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Abstract The transition form factors for doubly heavy
baryons into a spin-1/2 or spin-3/2 ground-state baryon
induced by both the charged current and the flavor chang-
ing neutral current are systematically studied within the
light-front quark model. In the transition the two specta-
tor quarks have two spin configurations and both are con-
sidered in this calculation. We use an updated vertex func-
tions, and inspired by the flavor SU(3) symmetry, we also
provide a new approach to derive the flavor-spin factors.
With the obtained transition form factors, we perform a
phenomenological study of the corresponding semi-leptonic
decays of doubly heavy baryons induced by the c → d/s�+ν,
b → c/u�−ν̄ and b → d/s�+�−. Results for partial decay
widths, branching ratios and the polarization ratios �L/�T s
are given. We find that most branching ratios for the semi-
leptonic decays induced by the c → d, s transitions are at the
order of 10−3 ∼ 10−2, which might be useful for the search
of other doubly-heavy baryons. Uncertainties in form factors,
the flavor SU(3) symmetry and sources of symmetry break-
ing effects are discussed. We find that the SU(3) symmetry
breaking effects could be sizable in charmed baryon decays
while in the bottomed case, the SU(3) symmetry breaking
effects are less significant. Our results can be examined at
the experimental facilities in the future.

1 Introduction

In hadron physics, quark model has become a well-established
tool for the classification of various hadronic states. Most
predictions of the quark model have already been experi-
mentally confirmed, but the quest for doubly heavy baryons,
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baryonic states made of two heavy charm/bottom quarks, has
been conducted for a long time. These baryonic states had
never been observed in experiments until 2017, when the
LHCb collaboration announced the discovery of �++

cc via
�++

cc → �+
c K

−π+π+ [1] with the decay mode suggested
in Ref. [2]. This discovery is subsequently confirmed in 2018
in the �++

cc → �+
c π+ decay [3], and meanwhile triggered

a series of experimental investigations [4–7]. Now studies
of doubly-heavy baryons now open a window to study the
hadron spectroscopy and strong interactions in a baryonic
system in the presence of two heavy constituent quarks.

Among various properties on doubly heavy baryons,
weak decays are of special importance. In the experimen-
tal searches for new type of particles the firstly-discovered
ones are usually the ground states, which can only be recon-
structed via weak decay final states. Thus theoretical analysis
of their weak decays can greatly help to optimize the exper-
imental resources. Meanwhile, there exists rich dynamics
in weak decay processes and currently only few theoretical
approaches are available, which makes them a wonderland
full of challenges and opportunities.

On the theoretical side an ingredient in the weak decay
is the transition matrix element of the parent particle to a
daughter particle, which can be parameterized as form fac-
tors. Fortunately, there are various available methods for this
part of transition on the market. Thus the decays of a doubly
heavy baryon to a singly heavy baryon transition are studied
intensively [2,8–29]. In particular, some of the form fac-
tors are studied under the light-front quark model (LFQM)
[8,13,22,25], QCD sum rules [26] and light cone sum rules
[27,28].

The LFQM is originally developed in meson decays [30–
49]. During the last decade it was applied to baryon decays
with the help of quark-diquark picture [50–54], and it is also
interesting to notice that Ref. [25] has adopted the three-quark
transition for the form factors. Under the quark-diquark pic-
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ture, the two spectator quarks play the role of the antiquark
in a mesonic system and are treated as a system of spin-0
or 1. In the calculation the vertex functions are associated
with the couplings of a baryon to its quark and diquark con-
stituents. Following a recent work [55] we revise the vertex
function concerned with the spin-1 diquark system in this
paper, and consequently we update the form factors of a
doubly heavy baryon to a singly heavy baryon transitions
under the LFQM. As argued in a previous work [13], both
spin-1/2 to spin-1/2 and spin-1/2 to spin-3/2 transitions are
important to the potential discovery channels, and thus both
transitions are studied in this work. Meanwhile, we investi-
gate the transitions induced by charged current as well as the
ones induced by flavor changing neutral current (FCNC). To
be more specific, we will explore the following transitions:

1. the spin-1/2 to spin-1/2 transition with the charged cur-
rent,1

• c → d, s processes,

�++
cc (ccu) → �+

c (dcu)/�+
c (dcu)/�

(′)+
c (scu),

�+
cc(ccd) → �0

c (dcd)/�0
c(scd)/�′0

c (scd),

	+
cc(ccs) → �0

c(dcs)/�′0
c (dcs)/	0

c(scs),

�+
bc/�′+

bc (cbu) → �0
b(dbu)/�0

b(dbu)/�
(′)0
b (sbu),

�0
bc/�′0

bc(cbd) → �−
b (dbd)/�−

b (sbd)/�′−
b (sbd),

	0
bc/	′0

bc(cbs) → �−
b (dbs)/�′−

b (dbs)/	−
b (sbs);

• b → u, c processes,

�0
bb(bbu) → �+

b (ubu)/�+
bc(cbu)/�′+

bc (cbu),

�−
bb(bbd) → �0

b(ubd)/�0
b (ubd)/�0

bc(cbd)/�′0
bc(cbd),

	−
bb(bbs) → �0

b(ubs)/�′0
b (ubs)/	0

bc(cbs)/	′0
bc(cbs),

�+
bc/�′+

bc (bcu) → �++
c (ucu)/�++

cc (ccu),

�0
bc/�′0

bc(bcd) → �+
c (ucd)/�+

c (ucd)/�+
cc(ccd),

	0
bc/	′0

bc(bcs) → �+
c (ucs)/�′+

c (ucs)/	+
cc(ccs);

2. the 1/2 → 1/2 transition with FCNC,

• c → u processes,

�++
cc (ccu) → �++

c (ucu),

�+
cc(ccd) → �+

c (ucd)/�+
c (ucd),

	+
cc(ccs) → �+

c (ucs)/�′+
c (ucs),

�+
cb/�′+

cb (cbu) → �+
b (ubu),

�0
cb/�′0

cb(cbd) → �0
b(ubd)/�0

b(ubd),

	0
cb/	′0

cb(cbs) → �0
b(ubs)/�′0

b (ubs);
1 In the following, we will abbreviate the spin-S1 to spin-S2 transition
as the S1 → S2 transition. If there is no special note, spin-1/2 and
spin-3/2 are all with positive parity. We will omit the positive sign of
positive parity in the following.

• b → d, s processes,

�0
bb(bbu) → �0

b(dbu)/�0
b(dbu)/�

(′)0
b (sbu),

�−
bb(bbd) → �−

b (dbd)/�−
b (sbd)/�′−

b (sbd),

	−
bb(bbs) → �−

b (dbs)/�′−
b (dbs)/	−

b (sbs),

�+
bc/�′+

bc (bcu) → �+
c (dcu)/�+

c (dcu)/�
(′)+
c (scu),

�0
bc/�′0

bc(bcd) → �0
c (dcd)/�0

c(scd)/�′0
c (scd),

	0
bc/	′0

bc(bcs) → �0
c(dcs)/�′0

c (dcs)/	0
c(scs);

3. the 1/2 → 3/2 transition induced by the charged current,

• c → d, s processes,

�++
cc (ccu) → �∗+

c (dcu)/�′∗+
c (scu),

�+
cc(ccd) → �∗0

c (dcd)/�′∗0
c (scd),

	+
cc(ccs) → �′∗0

c (dcs)/	∗0
c (scs),

�+
bc/�′+

bc (cbu) → �∗0
b (dbu)/�′∗0

b (sbu),

�0
bc/�′0

bc(cbd) → �∗−
b (dbd)/�′∗−

b (sbd),

	0
bc/	′0

bc(cbs) → �′∗−
b (dbs)/	∗−

b (sbs).

• b → u, c processes,

�0
bb(bbu) → �∗+

b (ubu)/�∗+
bc (cbu),

�−
bb(bbd) → �∗0

b (ubd)/�∗0
bc(cbd),

	−
bb(bbs) → �′∗0

b (ubs)/	∗0
bc(cbs),

�+
bc/�′+

bc (bcu) → �∗++
c (ucu)/�∗++

cc (ccu),

�0
bc/�′0

bc(bcd) → �∗+
c (ucd)/�∗+

cc (ccd),

	0
bc/	′0

bc(bcs) → �′∗+
c (ucs)/	∗+

cc (ccs);

4. the 1/2 → 3/2 transition with FCNC,

• c → u processes,

�++
cc (ccu) → �∗++

c (ucu),

�+
cc(ccd) → �∗+

c (ucd),

	+
cc(ccs) → �′∗+

c (ucs),

�+
cb/�′+

cb (cbu) → �∗+
b (ubu),

�0
cb/�′0

cb(cbd) → �∗0
b (ubd),

	0
cb/	′0

cb(cbs) → �′∗0
b (ubs);

• b → d, s processes,

�0
bb(bbu) → �∗0

b (dbu)/�′∗0
b (sbu),

�−
bb(bbd) → �∗−

b (dbd)/�′∗−
b (sbd),

	−
bb(bbs) → �′∗−

b (dbs)/	∗−
b (sbs),

�+
bc/�′+

bc (bcu) → �∗+
c (dcu)/�′∗+

c (scu),

�0
bc/�′0

bc(bcd) → �∗0
c (dcd)/�′∗0

c (scd),

	0
bc/	′0

bc(bcs) → �′∗0
c (dcs)/	∗0

c (scs);
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Table 1 The spin-parity J P

quantum numbers and quark
composition for doubly heavy
baryons. The symbol Sπ

h
indicates the spin-parity of the
system consisting of two heavy
quarks. The light quark q
represents u, d quark

Baryon Quark content Sπ
h J P Baryon Quark content Sπ

h J P

�cc {cc}q 1+ 1/2+ �bb {bb}q 1+ 1/2+

�∗
cc {cc}q 1+ 3/2+ �∗

bb {bb}q 1+ 3/2+

	cc {cc}s 1+ 1/2+ 	bb {bb}s 1+ 1/2+

	∗
cc {cc}s 1+ 3/2+ 	∗

bb {bb}s 1+ 3/2+

�′
bc [bc]q 0+ 1/2+ 	′

bc [bc]s 0+ 1/2+

�bc {bc}q 1+ 1/2+ 	bc {bc}s 1+ 1/2+

�∗
bc {bc}q 1+ 3/2+ 	∗

bc {bc}s 1+ 3/2+

Ω+
cc

Ξ+
cc Ξ++

cc

c
c

c
c

c
c
s

d u

Fig. 1 Spin-1/2 doubly charmed baryons. It is similar for the doubly
bottom baryons and the bottom-charm baryons

In the above, the quark components have been explicitly
given in the brackets, in which the first quarks denote the
quarks participating in the weak decays. The initial baryons
are all doubly heavy baryons. The spin-parity J P quantum
numbers of the doubly heavy baryons has been listed in
Table 1.

The lowest-lying doubly heavy baryons with J P = 1/2+
for example the doubly charm SU(3) triplets �++

cc (ccu),
�+

cc (ccd), and 	+
cc(ccs) shown in Fig. 1, can only weak

decay. Three doubly bottom baryons �0
bb (bbu), �−

bb (bbd),
and 	−

bb(bbs) can also constitute one SU(3) triplet similar to
Fig. 1 with the replacement c → b. While the bottom-charm
baryons could form two sets of SU(3) triplets, (�bc,	bc) and
(�′

bc,	
′
bc). The difference between the two sets is the differ-

ent total spin of bc system as shown in Table 1, In fact there
could be mixing between them. However, the detailed mix-
ing scheme between the two triplets is still unclear, the ini-
tial baryons include two triplets, (�bc,	bc) and (�′

bc,	
′
bc)

in this work. The doubly heavy baryons with J P = 3/2+
can decay into the lowest-lying ones radiatively if the mass
splitting is small, or decay into the lowest-lying ones with the
emission of a light pion when they are heavy enough. The
final baryons include doubly heavy baryons and singly heavy
baryons. The singly heavy baryons can compose one SU(3)
anti-triplets 3̄ and one SU(3) sextet 6 as shown in Fig. 2.

Λ+
c

Ξ0
c Ξ+

c

Σ0
c

Ξ′0
c

Ω0
c

Ξ′+
c

Σ+
c Σ++

c

(a) (b)

c
s
d

c
u

s

c s
s

c
d

u
c s

s

c
u

d
c d

d
c

u

d
c

u

u

Fig. 2 Spin-1/2 singly charmed baryons. Here (a) represents SU(3)
anti-triplets 3̄ and (b) represents SU(3) sextets 6. The spin-3/2 singly
charmed baryons only have SU(3) sextets 6 as shown by panel (b) just
with the replacement “Bc → B∗

c ”. For spin-1/2 and spin-3/2 singly
bottomed baryons, a replacement c → b is needed

Taking the transition Bbc → Bc with b → s as an example,
the final baryons �′+

c , �′0
c and 	0

c belong to the presentation
of 6, while �+

c and �0
c are included in the 3̄, as can be seen

from Fig. 2.
This paper is organized as follows. In Sec. II, we will

present the framework of the light-front approach under
the diquark picture, and then the flavor-spin wave functions
will be discussed. In the appendix, we will provide a new
approach to derive the flavor-spin factors. Numerical results
of various transition form factors are shown in this section.
In Sec. III, phenomenological applications of the doubly
heavy baryon decays will be carried out, including numerical
results of the decay widths, branching ratios and �L/�T s of
the semileptonic weak decays of doubly heavy baryons. The
SU(3) symmetry breaking effect and error estimations will be
also discussed in Sec. III. A brief summary is given in the last
section. The appendix also contains some brief description
of the flavor-spin wave functions, and helicity amplitudes.

2 Theoretical framework

The theoretical framework for the baryonic transitions
induced by charged current and FCNC will be briefly intro-
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B(P ) B′(P ′)

Q1(p1) q1(p′
1)

diquark(p2)

Fig. 3 Feynman diagram for doubly heavy baryons B into a spin-1/2
and spin-3/2 ground-state baryons B ′ with two spectator quarks as a
diquark. Here P and P ′ are the momentum of the initial and final
baryons, respectively. In quark level, the transition is one heavy quark
Q1 with momentum p1 decays into a lighter quark q1 with momentum
p′

1, and the diquark with momentum p2. The black ball means the weak
interaction vertex

duced in this section, including the definitions of the states for
spin-1/2 and 3/2 baryons, and the extraction of the transition
form factors. More details can be found in Refs. [50,54].

2.1 Light-front quark model

For a hadronic state the physical wave functions include the
coordinate, color, spin and flavor spaces. Since we will only
consider the leading order contribution as shown in Fig. 3,
there is no color change between the spectators and quarks
attached to the electroweak current, and thus the color depen-
dence is rather simple. We will not write the color dependence
explicitly, however we should point out that this is only valid
at leading order. Nontrivial color dependence will be intro-
duced at higher orders due to the exchange of colored glu-
ons. The flavor-spin wave functions will be discussed in the
second section, with a new derivation method given in the
appendices. In this section, we will give the framework by
considering the coordinate space wave function, or equiva-
lently the momentum space.

For the J P = 1/2+ baryon states, their wave functions in
momentum space can be written as

|B(P, S, Sz)〉 =
∫

{d3 p1}{d3 p2}2(2π)3δ3(P̃ − p̃1 − p̃2)

×
∑
λ1,λ2

�SSz ( p̃1, p̃2, λ1, λ2)

×|Q1(p1, λ1)(di)(p2, λ2)〉, (1)

here Q1 = b, c is initial heavy quark, and “(di)” presents
the diquark shown in Fig. 3. λ1 and λ2 denote their helic-
ities, P is the total momentum of the baryon, p1, p2 are
the on-mass-shell light-front momenta of the heavy quark
and the diquark, respectively. In the LFQM, the momen-
tum is defined as p = (p−, p+, p⊥) with p± = p0 ± p3

and p⊥ = (p1, p2), while the momenta P̃ , p̃1 and p̃2 are
defined as p̃ = (p+, p⊥). Then the minus component of the
momenta can be determined from their on-shell condition as
p− = (m2 + p2⊥)/p+.

It is necessary to stress that in this paper, we will only
consider the leading order contributions. Introducing higher
order corrections between the spectators and the quarks

attached to electroweak current will spoil the diquark pic-
ture. In that case, decomposing the whole system into a
scalar/axial-vector diquark as shown in Eq. (1) is not mean-
ingful. Instead one should consider the dynamics of all three
quarks, and some attempts can be found in Ref. [25].

�SSz is the momentum-space wave function and can be
shown with the following equation,

�SSz ( p̃1, p̃2, λ1, λ2)

= 1√
2(p1 · P̄ + m1M0)

ū(p1, λ1)�S(A)

×u(P̄, Sz)φ(x, k⊥), (2)

here � is the coupling vertex of the decay quark Q1 and the
diquark in the baryon state, and when the diquark is a scalar
diquark, the coupling vertex is defined as �S = 1. In Ref.
[55], when an axial-vector diquark is involved, the vertex
should be

�A = γ5√
3

(
/ε∗(p2, λ2) − M0 + m1 + m2

P̄ · p2 + m2M0
ε∗(p2, λ2) · P̄

)
.

(3)

In this work, P̄ is the sum of the on-mass-shell momenta of
the heavy quark Q and diquark, P̄ = p1 + p2 and P̄2 = M2

0 .
Since the baryon, heavy quark and diquark cannot be on their
mass shells simultaneously, the invariant mass M0 is different
from the baryon mass M . The momentum of the baryon P and
mass M satisfy the physical mass-shell condition M2 = P2

and P2 + M2 = E2, while for the momentum P̄ , we have
P̄

2 +M2 	= E2.m1 andm2 are the masses of the heavy quark
and the diquark, respectively. In Eq. (2), φ is a Gaussian-type
function:

φ = 4

(
π

β2

)3/4√ e1e2

x1x2M0
exp

(
−
k2

2β2

)
. (4)

where e1 and e2 denote the energy of the heavy quark Q
and diquark, in P̄ rest frame. x1 and x2 are the light-front
momentum fractions satisfying 0 < x2 < 1 and x1 +x2 = 1.
In order to describe the internal motion of the constituent
quarks, we introduce the internal momenta with

ki = (k−
i , k+

i , ki⊥) = (ei − kiz, ei + kiz, ki⊥)

=
(
m2

i + k2
i⊥

xi M0
, xi M0, ki⊥

)
,

p+
1 = x1 P̄

+, p+
2 = x2 P̄

+,

p1⊥ = x1 P̄⊥ + k1⊥,

p2⊥ = x2 P̄⊥ + k2⊥, k⊥ = −k1⊥ = k2⊥,


k in the Eq. (4) is the internal momentum vector of diquark,
and 
k = (k2⊥, k2z) = (k⊥, kz). The parameter β in
Eq. (4) desicribes the momentum distributions among the
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constituent quarks which is listed in Table 4. Then the invari-
ant mass square M2

0 can be expressed as a function of the
internal variables (xi , ki⊥),

M2
0 = k2

1⊥ + m2
1

x1
+ k2

2⊥ + m2
2

x2
.

With the help of M0 = e1 + e2, it is easy to obtain the
expressions of ei and kz in terms of the internal variables
(xi , ki⊥) as,

ei = xi M0

2
+ m2

i + k2
i⊥

2xi M0

=
√
m2

i + k2
i⊥ + k2

i z, kiz = xi M0

2
− m2

i + k2
i⊥

2xi M0
.

In this work, we set x = x2 and thus x1 = 1 − x .
In analogy to the 1/2+ baryon case, a 3/2+ baryon state

has a similar expression to Eq. (1) except a different coupling
vertex [56]:

�SSz ( p̃1, p̃2, λ1, λ2)

= 1√
2(p1 · P̄ + m1M0)

×ū(p1, λ1)�
α
A(p2, λ2)uα(P̄, Sz)φ(x, k⊥), (5)

where

�α
A = −

(
ε∗α(p2, λ2) − pα

2

P̄ · p2 + m2M0
ε∗(p2, λ2) · P̄

)
.

(6)

With the help of Eqs. (1) and (2), the spin-1/2 to spin-1/2
transition matrix element with (V − A) and tensor current
can be derived as

〈
B′

f

(
P ′, S′ = 1

2
, S′

z

)
|q̄1γμ(1 − γ5)Q1|Bi (P, S = 1

2
, Sz)

〉

=
∫

{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)

(
p′

1 · P̄ ′ + m′
1M

′
0

)

×
∑
λ2

ū(P̄ ′, S′
z)�̄

′
S(A)(/p

′
1 + m′

1)γμ

× (1 − γ5)(/p1 + m1)�S(A)u(P̄, Sz), (7)〈
B′

f

(
P ′, S′ = 1

2
, S′

z

)
|q̄1iσμν

qν

M

× (1 + γ5)Q1|Bi

(
P, S = 1

2
, Sz

)〉

=
∫

{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)(p′

1 · P̄ ′ + m′
1M

′
0)

×
∑
λ2

ū(P̄ ′, S′
z)�̄

′
S(A)(/p

′
1 + m′

1)iσμν

qν

M

× (1 + γ5)(/p1 + m1)�S(A)u(P̄, Sz). (8)

With the help of Eqs. (1), (2) and (5), the spin-1/2 to spin-3/2
transition matrix element with (V − A) and tensor current
can be derived as

〈
B′∗

f (P ′, S′ = 3

2
, S′

z)|q̄1γ
μ(1 − γ5)Q1|Bi (P, S = 1

2
, Sz)

〉

=
∫

{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)(p′

1 · P̄ ′ + m′
1M

′
0)

×
∑
λ2

ūα(P̄ ′, S′
z)[�̄′α

A (/p′
1 + m′

1)γ
μ(1 − γ5)

(/p1 + m1)�A]u(P̄, Sz), (9)〈
B′∗

f

(
P ′, S′ = 3

2
, S′

z

)
|q̄1iσμν

qν

M

× (1 + γ5)Q1|Bi

(
P, S = 1

2
, Sz

)〉

=
∫

{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)(p′

1 · P̄ ′ + m′
1M

′
0)

×
∑
λ2

ūα(P̄ ′, S′
z)

×
[
�̄′α
A (/p′

1 + m′
1)iσμν

qν

M
(1 + γ5)(/p1 + m1)�A

]
u(P̄, Sz).

(10)

In Eqs. (2)–(3) and (5)–(10),

m1 = mQ, m′
1 = mq , m2 = m(di),

P̄ = p1 + p2, P̄ = p′
1 + p2, M2

0 = P̄2, M ′2
0 = P̄ ′2,

(11)

here p1 and p′
1 are the four-momentum of the initial and

final quark, and p2 is the momentum of diquark, as shown in
Fig. 3. P and P ′ are the four-momentum of the initial baryons
B and final baryon states B′, respectively. M and M ′are the
masses of the initial and final baryon states, respectively. It is
noted that, M0 and M ′

0 are the invariant masses of the initial
and final baryon states which are different from M and M ′.
q1 = u, d, s, c means the lighter quark in the final states
shown in Fig. 3. When the diquark is a scalar diquark, the
coupling vertex is defined as,

�S = �̄′
S = 1, (12)

and when an axial-vector diquark is involved, the vertex
should be

�̄′
A = 1√

3

(
−/ε(p2, λ2) + M ′

0 + m′
1 + m2

P̄ ′ · p2 + m2M ′
0

ε(p2, λ2) · P̄ ′
)

γ5,

(13)
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and

�̄′α
A = −

(
εα(p2, λ2) − pα

2

P̄ ′ · p2 + m2M ′
0

ε(p2, λ2) · P̄ ′
)

.

(14)

The 1/2 → 1/2 transition matrix elements can be parame-
terized as

〈
B′

f

(
P ′, S′ = 1

2
, S′

z

)
|q̄1γμ(1 − γ5)Q1|Bi

(
P, S = 1

2
, Sz

)〉

= ū(P ′, S′
z)
[
γμ f1,S(A)(q

2)

+iσμν

qν

M
f2,S(A)(q

2) + qμ

M
f3,S(A)(q

2)
]
u(P, Sz)

−ū(P ′, S′
z)
[
γμg1,S(A)(q

2)

+iσμν

qν

M
g2,S(A)(q

2) + qμ

M
g3,S(A)(q

2)
]
γ5u(P, Sz), (15)

〈
B′

f

(
P ′, S′ = 1

2
, S′

z

)
|q̄1iσμν

qν

M
(1 + γ5)Q1|Bi

(
P, S = 1

2
, Sz

)〉

= ū(P ′, S′
z)

[
f T1,S(A)(q

2)

M(M ′ − M)
(q2γμ − /qqμ) + iσμν

qν

M
f T2,S(A)(q

2)

]

×u(P, Sz) + ū(P ′, S′
z)

×
[

gT1,S(A)(q
2)

M(M + M ′)
(q2γμ − /qqμ) + iσμν

qν

M
gT2,S(A)(q

2)

]
γ5u(P, Sz).

(16)

Then the extraction of these form factors f1,2,3,S(A) can
be performed as Ref. [54]. Multiply ū(P̄, Sz)(�̄μ)i u(P̄ ′, S′

z)

and ū(P, Sz)(�μ)i u(P ′, S′
z) on the 〈B′

f (P
′, S′ = 1

2 , S′
z)|q̄1

γμQ1|Bi (P, S = 1
2 , Sz)〉 part of Eq. (7) and Eq. (15), respec-

tively. At the same time, the approximation P(′) → P̄(′) need
to be taken for the integral. After summing the polarizations
of the initial and final baryon states up, we can get the three
linear equations as follows,

Tr
{
(�μ)i ( /P ′ + M ′)

[
γμ f1,S(A)(q

2) + iσμν

qν

M
f2,S(A)(q

2)

+qμ

M
f3,S(A)(q

2)
]
( /P + M)

}

=
∫

{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)(p′

1 · P̄ ′ + m′
1M

′
0)

×
∑
λ2

Tr
[
(�̄μ)i ( /̄P

′ + M ′
0)�̄

′
S(A)(/p

′
1 + m′

1)

×γμ(/p1 + m1)�S(A)( /̄P + M0)
]
, (17)

with (�̄μ)i = {γ μ, P̄μ, P̄ ′μ} and (�μ)i = {γ μ, Pμ, P ′μ}.
Using the above Eq. (17), we can get the specific expression
of the form factors f1,2,3,S(A) as follows:

f1 = q2[B1(M + M ′)2 − 2B2(2M + M ′) − 2B3(M + 2M ′)] − B1(q2)2 − 2(B2 − B3)(M − M ′)(M + M ′)2

4[(M − M ′)2 − q2][(M + M ′)2 − q2]2 ,

f2 = M(M + M ′)[B1(M + M ′)2 + 2B2(M ′ − 2M) + 2B3(M − 2M ′)] − Mq2[B1(M + M ′) + 2B2 + 2B3]
4[(M − M ′)2 − q2][(M + M ′)2 − q2]2 ,

f3 = M{B1(M − M ′)[q2 − (M + M ′)2] + 2B2
(
4M2 − MM ′ + M ′2 − q2

)+ 2B3
(−M2 + MM ′ − 4M ′2 + q2

)}
4[(M − M ′)2 − q2][(M + M ′)2 − q2]2 ,

with

Bi =
∫

{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)(p′

1 · P̄ ′ + m′
1M

′
0)

×
∑
λ2

Tr
[
(�̄μ)i

(
/̄P

′ + M ′
0

)
�̄′
S(A)

(
/p′

1 + m′
1

)

×γμ

(
/p1 + m1

)
�S(A)

(
/̄P + M0

) ]
. (18)

The form factors g1,2,3,S(A) can be calculated by the similar
procedure,

g1 = q2[R1(M − M ′)2 + 2R2(M ′ − 2M) − 2R3(M − 2M ′)] − R1(q2)2 − 2(R2 − R3)(M + M ′)(M − M ′)2

4[(M − M ′)2 − q2]2[(M + M ′)2 − q2] ,

g2 = Mq2[R1(M − M ′) + 2R2 + 2R3] − M(M − M ′)[R1(M − M ′)2 − 2R2(2M + M ′) + 2R3(M + 2M ′)]
4[(M − M ′)2 − q2]2[(M + M ′)2 − q2] ,

g3 = M{R1(M + M ′)[(M − M ′)2 − q2] − 2R2
(
4M2 + MM ′ + M ′2 − q2

)+ 2R3
(
M2 + MM ′ + 4M ′2 − q2

)}
4[(M − M ′)2 − q2]2[(M + M ′)2 − q2] ,
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with

Ri =
∫

{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)(p′

1 · P̄ ′ + m′
1M

′
0)

×
∑
λ2

Tr
[
(�̄μ)i ( /̄P

′ + M ′
0)�̄

′
S(A)(/p

′
1 + m′

1)

×γμγ5(/p1 + m1)�S(A)( /̄P + M0)
]
. (19)

Then tensor form factors f T1,2,S(A) and gT1,2,S(A) defined by
Eq. (16) can also be extracted in the similar way with the
form factors f1,2,3,S(A) and g1,2,3,S(A), the differences are
only (�μ)i = {γ μ, Pμ} and (�̄μ)i = {γ μ, P̄μ},

f T1 =
M(M − M ′)

{
BT

1 [q2 − (M + M ′)2] + 6BT
2 (M + M ′)

}

4[(M − M ′)2 − q2][(M + M ′)2 − q2]2 ,

f T2 =
M(M + M ′)2

[
BT

1 (M + M ′) − 2BT
2

]
− Mq2

[
BT

1 (M + M ′) + 4BT
2

]

4[(M − M ′)2 − q2][(M + M ′)2 − q2]2 ,

gT1 =
M(M + M ′)

{
RT

1 [(M − M ′)2 − q2] + 6RT
2 (M ′ − M)

}

4[(M − M ′)2 − q2]2[(M + M ′)2 − q2] ,

gT2 =
Mq2

[
RT

1 (M − M ′) + 4RT
2

]
+ M(M − M ′)2

[
RT

1 (M ′ − M) + 2RT
2

]

4[(M − M ′)2 − q2]2[(M + M ′)2 − q2] ,

(20)

with

BT
i =

∫
{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)(p′

1 · P̄ ′ + m′
1M

′
0)

×
∑
λ2

Tr

[
(�̄μ)i ( /̄P

′ + M ′
0)�̄

′
S(A)(/p

′
1 + m′

1)

× iσμν

qν

M
(/p1 + m1)�S(A)( /̄P + M0)

]
,

RT
i =

∫
{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)(p′

1 · P̄ ′ + m′
1M

′
0)

×
∑
λ2

Tr

[
(�̄μ)i ( /̄P

′ + M ′
0)�̄

′
S(A)(/p

′
1 + m′

1)

×iσμν

qν

M
γ5(/p1 + m1)�S(A)( /̄P + M0)

]
. (21)

The 1/2 → 3/2 transition matrix elements can be param-
eterized in a similar form as follows.〈
B′∗

f

(
P ′, S′ = 3

2
, S′

z

)
|q̄1γ

μ(1 − γ5)Q1|

×Bi

(
P, S = 1

2
, Sz

) 〉

= ūα(P ′, S′
z)

[
f1(q

2)
Pα

M

(
γ μ − /q

q2 q
μ

)

+f2(q
2)

Pα

M2

(
M2 − M ′2

q2 qμ − Pμ

)

+f3(q
2)

Pα

M2

M2 − M ′2

q2 qμ + f4(q
2)

(
gαμ

−qαqμ

q2

)]
γ5u(P, Sz) − ūα(P ′, S′

z)

×
[
g1(q

2)Pα

(
γ μ − /q

q2 q
μ

)

+g2(q
2)

Pα

M2

(
M2 − M ′2

q2 qμ − Pμ

)

+g3(q
2)

Pα

M2

M2 − M ′2

q2 qμ

+g4(q
2)

(
gαμ − qαqμ

q2

)]
u(P, Sz), (22)

〈
B′∗

f

(
P ′, S′ = 3

2
, S′

z

) ∣∣∣∣q̄1iσμν

qν

M
(1 + γ5)Q1

∣∣∣∣
Bi

(
P, S = 1

2
, Sz

) 〉

= ūα(P ′, S′
z)

[
fT

1 (q2)
Pα

M

(
γ μ − /q

q2 q
μ

)

+fT
2 (q2)

Pα

M2

(
M2 − M ′2

q2 qμ − Pμ

)

+fT
3 (q2)

Pα

M2

M2 − M ′2

q2 qμ

+fT
4 (q2)

(
gαμ − qαqμ

q2

)]
γ5u(P, Sz)

+ūα(P ′, S′
z)

[
gT

1 (q2)
Pα

M
(γ μ

− /q

q2 q
μ) + gT

2 (q2)
Pα

M2

(
M2 − M ′2

q2 qμ − Pμ

)

+gT
3 (q2)

Pα

M2

M2 − M ′2

q2 qμ

+gT
4 (q2)

(
gαμ − qαqμ

q2

)]
u(P, Sz). (23)

Here qμ = Pμ − P ′μ and Pμ = Pμ + P ′μ. In the previous
work [13], the 1/2 → 3/2 transition matrix elements have
been parameterized with form factors f′(T )

1,2,3,4 and g′(T )
1,2,3,4 in

following form,

〈
B′∗

f

(
P ′, S′ = 3

2
, S′

z

) ∣∣q̄1γ
μ(1 − γ5)Q1

∣∣

×Bi

(
P, S = 1

2
, Sz

) 〉

= ūα(P ′, S′
z)

[
γ μPα f

′
1(q

2)

M
+ f′

2(q
2)

M2 PαPμ

+f′
3(q

2)

MM ′ PαP ′μ + f′
4(q

2)gαμ

]
γ5u(P, Sz)
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−ūα(P ′, S′
z)

[
γ μPα g

′
1(q

2)

M
+ g′

2(q
2)

M2 PαPμ

+g′
3(q

2)

MM ′ PαP ′μ + g′
4(q

2)gαμ

]
u(P, Sz), (24)

〈
B′∗

f

(
P ′, S′ = 3

2
, S′

z

) ∣∣∣∣q̄1iσμν

qν

M
(1 + γ5)Q1

∣∣∣∣
×Bi

(
P, S = 1

2
, Sz

) 〉

= ūα(P ′, S′
z)

[
γ μPα f

′T
1 (q2)

M
+ f′T

2 (q2)

M2 PαPμ

+f′T
3 (q2)

MM ′ PαP ′μ + f′T
4 (q2)gαμ

]
γ5u(P, Sz)

+ūα(P ′, S′
z)

[
γ μPα g

′T
1 (q2)

M
+ g′T

2 (q2)

M2 PαPμ

+g′T
3 (q2)

MM ′ PαP ′μ + g′T
4 (q2)gαμ

]
u(P, Sz). (25)

Then the form factors f(T )
1,2,3,4 and g(T )

1,2,3,4 defined by

Eqs. (22)–(23) can be related with f′(T )
1,2,3,4 and g′(T )

1,2,3,4
defined by Eqs. (24) and (25) by the following formulas:

f(T )
1 (q2) = f′(T )

1 (q2),

f(T )
2 (q2) = −1

2

[
f′(T )

2 (q2) + M

M ′f
′(T )
3 (q2)

]
,

f(T )
4 (q2) = f′(T )

4 (q2), (26)

f(T )
3 (q2) = M2

M2 − M ′2

[
f′(T )

1 (q2)
−M − M ′

M
+ f′(T )

4 (q2)

]

+ 1

2

[
f′(T )

2 (q2) + M

M ′f
′(T )
3 (q2)

]

+ 1

2

q2

M2 − M ′2

[
f′(T )

2 (q2) − M

M ′f
′(T )
3 (q2)

]
,

(27)

g(T )
1 (q2) = g′(T )

1 (q2),

g(T )
2 (q2) = −1

2

[
g′(T )

2 (q2) + M

M ′g
′(T )
3 (q2)

]
,

g(T )
4 (q2) = g′(T )

4 (q2), (28)

g(T )
3 (q2) = M2

M2 − M ′2

[
g′(T )

1 (q2)
M − M ′

M
+ g′(T )

4 (q2)

]

+ 1

2

[
g′(T )

2 (q2) + M

M ′g
′(T )
3 (q2)

]

+ 1

2

q2

M2 − M ′2

[
g′(T )

2 (q2) − M

M ′g
′(T )
3 (q2)

]
.

(29)

Multiplying Eq. (23) by qμ will yield

ūα(P ′, S′
z)
[
fT

3 (q2)Pα M2 − M ′2

M2

]
γ5u(P, Sz) = 0,

ūα(P ′, S′
z)
[
gT

3 (q2)Pα M2 − M ′2

M2

]
u(P, Sz) = 0, (30)

and one obtains fT
3 (q2) = gT

3 (q2) = 0. Then using
Eqs. (26)–(29), one could get

fT
1 (q2) = M

M ′ + M

{
f′T

4 (q2) + M2 − M ′2

M2

×
[

1

2

(
f′T

2 (q2) + M

M ′f
′T
3 (q2)

)

+ 1

2

q2

M2 − M ′2

(
f′T

2 (q2) − M

M ′f
′T
3 (q2)

)]}
,

(31)

gT
1 (q2) = M

M ′ − M

{
g′T

4 (q2) + M2 − M ′2

M2

×
[

1

2

(
g′T

2 (q2) + M

M ′g
′T
3 (q2)

)

+ 1

2

q2

M2 − M ′2

(
g′T

2 (q2) − M

M ′g
′T
3 (q2)

)]}
.

(32)

These form factors f′
1,2,3,4 and g′

1,2,3,4 can be extracted in

the following way [54]. Multiply ū(P, Sz)(�̄
μβ

5 )i uβ(P ′, S′
z)

and ū(P, Sz)(�
μβ

5 )i uβ(P ′, S′
z) on the “〈B′∗

f (P ′, S′ = 3
2 , S′

z)

|q̄1γ
μQ1|Bi (P, S = 1

2 , Sz)〉” part of Eqs. (9) and (24),
respectively. At the same time, the approximation P(′) →
P̄(′) need to be taken for the integral. After summing the
polarizations of the initial and final baryon states up, we can
get the four equations as follows,

Tr

{
uβ(P ′, S′

z)ūα(P ′, S′
z)

[
γ μPα f

′
1(q

2)

M
+ f′

2(q
2)

M2 PαPμ

+f′
3(q

2)

MM ′ PαP ′μ + f′
4(q

2)gαμ

]
γ5( /P + M)(�

μβ

5 )i

}

=
∫

{d3 p2}
φ′
(
x ′, k′⊥)φ(x, k⊥

)

2

√
p+

1 p′+
1 (p1 · P̄ + m1M0)

(
p′

1 · P̄ ′ + m′
1M

′
0

)

×
∑
S′
zλ2

Tr
{
uβ

(
P̄ ′, S′

z

)
ūα

(
P̄ ′, S′

z

)
�̄′α
A

(
/p′

1 + m′
1

)

×γμ(/p1 + m1)�A( /̄P + M0)
(
�̄

μβ

5

)
i

}
, (33)

with (�
μβ

5 )i = {γ μPβ, P ′μPβ, PμPβ, gμβ}γ5 and (�̄
μβ

5 )i =
{γ μ P̄β, P̄ ′μ P̄β, P̄μ P̄β, gμβ}γ5.
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As shown in Refs. [56,57], the spin sum of the vectorial
spinors can be given as,

3/2∑
S′
z=−3/2

uβ(P̄ ′, S′
z)ūα(P̄ ′, S′

z)

= −( /̄P
′ + M ′

0)
[
Gβα(P̄ ′) − 1

3
Gβσ (P̄ ′)Gαλ(P̄

′)γ σ γ λ
]
,

with

Gβα(P̄ ′) = gβα − P̄ ′
β P̄

′
α

M ′2
0

.

The analytic expression of form factors f′
1,2,3,4 can be got

by solving the above four equations in Eq. (33),

f′
1(q

2) = MM ′

2
[
M4 − 2M2(M ′2 + q2) + (M ′2 − q2)2

]2
×{− 4M ′[H1

(
(M − M ′)2 − q2)+ H3M

′]
−2H2

(
M2 − 4MM ′ + M ′2 − q2)

+H4
[
M4 − 2M2(M ′2 + q2)+ (

M ′2 − q2)2]},
(34)

f′
2(q

2) = M2M ′2
[
(M − M ′)2 − q2

]3[
(M + M ′)2 − q2

]2
×{2M ′[H1

(
(M − M ′)2 − q2)+ 10H3M

′]
−4H2

(
2M2 + MM ′ + 2M ′2 − 2q2)

+H4
[
M4 − 2M2(M ′2 + q2)+ (

M ′2 − q2)2]},
(35)

f′
3(q

2) = MM ′
[
(M − M ′)2 − q2

]3 [
(M + M ′)2 − q2

]2 ×

×
{
M ′ [H1

(
(M − M ′)2 − q2)

× (
M2 − 4MM ′ + M ′2 − q2)

−4H3M
′ (2M2 + MM ′ + 2M ′2 − 2q2)]

+2H2

[
M4 − 2M3M ′ + 2M2 (6M ′2 − q2)

+2MM ′ (q2 − M ′2)+ (
M ′2 − q2)2 ]

−H4
[
(M − M ′)2 − q2] (M2 − MM ′

+M ′2 − q2) [(M + M ′)2 − q2] }, (36)

f′
4(q

2) = 1

2
[
(M − M ′)2 − q2

]2 [
(M + M ′)2 − q2

]

×
{
M ′ [H1

(
q2 − (M − M ′)2)+ 2H3M

′]

−2H2
(
M2 − MM ′ + M ′2 − q2)

+H4

[
M4 − 2M2 (M ′2 + q2)+ (

M ′2 − q2)2 ]},

(37)

where Hi is defined as follows,

Hi =
∫

{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)

(
p′

1 · P̄ ′ + m′
1M

′
0

)

×
∑
S′
zλ2

Tr
{
uβ(P̄ ′, S′

z)ūα

(
P̄ ′, S′

z

)
�̄′α
A (/p′

1

+m′
1)γμ(/p1 + m1)�A( /̄P + M0)

(
�̄

μβ

5

)
i

}
. (38)

With the same method, one can obtain the form factors
g′

1,2,3,4. g′
1 and g′

3 are similar to f′
1 and f′

3 respectively
except for M ′ → −M ′ and Hi → Ki , and g′

2 and g′
4 are

similar to f′
2 and f′

4 respectively except for M ′ → −M ′ and
Hi → −Ki . For example, we have

g′
1(q

2) = −MM ′

2

[
M4 − 2M2

(
M ′2 + q2

)

+
(
M ′2 − q2

)2
]2

{
4M ′ [K1

(
(M + M ′)2 − q2

)
− K3M

′]

−2K2

(
M2 + 4MM ′ + M ′2 − q2

)

+K4

[
M4 − 2M2

(
M ′2 + q2

)

+
(
M ′2 − q2

)2
]}

, (39)

where Ki is defined by the following Eq. (40),

Ki =
∫

{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)(p′

1 · P̄ ′ + m′
1M

′
0)

×
∑
S′
zλ2

Tr
{
uβ(P̄ ′, S′

z)ūα

(
P̄ ′, S′

z

)
�̄′α
A (/p′

1 + m′
1)γμγ5(/p1 + m1)

×�A( /̄P + M0)
(
�̄μβ

)
i

}
, (40)

with (�̄μβ)i = {γ μ P̄β, P̄ ′μ P̄β, P̄μ P̄β, gμβ}. Note that
f′T

1,2,3,4 and g′T
1,2,3,4 should not be independent. Multiplying

the Eq. (25) by qμ leads to

ūα

(
P ′, S′

z

) [
(−M − M ′)Pα f

′T
1 (q2)

M
+ f′T

2 (q2)

M2 PαP · q

+f′T
3 (q2)

MM ′ PαP ′ · q + f′T
4 (q2)qα

]
γ5u(P, Sz) = 0,

ūα(P ′, S′
z)

[
(M − M ′)Pα g

′T
1 (q2)

M
+ g′T

2 (q2)

M2 PαP · q

+g′T
3 (q2)

MM ′ PαP ′ · q + g′T
4 (q2)qα

]
u(P, Sz) = 0, (41)
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and the following two relations can be arrived,

Pα

M
f′T

1 (q2) = 1

(M + M ′)

[
f′T

2 (q2)

M2 PαP · q

+f′T
3 (q2)

MM ′ PαP ′ · q + f′T
4 (q2)qα

]
, (42)

Pα

M
g′T

1 (q2) = − 1

(M − M ′)

[
g′T

2 (q2)

M2 PαP · q

+f′T
3 (q2)

MM ′ PαP ′ · q + g′T
4 (q2)qα

]
. (43)

With the above relations, 〈B′(P ′, S′
z)|q̄1iσμν

qν

M (1 + γ5)Q1|
B(P, Sz)〉 can be parameterized with the form factors
f′T

2,3,4 and g′T
2,3,4. These form factors f′T

2,3,4 and g′T
2,3,4

can be extracted in the same way as we have conducted
on the form factors f′

1,2,3,4 and g′
1,2,3,4 [54]. Multiply

ū(P, Sz)(�̄
μβ

5 )i uβ(P ′, S′
z) and ū(P, Sz)(�

μβ

5 )i uβ(P ′, S′
z)on

the “〈B′
f (P

′, S′ = 1
2 , S′

z)|q̄1iσμν
qν

M Q1|Bi (P, S = 1
2 , Sz)〉”

part of Eqs. (10) and (25), respectively. At the same time,
the approximation P(′) → P̄(′) need to be taken for the inte-
gral. After summing the polarizations of the initial and final
baryon states up, we can get the three equations as follows,

∫
{d3 p2} φ′(x ′, k′⊥)φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)(p′

1 · P̄ ′ + m′
1M

′
0)

×
∑
S′
zλ2

Tr
{
uβ(P̄ ′, S′

z)ūα(P̄ ′, S′
z)�̄

′α
A

×(/p′
1 + m′

1)iσμν

qν

M
(/p1 + m1)�A( /̄P + M0)

(
�̄

μβ

5

)
i

}

= Tr

{
uβ(P ′, S′

z)ūα(P ′, S′
z)

[
γ μ

M + M ′

(
f′T

2,A(q2)

M2 PαP · q

+ f′T
3,A(q2)

MM ′ PαP ′ · q + f′T
4,A(q2)qα

)
+ f′T

2,A(q2)

M2 PαPμ

+f′T
3,A(q2)

MM ′ PαP ′μ + f′T
4,A(q2)gαμ

]
γ5

(
/P + M)(�

μβ

5

)
i

}
,

(44)

with (�̄
μβ

5 )i = {γ μ P̄β, P̄ ′μ P̄β, gμβ}γ5 and (�
μβ

5 )i =
{γ μPβ, P ′μPβ, gμβ}γ5.

Then the expressions of form factors f′T
2,3,4 could be

gained by solving the above three equations and are shown
with the following formulas:

f′T
2 (q2) = M2M ′2 {[(M − M ′)2 − q2

] [
2HT

1 M ′ + HT
3

(
(M + M ′)2 − q2

)]− 4HT
2

(
2M2 + MM ′ − 3M ′2 − 2q2

)}
[
(M − M ′)2 − q2

]3 [
(M + M ′)2 − q2

]2 , (45)

f′T
3 (q2) = MM ′

[
(M − M ′)2 − q2

]3 [
(M + M ′)2 − q2

]2
{ [

(M − M ′)2 − q2
] [

HT
1 M ′ (M2 − 4MM ′ + M ′2 − q2

)

−HT
3

(
M2 − MM ′ + M ′2 − q2

) (
(M + M ′)2 − q2

)]

×2HT
2

[
M4 − 2M3M ′ + M2

(
8M ′2 − 2q2

)
+ 2MM ′ (q2 − 2M ′2)− 3M ′4 + 2M ′2q2 + q4

] }
, (46)

f′T
4 (q2) =

[
(M − M ′)2 − q2

] [
HT

3

(
(M + M ′)2 − q2

)− HT
1 M ′]+ 2HT

2 [M(M ′ − M) + q2]
2
[
(M − M ′)2 − q2

]2 [
(M + M ′)2 − q2

] , (47)

where HT
i is defined in Eq. (48),

HT
i =

∫
{d3 p2} φ′ (x ′, k′⊥

)
φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)

(
p′

1 · P̄ ′ + m′
1M

′
0

)

×
∑
S′
zλ2

Tr

{
uβ

(
P̄ ′, S′

z

)
ūα

(
P̄ ′, S′

z

)
�̄′α
A

(
/p′

1

+m′
1

)
iσμν

qν

M
(/p1 + m1)�A( /̄P + M0)

(
�̄

μβ

5

)
i

}
. (48)

With the same method, one can obtain the form factors g′T
2,3,4.

g′T
2 and g′T

4 are similar to f′T
2 and f′T

4 respectively except for
M ′ → −M ′ and HT

i → −KT
i . g′T

3 is similar to f′T
3 except

for M ′ → −M ′ and HT
i → KT

i . For example, we have

g′T
2 (q2) = − M2M ′2

[
(M − M ′)2 − q2

]2 [
(M + M ′)2 − q2

]3
×
{[

(M + M ′)2 − q2
]

×
[
KT

3

(
(M − M ′)2 − q2

)
− 2KT

1 M ′]

+4KT
2

(
−2M2 + MM ′ + 3M ′2 + 2q2

)}
,

(49)
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where KT
i is defined by the following Eq. (50),

KT
i =

∫
{d3 p2} φ′ (x ′, k′⊥

)
φ(x, k⊥)

2
√
p+

1 p′+
1 (p1 · P̄ + m1M0)

(
p′

1 · P̄ ′ + m′
1M

′
0

)

×
∑
S′
zλ2

Tr

{
uβ(P̄ ′, S′

z)ūα(P̄ ′, S′
z)�̄

′α
A (/p′

1 + m′
1)iσμν

qν

M

×γ5(/p1 + m1)�A( /̄P + M0)(�̄
μβ)i

}
, (50)

with (�̄μβ)i = {γ μ P̄β, P̄ ′μ P̄β, gμβ}.

2.2 Flavor-spin wave functions

In the above section, we have presented the explicit expres-
sions of form factors. However, a physical form factor should
be a linear combination of the transition form factors with a
scalar and an axial-vector diquark spectator.

[form factor]physical(q2) = cS × [form factor]in Subsec.A
S

+cA × [form factor]in Subsec.A
A ,

(51)

and here cS and cA are the overlapping factors which are
derived from the flavor spin wave functions of the initial and
final baryon states with S and A corresponding to the scalar
and the axial vector diquark spectator of these doubly heavy
baryons decays. The hadronic matrix elements can be written
as

〈B ′|�μ|B〉 = cS〈q1[Q2q]S|�μ|Q1[Q2q]S〉
+cA〈q1{Q2q}A|�μ|Q1{Q2q}A〉, (52)

and the form factors fi,S and fi,A extracted from Eq. (17)
are involved with the transition matrix elements 〈q1[Q2q]S
|�μ|Q1[Q2q]S〉 and 〈q1{Q2q}A|�μ|Q1{Q2q}A〉, respec-
tively. Here the current �μ is �μ = q̄1γμ(1 − γ5)Q1 or

q̄1σμν
qν

M (1+γ5)Q1. Eqs. (51) and (52) are for the 1/2 → 1/2
transitions. It is necessary to warn again that the above
expression is based on the leading order results. Including
the interactions among the weak current and the specta-
tor diquark will spoil the decomposition into a scalar/axial-
vector diquark.

For the transition 1/2 → 3/2, the diquark in the final state
baryons can not be a scalar state, so the transition matrix
element 〈q1[Q2q]S|�μ|Q1[Q2q]S〉 is zero and the physical
form factor is given as

[form factor]physical(q2) = cA × [form factor]in Subsec.A
A .

(53)

In this section, via performing the inner product of the flavor-
spin wave functions of the initial and final states, the overlap-
ping factors cS and cA in Eqs. (51) and (53) can be calculated
easily. For shortage of the paper, the detail calculation of the

wave functions for the initial and final baryons is arranged
in the Appendix A. The flavor spin wave functions for the
doubly charmed SU(3) triplets �++

cc , �+
cc and 	+

cc are

Bcc = 1√
2

[(
−

√
3

2
c1(c2q)S + 1

2
c1(c2q)A

)
+ (c1 ↔ c2)

]
,

(54)

here the two charm quarks noted by c1 and c2 are symmet-
ric. The flavor spin wave functions of the doubly bottomed
SU(3) triplets �0

bb, �−
bb and 	−

bb can be obtained through the
replacement c → b. While the bottom-charm baryons could
form two sets of SU(3) triplets, (�bc,	bc) and (�′

bc,	
′
bc).

The flavor spin wave functions of bottom-charm baryons
(�bc,	bc) can be given as

Bbc = −
√

3

2
b(cq)S + 1

2
b(cq)A

= −
√

3

2
c(bq)S + 1

2
c(bq)A, q = u, d, s, (55)

while the flavor spin wave functions of bottom-charm
baryons (�′

bc,	
′
bc) are given as

B′
bc = −1

2
b(cq)S −

√
3

2
b(cq)A

= 1

2
c(bq)S +

√
3

2
c(bq)A, q = u, d, s. (56)

The flavor-spin wave functions of the anti-triplet singly
charmed baryons can be shown as follows,

�+
c = −1

2
d(cu)S +

√
3

2
d(cu)A = 1

2
u(cd)S −

√
3

2
u(cd)A,

�+
c = −1

2
s(cu)S +

√
3

2
s(cu)A = 1

2
u(cs)S −

√
3

2
u(cs)A,

�0
c = −1

2
s(cd)S +

√
3

2
s(cd)A = 1

2
d(cs)S −

√
3

2
d(cs)A.

(57)

while the flavor spin wave functions of the sextet of singly
charmed baryons are demonstrated as

�++
c = 1√

2

[√
3

2
u1(cu2)S + 1

2
u1(cu2)A + (u1 ↔ u2)

]
,

�+
c =

√
3

2
d(cu)S + 1

2
d(cu)A =

√
3

2
u(cd)S + 1

2
u(cd)A,

�0
c = 1√

2

[√
3

2
d1(cd2)S + 1

2
d1(cd2)A + (d1 ↔ d2)

]
,

�′+
c =

√
3

2
s(cu)S + 1

2
s(cu)A =

√
3

2
u(cs)S + 1

2
u(cs)A,
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�′0
c =

√
3

2
s(cd)S + 1

2
s(cd)A =

√
3

2
d(cs)S + 1

2
d(cs)A,

	0
c = 1√

2

[√
3

2
s2(cs1)S + 1

2
s2(cs1)A + (s1 ↔ s2)

]
.

(58)

Then we can get the wave functions of the singly bottom
baryons by changing c in Eqs. (57)–(58) to b. While for the
baryons B∗ with spin-3/2 in the final states, their flavor spin
wave function are given as follows,

B∗
Qqq ′ = q(Qq ′)A = q ′(Qq)A, B∗

Qqq = √
2q(Qq)A,

(59)

B∗
QQ′q = Q(Q′q)A = Q′(Qq)A, B∗

QQq = √
2Q(Qq)A,

(60)

with q(′) = u, d, s, and Q(′) = c, b.
With the above wave functions of doubly heavy baryons

and singly heavy baryons, the overlapping factors cS,A for
each transition can be got. The corresponding results of
the overlapping factors cS,A for the 1/2 → 1/2 transitions
induced by the charged current and the FCNC in Eq. (52) are
collected in Table 2. For the 1/2 → 3/2 transitions induced
by the charged current and the FCNC, the numerical results
of the overlapping factors cA are listed in Table 3. Under
SU(3) symmetry the doubly heavy baryons can be formed
into triplets and the singly heavy baryons can be formed into
an anti-triplet and a sextet. The overlapping factors cS,A can
be calculated with SU(3) approach, and the detail calculation
can be found in the Appendix C. Using the SU(3) approach,
one gets the same numerical results of cS(A) as those listed
in Tables 2 and 3. Then for a spin 1/2 finial state with a
scalar and an axial-vector diquark, the physical form factors
are then obtained by

f
1
2 → 1

2
i = cS fi,S + cA fi,A, g

1
2 → 1

2
i = cSgi,S + cAgi,A,

f
1
2 → 1

2 ,T
i = cS f

T
i,S + cA f Ti,A, g

1
2 → 1

2 ,T
i = cSg

T
i,S + cAg

T
i,A,

(61)

where these form factors fi,S(A), gi,S(A), f Ti,S(A) or gTi,S(A)

are defined by Eqs. (15) and (16). However, for a spin 3/2
finial state with only an axial-vector diquark, the physical
form factors are then obtained by

f
1
2 → 3

2
i = cAfi , g

1
2 → 3

2
i = cAgi ,

f
1
2 → 3

2 ,T
i = cAf

T
i , g

1
2 → 3

2 ,T
i = cAg

T
i , (62)

where these form factors fi , gi , fT
i or gT

i are defined in
Eqs. (22)–(23).

3 Numerical results of form factors

The masses of quarks are taken from Refs. [39–47],

mu = md = 0.25 GeV, ms = 0.37 GeV,

mc = 1.4 GeV, mb = 4.8 GeV. (63)

The masses of diquark are approximatively taken as,

m[cq] = mc + mq and m[bq] = mb + mq with q = u, d, s.

(64)

The masses of all baryons, lifetime of parent baryons and
shape parameters β in Eq. (4) are collected in Table 4 [1,4,
58–63].

Using these analytical expression of form factors shown
in Sect. 2.1 and the input parameters listed in Eqs. (63)–(64)
and Table 4, one can calculate the form factors with the scalar
or axial vector diquarks in Eqs. (12), (3) and (13). While
for each form factors are functions of q2, in order to obtain
the dependence of form factors on the momentum q2, we
take the following parametrization scheme for b → u, d, s, c
processes,

F(q2) = F(0)

1 − q2

m2
fit

+ δ

(
q2

m2
fit

)2 , (65)

here F(0) is the numerical result of form factor at q2 =
0, mfit and δ are two parameters waiting for fitting from
numerical result of form factor at different q2 values. When
the fitting result of mfit is an imaginary result using the
above parametrization scheme, we need to take the modi-
fied parametrization scheme as follows,

F(q2) = F(0)

1 + q2

m2
fit

+ δ

(
q2

m2
fit

)2 , (66)

In the tables, we mark the imaginary results with superscripts
“∗”. Here F(q2) in Eqs. (65) and (66), denotes the form
factors f (T )

i,S(A), g
(T )
i,S(A) defined by Eqs. (15)–(16) and f(T )

i ,

g(T )
i defined in Eqs. (22)–(23). In LFQM these form factors

can be calculated in the un-physical region q2 = −q2⊥ ≤ 0
(the space-like region), in this work, we fit out the parame-
ters mfit and δ, using the numerical results of form factors
at q2 = {−0.0001,−2,−4,−6,−8,−10}. As discussed in
Refs. [25,30,31,34,35,54,55,64–66], we shall extend them
into physical region q2 ≥ 0 (the time-like region) analyt-
ically, using Eqs. (65) and (66). While for c quark decay
processes, the single pole structure is assumed

F(q2) = F(0)

1 − q2

m2
pole

, (67)
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Table 2 Results of the overlapping factors for the 1/2 → 1/2 transitions induced by c → d, s, b → u, c and c → u, b → d, s. For example, the

physical form factor of transition �++
cc → �+

c , f
1
2 → 1

2
1 = cS f1,S + cA f1,A can be calculated with cS = √

6/4 and cA = √
6/4

Transitions cS cA Transitions cS cA Transitions cS cA

�++
cc (ccu) → �+

c (dcu)
√

6
4

√
6

4 �+
bc(cbu) → �0

b(dbu)
√

3
4

√
3

4 �′+
bc (cbu) → �0

b(dbu) − 1
4

3
4

�++
cc (ccu) → �+

c (dcu) − 3
√

2
4

√
2

4 �+
bc(cbu) → �0

b (dbu) − 3
4

1
4 �′+

bc (cbu) → �0
b (dbu)

√
3

4

√
3

4

�++
cc (ccu) → �+

c (scu)
√

6
4

√
6

4 �+
bc(cbu) → �0

b(sbu)
√

3
4

√
3

4 �′+
bc (cbu) → �0

b(sbu) − 1
4

3
4

�++
cc (ccu) → �′+

c (scu) − 3
√

2
4

√
2

4 �+
bc(cbu) → �′0

b (sbu) − 3
4

1
4 �′+

bc (cbu) → �′0
b (sbu)

√
3

4

√
3

4

�+
cc(ccd) → �0

c (dcd) − 3
2

1
2 �0

bc(cbd) → �−
b (dbd) − 3

√
2

4

√
2

4 �′0
bc(cbd) → �−

b (dbd)
√

6
4

√
6

4

�+
cc(ccd) → �0

c(scd)
√

6
4

√
6

4 �0
bc(cbd) → �−

b (sbd)
√

3
4

√
3

4 �′0
bc(cbd) → �−

b (sbd) − 1
4

3
4

�+
cc(ccd) → �′0

c (scd) − 3
√

2
4

√
2

4 �0
bc(cbd) → �′−

b (sbd) − 3
4

1
4 �′0

bc(cbd) → �′−
b (sbd)

√
3

4

√
3

4

	+
cc(ccs) → �0

c(dcs) −
√

6
4 −

√
6

4 	0
bc(cbs) → �−

b (dbs) −
√

3
4 −

√
3

4 	′0
bc(cbs) → �−

b (dbs) 1
4 − 3

4

	+
cc(ccs) → �′0

c (dcs) − 3
√

2
4

√
2

4 	0
bc(cbs) → �′−

b (dbs) − 3
4

1
4 	′0

bc(cbs) → �′−
b (dbs)

√
3

4

√
3

4

	+
cc(ccs) → 	0

c(scs) − 3
2

1
2 	0

bc(cbs) → 	−
b (sbs) − 3

√
2

4

√
2

4 	′0
bc(cbs) → 	−

b (sbs)
√

6
4

√
6

4

�0
bb(bbu) → �+

b (ubu) − 3
2

1
2 �+

bc(bcu) → �++
c (ucu) − 3

√
2

4

√
2

4 �′+
bc (bcu) → �++

c (ucu) −
√

6
4 −

√
6

4

�0
bb(bbu) → �+

bc(cbu) 3
√

2
4

√
2

4 �+
bc(bcu) → �++

cc (ccu) 3
√

2
4

√
2

4 �′+
bc (bcu) → �++

cc (ccu)
√

6
4 −

√
6

4

�0
bb(bbu) → �′+

bc (cbu) −
√

6
4

√
6

4 �0
bc(bcd) → �+

c (ucd) −
√

3
4 −

√
3

4 �′0
bc(bcd) → �+

c (ucd) − 1
4

3
4

�−
bb(bbd) → �0

b(ubd) −
√

6
4 −

√
6

4 �0
bc(bcd) → �+

c (ucd) − 3
4

1
4 �′0

bc(bcd) → �+
c (ucd) −

√
3

4 −
√

3
4

�−
bb(bbd) → �0

b (ubd) − 3
√

2
4

√
2

4 �0
bc(bcd) → �+

cc(ccd) 3
√

2
4

√
2

4 �′0
bc(bcd) → �+

cc(ccd)
√

6
4 −

√
6

4

�−
bb(bbd) → �0

bc(cbd) 3
√

2
4

√
2

4 	0
bc(bcs) → �+

c (ucs) −
√

3
4 −

√
3

4 	′0
bc(bcs) → �+

c (ucs) − 1
4

3
4

�−
bb(bbd) → �′0

bc(cbd) −
√

6
4

√
6

4 	0
bc(bcs) → �′+

c (ucs) − 3
4

1
4 	′0

bc(bcs) → �′+
c (ucs) −

√
3

4 −
√

3
4

	−
bb(bbs) → �0

b(ubs) −
√

6
4 −

√
6

4 	0
bc(bcs) → 	+

cc(ccs)
3
√

2
4

√
2

4 	′0
bc(bcs) → 	+

cc(ccs)
√

6
4 −

√
6

4

	−
bb(bbs) → �′0

b (ubs) − 3
√

2
4

√
2

4 	−
bb(bbs) → 	0

bc(cbs)
3
√

2
4

√
2

4 	−
bb(bbs) → 	′0

bc(cbs) −
√

6
4

√
6

4

�++
cc (ccu) → �++

c (ucu) − 3
2

1
2 �+

bc(cbu) → �+
b (ubu) − 3

√
2

4

√
2

4 �′+
bc (cbu) → �+

b (ubu)
√

6
4

√
6

4

�+
cc(ccd) → �+

c (ucd) −
√

6
4 −

√
6

4 �0
bc(cbd) → �+

b (ubd) −
√

3
4 −

√
3

4 �′0
bc(cbd) → �0

b(ubd) 1
4 − 3

4

�+
cc(ccd) → �+

c (ucd) − 3
√

2
4

√
2

4 �0
bc(cbd) → �0

b (ubd) − 3
4

1
4 �′0

bc(cbd) → �0
b (ubd)

√
3

4

√
3

4

	+
cc(ccs) → �+

c (ucs) −
√

6
4

√
6

4 	0
bc(cbs) → �0

b(ubs) −
√

3
4 −

√
3

4 	′0
bc(cbs) → �0

b(ubs)
1
4 − 3

4

	+
cc(ccs) → �′+

c (ucs) − 3
√

2
4

√
2

4 	0
bc(cbs) → �′0

b (ubs) − 3
4

1
4 	′0

bc(cbs) → �′0
b (ubs)

√
3

4

√
3

4

�0
bb(bbu) → �0

b(sbu)
√

6
4

√
6

4 �+
bc(bcu) → �+

c (scu)
√

3
4

√
3

4 �′+
bc (bcu) → �+

c (scu) 1
4 − 3

4

�−
bb(bbd) → �−

b (sbd)
√

6
4

√
6

4 �0
bc(bcd) → �0

c(scd)
√

3
4

√
3

4 �′0
bc(bcd) → �0

c(scd) 1
4 − 3

4

�0
bb(bbu) → �′0

b (sbu) − 3
√

2
4

√
2

4 �+
bc(bcu) → �′+

c (scu) − 3
4

1
4 �′+

bc (bcu) → �′+
c (scu) −

√
3

4 −
√

3
4

�−
bb(bbd) → �′−

b (sbd) − 3
√

2
4

√
2

4 �0
bc(bcd) → �′0

c (scd) − 3
4

1
4 �′0

bc(bcd) → �′0
c (scd) −

√
3

4 −
√

3
4

	−
bb(bbs) → 	−

b (sbs) − 3
2

1
2 	0

bc(bcs) → 	0
c(scs) − 3

√
2

4

√
2

4 	′0
bc(bcs) → 	0

c(scs) −
√

6
4 −

√
6

4

�0
bb(bbu) → �0

b(dbu)
√

6
4

√
6

4 �+
bc(bcu) → �+

c (dcu)
√

3
4

√
3

4 �′+
bc (bcu) → �+

c (dcu) 1
4 − 3

4

	−
bb(bbs) → �−

b (dbs) −
√

6
4 −

√
6

4 	0
bc(bcs) → �0

c(dcs) −
√

3
4 −

√
3

4 	′0
bc(bcs) → �0

c(dcs) − 1
4

3
4

�0
bb(bbu) → �0

b (dbu) − 3
√

2
4

√
2

4 �+
bc(bcu) → �+

c (dcu) − 3
4

1
4 �′+

bc (bcu) → �+
c (dcu) −

√
3

4 −
√

3
4

�−
bb(bbd) → �−

b (dbd) − 3
2

1
2 �0

bc(bcd) → �0
c (dcd) − 3

√
2

4

√
2

4 �′0
bc(bcd) → �0

c (dcd) −
√

6
4 −

√
6

4

	−
bb(bbs) → �′−

b (dbs) − 3
√

2
4

√
2

4 	0
bc(bcs) → �′0

c (dcs) − 3
4

1
4 	′0

bc(bcs) → �′0
c (dcs) −

√
3

4 −
√

3
4
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Table 3 Results of the overlapping factors for the 1/2 → 3/2 transitions induced by c → d, s, b → u, c and c → u, b → d, s. For example, the

physical form factor of transition �++
cc → �∗+

c , f
1
2 → 3

2
1 = cAf1 can be calculated with cA = 1/

√
2

Transitions cA Transitions cA Transitions cA

�++
cc (ccu) → �∗+

c (dcu) 1√
2

�+
bc(cbu) → �∗0

b (dbu) 1
2 �′+

bc (cbu) → �∗0
b (dbu)

√
3

2

�+
cc(ccd) → �∗0

c (dcd) 1 �0
bc(cbd) → �∗−

b (dbd)
√

2
2 �′0

bc(cbd) → �∗−
b (dbd)

√
6

2

	+
cc(ccs) → �′∗0

c (dcs) 1√
2

	0
bc(cbs) → �′∗−

b (dbs) 1
2 	′0

bc(cbs) → �′∗−
b (dbs)

√
3

2

�++
cc (ccu) → �′∗+

c (scu) 1√
2

�+
bc(cbu) → �′∗0

b (sbu) 1
2 �′+

bc (cbu) → �′∗0
b (sbu)

√
3

2

�+
cc(ccd) → �′∗0

c (scd) 1√
2

�0
bc(cbd) → �′∗−

b (sbd) 1
2 �′0

bc(cbd) → �′∗−
b (sbd)

√
3

2

	+
cc(ccs) → 	∗0

c (scs) 1 	0
bc(cbs) → 	∗−

b (sbs)
√

2
2 	′0

bc(cbs) → 	∗−
b (sbs)

√
6

2

�0
bb(bbu) → �∗+

b (ubu) 1 �+
bc(bcu) → �∗++

c (ucu)
√

2
2 �′+

bc (bcu) → �∗++
c (ucu) −

√
6

2

�−
bb(bbd) → �∗0

b (ubd) 1√
2

�0
bc(bcd) → �∗+

c (ucd) 1
2 �′0

bc(bcd) → �∗+
c (ucd) −

√
3

2

	−
bb(bbs) → �′∗0

b (ubs) 1√
2

	0
bc(bcs) → �′∗+

c (ucs) 1
2 	′0

bc(bcs) → �′∗+
c (ucs) −

√
3

2

�0
bb(bbu) → �∗+

bc (cbu) 1√
2

�+
bc(bcu) → �∗++

cc (ccu)
√

2
2 �′+

bc (bcu) → �∗++
cc (ccu) −

√
6

2

�−
bb(bbd) → �∗0

bc(cbd) 1√
2

�0
bc(bcd) → �∗+

cc (ccd)
√

2
2 �′0

bc(bcd) → �∗+
cc (ccd) −

√
6

2

	−
bb(bbs) → 	∗0

bc(cbs)
1√
2

	0
bc(bcs) → 	∗+

cc (ccs)
√

2
2 	′0

bc(bcs) → 	∗+
cc (ccs) −

√
6

2

�++
cc (ccu) → �∗++

c (ucu) 1 �+
bc(cbu) → �∗+

b (ubu) 1√
2

�′+
bc (cbu) → �∗+

b (ubu)
√

6
2

�+
cc(ccd) → �∗+

c (ucd) 1√
2

�0
bc(cbd) → �∗0

b (ubd) 1
2 �′0

bc(cbd) → �∗0
b (ubd)

√
3

2

	+
cc(ccs) → �′∗+

c (ucs) 1√
2

	0
bc(cbs) → �′∗0

b (ubs) 1
2 	′0

bc(cbs) → �′∗0
b (ubs)

√
3

2

�0
bb(bbu) → �′∗0

b (sbu) 1√
2

�+
bc(bcu) → �′∗+

c (scu) 1
2 �′+

bc (bcu) → �′∗+
c (scu) −

√
3

2

�−
bb(bbd) → �′∗−

b (sbd) 1√
2

�0
bc(bcd) → �′∗0

c (scd) 1
2 �′0

bc(bcd) → �′∗0
c (scd) −

√
3

2

	−
bb(bbs) → 	∗−

b (sbs) 1 	0
bc(bcs) → 	∗0

c (scs)
√

2
2 	′0

bc(bcs) → 	∗0
c (scs) −

√
6

2

�0
bb(bbu) → �∗0

b (dbu) 1√
2

�+
bc(bcu) → �∗+

c (dcu) 1
2 �′+

bc (bcu) → �∗+
c (dcu) −

√
3

2

�−
bb(bbd) → �∗−

b (dbd) 1 �0
bc(bcd) → �∗0

c (dcd)
√

2
2 �′0

bc(bcd) → �∗0
c (dcd) −

√
6

2

	−
bb(bbs) → �′∗−

b (dbs) 1√
2

	0
bc(bcs) → �′∗+

c (dcs) 1
2 	′0

bc(bcs) → �′∗+
c (dcs) −

√
3

2

Table 4 Masses of all baryons
(in unit of GeV), lifetimes (in
unit of fs) of parent baryons and
the shape parameters β’s in the
Gaussian-type wave functions
Eq. (4) [1,4,58–63]

Baryons �++
cc �+

cc 	+
cc �+

bc �0
bc 	0

bc �0
bb �−

bb 	−
bb

Masses 3.621 3.621 3.738 6.943 6.943 6.998 10.143 10.143 10.273

Lifetimes 256 45 180 244 93 220 370 370 800

Baryons �+
c �++

c �+
c �0

c �+
c �′+

c �0
c �′0

c 	0
c

Masses 2.286 2.454 2.453 2.454 2.468 2.576 2.471 2.578 2.695

Baryons �0
b �+

b �0
b �−

b �0
b �′0

b �−
b �′−

b 	−
b

Masses 5.620 5.811 5.814 5.816 5.793 5.935 5.795 5.935 6.046

Baryons �∗++
c �∗+

c �∗0
c �′∗+

c �′∗0
c 	∗0

c �∗++
cc �∗+

cc 	∗+
cc

Masses 2.518 2.518 2.518 2.646 2.646 2.766 3.692 3.692 3.822

Baryons �∗+
b �∗0

b �∗−
b �′∗0

b �′∗−
b 	∗−

b �∗+
bc �∗0

bc 	∗0
bc

Masses 5.832 5.833 5.835 5.949 5.955 6.085 6.985 6.985 7.059

βu[cq] βd[cq] βs[cq] βc[cq] βb[cq] βu[bq] βd[bq] βs[bq] βc[bq] βb[bq]
0.470 0.470 0.535 0.753 0.886 0.562 0.562 0.623 0.886 1.472
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Table 5 Numerical results for
the transition 1/2 → 1/2 form
factors fi,S(A) and gi,S(A) at
q2 = 0 of c → d, s processes.
The parametrization scheme in
Eq. (67) is introduced for these
form factors, and the values of
the singly pole mpoles are taken
as 1.87, 1.97 GeV for c → d, s,
respectively

F F(0) F F(0) F F(0) F F(0)

f
�++
cc →�+

c
1,S 0.495 g

�++
cc →�+

c
1,S 0.332 f

�++
cc →�+

c
1,A 0.489 g

�++
cc →�+

c
1,A −0.111

f
�++
cc →�+

c
2,S −0.621 g

�++
cc →�+

c
2,S 1.004 f

�++
cc →�+

c
2,A 0.290 g

�++
cc →�+

c
2,A −0.325

f
�++
cc →�+

c
3,S 0.832 g

�++
cc →�+

c
3,S −2.957 f

�++
cc →�+

c
3,A 0.648 g

�++
cc →�+

c
3,A 0.943

f �cc→�c
1,S 0.536 g�cc→�c

1,S 0.422 f �cc→�c
1,A 0.529 g�cc→�c

1,A −0.141

f �cc→�c
2,S −0.732 g�cc→�c

2,S 0.561 f �cc→�c
2,A 0.427 g�cc→�c

2,A −0.177

f �cc→�c
3,S 0.620 g�cc→�c

3,S −0.808 f �cc→�c
3,A 0.423 g�cc→�c

3,A 0.215

f �cc→�c
1,S 0.588 g�cc→�c

1,S 0.424 f �cc→�c
1,A 0.582 g�cc→�c

1,A −0.141

f �cc→�c
2,S −0.817 g�cc→�c

2,S 1.105 f �cc→�c
2,A 0.270 g�cc→�c

2,A −0.358

f �cc→�c
3,S 1.056 g�cc→�c

3,S −2.936 f �cc→�c
3,A 0.873 g�cc→�c

3,A 0.927

f
�cc→�′

c
1,S 0.626 g

�cc→�′
c

1,S 0.507 f
�cc→�′

c
1,A 0.620 g

�cc→�′
c

1,A −0.169

f
�cc→�′

c
2,S −0.904 g

�cc→�′
c

2,S 0.641 f
�cc→�′

c
2,A 0.397 g

�cc→�′
c

2,A −0.203

f
�cc→�′

c
3,S 0.858 g

�cc→�′
c

3,S −0.014 f
�cc→�′

c
3,A 0.665 g

�cc→�′
c

3,A −0.057

f
	+
cc→�0

c
1,S 0.501 g

	+
cc→�0

c
1,S 0.357 f

	+
cc→�0

c
1,A 0.496 g

	+
cc→�0

c
1,A −0.119

f
	+
cc→�0

c
2,S −0.666 g

	+
cc→�0

c
2,S 0.875 f

	+
cc→�0

c
2,A 0.351 g

	+
cc→�0

c
2,A −0.283

f
	+
cc→�0

c
3,S 0.741 g

	+
cc→�0

c
3,S −2.588 f

	+
cc→�0

c
3,A 0.555 g

	+
cc→�0

c
3,A 0.819

f
	+
cc→�′0

c
1,S 0.529 g

	+
cc→�′0

c
1,S 0.419 f

	+
cc→�′0

c
1,A 0.523 g

	+
cc→�′0

c
1,A −0.140

f
	+
cc→�′0

c
2,S −0.741 g

	+
cc→�′0

c
2,S 0.553 f

	+
cc→�′0

c
2,A 0.453 g

	+
cc→�′0

c
2,A −0.175

f
	+
cc→�′0

c
3,S 0.593 g

	+
cc→�′0

c
3,S −0.857 f

	+
cc→�′0

c
3,A 0.398 g

	+
cc→�′0

c
3,A 0.234

f
	+
cc→	0

c
1,S 0.618 g

	+
cc→	0

c
1,S 0.500 f

	+
cc→	0

c
1,A 0.613 g

	+
cc→	0

c
1,A −0.167

f
	+
cc→	0

c
2,S −0.901 g

	+
cc→	0

c
2,S 0.653 f

	+
cc→	0

c
2,A 0.430 g

	+
cc→	0

c
2,A −0.208

f
	+
cc→	0

c
3,S 0.837 g

	+
cc→	0

c
3,S −0.159 f

	+
cc→	0

c
3,A 0.645 g

	+
cc→	0

c
3,A −0.005

f
�

(′)+
bc →�0

b
1,S 0.455 g

�
(′)+
bc →�0

b
1,S 0.274 f

�
(′)+
bc →�0

b
1,A 0.454 g

�
(′)+
bc →�0

b
1,A −0.091

f
�

(′)+
bc →�0

b
2,S −1.471 g

�
(′)+
bc →�0

b
2,S 2.114 f

�
(′)+
bc →�0

b
2,A 0.023 g

�
(′)+
bc →�0

b
2,A −0.702

f
�

(′)+
bc →�0

b
3,S 1.469 g

�
(′)+
bc →�0

b
3,S −15.140 f

�
(′)+
bc →�0

b
3,A 1.319 g

�
(′)+
bc →�0

b
3,A 5.021

f
�

(′)
bc→�b

1,S 0.517 g
�

(′)
bc→�b

1,S 0.370 f
�

(′)
bc→�b

1,A 0.516 g
�

(′)
bc→�b

1,A −0.123

f
�

(′)
bc→�b

2,S −1.716 g
�

(′)
bc→�b

2,S 1.388 f
�

(′)
bc→�b

2,A 0.305 g
�

(′)
bc→�b

2,A −0.460

f
�

(′)
bc→�b

3,S 1.115 g
�

(′)
bc→�b

3,S −7.892 f
�

(′)
bc→�b

3,A 0.946 g
�

(′)
bc→�b

3,A 2.598

f
�

(′)
bc→�b

1,S 0.537 g
�

(′)
bc→�b

1,S 0.353 f
�

(′)
bc→�b

1,A 0.536 g
�

(′)
bc→�b

1,A −0.118

f
�

(′)
bc→�b

2,S −1.851 g
�

(′)
bc→�b

2,S 2.362 f
�

(′)
bc→�b

2,A −0.055 g
�

(′)
bc→�b

2,A −0.785

f
�

(′)
bc→�b

3,S 1.854 g
�

(′)
bc→�b

3,S −16.090 f
�

(′)
bc→�b

3,A 1.700 g
�

(′)
bc→�b

3,A 5.333

f
�

(′)
bc→�′

b
1,S 0.599 g

�
(′)
bc→�′

b
1,S 0.454 f

�
(′)
bc→�′

b
1,A 0.599 g

�
(′)
bc→�′

b
1,A −0.151

f
�

(′)
bc→�′

b
2,S −2.076 g

�
(′)
bc→�′

b
2,S 1.439 f

�
(′)
bc→�′

b
2,A 0.237 g

�
(′)
bc→�′

b
2,A −0.477

f
�

(′)
bc→�′

b
3,S 1.474 g

�
(′)
bc→�′

b
3,S −3.628 f

�
(′)
bc→�′

b
3,A 1.303 g

�
(′)
bc→�′

b
3,A 1.172
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Table 5 continued
F F(0) F F(0) F F(0) F F(0)

f
	

(′)0
bc →�−

b
1,S 0.499 g

	
(′)0
bc →�−

b
1,S 0.330 f

	
(′)0
bc →�−

b
1,A 0.498 g

	
(′)0
bc →�−

b
1,A −0.110

f
	

(′)0
bc →�−

b
2,S −1.841 g

	
(′)0
bc →�−

b
2,S 1.818 f

	
(′)0
bc →�−

b
2,A −0.025 g

	
(′)0
bc →�−

b
2,A −0.603

f
	

(′)0
bc →�−

b
3,S 1.357 g

	
(′)0
bc →�−

b
3,S −12.730 f

	
(′)0
bc →�−

b
3,A 1.195 g

	
(′)0
bc →�−

b
3,A 4.214

f
	

(′)0
bc →�′−

b
1,S 0.552 g

	
(′)0
bc →�′−

b
1,S 0.418 f

	
(′)0
bc →�′−

b
1,A 0.551 g

	
(′)0
bc →�′−

b
1,A −0.139

f
	

(′)0
bc →�′−

b
2,S −2.104 g

	
(′)0
bc →�′−

b
2,S 1.030 f

	
(′)0
bc →�′−

b
2,A 0.196 g

	
(′)0
bc →�′−

b
2,A −0.340

f
	

(′)0
bc →�′−

b
3,S 1.013 g

	
(′)0
bc →�′−

b
3,S −3.102 f

	
(′)0
bc →�′−

b
3,A 0.834 g

	
(′)0
bc →�′−

b
3,A 0.998

f
	

(′)0
bc →	−

b
1,S 0.640 g

	
(′)0
bc →	−

b
1,S 0.510 f

	
(′)0
bc →	−

b
1,A 0.639 g

	
(′)0
bc →	−

b
1,A −0.170

f
	

(′)0
bc →	−

b
2,S −2.590 g

	
(′)0
bc →	−

b
2,S 0.944 f

	
(′)0
bc →	−

b
2,A 0.028 g

	
(′)0
bc →	−

b
2,A −0.312

f
	

(′)0
bc →	−

b
3,S 1.363 g

	
(′)0
bc →	−

b
3,S 4.871 f

	
(′)0
bc →	−

b
3,A 1.182 g

	
(′)0
bc →	−

b
3,A −1.665

for c → u, d, s decays, mpoles are respectively 1.87, 1.87,
1.97 GeV.

• For the transition induced by charged current 1/2 → 1/2,
the results for form factors with a scalar diquark or an
axial-vector diquark spectator are shown in Tables 5, 6
and 7. As shown in Eq. (15), the numerical results of
the form factors can be used to calculate the physical
hadronic transition matrix elements. We take �0

bb → �+
b

as an example to show the q2-dependence of form factors
in Fig. 4. There is no singular point for the form factors
f1,2,3 and g1,2,3 in the integration interval shown in Fig. 4.

• For the FCNC transition 1/2 → 1/2, the results for form
factors with a scalar diquark or an axial-vector diquark
spectator are shown in Tables 8, 9 and 10. With the
help of the results of the form factors and Eqs. (15)–(16),
one can calculate the physical hadronic transition matrix
elements. �0

bb → �0
b is taken as an example to show the

q2-dependence of these form factors which are depicted
in Fig. 5. As one can see, these form factors are stable
and no divergence exists in the integration interval.

• For the charged current transition 1/2 → 3/2, the results
for form factors with an axial-vector diquark spectator
are shown in Tables 11 and 14. As shown in Eq. (22), the
numerical results of the form factors can be used to cal-
culate the physical hadronic transition matrix elements.
In Fig. 6 we use �0

bb → �∗0
b as an example to show the

q2-dependence of form factors. As shown in Fig. 6 these
form factors are stable, which indicates our fitting result
in the Tables 11 and 14 are reliable (Table 12).

• For the FCNC transition 1/2 → 3/2, the results for
form factors with an axial-vector diquark are shown in
Tables 13, 16 and 15. As shown in Eqs. (22) and (23), the
numerical results of the form factors can be used to cal-
culate the physical hadronic transition matrix elements.

To describe the dependence of form factors on q2, we
take the transition 	bb → �′∗−

b as an example shown in
Fig. 7. The curves are all approaching to zero at large q2

stably (Tables 14, 15).

4 Semi-leptonic weak decays

For the charged current processes c → d, s l+νl , the effective
Hamiltonian is

Heff(c → d, s l+νl)

= GF√
2

(
V ∗
cd [d̄γμ(1 − γ5)c][ν̄lγμ(1 − γ5)l]

+V ∗
cs[s̄γμ(1 − γ5)c][ν̄lγμ(1 − γ5)l]

)
, (68)

and for b → u, c l−ν̄l , the effective Hamiltonian has been
given as

Heff(b → u, c l−ν̄l)

= GF√
2

(
Vub[ūγμ(1 − γ5)b][l̄γμ(1 − γ5)νl ]

+Vcb[c̄γμ(1 − γ5)b][l̄γμ(1 − γ5)νl ]
)
. (69)

While for the FCNC processes b → sl+l−, the effective
Hamiltonian can be given as

Heff(b → sl+l−) = −GF√
2
VtbV

∗
ts

10∑
i=1

Ci (μ)Oi (μ). (70)

In Eqs. (68), (69) and (70), the Fermi constant GF and the
CKM matrix elements are taken from Ref. [67]:

GF = 1.166 × 10−5GeV−2, |Vcd | = 0.218,

|Vcs | = 0.997, |Vcb| = 0.0422,

|Vub| = 0.00394, |Vts | = 0.0394,
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Table 6 Numerical results for the transition 1/2 → 1/2 form factors f (T )
i,S(A) and g(T )

i,S(A) of doubly bottom baryon Bbb decay with b → u, c
processes. The parametrization scheme in Eq. (66) is introduced for these form factors with asterisk, and Eq. (65) for all the other ones

F F(0) mfit δ F F(0) mfit δ F F(0) mfit δ

f �bb→�b
1,S 0.102 3.35 0.84 f �bb→�b

2,S −0.149 3.06 0.92 f �bb→�b
3,S −0.004* 3.13∗ 0.99∗

g�bb→�b
1,S 0.094 3.36 0.76 g�bb→�b

2,S 0.013 3.36 1.11 g�bb→�b
3,S −0.223 3.35 1.14

f �bb→�b
1,A 0.102 3.18 0.94 f �bb→�b

2,A 0.096 3.28 0.95 f �bb→�b
3,A −0.068 3.44 1.13

g�bb→�b
1,A −0.031 3.35 0.76 g�bb→�b

2,A −0.003 3.46 1.21 g�bb→�b
3,A 0.071 3.37 1.16

f
�bb→�

(′)
bc

1,S 0.471 4.23 0.76 f
�bb→�

(′)
bc

2,S −0.659 3.15 0.46 f
�bb→�

(′)
bc

3,S 0.096 3.36 6.76

g
�bb→�

(′)
bc

1,S 0.458 3.54 0.19 g
�bb→�

(′)
bc

2,S −0.087* 0.97∗ 0.06∗ g
�bb→�

(′)
bc

3,S 0.573 1.34 −0.33

f
�bb→�

(′)
bc

1,A 0.469 3.88 0.74 f
�bb→�

(′)
bc

2,A 0.318 5.18 2.26 f
�bb→�

(′)
bc

3,A −0.079* 5.06∗ 3.69∗

g
�bb→�

(′)
bc

1,A −0.153 3.53 0.19 g
�bb→�

(′)
bc

2,A 0.032∗ 0.61∗ 0.03∗ g
�bb→�

(′)
bc

3,A −0.208* 1.62∗ −0.00*

f
�−
bb→�0

b
1,S 0.100 3.40 0.86 f

�−
bb→�0

b
2,S −0.136 3.10 0.93 f

�−
bb→�0

b
3,S 0.008 0.32 −0.01

g
�−
bb→�0

b
1,S 0.087 3.57 0.91 g

�−
bb→�0

b
2,S 0.041 2.70 0.89 g

�−
bb→�0

b
3,S −0.298 2.99 0.89

f
�−
bb→�0

b
1,A 0.100 3.22 0.96 f

�−
bb→�0

b
2,A 0.092 3.36 0.99 f

�−
bb→�0

b
3,A −0.055 3.79 1.45

g
�−
bb→�0

b
1,A −0.029 3.56 0.91 g

�−
bb→�0

b
2,A −0.013 2.68 0.92 g

�−
bb→�0

b
3,A 0.096 2.98 0.89

f
	−
bb→�0

b
1,S 0.098 3.36 0.86 f

	−
bb→�0

b
2,S −0.137 3.09 0.95 f

	−
bb→�0

b
3,S 0.004∗ 0.88∗ 0.06∗

g
	−
bb→�0

b
1,S 0.086 3.50 0.89 g

	−
bb→�0

b
2,S 0.034 2.70 0.89 g

	−
bb→�0

b
3,S −0.283 3.01 0.93

f
	−
bb→�0

b
1,A 0.097 3.19 0.97 f

	−
bb→�0

b
2,A 0.090 3.32 0.99 f

	−
bb→�0

b
3,A −0.057 3.65 1.35

g
	−
bb→�0

b
1,A −0.029 3.49 0.89 g

	−
bb→�0

b
2,A −0.010 2.67 0.91 g

	−
bb→�0

b
3,A 0.091 3.01 0.92

f
	−
bb→�′0

b
1,S 0.099 3.33 0.85 f

	−
bb→�′0

b
2,S −0.147 3.06 0.94 f

	−
bb→�′0

b
3,S −0.005* 3.63∗ 1.60∗

g
	−
bb→�′0

b
1,S 0.091 3.35 0.79 g

	−
bb→�′0

b
2,S 0.013 3.19 0.99 g

	−
bb→�′0

b
3,S −0.226 3.29 1.13

f
	−
bb→�′0

b
1,A 0.098 3.16 0.96 f

	−
bb→�′0

b
2,A 0.094 3.26 0.96 f

	−
bb→�′0

b
3,A −0.066 3.42 1.15

g
	−
bb→�′0

b
1,A −0.030 3.34 0.79 g

	−
bb→�′0

b
2,A −0.003 3.23 1.00 g

	−
bb→�′0

b
3,A 0.072 3.31 1.14

f
	−
bb→	

(′)
bc

1,S 0.457 4.27 0.81 f
	−
bb→	

(′)
bc

2,S −0.633 3.20 0.49 f
	−
bb→	

(′)
bc

3,S 0.128 2.70 1.76

g
	−
bb→	

(′)
bc

1,S 0.432 3.76 0.31 g
	−
bb→	

(′)
bc

2,S 0.019∗ 2.06∗ 0.34∗ g
	−
bb→	

(′)
bc

3,S −0.004* 1.68∗ 0.21∗

f
	−
bb→	

(′)
bc

1,A 0.455 3.92 0.79 f
	−
bb→	

(′)
bc

2,A 0.302 5.44 2.83 f
	−
bb→	

(′)
bc

3,A −0.041* 2.82∗ 0.64∗

g
	−
bb→	

(′)
bc

1,A −0.144 3.75 0.31 g
	−
bb→	

(′)
bc

2,A −0.003* 1.88∗ 0.27∗ g
	−
bb→	

(′)
bc

3,A −0.014* 1.57∗ 0.19∗

|Vtd | = 0.0081, |Vtb| = 1.019. (71)

The reader interested in the explicit forms of operators Oi

in Eq. (70) can consult Ref. [68]. Wilson coefficients Ci for
each operators Oi are calculated in the leading logarithmic
approximation, with mW = 80.4 GeV and μ = mb,pole [68]
and can be given as follows,

C1 = 1.107, C2 = −0.248, C3 = −0.011,

C4 = −0.026,

C5 = −0.007, C6 = −0.031, Ceff
7 = −0.313,

C9 = 4.344, C10 = −4.669, (72)

For the FCNC processes Bb → B′
sl

+l−, the amplitude can
be obtained in following form,

M(B → B′l+l−)

= −GF√
2
VtbV

∗
ts

αem

2π

{(
Ceff

9 (q2)〈B′|s̄γμ(1 − γ5)b|B〉

−2mbC
eff
7 〈B′|s̄iσμν

qν

q2 (1 + γ5)b|B〉
)
l̄γ μl

+C10〈B′|s̄γμ(1 − γ5)b|B〉l̄γ μγ5l

}
. (73)

In Refs. [69–71], the signs before Ceff
7 are different. In this

paper, we take the same sign with the ones in Refs. [69,70],

123



320 Page 18 of 49 Eur. Phys. J. C (2020) 80 :320

Table 7 Same with Table 6 expect for bottom-charm baryon Bbc(′) decay

F F(0) mfit δ F F(0) mfit δ F F(0) mfit δ

f
�

(′)
bc→�c

1,S 0.143 3.76 0.66 f
�

(′)
bc→�c

2,S −0.067 3.23 0.72 f
�

(′)
bc→�c

3,S 0.001∗ 1.12∗ 0.11∗

g
�

(′)
bc→�c

1,S 0.123 4.17 0.85 g
�

(′)
bc→�c

2,S 0.046 2.81 0.76 g
�

(′)
bc→�c

3,S −0.197 3.07 0.68

f
�

(′)
bc→�c

1,A 0.138 3.34 0.77 f
�

(′)
bc→�c

2,A 0.147 3.42 0.71 f
�

(′)
bc→�c

3,A −0.095 3.54 0.78

g
�

(′)
bc→�c

1,A −0.041 4.07 0.81 g
�

(′)
bc→�c

2,A −0.011 2.75 0.95 g
�

(′)
bc→�c

3,A 0.057 3.04 0.68

f
�

(′)
bc→�cc

1,S 0.546 5.01 0.64 f
�

(′)
bc→�cc

2,S −0.245 3.63 0.45 f
�

(′)
bc→�cc

3,S 0.049 2.84 1.49

g
�

(′)
bc→�cc

1,S 0.512 5.12 0.51 g
�

(′)
bc→�cc

2,S 0.086 4.19 2.20 g
�

(′)
bc→�cc

3,S −0.492 6.16 5.80

f
�

(′)
bc→�cc

1,A 0.536 4.17 0.61 f
�

(′)
bc→�cc

2,A 0.488 4.33 0.59 f
�

(′)
bc→�cc

3,A −0.167 5.52 1.81

g
�

(′)
bc→�cc

1,A −0.171 4.96 0.49 g
�

(′)
bc→�cc

2,A −0.019 4.63 5.41 g
�

(′)
bc→�cc

3,A 0.133 7.25 12.30

f
�

(′)0
bc →�+

c
1,S 0.143 3.79 0.68 f

�
(′)0
bc →�+

c
2,S −0.055 3.27 0.73 f

�
(′)0
bc →�+

c
3,S 0.009∗ 0.52∗ 0.06∗

g
�

(′)0
bc →�+

c
1,S 0.117 4.51 1.16 g

�
(′)0
bc →�+

c
2,S 0.070 2.80 0.77 g

�
(′)0
bc →�+

c
3,S −0.224 2.99 0.68

f
�

(′)0
bc →�+

c
1,A 0.138 3.37 0.80 f

�
(′)0
bc →�+

c
2,A 0.147 3.47 0.74 f

�
(′)0
bc →�+

c
3,A −0.087 3.71 0.88

g
�

(′)0
bc →�+

c
1,A −0.039 4.38 1.08 g

�
(′)0
bc →�+

c
2,A −0.019 2.75 0.89 g

�
(′)0
bc →�+

c
3,A 0.067 2.96 0.68

f
	

(′)0
bc →�+

c
1,S 0.133 3.66 0.70 f

	
(′)0
bc →�+

c
2,S −0.060 3.17 0.77 f

	
(′)0
bc →�+

c
3,S 0.004 0.59 −0.04

g
	

(′)0
bc →�+

c
1,S 0.111 4.15 0.97 g

	
(′)0
bc →�+

c
2,S 0.053 2.77 0.84 g

	
(′)0
bc →�+

c
3,S −0.204 2.98 0.73

f
	

(′)0
bc →�+

c
1,A 0.129 3.29 0.82 f

	
(′)0
bc →�+

c
2,A 0.135 3.37 0.77 f

	
(′)0
bc →�+

c
3,A −0.084 3.52 0.86

g
	

(′)0
bc →�+

c
1,A −0.037 4.07 0.93 g

	
(′)0
bc →�+

c
2,A −0.014 2.73 0.98 g

	
(′)0
bc →�+

c
3,A 0.061 2.95 0.73

f
	

(′)0
bc →�′+

c
1,S 0.133 3.64 0.69 f

	
(′)0
bc →�′+

c
2,S −0.067 3.14 0.76 f

	
(′)0
bc →�′+

c
3,S −0.001∗ 2.30∗ 0.40∗

g
	

(′)0
bc →�′+

c
1,S 0.115 3.97 0.82 g

	
(′)0
bc →�′+

c
2,S 0.038 2.81 0.84 g

	
(′)0
bc →�′+

c
3,S −0.185 3.04 0.74

f
	

(′)0
bc →�′+

c
1,A 0.129 3.27 0.81 f

	
(′)0
bc →�′+

c
2,A 0.136 3.34 0.75 f

	
(′)0
bc →�′+

c
3,A −0.089 3.42 0.80

g
	

(′)0
bc →�′+

c
1,A −0.038 3.89 0.79 g

	
(′)0
bc →�′+

c
2,A −0.010 2.76 1.04 g

	
(′)0
bc →�′+

c
3,A 0.055 3.03 0.74

f
	

(′)0
bc →	+

cc
1,S 0.540 4.79 0.61 f

	
(′)0
bc →	+

cc
2,S −0.267 3.42 0.42 f

	
(′)0
bc →	+

cc
3,S 0.034 5.44 48.00

g
	

(′)0
bc →	+

cc
1,S 0.513 4.64 0.31 g

	
(′)0
bc →	+

cc
2,S 0.039∗ 4.04∗ 2.72∗ g

	
(′)0
bc →	+

cc
3,S −0.379∗ 6.47∗ 10.50∗

f
	

(′)0
bc →	+

cc
1,A 0.532 4.05 0.60 f

	
(′)0
bc →	+

cc
2,A 0.476 4.22 0.59 f

	
(′)0
bc →	+

cc
3,A −0.178 4.72 0.99

g
	

(′)0
bc →	+

cc
1,A −0.171 4.53 0.31 g

	
(′)0
bc →	+

cc
2,A −0.004∗ 2.41∗ 0.57∗ g

	
(′)0
bc →	+

cc
3,A 0.098∗ 4.79∗ 3.69∗

which is different from the one in Ref. [71]. In the above
Eq. (73), Ceff

7 and Ceff
9 are obtained as [72]

Ceff
7 = C7 − C5/3 − C6,

Ceff
9 (q2) = C9(μ) + h(m̂c, ŝ)C0

−1

2
h(1, ŝ)(4C3 + 4C4 + 3C5 + C6)

−1

2
h(0, ŝ)(C3 + 3C4)

+2

9
(3C3 + C4 + 3C5 + C6), (74)

where ŝ = q2/m2
b, C0 = C1 +3C2 +3C3 +C4 +3C5 +C6,

and m̂c = mc/mb. The auxiliary functions h have been given
as

h(z, ŝ) = −8

9
ln

mb

μ
− 8

9
ln z + 8

27

+4

9
x − 2

9
(2 + x)|1 − x |1/2

×
⎧⎨
⎩
(

ln
∣∣∣√1−x+1√

1−x−1

∣∣∣− iπ
)

, x ≡ 4z2

ŝ < 1

2 arctan 1√
x−1

, x ≡ 4z2

ŝ > 1
,
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Fig. 4 q2 dependence of the form factors for the transition �0
bb → �+

b .
The first two graphs correspond to form factors with scalar diquarks,
and the second two graphs correspond to form factors with axial-vector

diquarks. The numerical result of F(0), δ andm f it are shown in Table 6

h(0, ŝ) = −8

9
ln

mb

μ
− 4

9
ln ŝ + 8

27
+ 4

9
iπ. (75)

While for the FCNC processes b → dl+l−, the cor-
responding effective Hamiltonian and amplitude can be
achieved by taking a replacement s → d similarly.

4.1 Decay widths

4.1.1 the charged current transition

For the transition induced by charged current, the kinematics
are shown in Fig. 8, and the helicity amplitudes are defined by

HV λ
λ′,λW ≡ 〈B(∗)

f (λ′)|q̄γ μQ|Bi (λ)〉ε∗
Wμ(λW ) and

H Aλ
λ′,λW ≡ 〈B(∗)

f (λ′)|q̄γ μγ5Q|Bi (λ)〉ε∗
Wμ(λW ), (76)

here εμ and qμ are the polarization vector and four-
momentum of the virtual propagator W, and λW means the
polarization of the virtual propagator W. λ and λ′ are the
helicities of the baryon in the initial and final baryon states,
respectively. The detail derivation process of helicity ampli-
tudes can be found in Appendix B. These helicity amplitudes
are related to the form factors by the following expressions.

• The transition Bi (λ) → B f (λ
′) matrix elements are

parameterized as shown in Eq. (15), and the helicity
amplitudes of 1/2 → 1/2 charged current transition can
be expressed with following equations,

HV
− 1

2
1
2 ,0

= −i

√
Q−√
q2

(
(M + M ′) f

1
2 → 1

2
1 − q2

M
f

1
2 → 1

2
2

)
,

HV
1
2

1
2 ,1

= i
√

2Q−
(

− f
1
2 → 1

2
1 + M + M ′

M
f

1
2 → 1

2
2

)
,

H A
− 1

2
1
2 ,0

= −i

√
Q+√
q2

(
(M − M ′)g

1
2 → 1

2
1 + q2

M
g

1
2 → 1

2
2

)
,

H A
1
2
1
2 ,1

= i
√

2Q+
(

−g
1
2 → 1

2
1 − M − M ′

M
g

1
2 → 1

2
2

)
, (77)

with Q± = 2(P · P ′ ± MM ′) = (M ± M ′)2 − q2. Here

f
1
2 → 1

2
i and g

1
2 → 1

2
i are the physical form factors which

are defined by Eq. (61). M and M ′ are the masses for
the initial and final baryon. While the negative helicity
amplitudes have the following relations with the corre-
sponding positive ones,
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Table 8 Numerical results for
the transition 1/2 → 1/2 form
factors fi,S(A) and gi,S(A) at
q2 = 0 of c → u processes. The
parametrization scheme in
Eq. (67) is introduced for these
form factors, and the value of
the singly pole mpole is taken as
1.87 GeV for c → u

F F(0) F F(0) F F(0) F F(0)

f �cc→�c
1,S 0.536 g�cc→�c

1,S 0.422 f �cc→�c
1,A 0.529 g�cc→�c

1,A −0.141

f �cc→�c
2,S −0.732 g�cc→�c

2,S 0.558 f �cc→�c
2,A 0.428 g�cc→�c

2,A −0.176

f �cc→�c
3,S 0.619 g�cc→�c

3,S −0.788 f �cc→�c
3,A 0.422 g�cc→�c

3,A 0.208

f T�cc→�c
1,S 0.181 gT�cc→�c

1,S 1.958 f T�cc→�c
1,A 0.282 gT�cc→�c

1,A −0.670

f T�cc→�c
2,S 0.482 gT�cc→�c

2,S 0.415 f T�cc→�c
2,A −0.150 gT�cc→�c

2,A −0.135

f
�+
cc→�+

c
1,S 0.495 g

�+
cc→�+

c
1,S 0.332 f

�+
cc→�+

c
1,A 0.489 g

�+
cc→�+

c
1,A −0.111

f
�+
cc→�+

c
2,S −0.621 g

�+
cc→�+

c
2,S 1.004 f

�+
cc→�+

c
2,A 0.290 g

�+
cc→�+

c
2,A −0.325

f
�+
cc→�+

c
3,S 0.832 g

�+
cc→�+

c
3,S −2.957 f

�+
cc→�+

c
3,A 0.648 g

�+
cc→�+

c
3,A 0.943

f
T�+

cc→�+
c

1,S 0.178 g
T�+

cc→�+
c

1,S 0.928 f
T�+

cc→�+
c

1,A 0.271 g
T�+

cc→�+
c

1,A −0.323

f
T�+

cc→�+
c

2,S 0.363 g
T�+

cc→�+
c

2,S 0.430 f
T�+

cc→�+
c

2,A −0.133 g
T�+

cc→�+
c

2,A −0.140

f
	+
cc→�+

c
1,S 0.501 g

	+
cc→�+

c
1,S 0.356 f

	+
cc→�+

c
1,A 0.495 g

	+
cc→�+

c
1,A −0.119

f
	+
cc→�+

c
2,S −0.664 g

	+
cc→�+

c
2,S 0.883 f

	+
cc→�+

c
2,A 0.349 g

	+
cc→�+

c
2,A −0.285

f
	+
cc→�+

c
3,S 0.744 g

	+
cc→�+

c
3,S −2.622 f

	+
cc→�+

c
3,A 0.559 g

	+
cc→�+

c
3,A 0.830

f
T	+

cc→�+
c

1,S 0.178 g
T	+

cc→�+
c

1,S 1.214 f
T	+

cc→�+
c

1,A 0.269 g
T	+

cc→�+
c

1,A −0.418

f
T	+

cc→�+
c

2,S 0.397 g
T	+

cc→�+
c

2,S 0.421 f
T	+

cc→�+
c

2,A −0.135 g
T	+

cc→�+
c

2,A −0.138

f
	+
cc→�′+

c
1,S 0.529 g

	+
cc→�′+

c
1,S 0.418 f

	+
cc→�′+

c
1,A 0.523 g

	+
cc→�′+

c
1,A −0.139

f
	+
cc→�′+

c
2,S −0.739 g

	+
cc→�′+

c
2,S 0.560 f

	+
cc→�′+

c
2,A 0.451 g

	+
cc→�′+

c
2,A −0.177

f
	+
cc→�′+

c
3,S 0.596 g

	+
cc→�′+

c
3,S −0.901 f

	+
cc→�′+

c
3,A 0.402 g

	+
cc→�′+

c
3,A 0.249

f
T	+

cc→�′+
c

1,S 0.181 g
T	+

cc→�′+
c

1,S 1.961 f
T	+

cc→�′+
c

1,A 0.278 g
T	+

cc→�′+
c

1,A −0.669

f
T	+

cc→�′+
c

2,S 0.478 g
T	+

cc→�′+
c

2,S 0.411 f
T	+

cc→�′+
c

2,A −0.147 g
T	+

cc→�′+
c

2,A −0.134

f
�

(′)
bc→�b

1,S 0.146 g
�

(′)
bc→�b

1,S 0.227 f
�

(′)
bc→�b

1,A 0.144 g
�

(′)
bc→�b

1,A −0.076

f
�

(′)
bc→�b

2,S 2.315 g
�

(′)
bc→�b

2,S −0.795 f
�

(′)
bc→�b

2,A 3.504 g
�

(′)
bc→�b

2,A 0.272

f
�

(′)
bc→�b

3,S −0.468 g
�

(′)
bc→�b

3,S 13.260 f
�

(′)
bc→�b

3,A −0.559 g
�

(′)
bc→�b

3,A −4.494

f
T�

(′)
bc→�b

1,S −0.007 g
T�

(′)
bc→�b

1,S 1.817 f
T�

(′)
bc→�b

1,A 0.023 g
T�

(′)
bc→�b

1,A −0.618

f
T�

(′)
bc→�b

2,S 0.465 g
T�

(′)
bc→�b

2,S 0.095 f
T�

(′)
bc→�b

2,A 0.093 g
T�

(′)
bc→�b

2,A −0.031

f
�

(′)0
bc →�0

b
1,S 0.129 g

�
(′)0
bc →�0

b
1,S 0.169 f

�
(′)0
bc →�0

b
1,A 0.127 g

�
(′)0
bc →�0

b
1,A −0.056

f
�

(′)0
bc →�0

b
2,S 1.699 g

�
(′)0
bc →�0

b
2,S −0.164 f

�
(′)0
bc →�0

b
2,A 2.582 g

�
(′)0
bc →�0

b
2,A 0.060

f
�

(′)0
bc →�0

b
3,S −0.288 g

�
(′)0
bc →�0

b
3,S 4.308 f

�
(′)0
bc →�0

b
3,A −0.370 g

�
(′)0
bc →�0

b
3,A −1.491

f
T�

(′)0
bc →�0

b
1,S −0.005 g

T�
(′)0
bc →�0

b
1,S 0.885 f

T�
(′)0
bc →�0

b
1,A 0.021 g

T�
(′)0
bc →�0

b
1,A −0.304

f
T�

(′)0
bc →�0

b
2,S 0.344 g

T�
(′)0
bc →�0

b
2,S 0.100 f

T�
(′)0
bc →�0

b
2,A 0.067 g

T�
(′)0
bc →�0

b
2,A −0.032

f
	

(′)0
bc →�0

b
1,S 0.145 g

	
(′)0
bc →�0

b
1,S 0.204 f

	
(′)0
bc →�0

b
1,A 0.143 g

	
(′)0
bc →�0

b
1,A −0.068

f
	

(′)0
bc →�0

b
2,S 2.119 g

	
(′)0
bc →�0

b
2,S −0.471 f

	
(′)0
bc →�0

b
2,A 3.200 g

	
(′)0
bc →�0

b
2,A 0.163

f
	

(′)0
bc →�0

b
3,S −0.393 g

	
(′)0
bc →�0

b
3,S 8.680 f

	
(′)0
bc →�0

b
3,A −0.482 g

	
(′)0
bc →�0

b
3,A −2.955
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Table 8 continued
F F(0) F F(0) F F(0) F F(0)

f
T	

(′)0
bc →�0

b
1,S −0.004 g

T	
(′)0
bc →�0

b
1,S 1.399 f

T	
(′)0
bc →�0

b
1,A 0.024 g

T	
(′)0
bc →�0

b
1,A −0.476

f
T	

(′)0
bc →�0

b
2,S 0.419 g

T	
(′)0
bc →�0

b
2,S 0.103 f

T	
(′)0
bc →�0

b
2,A 0.086 g

T	
(′)0
bc →�0

b
2,A −0.033

f
	

(′)0
bc →�′0

b
1,S 0.160 g

	
(′)0
bc →�′0

b
1,S 0.259 f

	
(′)0
bc →�′0

b
1,A 0.158 g

	
(′)0
bc →�′0

b
1,A −0.086

f
	

(′)0
bc →�′0

b
2,S 2.720 g

	
(′)0
bc →�′0

b
2,S −1.137 f

	
(′)0
bc →�′0

b
2,A 4.095 g

	
(′)0
bc →�′0

b
2,A 0.385

f
	

(′)0
bc →�′0

b
3,S −0.571 g

	
(′)0
bc →�′0

b
3,S 19.110 f

	
(′)0
bc →�′0

b
3,A −0.668 g

	
(′)0
bc →�′0

b
3,A −6.448

f
T	

(′)0
bc →�′0

b
1,S −0.005 g

T	
(′)0
bc →�′0

b
1,S 2.412 f

T	
(′)0
bc →�′0

b
1,A 0.026 g

T	
(′)0
bc →�′0

b
1,A −0.817

f
T	

(′)0
bc →�′0

b
2,S 0.535 g

T	
(′)0
bc →�′0

b
2,S 0.097 f

T	
(′)0
bc →�′0

b
2,A 0.112 g

T	
(′)0
bc →�′0

b
2,A −0.031

HV−λ
−λ′,−λW

= HV λ
λ′,λW and

H A−λ
−λ′,−λW

= −H Aλ
λ′,λW . (78)

Then the total helicity amplitudes for (V-A) current can
be shown as follows,

Hλ
λ′,λW = HV λ

λ′,λW − H Aλ
λ′,λW . (79)

The polarized differential decay widths can be given as

d�L

dq2 = G2
F |VCKM |2
(2π)3

q2| 
P ′|
24M2

(∣∣∣∣H− 1
2

1
2 ,0

∣∣∣∣
2

+
∣∣∣∣H

1
2

− 1
2 ,0

∣∣∣∣
2)

,

(80)

d�T

dq2 = G2
F |VCKM |2
(2π)3

q2| 
P ′|
24M2

(∣∣∣∣H
1
2
1
2 ,1

∣∣∣∣
2

+
∣∣∣∣H− 1

2

− 1
2 ,−1

∣∣∣∣
2)

,

(81)

with | 
P ′| = √
Q+Q−/2M .

• The Bi (λ) → B∗
f (λ

′) transition matrix element are
parameterized with Eq. (22), and the helicity amplitudes
of the transitions 1/2 → 3/2 induced by charged current
can be expressed with following equations,

HV−1/2
3/2,1 = −i

√
Q− f

1
2 → 3

2
4 ,

HV 1/2
1/2,1 = i

√
Q−
3

[
f

1
2 → 3

2
4 − Q+

MM ′ f
1
2 → 3

2
1

]
, (82)

HV−1/2
1/2,0 = i

√
2

3

√
Q−√
q2

[
M2 − M ′2 − q2

2M ′ f
1
2 → 3

2
4

−M − M ′

2MM ′ Q+ f
1
2 → 3

2
1

− Q+Q−
2M2M ′ f

1
2 → 3

2
2

]
, (83)

H A−1/2
3/2,1 = i

√
Q+ f

1
2 → 3

2
4 ,

H A1/2
1/2,1 = i

√
Q+
3

[
g

1
2 → 3

2
4 − Q−

MM ′ g
1
2 → 3

2
1

]
, (84)

H A−1/2
1/2,0 = −i

√
2

3

√
Q+√
q2

[
M2 − M ′2 − q2

2M ′ g
1
2 → 3

2
4

+M + M ′

2MM ′ Q−g
1
2 → 3

2
1

− Q+Q−
2M2M ′ g

1
2 → 3

2
2

]
, (85)

here f
1
2 → 3

2
i and g

1
2 → 3

2
i are physics form factors intro-

duced with Eq. (62). M and M ′ are the masses of the ini-
tial and final baryon states, respectively. While the nega-
tive helicity amplitudes have the following relations with
the corresponding positive ones,

HV−λ
−λ′,−λW

= −HV λ
λ′,λW and

H A−λ
−λ′,−λW

= H Aλ
λ′,λW . (86)

Then we can get the total helicity amplitudes,

Hλ
λ′,λW = HV λ

λ′,λW − H Aλ
λ′,λW . (87)

The polarized differential decay widths can be given as

d�L

dq2 = G2
F

(2π)3 |VCKM|2 q
2| 
P ′|

24M2

[∣∣∣∣H−1/2
1/2,0

∣∣∣∣
2

+
∣∣∣∣H1/2

−1/2,0

∣∣∣∣
2]

,

(88)

d�T

dq2 = G2
F

(2π)3 |VCKM|2 q
2| 
P ′|

24M2

[∣∣∣∣H1/2
1/2,1|2 +

∣∣∣∣H−1/2
−1/2,−1

∣∣∣∣
2

+
∣∣∣∣H−1/2

3/2,1

∣∣∣∣
2

+
∣∣∣∣H1/2

−3/2,−1

∣∣∣∣
2]

. (89)
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Table 10 Same with Table 9 except for b → s processes

F F(0) mfit δ F F(0) mfit δ F F(0) mfit δ F F(0) mfit δ

f �bb→�b
1,S 0.141 3.56 0.81 g�bb→�b

1,S 0.122 3.73 0.85 f �bb→�b
1,A 0.140 3.35 0.89 g�bb→�b

1,A −0.041 3.71 0.84

f �bb→�b
2,S −0.189 3.16 0.83 g�bb→�b

2,S 0.056 2.79 0.82 f �bb→�b
2,A 0.123 3.55 0.96 g�bb→�b

2,A −0.017 2.77 0.85

f �bb→�b
3,S 0.016 0.34 −0.02 g�bb→�b

3,S −0.406 3.14 0.86 f �bb→�b
3,A −0.066 4.27 1.85 g�bb→�b

3,A 0.130 3.13 0.86

f T�bb→�b
1,S 0.091 3.43 0.82 gT�bb→�b

1,S 0.156 2.84 0.95 f T�bb→�b
1,A 0.134 3.38 0.83 gT�bb→�b

1,A −0.054 2.85 0.93

f T�bb→�b
2,S 0.108 3.42 0.70 gT�bb→�b

2,S 0.128 3.96 0.96 f T�bb→�b
2,A −0.061 3.25 1.54 gT�bb→�b

2,A −0.042 3.97 0.97

f
�bb→�′

b
1,S 0.143 3.52 0.79 g

�bb→�′
b

1,S 0.130 3.53 0.70 f
�bb→�′

b
1,A 0.142 3.31 0.87 g

�bb→�′
b

1,A −0.043 3.51 0.70

f
�bb→�′

b
2,S −0.202 3.13 0.81 g

�bb→�′
b

2,S 0.024 3.45 1.24 f
�bb→�′

b
2,A 0.129 3.46 0.91 g

�bb→�′
b

2,A −0.007 3.51 1.35

f
�bb→�′

b
3,S 0.003∗ 1.05∗ 0.10∗ g

�bb→�′
b

3,S −0.316 3.58 1.24 f
�bb→�′

b
3,A −0.080 3.77 1.24 g

�bb→�′
b

3,A 0.100 3.61 1.27

f
T�bb→�′

b
1,S 0.091 3.37 0.79 g

T�bb→�′
b

1,S 0.198 2.70 1.00 f
T�bb→�′

b
1,A 0.135 3.32 0.80 g

T�bb→�′
b

1,A −0.068 2.70 0.97

f
T�bb→�′

b
2,S 0.117 3.35 0.68 g

T�bb→�′
b

2,S 0.127 4.19 1.26 f
T�bb→�′

b
2,A −0.063 3.20 1.51 g

T�bb→�′
b

2,A −0.042 4.22 1.28

f
	−
bb→	−

b
1,S 0.139 3.49 0.80 g

	−
bb→	−

b
1,S 0.125 3.53 0.74 f

	−
bb→	−

b
1,A 0.137 3.29 0.88 g

	−
bb→	−

b
1,A −0.042 3.52 0.73

f
	−
bb→	−

b
2,S −0.198 3.13 0.83 g

	−
bb→	−

b
2,S 0.028 3.16 1.00 f

	−
bb→	−

b
2,A 0.125 3.44 0.92 g

	−
bb→	−

b
2,A −0.008 3.16 1.03

f
	−
bb→	−

b
3,S 0.003∗ 1.00∗ 0.09∗ g

	−
bb→	−

b
3,S −0.332 3.44 1.12 f

	−
bb→	−

b
3,A −0.077 3.77 1.28 g

	−
bb→	−

b
3,A 0.106 3.46 1.14

f
T	−

bb→	−
b

1,S 0.088 3.36 0.81 g
T	−

bb→	−
b

1,S 0.186 2.71 1.01 f
T	−

bb→	−
b

1,A 0.130 3.31 0.82 g
T	−

bb→	−
b

1,A −0.064 2.72 0.98

f
T	−

bb→	−
b

2,S 0.112 3.33 0.70 g
T	−

bb→	−
b

2,S 0.123 4.10 1.19 f
T	−

bb→	−
b

2,A −0.060 3.20 1.51 g
T	−

bb→	−
b

2,A −0.041 4.12 1.21

f
�

(′)
bc→�c

1,S 0.203 4.07 0.66 g
�

(′)
bc→�c

1,S 0.167 4.99 1.32 f
�

(′)
bc→�c

1,A 0.196 3.56 0.74 g
�

(′)
bc→�c

1,A −0.056 4.81 1.19

f
�

(′)
bc→�c

2,S −0.079 3.37 0.65 g
�

(′)
bc→�c

2,S 0.097 2.84 0.70 f
�

(′)
bc→�c

2,A 0.203 3.68 0.69 g
�

(′)
bc→�c

2,A −0.027 2.78 0.83

f
�

(′)
bc→�c

3,S 0.015∗ 1.44∗ 0.74∗ g
�

(′)
bc→�c

3,S −0.329 3.08 0.60 f
�

(′)
bc→�c

3,A −0.110 4.05 0.92 g
�

(′)
bc→�c

3,A 0.098 3.04 0.60

f
T�

(′)
bc→�c

1,S 0.085 3.85 0.74 g
T�

(′)
bc→�c

1,S −0.021∗ 0.92∗ 0.23∗ f
T�

(′)
bc→�c

1,A 0.180 3.69 0.69 g
T�

(′)
bc→�c

1,A −0.001∗ 1.90∗ 0.27∗

f
T�

(′)
bc→�c

2,S 0.160 4.13 0.54 g
T�

(′)
bc→�c

2,S 0.202 3.86 0.47 f
T�

(′)
bc→�c

2,A −0.064 5.43 29.40 g
T�

(′)
bc→�c

2,A −0.064 3.88 0.46

f
�

(′)
bc→�′

c
1,S 0.204 4.04 0.64 g

�
(′)
bc→�′

c
1,S 0.174 4.66 0.99 f

�
(′)
bc→�′

c
1,A 0.197 3.53 0.72 g

�
(′)
bc→�′

c
1,A −0.058 4.52 0.91

f
�

(′)
bc→�′

c
2,S −0.090 3.35 0.64 g

�
(′)
bc→�′

c
2,S 0.074 2.86 0.70 f

�
(′)
bc→�′

c
2,A 0.204 3.63 0.67 g

�
(′)
bc→�′

c
2,A −0.019 2.80 0.89

f
�

(′)
bc→�′

c
3,S 0.007 0.07 −0.00 g

�
(′)
bc→�′

c
3,S −0.300 3.15 0.61 f

�
(′)
bc→�′

c
3,A −0.118 3.86 0.80 g

�
(′)
bc→�′

c
3,A 0.088 3.12 0.62

f
T�

(′)
bc→�′

c
1,S 0.083 3.82 0.71 g

T�
(′)
bc→�′

c
1,S −0.006 0.50 −0.03 f

T�
(′)
bc→�′

c
1,A 0.177 3.65 0.67 g

T�
(′)
bc→�′

c
1,A −0.006 6.30 5.21

f
T�

(′)
bc→�′

c
2,S 0.169 4.01 0.51 g

T�
(′)
bc→�′

c
2,S 0.200 3.95 0.52 f

T�
(′)
bc→�′

c
2,A −0.065 5.16 23.60 g

T�
(′)
bc→�′

c
2,A −0.063 3.98 0.52

f
	

(′)0
bc →	0

c
1,S 0.192 3.91 0.66 g

	
(′)0
bc →	0

c
1,S 0.165 4.40 0.90 f

	
(′)0
bc →	0

c
1,A 0.187 3.45 0.74 g

	
(′)0
bc →	0

c
1,A −0.055 4.29 0.85

f
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2,S 0.064 2.86 0.77 f

	
(′)0
bc →	0

c
2,A 0.191 3.55 0.70 g

	
(′)0
bc →	0
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f
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c
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f
T	
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T	
(′)0
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c
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c
2,S 0.188 3.86 0.57 f

T	
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bc →	0

c
2,A −0.063 4.90 19.50 g

T	
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bc →	0

c
2,A −0.060 3.90 0.57
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Fig. 5 q2 dependence of the form factors for �0
bb → �0

b . The first four graphs correspond to form factors with scalar diquark, the last four graphs
correspond to form factors with axial-vector diquark. Here the numerical results of F(0), δ and m f it are shown in Table 10
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Table 11 Numerical results for
the transition 1/2 → 3/2 form
factors fi and gi at q2 = 0 of
c → d, s processes. The
parametrization scheme in
Eq. (67) is introduced for these
form factors, and the value of
the singly pole mpoles are taken
as 1.87, 1.97 GeV for c → d, s,
respectively

F F(0) F F(0) F F(0) F F(0)

f
�++
cc →�∗+

c
1 −0.979 f

�++
cc →�∗+

c
2 −0.645 f

�++
cc →�∗+

c
3 0.047 f

�++
cc →�∗+

c
4 −1.969

g
�++
cc →�∗+

c
1 −5.792 g

�++
cc →�∗+

c
2 −3.602 g

�++
cc →�∗+

c
3 0.947 g

�++
cc →�∗+

c
4 0.393

f
�+
cc→�∗0

c
1 −0.979 f

�+
cc→�∗0

c
2 −0.645 f

�+
cc→�∗0

c
3 0.047 f

�+
cc→�∗0

c
4 −1.969

g
�+
cc→�∗0

c
1 −5.792 g

�+
cc→�∗0

c
2 −3.602 g

�+
cc→�∗0

c
3 0.947 g

�+
cc→�∗0

c
4 0.393

f
	+
cc→�′∗0

c
1 −1.017 f

	+
cc→�′∗0

c
2 −0.665 f

	+
cc→�′∗0

c
3 0.046 f

	+
cc→�′∗0

c
4 −2.045

g
	+
cc→�′∗0

c
1 −6.244 g

	+
cc→�′∗0

c
2 −3.856 g

	+
cc→�′∗0

c
3 0.980 g

	+
cc→�′∗0

c
4 0.389

f
�++
cc →�′∗+

c
1 −1.148 f

�++
cc →�′∗+

c
2 −0.714 f

�++
cc →�′∗+

c
3 0.049 f

�++
cc →�′∗+

c
4 −2.297

g
�++
cc →�′∗+

c
1 −10.350 g

�++
cc →�′∗+

c
2 −6.428 g

�++
cc →�′∗+

c
3 1.315 g

�++
cc →�′∗+

c
4 0.404

f
�+
cc→�′∗0

c
1 −1.148 f

�+
cc→�′∗0

c
2 −0.714 f

�+
cc→�′∗0

c
3 0.049 f

�+
cc→�′∗0

c
4 −2.297

g
�+
cc→�′∗0

c
1 −10.350 g

�+
cc→�′∗0

c
2 −6.428 g

�+
cc→�′∗0

c
3 1.315 g

�+
cc→�′∗0

c
4 0.404

f
	+
cc→	∗0

c
1 −1.178 f

	+
cc→	∗0

c
2 −0.732 f

	+
cc→	∗0

c
3 0.049 f

	+
cc→	∗0

c
4 −2.359

g
	+
cc→	∗0

c
1 −10.670 g

	+
cc→	∗0

c
2 −6.551 g

	+
cc→	∗0

c
3 1.337 g

	+
cc→	∗0

c
4 0.415

f
�
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bc →�∗0

b
1 −1.684 f

�
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bc →�∗0

b
2 −0.928 f

�
(′)+
bc →�∗0

b
3 0.026 f

�
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bc →�∗0
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4 −3.365

g
�
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1 −12.570 g

�
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2 −6.337 g

�
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bc →�∗0
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3 1.412 g

�
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bc →�∗0

b
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�

(′)0
bc →�∗−
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1 −1.690 f

�
(′)0
bc →�∗−
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(′)0
bc →�∗−

b
3 0.026 f
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(′)0
bc →�∗−

b
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g
�

(′)0
bc →�∗−
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1 −12.810 g

�
(′)0
bc →�∗−
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2 −6.479 g
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(′)0
bc →�∗−

b
3 1.419 g

�
(′)0
bc →�∗−

b
4 0.559

f
	

(′)0
bc →�′∗−

b
1 −1.949 f

	
(′)0
bc →�′∗−

b
2 −1.019 f

	
(′)0
bc →�′∗−

b
3 0.034 f

	
(′)0
bc →�′∗−

b
4 −3.878

g
	

(′)0
bc →�′∗−

b
1 −23.010 g

	
(′)0
bc →�′∗−

b
2 −12.440 g

	
(′)0
bc →�′∗−

b
3 1.732 g

	
(′)0
bc →�′∗−

b
4 0.475

f
�
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bc →�′∗0
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1 −1.936 f

�
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bc →�′∗0
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2 −1.034 f

�
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bc →�′∗0

b
3 0.030 f

�
(′)+
bc →�′∗0

b
4 −3.863

g
�

(′)+
bc →�′∗0

b
1 −24.640 g

�
(′)+
bc →�′∗0

b
2 −13.000 g

�
(′)+
bc →�′∗0

b
3 1.926 g

�
(′)+
bc →�′∗0

b
4 0.583

f
�

(′)0
bc →�′∗−

b
1 −1.960 f

�
(′)0
bc →�′∗−

b
2 −1.045 f

�
(′)0
bc →�′∗−

b
3 0.031 f

�
(′)0
bc →�′∗−

b
4 −3.910

g
�

(′)0
bc →�′∗−

b
1 −25.950 g

�
(′)0
bc →�′∗−

b
2 −13.770 g

�
(′)0
bc →�′∗−

b
3 1.961 g

�
(′)0
bc →�′∗−

b
4 0.572

f
	

(′)0
bc →	∗−

b
1 −2.345 f

	
(′)0
bc →	∗−

b
2 −1.177 f

	
(′)0
bc →	∗−

b
3 0.046 f

	
(′)0
bc →	∗−

b
4 −4.661

g
	

(′)0
bc →	∗−

b
1 −49.590 g

	
(′)0
bc →	∗−

b
2 −27.300 g

	
(′)0
bc →	∗−

b
3 2.529 g

	
(′)0
bc →	∗−

b
4 0.428

Fig. 6 q2 dependence of the transition �bb → �∗
b form factors. The numerical result of the parameters F(0), δ and m f it are shown in Table 14
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Table 13 Numerical results for
the transition 1/2 → 3/2 form
factors fi and gi at q2 = 0 of
c → u processes. The
parametrization scheme in
Eq. (67) is introduced for these
form factors, and the value of the
singly pole mpole is 1.87 GeV

F F(0) F F(0) F F(0) F F(0)

f
�cc→�∗

c
1 −0.979 g

�cc→�∗
c

1 −5.792 f
�

(′)
bc→�∗

b
1 −0.733 g

�
(′)
bc→�∗

b
1 −2.193

f
�cc→�∗

c
2 −0.645 g

�cc→�∗
c

2 −3.602 f
�

(′)
bc→�∗

b
2 −1.380 g

�
(′)
bc→�∗

b
2 −1.195

f
�cc→�∗

c
3 0.047 g
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c

3 0.947 f
�
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3 0.095 g

�
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b
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f
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4 −1.969 g
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c

4 0.393 f
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T�cc→�∗
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T�cc→�∗
c

1 −2.469 f
T�
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bc→�∗

b
1 0.221 g

T�
(′)
bc→�∗

b
1 12.050
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T�cc→�∗
c

2 −1.394 f
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2 0.379 g
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b
2 6.959
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c
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4 0.032 f
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4 0.518 g
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(′)
bc→�∗

b
4 0.122
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	+
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Fig. 7 q2 dependence of the transition 	−
bb → �′∗−

b form factors. The numerical result of the parameters F(0), δ and m f it are shown in Table 16
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Fig. 8 Kinematics for the charged current induced decay mode

4.1.2 The FCNC transition

For the transition induced by FCNC, we adopt the helicity
amplitudes as follows,

HVl ,λ

λ′,λV ≡
(
Ceff

9 (q2)〈B(∗)(λ′)|s̄γ μ(1 − γ5)b|B(λ)〉
−Ceff

7 2mb〈B(∗)(λ′)|s̄iσμν qν

q2 (1 + γ5)b|B(λ)〉
)
ε∗
μ(λV ),

HVl ,λ

λ′,t ≡
(
Ceff

9 (q2)〈B(∗)(λ′)|s̄γ μ(1 − γ5)b|B(λ)〉
) qμ√

q2
, (90)

and

HAl ,λ

λ′,λV ≡
(
C10〈B(∗)(λ′)|s̄γ μ(1 − γ5)b|B(λ)〉

)
ε∗
μ(λV ),

HAl ,λ

λ′,t ≡
(
C10〈B(∗)(λ′)|s̄γ μ(1 − γ5)b|B(λ)〉

) qμ√
q2

, (91)

here εμ and qμ are the polarization vector and four-
momentum of the virtual vector propagator V, and λV means
the polarization of the virtual vector propagator V. λ and
λ′ are the helicities of the baryon in the initial and final
baryon states, respectively. In the following, the superscripts
“Vl” and “Al” denote the corresponding leptonic counter-
parts l̄γ μl and l̄γ μγ5l, respectively.

• The transition Bi (λ) → B f (λ
′) matrix elements are

parameterized with Eqs. (15)–(16), and the helicity
amplitudes of 1/2 → 1/2 induced by FCNC transition
can be obtained with following expressions,

HV
Vl ,− 1

2
1
2 ,0

= −i

√
Q−√
q2

(
(M + M ′)FVl

1 − q2

M
FVl

2

)
,

HV
Vl ,

1
2

1
2 ,1

= i
√

2Q−
(

−FVl
1 + M + M ′

M
FVl

2

)
,

H A
Vl ,− 1

2
1
2 ,0

= −i

√
Q+√
q2

(
(M − M ′)GVl

1 + q2

M
GVl

2

)
,

H A
Vl ,

1
2

1
2 ,1

= i
√

2Q+
(

−GVl
1 − M − M ′

M
GVl

2

)
,

(92)

and

HVVl ,−λ

−λ′,−λV
= HVVl ,λ

λ′,λV , H AVl ,−λ

−λ′,−λV
= −H AVl ,λ

λ′,λV .

(93)

where the “HV” and “HA” are corresponding to the �μ

and �μγ5 parts in Eq. (90), respectively. The total helicity
amplitude can be given as

HVl ,λ

λ′,λV = HVVl ,λ

λ′,λV − H AVl ,λ

λ′,λV . (94)

The specific expressions of HAl ,λ

λ′,λV are similar with the

ones of HV,λ
λ′,λV , except

FVl
i → FAl

i and GVl
i → GAl

i . (95)

Furthermore, the timelike polarizations of the virtual vec-
tor propagator V for the helicity amplitudes, HAl

t are
necessary for the transitions induced by FCNC,

HV
Al ,

1
2

− 1
2 ,t

= HV
Al ,− 1

2
1
2 ,t

= −i

√
Q+√
q2

(
(M − M ′)FAl

1 + q2

M
FAl

3

)
,

−H A
Al ,

1
2

− 1
2 ,t

= H A
Al ,− 1

2
1
2 ,t

= −i

√
Q−√
q2

(
(M + M ′)GAl

1 − q2

M
GAl

3

)

(96)

and

HAl ,λ

λ′,t = HVAl ,λ

λ′,t − H AAl ,λ

λ′,t . (97)

In the above Eq. (92–97), the following notations have
been introduced:

FVl
1 (q2) ≡ Ceff

9 (q2) f
1
2 → 1

2
1 (q2)

−Ceff
7

2mb

M ′ − M
f

1
2 → 1

2 ,T
1 (q2),

FVl
2 (q2) ≡ Ceff

9 (q2) f
1
2 → 1

2
2 (q2)

−Ceff
7

2mbM

q2 f
1
2 → 1

2 ,T
2 (q2),

GVl
1 (q2) ≡ Ceff

9 (q2)g
1
2 → 1

2
1 (q2)

+Ceff
7

2mb

M ′ + M
g

1
2 → 1

2 ,T
1 (q2),
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GVl
2 (q2) ≡ Ceff

9 (q2)g
1
2 → 1

2
2 (q2)

+Ceff
7

2mbM

q2 g
1
2 → 1

2 ,T
2 (q2), (98)

and

FAl
i (q2) ≡ C10 f

1
2 → 1

2
i (q2),

GAl
i (q2) ≡ C10g

1
2 → 1

2
i (q2) (i = 1, 2, 3). (99)

Here f
1
2 → 1

2 ,(T )

i (q2) and g
1
2 → 1

2 ,(T )

i (q2) are the physical
form factors illuminated by Eq. (61). The longitudinally
and transversely polarized differential decay widths read,

d�L

dq2 = G2
F |VCKM|2α2

em | 
P ′|| 
p1|
24(2π)5M2

√
q2

×
{(

q2 + 2m2
l

)(∣∣∣∣HVl ,
1
2

− 1
2 ,0

∣∣∣∣
2

+ |HVl ,− 1
2

1
2 ,0

∣∣∣∣
2)

+
(
q2 − 4m2

l

)(∣∣∣∣HAl ,
1
2

− 1
2 ,0

∣∣∣∣
2

+ |HAl ,− 1
2

1
2 ,0

∣∣∣∣
2)

+6m2
l

(∣∣∣∣HAl ,
1
2

− 1
2 ,t

|2 +
∣∣∣∣HAl ,− 1

2
1
2 ,t

∣∣∣∣
2)}

, (100)

d�T

dq2 = G2
F |VCKM|2α2

em | 
P ′|| 
p1|
24(2π)5M2

√
q2{

(q2 + 2m2
l )(|HVl ,

1
2

1
2 ,1

|2 + |HVl ,− 1
2

− 1
2 ,−1

|2)

+(q2 − 4m2
l )(|HAl ,

1
2

1
2 ,1

|2 + |HAl ,− 1
2

− 1
2 ,−1

|2)
}
. (101)

with VCKM = VtbV ∗
ts for b → s processes, VCKM =

VtbV ∗
td for b → d processes and | 
p1| = 1

2

√
q2 − 4m2

l .
• The transition 1/2 → 3/2 matrix elements are parame-

terized with Eqs. (22)–(23), and the helicity amplitudes
induced by FCNC can be given by the following expres-
sions,

HVVl ,−1/2
3/2,1 = −i

√
Q−FVl

4 ,

HVVl ,1/2
1/2,1 = i

√
Q−
3

[
FVl

4 − Q+
MM ′F

Vl
1

]
, (102)
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1/2,0 = i

√
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2M ′ FVl
4
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2MM ′ Q+FVl
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2M2M ′F
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2

]
, (103)

H AVl ,−1/2
3/2,1 = i

√
Q+GVl

4 , H AVl ,1/2
1/2,1

= i

√
Q+
3

[
GVl
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]
, (104)

H AVl ,−1/2
1/2,0 = −i

√
2

3

√
Q+√
q2

[
M2 − M ′2 − q2

2M ′ GVl
4

+M + M ′

2MM ′ Q−GVl
1 − Q+Q−

2M2M ′G
Vl
2

]
.

(105)

and

HVVl ,−λ

−λ′,−λW
= −HVVl ,λ

λ′,λW ,

H AVl ,−λ

−λ′,−λW
= H AVl ,λ

λ′,λW . (106)

where the “HV” and “HA” are corresponding to the �μ

and �μγ5 parts in Eq. (90), respectively. Then we can get
the total helicity amplitudes,

HVl ,λ

λ′,λV = HVVl ,λ

λ′,λV − H AVl ,λ

λ′,λV . (107)

The specific expressions of HAl ,λ

λ′,λV are similar with the

ones of HV,λ
λ′,λV , except

FVl
i → FAl

i and GVl
i → GAl

i . (108)

Furthermore, the time-like polarizations of the virtual
vector propagator V for the helicity amplitudes, HAl

t are
necessary for the transitions induced by FCNC,

−HV
Al ,

1
2

− 1
2 ,t

= HV
Al ,− 1

2
1
2 ,t

= i

√
2

3

√
Q+

Q−
2MM ′

M2 − M ′2

M
FAl

3 ,

H A
Al ,

1
2

− 1
2 ,t

= H A
Al ,− 1

2
1
2 ,t

= −i

√
2

3

√
Q−

Q+
2MM ′

M2 − M ′2

M
GAl

3 (109)

and

HAl ,λ

λ′,t = HVAl ,λ

λ′,t − H AAl ,λ

λ′,t . (110)

In Eqs. (102–110), the following notations are intro-
duced.

FVl
i (q2) ≡ Ceff

9 (q2) f
1
2 → 3

2
i (q2)

−Ceff
7

2mbM

q2 f
1
2 → 3

2 ,T
i (q2),
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GVl
i (q2) ≡ Ceff

9 (q2)g
1
2 → 3

2
i (q2)

+Ceff
7

2mbM

q2 g
1
2 → 3

2 ,T
i (q2),

FAl
i (q2) ≡ C10 f

1
2 → 3

2
i (q2),

GAl
i (q2) ≡ C10g

1
2 → 3

2
i (q2), (i = 1, 2, 3, 4). (111)

Here f
1
2 → 3

2 ,(T )

i (q2) and g
1
2 → 3

2 ,(T )

i (q2) are physics form
factors illuminated by Eq. (62). The longitudinally and
transversely polarized differential decay widths read

d�L

dq2 = G2
F |VCKM|2α2

em | 
P ′|| 
p1|
24(2π)5M2

√
q2

×
{(

q2 + 2m2
l

)(∣∣∣∣HVl ,
1
2

− 1
2 ,0

∣∣∣∣
2

+
∣∣∣∣HVl ,− 1

2
1
2 ,0

∣∣∣∣
2)

+
(
q2 − 4m2

l

)(∣∣∣∣HAl ,
1
2

− 1
2 ,0

∣∣∣∣
2

+
∣∣∣∣HAl ,− 1

2
1
2 ,0

∣∣∣∣
2)

+6m2
l

(∣∣∣∣HAl ,
1
2

− 1
2 ,t

∣∣∣∣
2

+
∣∣∣∣HAl ,− 1

2
1
2 ,t

∣∣∣∣
2)}

, (112)

d�T

dq2 = G2
F |VCKM|2α2

em | 
P ′|| 
p1|
24(2π)5M2

√
q2

×
{(

q2 + 2m2
l

)(∣∣∣∣HVl ,
1
2

1
2 ,1

∣∣∣∣
2

+
∣∣∣∣HVl ,− 1

2

− 1
2 ,−1

∣∣∣∣
2

+
∣∣∣∣HVl ,− 1

2
3
2 ,1

∣∣∣∣
2

+
∣∣∣∣HVl ,

1
2

− 3
2 ,−1

∣∣∣∣
2)

+
(
q2 − 4m2

l

)(∣∣∣∣HAl ,
1
2

1
2 ,1

∣∣∣∣
2

+
∣∣∣∣HAl ,− 1

2

− 1
2 ,−1

∣∣∣∣
2

+
∣∣∣∣HAl ,− 1

2
3
2 ,1

∣∣∣∣
2

+
∣∣∣∣HAl ,

1
2

− 3
2 ,−1

∣∣∣∣
2)}

. (113)

with VCKM = VtbV ∗
ts for b → s processes, VCKM =

VtbV ∗
td for b → d processes and | 
p1| = 1

2

√
q2 − 4m2

l .

In the end, the total differential decay width can be written
as

d�

dq2 = d�L

dq2 + d�T

dq2 , (114)

then we can calculate total width using the following integral,

� =
∫ (M−M ′)2

q2
min

dq2 d�

dq2 , (115)

where q2
min = 0 for these decays with charged current, while

q2
min = 4m2

l for other decays with FCNC. At the same time,
the ratio of the longitudinal to transverse decay rates �L/�T

can be calculated.

4.2 Results for semi-leptonic decays

• For the transition 1/2 → 1/2 with V − A current, the
integrated partial decay widths, the relevant branching
ratios and �L/�T s are shown in Table 16. The depen-
dence of q2 of the differential decay widths can be shown
in Fig. 9.

• For the transition 1/2 → 1/2 induced by FCNC, the
integrated partial decay widths, the relevant branching
ratios and �L/�T s are shown in Table 17. The depen-
dence of q2 of the differential decay widths can be shown
in Fig. 10.

• For the transition 1/2 → 3/2 with V − A current, the
integrated partial decay widths, the relevant branching
ratios and �L/�T s are shown in Table 18. The depen-
dence of q2 of the differential decay widths can be shown
in Fig. 11.

• For the transition 1/2 → 3/2 with FCNC, the integrated
partial decay widths, the relevant branching ratios and
�L/�T s are shown in Table 19. The dependence of q2 of
the differential decay widths can be shown with Fig. 12.

Some comments on the results for phenomenological
observables are given as follows.

• It can be seen in Tables 16, 17, 18 and 19 that the decay
widths for the four cases have the following hierarchical
difference.

�(the transition 1/2 → 1/2 with charged current)

> �(the transition 1/2 → 3/2 with charged current)

> �(the transition 1/2 → 1/2 with FCNC)

> �(the transition 1/2 → 3/2 with FCNC).

In the transition 1/2 → 1/2 and 1/2 → 3/2 with FCNC
cases, the decay widths are very close to each other for
l = e/μ cases, while it is about one order of magnitude
smaller for l = τ case. This can be attributed to the much
smaller phase space for l = τ case.

• A reasonable modification with momentum-space wave
function �SSz in the case of an axial-vector diquark
involved is performed in this work in Eqs. (2) and (3).
While, in Refs. [8,13,22], the momentum-space wave
function �SSz in the case of an axial-vector diquark
involved is defined as

�SSz ( p̃1, p̃2, λ1, λ2)

= A√
2(p1 · P̄ + m1M0)

ū(p1, λ1)

×�u(P̄, Sz)φ(x, k⊥), (116)

123



320 Page 34 of 49 Eur. Phys. J. C (2020) 80 :320

Table 16 The decay widths, branching ratios and �L/�T s for the transition 1/2 → 1/2 with the charged current

Channels �/ GeV B �L/�T Channels �/ GeV B �L/�T

�++
cc → �+

c l
+νl 7.97 × 10−15 3.10 × 10−3 2.42 �0

bb → �+
b l

−ν̄l 1.06 × 10−16 5.96 × 10−5 1.27

�++
cc → �+

c l
+νl 1.09 × 10−14 4.25 × 10−3 0.86 �0

bb → �+
bcl

−ν̄l 6.02 × 10−14 3.38 × 10−2 1.42

�++
cc → �+

c l
+νl 8.74 × 10−14 3.40 × 10−2 3.07 �0

bb → �′+
bc l

−ν̄l 3.21 × 10−14 1.81 × 10−2 0.84

�++
cc → �′+

c l+νl 1.43 × 10−13 5.57 × 10−2 0.94 �−
bb → �0

bl
−ν̄l 2.39 × 10−17 1.35 × 10−5 5.93

�+
cc → �0

c l
+νl 2.17 × 10−14 1.48 × 10−3 0.86 �−

bb → �0
bl

−ν̄l 5.29 × 10−17 2.98 × 10−5 1.27

�+
cc → �0

cl
+νl 8.63 × 10−14 5.90 × 10−3 3.10 �−

bb → �0
bcl

−ν̄l 6.02 × 10−14 3.38 × 10−2 1.42

�+
cc → �′0

c l
+νl 1.41 × 10−13 9.67 × 10−3 0.95 �−

bb → �′0
bcl

−ν̄l 3.21 × 10−14 1.81 × 10−2 0.84

	+
cc → �0

cl
+νl 5.87 × 10−15 1.60 × 10−3 2.94 	−

bb → �0
bl

−ν̄l 2.18 × 10−17 2.65 × 10−5 5.98

	+
cc → �′0

c l
+νl 1.03 × 10−14 2.83 × 10−3 0.87 	−

bb → �′0
b l

−ν̄l 4.87 × 10−17 5.92 × 10−5 1.28

	+
cc → 	0

cl
+νl 2.80 × 10−13 7.67 × 10−2 0.94 	−

bb → 	0
bcl

−ν̄l 5.24 × 10−14 6.37 × 10−2 1.64

	−
bb → 	′0

bcl
−ν̄l 2.55 × 10−14 3.11 × 10−2 0.89

�+
bc → �0

bl
+νl 4.62 × 10−15 1.71 × 10−3 2.13 �+

bc → �++
c l−ν̄l 8.00 × 10−17 2.97 × 10−5 1.13

�+
bc → �0

bl
+νl 5.54 × 10−15 2.06 × 10−3 0.79 �+

bc → �++
cc l−ν̄l 4.26 × 10−14 1.58 × 10−2 2.21

�+
bc → �0

bl
+νl 4.89 × 10−14 1.81 × 10−2 2.70 �0

bc → �+
c l

−ν̄l 1.76 × 10−17 2.48 × 10−6 6.24

�+
bc → �′0

b l
+νl 6.73 × 10−14 2.50 × 10−2 0.89 �0

bc → �+
c l

−ν̄l 4.00 × 10−17 5.65 × 10−6 1.13

�0
bc → �−

b l
+νl 1.10 × 10−14 1.55 × 10−3 0.79 �0

bc → �+
ccl

−ν̄l 4.26 × 10−14 6.01 × 10−3 2.21

�0
bc → �−

b l
+νl 4.85 × 10−14 6.85 × 10−3 2.71 	0

bc → �+
c l

−ν̄l 1.40 × 10−17 4.69 × 10−6 6.21

�0
bc → �′−

b l+νl 6.73 × 10−14 9.51 × 10−3 0.89 	0
bc → �′+

c l−ν̄l 3.27 × 10−17 1.09 × 10−5 1.16

	0
bc → �−

b l
+νl 2.93 × 10−15 9.81 × 10−4 2.73 	0

bc → 	+
ccl

−ν̄l 4.11 × 10−14 1.37 × 10−2 2.15

	0
bc → �′−

b l+νl 3.96 × 10−15 1.33 × 10−3 0.90

	0
bc → 	−

b l
+νl 1.01 × 10−13 3.36 × 10−2 1.03

�′+
bc → �0

bl
+νl 6.24 × 10−15 2.31 × 10−3 0.74 �′+

bc → �++
c l−ν̄l 3.31 × 10−17 1.23 × 10−5 5.75

�′+
bc → �0

bl
+νl 2.02 × 10−15 7.50 × 10−4 3.75 �′+

bc → �++
cc l−ν̄l 1.86 × 10−14 6.90 × 10−3 0.95

�′+
bc → �0

bl
+νl 5.91 × 10−14 2.19 × 10−2 0.88 �′0

bc → �+
c l

−ν̄l 1.38 × 10−17 1.95 × 10−6 1.21

�′+
bc → �′0

b l
+νl 2.65 × 10−14 9.83 × 10−3 4.33 �′0

bc → �+
c l

−ν̄l 1.65 × 10−17 2.34 × 10−6 5.76

�′0
bc → �−

b l
+νl 4.01 × 10−15 5.67 × 10−4 3.78 �′0

bc → �+
ccl

−ν̄l 1.86 × 10−14 2.63 × 10−3 0.95

�′0
bc → �−

b l
+νl 5.84 × 10−14 8.26 × 10−3 0.88 	′0

bc → �+
c l

−ν̄l 1.14 × 10−17 3.81 × 10−6 1.27

�′0
bc → �′−

b l+νl 2.65 × 10−14 3.75 × 10−3 4.33 	′0
bc → �′+

c l−ν̄l 1.35 × 10−17 4.52 × 10−6 5.85

	′0
bc → �−

b l
+νl 3.38 × 10−15 1.13 × 10−3 0.92 	′0

bc → 	+
ccl

−ν̄l 1.85 × 10−14 6.18 × 10−3 0.95

	′0
bc → �′−

b l+νl 1.62 × 10−15 5.42 × 10−4 4.25

	′0
bc → 	−

b l
+νl 4.40 × 10−14 1.47 × 10−2 4.76

� = − 1√
3
γ5
(
/ε∗(p2, λ2)

)
with

A =
√

3(m1M0 + p1 · P̄)

3m1M0 + p1 · P̄ + 2(p1 · p2)(p2 · P̄)/m2
2

.

(117)

In Refs. [8] the extraction approach is different from the
one used in this work and in Refs. [13,22]. In order to
find out the impact on the form factors and decay widths
of these two factors: the extraction method of the form
factors and the baryon wave function related to the axial
vector diquark, we list numerical results of theses form
factors of the three decay channels and the correspond-
ing partial decay widths in Table 20. The correspond-

ing numerical results in Refs. [8,13,22] are also given in
Table 20.
Firstly, comparing each first two lines for �++

cc →
�+

c l
+νl , �0

bb → �0
be

+e− and �++
cc → �∗+

c l+νl , we
could find that partial decay width differences com-
ing from the different wave function with axial-vector
diquark are small, but there are some differences among
the form factors. Secondly, comparing the second line and
third line of the channel �++

cc → �+
c l

+νl , we could find
the extracting approach of these form factors will bring
in some effect in the form factors and decay widths; So
the effect in the form factors and decay widths brought
in by the extraction approach is much larger than that of
the definition of the wave function �SSz .
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Fig. 9 The differential decay widths d�L/dq2 and d�T /dq2 for the processes Bbb → Bb(Bbc)l−ν̄l dependence on q2. Blue solid line: d�L/dq2

defined with Eq. (80), red dashes line: d�T /dq2 defined with Eq. (81)
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Table 17 The decay widths, branching ratios and �L/�T s for the transition 1/2 → 1/2 with FCNC

Channels �/ GeV B �L/�T Channels �/ GeV B �L/�T

�0
bb → �0

be
+e− 4.15 × 10−21 2.33 × 10−9 5.28 �0

bb → �0
be

+e− 1.62 × 10−19 9.13 × 10−8 4.70

�0
bb → �0

be
+e− 1.05 × 10−20 5.91 × 10−9 0.90 �0

bb → �′0
b e

+e− 4.32 × 10−19 2.43 × 10−7 0.85

�−
bb → �−

b e
+e− 2.10 × 10−20 1.18 × 10−8 0.90 �−

bb → �−
b e

+e− 1.62 × 10−19 9.12 × 10−8 4.69

	−
bb → �−

b e
+e− 3.79 × 10−21 4.61 × 10−9 5.24 �−

bb → �′−
b e+e− 4.32 × 10−19 2.43 × 10−7 0.85

	−
bb → �′−

b e+e− 9.71 × 10−21 1.18 × 10−8 0.90 	−
bb → 	−

b e
+e− 8.05 × 10−19 9.79 × 10−7 0.85

�0
bb → �0

bμ
+μ− 3.98 × 10−21 2.24 × 10−9 6.88 �0

bb → �0
bμ

+μ− 1.56 × 10−19 8.75 × 10−8 5.99

�0
bb → �0

bμ
+μ− 8.69 × 10−21 4.89 × 10−9 1.33 �0

bb → �′0
b μ+μ− 3.61 × 10−19 2.03 × 10−7 1.20

�−
bb → �−

b μ+μ− 1.74 × 10−20 9.77 × 10−9 1.33 �−
bb → �−

b μ+μ− 1.56 × 10−19 8.75 × 10−8 5.99

	−
bb → �−

b μ+μ− 3.63 × 10−21 4.41 × 10−9 6.90 �−
bb → �′−

b μ+μ− 3.61 × 10−19 2.03 × 10−7 1.20

	−
bb → �′−

b μ+μ− 7.98 × 10−21 9.71 × 10−9 1.35 	−
bb → 	−

b μ+μ− 6.70 × 10−19 8.14 × 10−7 1.21

�0
bb → �0

bτ
+τ− 1.51 × 10−22 8.49 × 10−11 5.83 �0

bb → �0
bτ

+τ− 6.68 × 10−21 3.76 × 10−9 5.71

�0
bb → �0

bτ
+τ− 3.39 × 10−22 1.91 × 10−10 1.16 �0

bb → �′0
b τ+τ− 1.54 × 10−20 8.65 × 10−9 1.05

�−
bb → �−

b τ+τ− 6.76 × 10−22 3.80 × 10−10 1.16 �−
bb → �−

b τ+τ− 6.65 × 10−21 3.74 × 10−9 5.69

	−
bb → �−

b τ+τ− 1.22 × 10−22 1.49 × 10−10 5.52 �−
bb → �′−

b τ+τ− 1.54 × 10−20 8.65 × 10−9 1.05

	−
bb → �′−

b τ+τ− 2.96 × 10−22 3.60 × 10−10 1.17 	−
bb → 	−

b τ+τ− 2.78 × 10−20 3.37 × 10−8 1.08

�+
bc → �+

c e
+e− 3.71 × 10−21 1.37 × 10−9 5.29 �+

bc → �+
c e

+e− 1.19 × 10−19 4.43 × 10−8 4.90

�+
bc → �+

c e
+e− 9.04 × 10−21 3.35 × 10−9 0.81 �+

bc → �′+
c e+e− 2.97 × 10−19 1.10 × 10−7 0.77

�0
bc → �0

c e
+e− 1.81 × 10−20 2.56 × 10−9 0.81 �0

bc → �0
ce

+e− 1.19 × 10−19 1.69 × 10−8 4.90

	0
bc → �0

ce
+e− 3.03 × 10−21 1.01 × 10−9 5.14 �0

bc → �′0
c e

+e− 2.97 × 10−19 4.20 × 10−8 0.77

	0
bc → �′0

c e
+e− 7.69 × 10−21 2.57 × 10−9 0.82 	0

bc → 	0
ce

+e− 5.17 × 10−19 1.73 × 10−7 0.78

�+
bc → �+

c μ+μ− 3.54 × 10−21 1.31 × 10−9 7.20 �+
bc → �+

c μ+μ− 1.13 × 10−19 4.18 × 10−8 7.17

�+
bc → �+

c μ+μ− 7.66 × 10−21 2.84 × 10−9 1.11 �+
bc → �′+

c μ+μ− 2.41 × 10−19 8.93 × 10−8 1.15

�0
bc → �0

cμ
+μ− 1.53 × 10−20 2.17 × 10−9 1.11 �0

bc → �0
cμ

+μ− 1.13 × 10−19 1.59 × 10−8 7.16

	0
bc → �0

cμ
+μ− 2.89 × 10−21 9.68 × 10−10 6.95 �0

bc → �′0
c μ+μ− 2.41 × 10−19 3.41 × 10−8 1.15

	0
bc → �′0

c μ+μ− 6.52 × 10−21 2.18 × 10−9 1.13 	0
bc → 	0

cμ
+μ− 4.19 × 10−19 1.40 × 10−7 1.17

�+
bc → �+

c τ+τ− 3.28 × 10−22 1.22 × 10−10 12.5 �+
bc → �+

c τ+τ− 8.64 × 10−21 3.21 × 10−9 11.9

�+
bc → �+

c τ+τ− 6.92 × 10−22 2.57 × 10−10 1.68 �+
bc → �′+

c τ+τ− 1.73 × 10−20 6.41 × 10−9 1.72

�0
bc → �0

c τ
+τ− 1.39 × 10−21 1.96 × 10−10 1.67 �0

bc → �0
cτ

+τ− 8.60 × 10−21 1.22 × 10−9 11.8

	0
bc → �0

cτ
+τ− 2.12 × 10−22 7.09 × 10−11 9.20 �0

bc → �′0
c τ+τ− 1.73 × 10−20 2.44 × 10−9 1.71

	0
bc → �′0

c τ+τ− 5.17 × 10−22 1.73 × 10−10 1.55 	0
bc → 	0

cτ
+τ− 2.62 × 10−20 8.77 × 10−9 1.60

�′+
bc → �+

c e
+e− 3.23 × 10−21 1.20 × 10−9 0.84 �′+

bc → �+
c e

+e− 1.08 × 10−19 4.02 × 10−8 0.82

�′+
bc → �+

c e
+e− 3.50 × 10−21 1.30 × 10−9 4.76 �′+

bc → �′+
c e+e− 1.15 × 10−19 4.25 × 10−8 4.60

�′0
bc → �0

c e
+e− 7.01 × 10−21 9.90 × 10−10 4.76 �′0

bc → �0
ce

+e− 1.08 × 10−19 1.53 × 10−8 0.82

	′0
bc → �0

ce
+e− 2.78 × 10−21 9.30 × 10−10 0.87 �′0

bc → �′0
c e

+e− 1.15 × 10−19 1.62 × 10−8 4.59

	′0
bc → �′0

c e
+e− 2.93 × 10−21 9.80 × 10−10 4.75 	′0

bc → 	0
ce

+e− 1.97 × 10−19 6.58 × 10−8 4.60

�′+
bc → �+

c μ+μ− 2.70 × 10−21 1.00 × 10−9 1.20 �′+
bc → �+

c μ+μ− 8.72 × 10−20 3.23 × 10−8 1.26

�′+
bc → �+

c μ+μ− 3.34 × 10−21 1.24 × 10−9 6.40 �′+
bc → �′+

c μ+μ− 1.08 × 10−19 4.00 × 10−8 6.68

�′0
bc → �0

cμ
+μ− 6.68 × 10−21 9.44 × 10−10 6.40 �′0

bc → �0
cμ

+μ− 8.72 × 10−20 1.23 × 10−8 1.26

	′0
bc → �0

cμ
+μ− 2.32 × 10−21 7.77 × 10−10 1.25 �′0

bc → �′0
c μ+μ− 1.08 × 10−19 1.52 × 10−8 6.67

	′0
bc → �′0

c μ+μ− 2.79 × 10−21 9.34 × 10−10 6.36 	′0
bc → 	0

cμ
+μ− 1.85 × 10−19 6.19 × 10−8 6.68

�′+
bc → �+

c τ+τ− 1.60 × 10−22 5.93 × 10−11 0.90 �′+
bc → �+

c τ+τ− 4.26 × 10−21 1.58 × 10−9 0.91

�′+
bc → �+

c τ+τ− 2.70 × 10−22 1.00 × 10−10 8.06 �′+
bc → �′+

c τ+τ− 7.27 × 10−21 2.70 × 10−9 8.91

�′0
bc → �0

c τ
+τ− 5.40 × 10−22 7.63 × 10−11 8.04 �′0

bc → �0
cτ

+τ− 4.26 × 10−21 6.02 × 10−10 0.91

	′0
bc → �0

cτ
+τ− 1.27 × 10−22 4.24 × 10−11 0.86 �′0

bc → �′0
c τ+τ− 7.25 × 10−21 1.02 × 10−9 8.86

	′0
bc → �′0

c τ+τ− 1.86 × 10−22 6.21 × 10−11 6.86 	′0
bc → 	0

cτ
+τ− 1.02 × 10−20 3.41 × 10−9 7.60
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Fig. 10 The differential decay widths d�L/dq2 and d�T /dq2 for the processes Bbb → Bbl+l− dependence on q2. Blue solid line: d�L/dq2

defined with Eq. (100), red dashes line: d�T /dq2 defined with Eq. (101)
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Table 18 The decay widths, branching ratios and �L/�T s for the transition 1/2 → 3/2 with the charged current

Channels �/ GeV B �L/�T Channels �/ GeV B �L/�T

�++
cc → �∗+

c l+νl 1.43 × 10−15 5.55 × 10−4 0.92 �0
bb → �∗+

b l−ν̄l 2.33 × 10−17 1.31 × 10−5 0.94

�+
cc → �∗0

c l+νl 2.85 × 10−15 1.95 × 10−4 0.92 �−
bb → �∗0

b l−ν̄l 1.16 × 10−17 6.52 × 10−6 0.94

	+
cc → �′∗0

c l+νl 1.35 × 10−15 3.69 × 10−4 0.93 	−
bb → �′∗0

b l−ν̄l 1.11 × 10−17 1.35 × 10−5 0.97

�++
cc → �′∗+

c l+νl 1.74 × 10−14 6.76 × 10−3 1.08 �0
bb → �∗+

bc l
−ν̄l 3.68 × 10−15 2.07 × 10−3 0.42

�+
cc → �′∗0

c l+νl 1.74 × 10−14 1.19 × 10−3 1.08 �−
bb → �∗0

bcl
−ν̄l 3.68 × 10−15 2.07 × 10−3 0.42

	+
cc → 	∗0

c l+νl 3.45 × 10−14 9.45 × 10−3 1.07 	−
bb → 	∗0

bcl
−ν̄l 4.57 × 10−15 5.56 × 10−3 0.45

�+
bc → �∗0

b l+νl 1.16 × 10−15 4.31 × 10−4 0.69 �+
bc → �∗++

c l−ν̄l 3.55 × 10−17 1.31 × 10−5 0.89

�0
bc → �∗−

b l+νl 2.29 × 10−15 3.24 × 10−4 0.69 �0
bc → �∗+

c l−ν̄l 1.77 × 10−17 2.51 × 10−6 0.89

	0
bc → �′∗−

b l+νl 7.38 × 10−16 2.47 × 10−4 0.81 	0
bc → �′∗+

c l−ν̄l 1.37 × 10−17 4.59 × 10−6 0.95

�+
bc → �′∗0

b l+νl 1.36 × 10−14 5.04 × 10−3 0.78 �+
bc → �∗++

cc l−ν̄l 1.06 × 10−14 3.92 × 10−3 1.46

�0
bc → �′∗−

b l+νl 1.30 × 10−14 1.84 × 10−3 0.79 �0
bc → �∗+

cc l
−ν̄l 1.06 × 10−14 1.49 × 10−3 1.46

	0
bc → 	∗−

b l+νl 1.50 × 10−14 5.03 × 10−3 1.00 	0
bc → 	∗+

cc l
−ν̄l 7.31 × 10−15 2.44 × 10−3 1.21

�′+
bc → �∗0

b l+νl 3.48 × 10−15 1.29 × 10−3 0.69 �′+
bc → �∗++

c l−ν̄l 1.06 × 10−16 3.94 × 10−5 0.89

�′0
bc → �∗−

b l+νl 6.87 × 10−15 9.71 × 10−4 0.69 �′0
bc → �∗+

c l−ν̄l 5.32 × 10−17 7.52 × 10−6 0.89

	′0
bc → �′∗−

b l+νl 2.21 × 10−15 7.40 × 10−4 0.81 	′0
bc → �′∗+

c l−ν̄l 4.12 × 10−17 1.38 × 10−5 0.95

�′+
bc → �′∗0

b l+νl 4.08 × 10−14 1.51 × 10−2 0.78 �′+
bc → �∗++

cc l−ν̄l 3.17 × 10−14 1.17 × 10−2 1.46

�′0
bc → �′∗−

b l+νl 3.90 × 10−14 5.51 × 10−3 0.79 �′0
bc → �∗+

cc l
−ν̄l 3.17 × 10−14 4.48 × 10−3 1.46

	′0
bc → 	∗−

b l+νl 4.51 × 10−14 1.51 × 10−2 1.00 	′0
bc → 	∗+

cc l
−ν̄l 2.19 × 10−14 7.33 × 10−3 1.21

• Since there exist uncertainties in the lifetimes of the par-
ent baryons, there may be some small fluctuations in the
results for branching ratios. From Table 17, we may find
that

B(�++
cc → �′+

c l+νl) = 5.57 × 10−2,

B(�++
cc → �+

c l
+νl) = 3.40 × 10−2, (118)

B(	+
cc → 	0

cl
+νl) = 7.67 × 10−2,

B(�+
bc → �′0

b l
+νl) = 2.50 × 10−2. (119)

These channels may be firstly examined at experimental
facilities like LHC or BelleII.

• Take the four processes �++
cc → �+

c l
+νl , �++

cc →
�∗+

c l+νl , �0
bb → �0

be
+e− and �0

bb → �′∗0
b e+e− as

examples. The uncertainties for the partial decay widths
caused by the model parameters and the single pole
assumption for c → d, s channels are listed as

�
(
�++

cc → �+
c l

+νl

)

= (7.97 ± 0.65 ± 1.28 ± 1.55 ± 1.65) × 10−15 GeV,

�
(
�++

cc → �∗+
c l+νl

)

= (1.43 ± 0.23 ± 0.29 ± 0.29 ± 0.16) × 10−15 GeV,

(120)

where these errors come from βi , β f , mdi and mpole

respectively;

�
(
�0

bb → �0
be

+e−)

= (1.62 ± 0.69 ± 0.96 ± 0.17) × 10−19 GeV,

�
(
�0

bb → �′∗0
b e+e−)

= (1.45 ± 0.19 ± 0.70 ± 0.43) × 10−19 GeV,

(121)

where these errors come from βi , β f , mdi, respectively.
Taking �++

cc → �+
c as an example, the error estimates

for the form factors can be found in Table 21.
It can be seen from Eqs. (120–121) and Table 21 that, the
uncertainties caused by these parameters may be sizable.

• The ratios �L/�T s have the following rule:

c → d : �L/�T

(
�++

cc → �+
c l

+νl

)

= �L/�T

(
�+

cc → �0
c l

+νl

)

= �L/�T

(
	+

cc → �′0
c l

+νl

)
, (122)

c → s : �L/�T

(
�++

cc → �′+
c l+νl

)

= �L/�T

(
�+

cc → �′0
c l

+νl

)

= �L/�T

(
	+

cc → 	0
cl

+νl

)
, (123)
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Fig. 11 The differential decay widths d�L/dq2 and d�T /dq2 for the processes Bbb → B∗
b(B∗

bc)l
−ν̄l dependence on q2. Blue solid line: d�L/dq2

defined with Eq. (88), red dashes line: d�T /dq2 defined with Eq. (89)

for these decay channels in Eq. (122) have the same decay
in quark level and the final single heavy baryons all in
the sextets which leads to the same overlapping factors in
the SU(3) symmetry. In other decay channels the similar
relations exist. For the transition 1/2 → 3/2, we have
the following relations:

�L/�T

(
B ′
bc → B∗

b l
+νl

)
= �L/�T

(
Bbc → B∗

b l
+νl

)
,

(124)

�L/�T

(
B ′
bc → B∗

c l
−ν̄l

)
= �L/�T

(
Bbc → B∗

c l
−ν̄l

)
,

(125)

�L/�T

(
B ′
bc → B∗

c l
+l−

)
= �L/�T

(
Bbc → B∗

c l
+l−

)
,

(126)

for these decay channels have the same decay in quark
level and the spin of final single heavy baryons are all 3/2,
only with the axial-vector diquark spectator which have
the same overlapping factors and form factors. As shown
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Table 19 The decay widths, branching ratios and �L/�T s for the transition 1/2 → 3/2 with FCNC

Channels �/ GeV B �L/�T Channels �/ GeV B �L/�T

�0
bb → �∗0

b e+e− 3.27 × 10−21 1.84 × 10−9 0.80 �0
bb → �′∗0

b e+e− 1.45 × 10−19 8.15 × 10−8 0.75

�−
bb → �∗−

b e+e− 6.52 × 10−21 3.67 × 10−9 0.80 �−
bb → �′∗−

b e+e− 1.43 × 10−19 8.05 × 10−8 0.74

	−
bb → �′∗−

b e+e− 3.06 × 10−21 3.72 × 10−9 0.81 	−
bb → 	∗−

b e+e− 2.71 × 10−19 3.30 × 10−7 0.74

�0
bb → �∗0

b μ+μ− 2.56 × 10−21 1.44 × 10−9 1.35 �0
bb → �′∗0

b μ+μ− 1.19 × 10−19 6.69 × 10−8 1.12

�−
bb → �∗−

b μ+μ− 5.11 × 10−21 2.87 × 10−9 1.35 �−
bb → �′∗−

b μ+μ− 1.17 × 10−19 6.58 × 10−8 1.12

	−
bb → �′∗−

b μ+μ− 2.40 × 10−21 2.92 × 10−9 1.36 	−
bb → 	∗−

b μ+μ− 2.22 × 10−19 2.70 × 10−7 1.12

�0
bb → �∗0

b τ+τ− 1.27 × 10−22 7.13 × 10−11 1.76 �0
bb → �′∗0

b τ+τ− 8.18 × 10−21 4.60 × 10−9 1.87

�−
bb → �∗−

b τ+τ− 2.52 × 10−22 1.42 × 10−10 1.76 �−
bb → �′∗−

b τ+τ− 7.96 × 10−21 4.48 × 10−9 1.88

	−
bb → �′∗−

b τ+τ− 1.14 × 10−22 1.39 × 10−10 1.75 	−
bb → 	∗−

b τ+τ− 1.45 × 10−20 1.76 × 10−8 1.85

�+
bc → �∗+

c e+e− 3.51 × 10−21 1.30 × 10−9 0.71 �+
bc → �′∗+

c e+e− 1.24 × 10−19 4.61 × 10−8 0.66

�0
bc → �∗0

c e+e− 7.02 × 10−21 9.92 × 10−10 0.71 �0
bc → �′∗0

c e+e− 1.24 × 10−19 1.76 × 10−8 0.66

	0
bc → �′∗0

c e+e− 2.77 × 10−21 9.26 × 10−10 0.75 	0
bc → 	∗0

c e+e− 2.07 × 10−19 6.92 × 10−8 0.68

�+
bc → �∗+

c μ+μ− 3.09 × 10−21 1.15 × 10−9 0.91 �+
bc → �′∗+

c μ+μ− 1.07 × 10−19 3.98 × 10−8 0.86

�0
bc → �∗0

c μ+μ− 6.18 × 10−21 8.74 × 10−10 0.91 �0
bc → �′∗0

c μ+μ− 1.07 × 10−19 1.52 × 10−8 0.86

	0
bc → �′∗0

c μ+μ− 2.41 × 10−21 8.07 × 10−10 0.98 	0
bc → 	∗0

c μ+μ− 1.77 × 10−19 5.91 × 10−8 0.92

�+
bc → �∗+

c τ+τ− 4.19 × 10−22 1.55 × 10−10 1.36 �+
bc → �′∗+

c τ+τ− 1.33 × 10−20 4.91 × 10−9 1.37

�0
bc → �∗0

c τ+τ− 8.38 × 10−22 1.18 × 10−10 1.36 �0
bc → �′∗0

c τ+τ− 1.33 × 10−20 1.87 × 10−9 1.37

	0
bc → �′∗0

c τ+τ− 2.55 × 10−22 8.53 × 10−11 1.37 	0
bc → 	∗0

c τ+τ− 1.72 × 10−20 5.77 × 10−9 1.37

�′+
bc → �∗+

c e+e− 1.05 × 10−20 3.90 × 10−9 0.71 �′+
bc → �′∗+

c e+e− 3.73 × 10−19 1.38 × 10−7 0.66

�′0
bc → �∗0

c e+e− 2.11 × 10−20 2.98 × 10−9 0.71 �′0
bc → �′∗0

c e+e− 3.73 × 10−19 5.27 × 10−8 0.66

	′0
bc → �′∗0

c e+e− 8.31 × 10−21 2.78 × 10−9 0.75 	′0
bc → 	∗0

c e+e− 6.21 × 10−19 2.08 × 10−7 0.68

�′+
bc → �∗+

c μ+μ− 9.27 × 10−21 3.44 × 10−9 0.91 �′+
bc → �′∗+

c μ+μ− 3.22 × 10−19 1.19 × 10−7 0.86

�′0
bc → �∗0

c μ+μ− 1.85 × 10−20 2.62 × 10−9 0.91 �′0
bc → �′∗0

c μ+μ− 3.22 × 10−19 4.55 × 10−8 0.86

	′0
bc → �′∗0

c μ+μ− 7.24 × 10−21 2.42 × 10−9 0.98 	′0
bc → 	∗0

c μ+μ− 5.31 × 10−19 1.77 × 10−7 0.92

�′+
bc → �∗+

c τ+τ− 1.26 × 10−21 4.66 × 10−10 1.36 �′+
bc → �′∗+

c τ+τ− 3.98 × 10−20 1.47 × 10−8 1.37

�′0
bc → �∗0

c τ+τ− 2.51 × 10−21 3.55 × 10−10 1.36 �′0
bc → �′∗0

c τ+τ− 3.98 × 10−20 5.62 × 10−9 1.37

	′0
bc → �′∗0

c τ+τ− 7.65 × 10−22 2.56 × 10−10 1.37 	′0
bc → 	∗0

c τ+τ− 5.17 × 10−20 1.73 × 10−8 1.37

in Figs. 9, 10, 11 and 12 and Tables 16, 17, 18 and 19,
these decay channels with same �L/�T have the similar
plots of the dependence of d�L/dq2 and d�T /dq2 on
q2.

• From Figs. 10 and 12 , it can be found that, at small
q2, there are some divergence of the d�L/dq2 and
d�T /dq2 for the cases Bbb → B(∗)

b e+e−/μ+μ− and

Bbb → B(∗)
bc l

−ν̄l , because 1/
√
q2 is included in their

helicity amplitudes shown with Eqs. (83), (92), (96),
(103), (105).

4.3 SU(3) symmetry for semileptonic decays

Recently, an analysis of weak decays of doubly heavy
baryons based on flavor symmetry is available in Refs.
[73,74]. In the SU(3) symmetry limit, there exist the a number
of relations among these semileptonic decay widths, which
we are going to examine in the following.

• For c → d, s processes, we have

�
(
�++

cc → �+
c l

+νl

)
= �

(
	+

cc → �0
cl

+νl

)
,

�
(
�++

cc → �+
c l

+νl

)
= �

(
�+

cc → �0
cl

+νl

)
,

�
(
�+

cc → �(∗)0
c l+νl

)
= 2�

(
�++

cc → �(∗)+
c l+νl

)

= 2�
(
	+

cc → �′(∗)0
c l+νl

)
,

�
(
	+

cc → 	(∗)0
c l+νl

)
= 2�

(
�++

cc → �′(∗)+
c l+νl

)

= 2�
(
�+

cc → �′(∗)0
c l+νl

)
,

�
(
�

(′)+
bc → �0

bl
+νl

)
= �

(
	

(′)0
bc → �−

b l
+νl

)
,

�
(
�

(′)+
bc → �0

bl
+νl

)
= 2�

(
�

(′)0
bc → �−

b l
+νl

)
,

2�
(
�

(′)+
bc → �

(∗)0
b l+νl

)
= �

(
�

(′)0
bc → �

(∗)−
b l+νl

)
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Fig. 12 The differential decay widths d�L/dq2 and d�T /dq2 for the processes Bbb → B∗
bl

+l− dependence on q2. Blue solid line: d�L/dq2

defined with Eq. (112), red dashes line: d�T /dq2 defined with Eq. (113)

= 2�
(
	

(′)0
bc → �

′(∗)−
b l+νl

)
,

2�
(
�

(′)+
bc → �

′(∗)0
b l+νl

)
= 2�

(
�

(′)0
bc → �

′(∗)−
b l+νl

)

= �
(
	

(′)0
bc → 	

(∗)−
b l+νl

)
.

• For b → u, c processes, we have

�
(
�−

bb → �0
bl

−ν̄l

)
= �

(
	−

bb → �0
bl

−ν̄l

)
,

�
(
�0

bb → �
(∗)+
bc l−ν̄l

)
= �

(
�−

bb → �
(∗)0
bc l−ν̄l

)

= �
(
	−

bb → 	
(∗)0
bc l−ν̄l

)
,

�
(
�0

bb → �
(∗)+
b l−ν̄l

)
= 2�

(
�−

bb → �
(∗)0
b l−ν̄l)

= 2�
(
	−

bb → �
′(∗)0
b l−ν̄l

)
,

�
(
�

(′)+
bc → �(∗)++

cc l−ν̄l

)
= �

(
�

(′)0
bc → �(∗)+

cc l−ν̄l

)

= �
(
	

(′)0
bc → 	(∗)+

cc l−ν̄l

)
,

�
(
�

(′)+
bc → �(∗)++

c l−ν̄l

)
= 2�

(
�

(′)0
bc → �(∗)+

c l−ν̄l

)

= 2�
(
	

(′)0
bc → �′(∗)+

c l−ν̄l

)
.

According to the flavor SU(3) symmetry, there exist the
following relations among these FCNC processes. These
relations can be readily derived using the overlapping fac-
tors given in Table 2.

• For b → d processes, we have

�
(
�0

bb → �0
bl

+l−
) = �

(
	−

bb → �−
b l

+l−
)
,

2�
(
�0

bb → �
(∗)0
b l+l−

) = �
(
�−

bb → �
(∗)−
b l+l−

)
= 2�

(
	−

bb → �
′(∗)0
b l+l−

)
,

�
(
�

(′)+
bc → �+

c l
+l−

) = �
(
	

(′)0
bc → �0

cl
+l−

)
,
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2�
(
�

(′)+
bc → �(∗)+

c l+l−
) = �

(
�

(′)0
bc → �(∗)0

c l+l−
)

= 2�
(
	

(′)0
bc → �′(∗)0

c l+l−
)
.

• For b → s processes, we have

�
(
�0

bb → �0
bl

+l−
) = �

(
�−

bb → �−
b l

+l−
)
,

2�
(
�0

bb → �
′(∗)0
b l+l−

) = 2�
(
�−

bb → �
′(∗)−
b l+l−

)
= �

(
	−

bb → 	
(∗)−
b l+l−

)
,

�
(
�

(′)+
bc → �+

c l
+l−

) = �
(
�

(′)0
bc → �0

cl
+l−

)
,

2�
(
�

(′)+
bc → �′(∗)+

c l+l−
) = 2�

(
�

(′)0
bc → �′(∗)0

c l+l−
)

= �
(
	

(′)0
bc → 	(∗)0

c l+l−
)
.

Comparing the above equations predicted by SU(3) symme-
try with the corresponding results in this work, we have the
following remarks:

• most of our numerical results are respected very well with
the SU(3) symmetry relations, except for the following
ones

�
(
�++

cc → �+
c l

+νl
) = �

(
	+

cc → �0
cl

+νl
)
,

�
(
�+

bc → �0
bl

+νl
) = �

(
	0

bc → �−
b l

+νl
)
,

�
(
�+

bc → �
(∗)0
b l+νl

) = �
(
	0

bc → �
′(∗)−
b l+νl

)
,

�
(
�+

bc → �
′(∗)0
b l+νl

) = 1

2
�
(
	0

bc → 	
(∗)−
b l+νl

)
,

�
(
�0

bc → �(∗)+
c l−ν̄l

) = �
(
	0

bc → �′(∗)+
c l−ν̄l

)
. (127)

These five relations are broken considerably: larger
than 20% but still less than 50% using the definition
of (Max[�LHS, �RHS]−Min[�LHS, �RHS])/Max[�LHS,

�RHS]. Since the mass difference between the u and d
quark has been neglected in this work, the isospin sym-
metry is well respected. But since the strange quark is
much heavier, the SU(3) relations for the channels involv-
ing u, d quark and s quark can be significantly broken.
All relations given in Eq. (127) are of this type.

• The first four relations in Eq. (127) involve the c quark
decay but the last one involves the b quark decay. It indi-
cates that the c quark decay modes tend to break SU(3)
symmetry easily. This can be understood since the phase
space of the c quark decay is smaller, and thus the decay
amplitude is more sensitive to the mass of the initial and
final baryons.

• SU(3) symmetry breaking is larger for the Qs diquark
involved case than that for the Qu/Qd diquark involved
case with Q = b, c. SU(3) symmetry breaking is larger
for the cq diquark involved case than that for the bq
diquark involved case with q = u, d, s.
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Table 21 Error estimates for the form factors, taking �++
cc → �+

c as an example. The first number is the central value, and following 3 errors
come from βi = β�++

cc
, β f = β�+

c
and mdi = m(cu), respectively. These parameters are all varied by 10%

F F(0) F F(0)

f
�++
cc →�+

c
1,S 0.495 ± 0.020 ± 0.034 ± 0.042 f

�++
cc →�+

c
1,A 0.489 ± 0.019 ± 0.034 ± 0.042

f
�++
cc →�+

c
2,S −0.621 ± 0.119 ± 0.065 ± 0.227 f

�++
cc →�+

c
2,A 0.290 ± 0.074 ± 0.080 ± 0.199

f
�++
cc →�+

c
3,S 0.832 ± 0.130 ± 0.165 ± 0.202 f

�++
cc →�+

c
3,A 0.648 ± 0.122 ± 0.170 ± 0.194

g
�++
cc →�+

c
1,S 0.332 ± 0.020 ± 0.004 ± 0.086 g

�++
cc →�+

c
1,A −0.111 ± 0.007 ± 0.001 ± 0.003

g
�++
cc →�+

c
2,S 1.004 ± 0.059 ± 0.199 ± 0.170 g

�++
cc →�+

c
2,A −0.325 ± 0.021 ± 0.065 ± 0.058

g
�++
cc →�+

c
3,S −2.957 ± 0.973 ± 0.804 ± 0.731 g

�++
cc →�+

c
3,A 0.943 ± 0.330 ± 0.264 ± 0.247

• SU(3) symmetry breaking is smaller for l = e/μ cases
than that for l = τ case. This can be attributed to the
much smaller phase space for l = τ case. Smaller phase
space is more sensitive to the variation of the masses of
baryons in the initial and final states.

5 Conclusion

In this paper, we have presented a systematic investigation of
transition form factors of doubly heavy baryon decays in the
light front approach. Our main results for the form factors
with the q2 distributions are collected in Tables 5, 6, 7, 8,
9, 10, 11, 12, 13, 14, 15 and 16. The present analysis is the
sequel and update of the previous works on weak decays of
doubly heavy baryons, Refs. [8,13,22]. It improves upon the
previous work by

• adding predictions for the FCNC processes with the spin-
1/2 to spin-3/2 transition;

• using a new extraction of the Lorentz structure for the
form factors;

• updating the wave function for spin-1/2 baryons states
with an axial-vector diquark ;

• updating the wave function for spin-3/2 baryons states;
• presenting a new derivation of the overlapping factors

using flavor SU(3) symmetry approach;
• presenting the momentum distribution of form factors.

Using these form factors, we have also preformed the calcu-
lation of phenomenological observables of these correspond-
ing semileptonic weak decays of doubly heavy baryons with
the results shown in Tables 16, 17, 18 and 19. The flavor
SU(3) symmetry and sources of symmetry breaking are also
discussed in great details. We find that,

• most branching ratios for spin-1/2 to spin-1/2 with c →
d, s processes are at the order 10−3−10−2, which might
be examined at experimental facilities at LHC or Belle-II;

• the different extraction approaches could give sizable dif-
ferences to form factors;

• the uncertainties of form factors and decay widths caused
by model parameters are sizable;

• the ratios �L/�T s have the rules shown in Eqs. (122)–
(126), for these decay channels have the same decay in
quark level and the same overlapping factors and form
factors;

• most of our results are comparable to the theoretical
results in Refs. [8,13,22];

• since the mass difference between the u and d quark has
been neglected and the strange quark is much heavier,
the SU(3) relations shown in Eq. (127) for the channels
involving u, d quark and s quark can be broken;

• the SU(3) symmetry breaking is sizable in the charmed
baryon decays, while for the bottomed case the SU(3)
symmetry breaking is small.

This work completes the study of form factors in the tradi-
tional LFQM with the quark-diquark constituent viewpoint.
We hope our phenomenology predictions for these semi-
leptonic decays could be tested by LHCb and other experi-
ments in the future.
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Appendix A: Wave functions in initial and final states

A1. Wave functions in the standard flavor-spin basis

The wave functions in the flavor space can also be found in
Ref. [75]. The wave functions of the doubly heavy baryons
in the standard flavor-spin basis are given as follows.

For BQQq (�++,+
cc , 	+

cc, �
0,−
bb and 	−

bb), their flavor-spin
functions are given as

∣∣∣BQQq ,↑
〉
= (QQq)

(
1√
6
(↑↓↑ + ↓↑↑ −2 ↑↑↓)

)
,

(A1)

with q = u, d, s and Q = c, b.
For the baryons with two different heavy quarks BQ1Q2q

( �
+,0
bc and 	0

bc), their flavor-spin functions can be given as

∣∣∣BQ1Q2q ,↑
〉
=
( 1√

2
(Q1Q2 + Q2Q1)q

)

×
(

1√
6
(↑↓↑ + ↓↑↑ −2 ↑↑↓)

)
, (A2)

where the two different heavy quarks are symmetry. While for
the two different heavy quarks in baryons are anti-symmetry,
the flavor-spin functions of these baryons B′

Q1Q2q
(�′+

bc , �′0
bc

and 	′0
bc) are

∣∣∣BQ1Q2q ,↑
〉
=
( 1√

2
(Q1Q2 − Q2Q1)q

)

×
(

1√
2
(↑↓↑ − ↓↑↑)

)
, (A3)

where q = u, d, s, Q1 = b and Q2 = c.
are given with the following functions.
The flavor-spin wave functions of B6

Qqq (�++,0
c , 	0

c ,

�
+,−
b and 	−

b ) are

|B6
Qqq ,↑〉 = (qqQ)

(
1√
6
(↑↓↑ + ↓↑↑ −2 ↑↑↓)

)
, (A4)

where q = u, d, s and Q = c, b.
When the two light quarks in the baryons B6

Qq1q2
(�+

c ,

�
′+,′0
c , �0

b and �
′0,′−
b ) are different and symmetry, their

flavor-spin wave functions are

∣∣∣B6
Qq1q2

,↑
〉
=
(

1√
2
(q1q2 + q2q1)Q

)

×
(

1√
6
(↑↓↑ + ↓↑↑ −2 ↑↑↓)

)
, (A5)

with (q1, q2) = (u, d), (u, s), (d, s) and Q = c, b. While for
the two different light quarks in baryons are anti-symmetry,
the flavor-spin functions of these baryons B3̄

Qq1q2
(�+

c , �+,0
c ,

�0
b and �

0,−
b ) are

∣∣∣B3̄
Qq1q2

,↑
〉
=
(

1√
2
(q1q2 − q2q1)Q

)

×
(

1√
2
(↑↓↑ − ↓↑↑)

)
, (A6)

with (q1, q2) = (u, d), (u, s), (d, s) and Q = c, b.

A2. Wave functions in the diquark basis

As we know, the coupling of the two angular momenta j1 = 1
and j2 = 1

2 is

∣∣∣∣J = 1

2
, M = 1

2

〉
=
√

2

3

∣∣∣∣m1 = 1,m2 = −1

2

〉

−
√

1

3

∣∣∣∣m1 = 0,m2 = 1

2

〉
. (A7)

Then the baryon state with an axial-vector diquark could be
defined as follows,

|q1(q2q3)A,↑〉 ≡
√

2

3
q1 ↓ (q2q3)11

−
√

1

3
q1 ↑ (q2q3)10, (A8)

with (q2q3)11 = (q2q3)(↑↑) and (q2q3)10 = (q2q3)(
1√
2
(↑↓ + ↓↑)

)
. For the baryon state with a scalar diquark,

we have the following definition

|q1(q2q3)S,↑〉 ≡ q1 ↑ (q2q3)S, (A9)

with (q2q3)S = (q2q3)00 = (q2q3)
(

1√
2
(↑↓ − ↓↑)

)
.

Using the above definitions, the following two equations
can be proved

q1q2q3

(
1√
2
(↑↓↑ − ↓↑↑)

)

= −1

2
|q1(q2q3)S,↑〉 −

√
3

2
|q1(q2q3)A,↑〉, (A10)

q1q2q3

(
1√
6
(↑↓↑ + ↓↑↑ −2 ↑↑↓)

)

= −
√

3

2
|q1(q2q3)S,↑〉 + 1

2
|q1(q2q3)A,↑〉. (A11)
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Then in the diquark basis, the flavor-spin wave functions of
the initial and final baryon states can be derived with the help
of above expressions and are shown in Sect. 2.2.

Appendix B: Helicity amplitude

The helicity amplitude of the decays in this work are derived
from the effective Hamilton of semi-leptonic decays. Here
we take the process c → sl+νl as an example to derive
the helicity amplitude. Firstly, the effective Hamilton of the
process c → sl+νl is

He f f (c → sl+νl) = GF√
2
V ∗
cs

[s̄γ μ(1 − γ5)c][ν̄lγμ(1 − γ5)l]. (B1)

Secondly, the amplitude of the decay �++
cc → �+

c l
+νl can

be written as

iM(2π)4δ4(P − P ′ − q)

= −i
∫

d4x〈�+
c l

+νl |He f f |�++
cc 〉

= −i
∫

d4x
GF√

2
V ∗
cs〈�+

c |s̄γ μ(1 − γ5)c|�++
cc 〉

×〈l+νl |ν̄lγμ(1 − γ5)l|0〉
= −i

∫
d4x

GF√
2
V ∗
cs〈�+

c |s̄γ μ(1 − γ5)c|�++
cc 〉gμν

×〈l+νl |ν̄lγ ν(1 − γ5)l|0〉
= −i

∫
d4x

GF√
2
V ∗
cs

[
〈�+

c |s̄γ μ(1 − γ5)c|�++
cc 〉ε∗

Wμ(t)

×〈l+νl |ν̄lγ ν(1 − γ5)l|0〉εWν(t)

−
∑

λW=0,±
〈�+

c |s̄γ μ(1 − γ5)c|�++
cc 〉ε∗

W,μ(λW )

×〈l+νl |ν̄lγ ν(1 − γ5)l|0〉εW,ν(λW )
]
. (B2)

Here W can be regarded as a virtual propagation, and we use
gμν = ε∗

μ(t)εν(t) −∑
λ ε∗

μ(λ)εν(λ) in deriving the last line
the above equations.

Then the the hadronic helicity amplitude can be defined
as

〈�+
c (P ′, λ′)|s̄γ μ(1 − γ5)c|�++

cc (P, λ)〉ε∗
W,μ(λW )

= 〈�+
c (P ′, λ′)|s̄γ μc|�++

cc (P, λ)〉ε∗
W,μ(λW )

−〈�+
c (P ′, λ′)|s̄γ μγ5c|�++

cc (P, λ)〉ε∗
W,μ(λW )

= HV
λ′,λW − H A

λ′,λW . (B3)

While the leptonic part amplitude can be calculated by the
follow equation,

〈l+νl |ν̄lγ ν(1 − γ5)l|0〉εW,ν(λW ) = ν̄l/εW (λW )(1 − γ5)l.

(B4)

In this work, the dynamics involved in the the hadronic ampli-
tude are all in the rest frame of the initial states Bi ,

Bi : Pμ = (M, 0, 0, 0), B f : P ′μ = (E ′, 0, 0,−| 
P ′|),
W : qμ = (EW , 0, 0, | 
P ′|),

ε
μ
W (±1) = 1√

2
(0,∓1,−i, 0), ε

μ
W (0) = 1√

q2
(| 
P ′|, 0, 0, EW ),

ε
μ
W (t) = 1√

q2
(EW , 0, 0, | 
P ′|).

While the dynamics involved in the the leptonic part are all
in the rest frame of the virtual vector particle W . The spinor
expressions involved in this work are given as follows:

u

(
P, λ = 1

2

)
= √

E + M

(
φ1

| 
p|
E+M φ1

)
,

φ1 =
(

cos θ
2 e

−i φ
2

ei
φ
2 sin θ

2

)
,

u

(
P, λ = −1

2

)
= √

E + M

(
φ2

− | 
p|
E+M φ2

)
,

φ2 =
(

− sin θ
2 e

−i φ
2

cos θ
2 e

i φ
2

)
,

here λ denotes the helicity of the spinor and (θ ,φ) are the
direction of the momentum of the initial and final particles. In
this work, we take the direction of the momentum of virtual
vector particle W as positive with (θ, φ) = (0, 0) and the
direction of the momentum of the final baryons as negative
direction with (θ, φ) = (π, π), which are shown in Fig. 8.

The spinor expressions of anti-particles in the leptonic part
are

ν

(
p, λ = 1

2

)
= √

E + M

( | 
p|
E+M φ2

−φ2

)
,

ν

(
p, λ = −1

2

)
= √

E + M

( | 
p|
E+M φ1

φ1

)

In this work, the direction of the momentum of l+ is (θl , φl),
and the direction of the momentum of ν is (π − θl , φl + π).

The hadronic helicity amplitude of the transition BQQ′
(P, S = 1/2) → B∗

Q′(P ′, S′ = 3/2) can be get in a similar
way with BQQ′(P, S = 1/2) → B∗

Q′(P ′, S′ = 1/2) shown
by Eqs. (B2) and (B3). But the spinor for the final baryon
B∗
Q′(P ′, S′ = 3/2) is a vectorial spinor uα(P ′, S′ = 3/2)

which is the coupling of one spinor u(P ′, s1 = 1/2) and
a polarization vector ε(P ′, s2 = 1) and the detail coupling
formula are given as follows,

uα(P ′, S′ = 3/2, λ = ±3/2)

= u(P ′, λ1 = ±1/2)εα(P ′, λ2 = ±1),

uα(P ′, S′ = 3/2, λ = ±1/2)
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= 1√
3
u(P ′, λ1 = ∓1/2)εα(P ′, λ2 = ±1)

+
√

2

3
u(P ′, λ1 = ±1/2)εα(P ′, λ2 = 0),

with

εα(P ′, λ2 = ±1) = 1√
2
(0,±1,−i, 0),

εα(P ′, λ2 = 0) = 1

M ′ (| 
P ′|, 0, 0, E ′), (B5)

u(P ′, λ1 = +1/2) = √
E ′ + M ′

⎛
⎜⎜⎜⎝

0
i
0

i | 
P ′|
E ′+M ′

⎞
⎟⎟⎟⎠ ,

and u

(

p, λ = −1

2

)
= √

E ′ + M ′

⎛
⎜⎜⎜⎝

i
0

−i | 
P ′|
E ′+M ′
0

⎞
⎟⎟⎟⎠ . (B6)

Appendix C: Overlapping factors in flavor SU(3) symme-
try

The overlapping factors can also be calculated using the fla-
vor SU(3) symmetry. The doubly heavy baryons triplets are
given as

[Bcc]i = (
�++

cc �+
cc 	+

cc

)
, [B(′)

bc ]i =
(
�

(′)+
bc �

(′)0
bc 	

(′)0
bc

)
,

[Bbb]i = (
�0

bb �−
bb 	−

bb

)
, (C1)

and the singly heavy baryons anti-triplets are

[Bc][i j]3̄
=
⎛
⎜⎝

0 �+
c �+

c

−�+
c 0 �0

c

−�+
c −�0

c 0

⎞
⎟⎠ ,

[Bb][i j]3̄
=
⎛
⎜⎝

0 �0
b �0

b

−�0
b 0 �−

b

−�0
b −�−

b 0

⎞
⎟⎠ , (C2)

the singly heavy baryons sextets are

[Bc]{i j}6 =

⎛
⎜⎜⎜⎝

�++
c

1√
2
�+

c
1√
2
�′+

c

1√
2
�+

c �0
c

1√
2
�′0

c

1√
2
�′+

c
1√
2
�′0

c 	0
c

⎞
⎟⎟⎟⎠ ,

[Bb]{i j}6 =

⎛
⎜⎜⎜⎝

�+
b

1√
2
�0

b
1√
2
�′0

b

1√
2
�0

b �−
b

1√
2
�′−

b

1√
2
�′0

b
1√
2
�′−

b 	−
b

⎞
⎟⎟⎟⎠ . (C3)

ForBcc → Bc transitions with c → u, d, s, the SU(3) ampli-
tude could be written as:

CS = [Bcc]i [Bc][i j]3̄
O1

j + [Bcc]i [Bc]{i j}6 O2
j , j = u, d, s,

with O1
u,d,s =

⎛
⎝

√
6

4
0
0

⎞
⎠ ,

⎛
⎝

0√
6

4
0

⎞
⎠ ,

⎛
⎝

0
0√

6
4

⎞
⎠ ,

and O2
u,d,s =

⎛
⎝− 3

2
0
0

⎞
⎠ ,

⎛
⎝ 0

− 3
2

0

⎞
⎠ ,

⎛
⎝ 0

0
− 3

2

⎞
⎠ , (C4)

CA = [Bcc]i [Bc][i j]3̄
O1

j + [Bcc]i [Bc]{i j}6 O2
j , j = u, d, s,

with O1
u,d,s =

⎛
⎝

√
6

4
0
0

⎞
⎠ ,

⎛
⎝

0√
6

4
0

⎞
⎠ ,

⎛
⎝

0
0√

6
4

⎞
⎠ ,
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For Bbc → Bb transitions with c → u, d, s, it is:

CS = [Bbc]i [Bb][i j]3̄
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CA = [Bbc]i [Bb][i j]3̄
O1

j + [Bbc]i [Bb]{i j}6 O2
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For B′
bc → Bb transitions with c → u, d, s, the amplitude is

CS = [B′
bc]i [Bb][i j]3̄

O1
j + [B′

bc]i [Bb]{i j}6 O2
j , j = u, d, s,
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CA = [B′
bc]i [Bb][i j]3̄

O1
j + [B′

bc]i [Bb]{i j}6 O2
j , j = u, d, s,

with
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For Bbb → Bb transitions with b → u, d, s, it is

CS = [Bbb]i [Bb][i j]3̄
O1

j + [Bbb]i [Bb]{i j}6 O2
j , j = u, d, s,

with O1
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CA = [Bbb]i [Bb][i j]3̄
O1

j + [Bbb]i [Bb]{i j}6 O2
j , j = u, d, s,

with
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The Bbc → Bc transitions with b → u, d, s have the results

CS = [Bbc]i [Bc][i j]3̄
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CA = [Bbc]i [Bc][i j]3̄
O1

j + [Bbc]i [Bc]{i j}6 O2
j , j = u, d, s,

with O1
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For B′
bc → Bc transitions with b → u, d, s, the amplitude

is:

CS = [B′
bc]i [Bc][i j]3̄
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bc]i [Bc]{i j}6 O2
j , j = u, d, s,

with O1
u,d,s =

⎛
⎝

1
4
0
0

⎞
⎠ ,

⎛
⎝0

1
4
0

⎞
⎠ ,

⎛
⎝0

0
1
4

⎞
⎠ , and

O2
u,d,s =

⎛
⎝−

√
6

4
0
0

⎞
⎠ ,

⎛
⎝

0

−
√

6
4

0

⎞
⎠ ,

⎛
⎝

0
0

−
√

6
4

⎞
⎠ ,

(C14)

CA = [B′
bc]i [Bc][i j]3̄
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