger would include higher
order modes and thus increase the number. From such an esti-
mate, the motivations for a serious analysis towards the possi-
bility of detection of such a large orbital angular momentum,
carried by the gravitational waves, in current and forthcom-
ing laser interferometer experiments are very strong.
Measuring spacetime fluctuations as a function of time
only, aLIGO has successfully constrained source parame-
ters from which one can calculate radiated angular momen-
tum [9—-11]. However a subtle issue arises if we want direct
measurement of angular momentum at some future detec-
tor. As we show in the sequel, monochromatic plane waves
with spatially constant polarizations, used predominantly in
detection analysis, cannot carry orbital angular momentum.
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Specifically, gravitational waves cannot reach the detector as
monochromatic plane waves due to angular momentum con-
servation. We stress that by the term ‘plane wave’ we mean, a
monochromatic wave solution of the linearized, source-free
Einstein equation, not only whose constant phase surfaces
are planes in spacetime, but also whose polarizations are spa-
tially constant, as the wave propagates. Taking a clue from
well established results in optics [12—-16], we propose gravi-
tational radiation with some phase structure or gravitational
wave beams as a basis for expansion of the source wave-
form for detection analysis. The phase structure would enable
us to measure orbital angular momentum directly. Recently,
radiation from a spiralling charged particle [17, 18] carrying
orbital angular momentum in the context of classical electro-
dynamics, has been shown to possess a similar phase struc-
ture.

There exist other motivational aspects of directly measur-
ing angular momentum from gravitational waves. A direct
measurement of orbital angular momentum would provide
us with an estimate of its rate of loss from the inspiralling
binary. This, in turn, might allow us to impose additional
constraints on the parameters over and above those obtained
by cross-correlation with various templates. This would fur-
ther enable us to settle many controversies relating to various
mergers [20] like GW 170817 [3] (NS-NS merger) which are
expected to be routine in the near future. Using this, we may
also expect to put constraints on the exotic alternative com-
pact objects like fuzz balls [21], gravastars [22,23], worm-
holes [24], boson stars [25] and so on, and hence be able
to ascertain better the actual composition of the coalescing
binary. Comparing how well the estimated angular momen-
tum loss of the system compares to the angular momen-
tum carried by gravitational waves as detected by a faraway
observer, additional restrictions on the validity of GR in the
linearized regime may perhaps be ascertained. Lastly, the
third-generation run of the aLIGO and VIRGO is expected to
detect certain gravitational lensing events [19]. An additional
probe of angular momentum is expected to give us additional
knowledge of the medium through which it passes. This may
vastly improve our understanding of interactions of gravita-
tional waves with matter as it passes through astrophysical
objects such as stars or galactic clusters. However for the
time-being, we focus on a direct independent study of orbital
angular momentum carried by gravitational waves.

In this paper we examine the analytic structure of grav-
itational waves in the linearized regime, starting from the
gauge fixed linearized vacuum Einstein equation. We further
demand solutions that carry orbital angular momentum (We
prove that plane waves do not carry orbital angular momen-
tum in the next section). This naturally enables us to go
beyond plane waves and discuss gravitational wave beams.
However our solutions are well within the regime of Gen-
eral Relativity and does not take any modified gravity effect
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into account. We show en passant that plane waves cannot
carry orbital angular momentum, implying that recourse to
gravitational wave beams is imperative. We choose a par-
ticular set of linearly independent beams which form a basis
for gravitational waves with orbital angular momentum. Any
gravitational radiation generated by sources within general
relativity can be expanded in this beam basis. A brief dis-
cussion is presented on the effects these beams would have
on spacetime. We also give a schematic outline, how these
beams carrying orbital angular momentum may be detected
and the contribution of the beam to the overall signal mea-
sured in a generic Laser-interferometer gravitational wave
detector.

2 Gravitational wave beams

We employ here the linearized fetrad formalism [27] for dis-
cussing gravitational waves, for two reasons: the ease to dis-
cuss fermionic interactions in astrophysically relevant quan-
tum field theoretic analysis, and to understand better the tran-
sition from local Lorentz invariance to global Lorentz sym-
metry under linearization—a phenomenon which remains
slightly obscure within the metric formalism. However, the
prescription to change to metric computations is included,
for the ease of the readers.

For the purpose of linearization, the spacetime tetrad com-
ponents el are decomposed as e;, = 'Elw + €ua, Where
€uq 1s the background Minkowski spacetime tetrad and
€ua 18 the linear fluctuation. Linearized gravity in the har-
monic gauge using this perturbed tetrad can be expressed
as, ’e‘ZDzsav + ’éijzsau = 0 where Greek indices specify
spacetime labels and early Latin indices are tangent space
labels. The late Latin indices are reserved for three dimen-
sional space. Therefore, the metric and fluctuations turns out
to be

Ny = Nab€lcy )
hpw = /éfp‘?av +?§8au + 0(82) 3)

Equation (3) explicitly states how to transform from the met-
ric fluctuations to the tetrad fluctuations and vice-versa.

The gauge fixed linearized tetrad equation admits a wave
like solution given by,

Eap = Vap(x7) exp(ikyx™) + 07, (x7) exp(—ikpx*)  (4)

with the asterisk (*) representing complex conjugation. This
solution imposed on linearized tetrad equation gives,

(3"8y + 2ikyd") 94, (x) = 0. 5)
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The Lagrangian density and the energy-momentum tensor
for linearized gravity [28] are

4

L= _326716(3”&403#8“0 + e8P eap0,87)  (6)
o
T = 1= (0"eas 0" + e 500 e )

Since we are dealing with small fluctuations around a
Minkowski spacetime tetrad in the linearized region, the sys-
tem is globally Lorentz-symmetric. The conserved Noether
charge density corresponding to this symmetry can be
expressed as,

871G
o2

Mpo = éau[x[pl(alolgau +’é‘3/€\bua\a]8bv)] (8)

where, over dot represents time derivative, and the square
brackets denote anti-symmetry. Integrating this charge den-
sity over all space gives the infinitesimal Lorentz generators.

If ¥4, is not a function of the spatial coordinates (xh)
on integration the first term reduces to terms like | (x'kd —
x/k)d? x; with the integration measure being clearly rota-
tionally invariant, the first term vanishes by spatial rotational
invariance ! This implies that a spatially constant polariza-
tion, like for plane waves in our connotation [which definitely
satisfy Eq. (5)], cannot carry orbital angular momentum. It
follows that for gravitational waves to carry orbital angular
momentum, their polarization tensors must themselves be
tensor fields. One way to enable polarization fields in grav-
itational waves is through gravitational wave beams, akin
to optical beams. Plane waves definitely carry spin angu-
lar momentum. But the spin angular momentum density
is miniscule, and definitely cannot account for all angular
momentum radiated. Moreover the spin part is a property of
the radiation and can never be zero for a rank two tensor
field. The orbital angular momentum is dependent on orien-
tation of objects and fields and thus somewhat arbitrary. Thus
there is no reason to expect that orbital angular momentum
of source is getting converted to spin angular momentum of
the wave. Thus we are looking for the most general solution
of linearized vacuum Einstein field equations.

2.1 Laguerre—Gaussian (LG) beams

Let z direction be the direction of propagation of the grav-
itational wave beam. Since any conceivable detector has to
be placed far away from the sources, we can safely assume
the beam to be paraxial (k; & k) [14,15]. So Eq. 5 can be
expressed as

(V2 4 8%, — 99, + 2ik.0° — 2ik;d") Dau(x) =0 (9)

where V7?2 is a two dimensional Laplace operator in the
plane perpendicular to z. The paraxial approximation also
guarantees that the change in polarization tensor in the

direction of propagation is negligible in comparison to the
i < |k, 222 ) So Eq. (9) reduces to,

972 < 9z
(V72 +2ik,9%) Vap (x) = 0. We choose the transverse plane
to be spanned by (r, ¢) then V2 = %8, +0,2+ ri23¢2.

For simplicity, we choose to work with one particular com-
ponent of ¥, and for the time being we drop the spacetime
and tangent space indices.

A solution of the form

|m]
App V2r —ikr?z | |( 2r2 >
mp\l's @, = Ly
Omp (r, @, 2) @) (w(z)> eXp[z(zz—i-zi)} P\ wl(z)

X exp [imtb —iQ2p+m|+1) tan~! i]
ZR

il 10
xexp(wz(z)) (10)
satisfies Eq. (9) in its paraxial form [15] with m, p taking
integer values referring to various modes. The radius of the

2
beam w(z) is given by w(z) = w(0),/1+ (i) where

R = ”'”T(O) and k ~ k, = 27” LI{;n\ (x) is the associated
Laguerre polynomial while A, is a normalization constant.
By definition of Laguerre polynomials, p has to be an integer.
The single valuedness of the field under a rotation of 7 radian
forces the azimuthally dependent phase factor to be quantized
with m taking only integral values. The Laguerre—Gaussian
modes are orthonormal in both labels m & p such that

wave vector (

2 o)
/(; d¢ /(; rdr Omp(r, ¢, 2)[Vgr (r, ¢, " = SmqSpr-

This guarantees that the LG modes form a complete orthonor-
mal family which can be used as a basis for a beam with
an arbitrary polarization distribution. These beams exhibit
a symmetry manifest in the use of cylindrical coordinates.
Any other choice of a complete set of beams a different sym-
metry (like, e.g., the Bessel beam) is equally valid; these
beams can of course be expressed as a linear combination of
LG modes. Since our solutions form a basis, any waveform
including plane waves or spherical waves can be expanded
in our basis.

The orbital angular momentum density can be expressed
in a simple form which follows directly from Eq. (8),

7 3 l 22 2 25
+£|l9mp|22} (11)
Such solutions also exist in the case of electromagnetic
waves and have been extensively studied in Refs. [12-
16]. Bialynicki-Birula et al. [29] have also discussed GW

beams using an electromagnetic-gravitational correspon-
dence within a spinoral formalism. In this work we take an

@ Springer
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approach that appears to be more convenient for phenomeno-
logical applications.

Integrating the angular momentum density (11) over all
space, we get the total angular momentum. As stated earlier
our analysis is only valid in the weak field regime. So, the
integration domain must be restricted to that regime. Here we
should mention the caveat that unlike in laser optics, w(0)
has no significance and is just a free parameter of the chosen
basis.

3 Effect of a passing gravitational wave beam on
spacetime: possible detection

We first describe the effect on spacetime in the plane per-
pendicular to the direction of propagation. Let this trans-
verse plane be spanned by coordinates x, y. It is well known
that in standard TT gauge all perturbation except hy =
’e\‘;ebx + ’éfzg“x and hy = ’efsby + ?ssax can be gauged
away to 0. To start with let us consider a gravitational wave
beam consisting of only the component 4 . The correspond-
ing tetrad fluctuation &4,—, contains an infinite number of
various LG modes. The proper distance between four test
particles localized at A(0, 0), B(L,0), C(L, L)and D(0, L)
would change due to the passing gravitational wave. Firstly
let us consider motion along or parallel to x-axis. Therefore,
dr> = dy?> = dz*> = 0.

ds? = (1 4 2¢%,, )dx*

l
— Al :/ Feandx = f(y) (12)
0
[
:»Al=/ (C + g())dx (13)
0
[
=Cl +/ g(y)dx (14)
0

where, f(y) and g(y) are functions of y differing with a
constant value of C.

The decomposition of the integral into two parts, one
involving a constant C which is the dominant plane wave con-
tribution; the sub-dominant contribution is due to the beam
structure. The first term gives normal longitudinal strain as
expected by plane waves and the second is a non-longitudinal
term. The second term which is essentially due to deviation
from plane waves carry all information about radiated angu-
lar momentum giving rise to various new non-trivial effects.

If a gravitational wave of constant polarization passes over
a circular ring of particles (shown by bold green dots), they
would change to an elliptical ring (shown by red dots) as
shown in Fig. 1.

The presence of a LG mode would deviate the masses
from their expected places (shown by blue crosses) due to the
second term in Eq. (14). The deviation from an ellipse for the

@ Springer
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Fig. 2 Absolute deviation from an ellipse

lowest mode is plotted in Fig. 2. The symmetry in the figure
is precisely due to the symmetry in x and y coordinates for
m = 0 mode. Since each i and &, will contain an infinite
number of LG modes, both these polarizations will contain
a smear of infinitely many polarization states.

3.1 Effect of gravitational wave beams on
laser-interferometer detectors

Observational evidence for gravitational wave beams neces-
sitates direct measurement of the polarization as a function
of space and time. Unfortunately it is not easy to achieve this
for extant laser interferometer set-ups. The important aspect
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is that the change in the length of an interferometer arm is no
longer a simple linear function of its original length, if the
interferometer is exposed to a gravitational wave beam. This
departure from linearity can be exploited to infer informa-
tion about possible orbital angular momentum of the incident
gravitational wave.

We shall now attempt to assess the effect of gravitational
wave beams with the stated polarization profile on laser inter-
ferometer detectors. Let the plane of the detector be spanned
by x, y coordinates and the direction of propagation make
an arbitrary angle with the z-axis. This detector will mea-
sure the intensity of the component of the incoming beam of
gravitational waves along the z direction.

For laser beams travelling along the arms of a detector in
the xy plane, ds? = 2dr? —dx*{1+ (’é‘;sbx +'éf8“x)17ab} —
dy2{1—(’5?81’):+?;8”x)ﬁab}—dXdy(’@\ﬁEby-i"e\fé‘“x)ﬂab =0.
Now for the x-arm (length = L), y = 0 = dy, and for the
y-arm (length = L), x = 0 = dx. Thus,

cdty =dx\/1+ 2,3\35ax|y=0 ~dx(1 +?;8ax|y=0) (15)

X

Using Eq. (4) and puttingt = - ort = % for the for-

ward journey and t = L% and % for the return jour-

ney, [30] we get: 7, = 2L + fOL’é"jC(ﬁM(x, 0, 7)etke—) 4
ﬁ:x (x,0, Z)e—ik(Z—x))dx +fOL ’éax (¥ax (x, 0, Z)eik(l—(L—i-x)) +
0 (x, 0, 2)e K= LAy gy

Similar equations hold for the y-direction. Now we can
calculate the phase difference between the x and y arm light
rays:

27 (T — Ty) . N 5
———— = fl)y~ra+BL+yL (16)
Aight

d¢p(L) =

where o, and y are constants. For plane waves y = 0.
Figure 3 shows how % depends on L when m =
p = 0. It clearly deviates from the linear nature shown by
the blue dots. The value of 4 km is chosen for our numerical
analysis. It has no special significance and any other choice
is equally valid. The ratio does not depend on the value of
w(0) (in the range 102 — 108 m) in this case. For m = 1, the
nature of the plot remains similar to that of Fig. 3, although
it is now sensitive to w(0). The strains definitely depend on
the value of w(0) (as well as L) as shown in Fig. 3. As is
clear from the graph, typical strain values predicted for a
binary black hole merger source as reported for GW150914,
is about ~ 1072! which is very much detectable by aLIGO
type detectors. If m = 1 we have a (1/z) factor suppression
of the gravitational wave signal, leading to additional strain
(due to orbital angular momentum carried by gravitational
waves) values that are far smaller than current sensitivities.

1.0 1

0.94

024 *
2000 2250 2500 2750 3000 3250 3500 3750 4000
Length of arm (in meter)

Fig. 3 The variation of %

been shown form =0, p =0

with interferometer arm length has

3.2 Detection scheme

Thus, it can be seen that the unlike the case for a plane wave
where 8¢ is directly proportional to the wave amplitude and
the arm length L, if the incident wave carries angular momen-
tum and hence a beam of polarization, the phase difference
will vary as a nonlinear and complicated function of arm-
length.

If it is possible to vary the arm length, we can measure §¢
for different values of L, and by comparing the data obtained
with the functional dependence shown in Fig. 3 and using
sophisticated statistical techniques and proper source mod-
eling, one may directly measure the total angular momentum
carried by gravitational waves.

4 Conclusions

As electromagnetic beams carry orbital angular momentum,
we have shown in this paper that there is sufficient reason to
expect the same for gravitational waves. However, the main
point of difference is that unlike lasers we cannot make any
form of ‘gaser’ (a gravitational laser!!) and thus are depen-
dent on nature to produce gravitational wave beams that carry
orbital angular momentum. Luckily it turns out that the sim-
plest detectable gravitational wave emitting system, should
radiate angular momentum. Unlike man-made lasers which
usually have one particular mode, a gravitational wave will
be a collection of various modes. Although any particular
mode of a specific class of beams, can be expressed as a linear
superposition of various modes of another class of beams, we
have chosen LG modes as they are perhaps the simplest and
most elegant solution, suffering no problem of divergence at
asymptotic regions.

@ Springer
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In this paper, in addition to showing the necessity of con-
sidering gravitational wave beams in place of plane waves
in order to explain the orbital angular momentum emitted
via gravitational waves, by the merger of inspiralling com-
pact binaries, we have presented an account of the effects
these gravitational wave beams will have on spacetime in
general and on laser interferometer detectors. Further, per-
haps for the first time, we have proposed a schematic way
of measuring the phase structure of gravitational radiation,
by incorporating minimal changes in extant interferometers.
Since the orbital angular momentum of gravitational waves
can be directly calculated from these amplitudes, we have
thus, again for the first time, proposed a schematic method
of direct measurement of angular momentum carried by grav-
itational waves.

We are primarily interested in the lowest order mode,
because the first higher mode for GW150914 like sources
will have non-unique values of strains dependent on the
normalization factor w(0) and primarily because we have
a 1/7™-suppression. This might make the interference signal
too weak to detect. Having said that though, the expressions
are dependent on various non-linear parameters and a par-
ticular set of w(0); tweaking the frequency and distance it
may be possible to produce such additional strains for higher
modes, which are more realistic.

The idea of gravitational wave beams is at its infancy and
thus lot of work remains to be done. From the values of the
plus and cross polarizations at asymptotic regions obtained
from various numerical simulations one might try to estimate
various beam parameters. Since the beams form a complete
basis, any wave form predicted by numerical relativity can
always be expanded in terms of the beams by computing
the overlap integrals and the corresponding beam parameters
measured via the scheme discussed in this paper. This would
enable us to understand if data from a fixed length detector
is sufficient to determine the beam parameters uniquely with
a little degeneracy. Although this work is yet to be done, our
intuition suggests that the deviation from plane waves will
not become apparent due to their smallness until we have
some way to vary the length of detectors. However a more
rigorous calculation is left to be done before making any
concrete statement.

Moreover the solution presented here involves the paraxial
approximation. It is possible to get exact solutions of the
vacuum linearized Einstein’s equations beyond the paraxial
approximation, which still carry orbital angular momentum
and form a complete basis. This is currently under study.
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