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Abstract In this work we present the Karmarkar condition
in terms of the structure scalars obtained from the orthogonal
decomposition of the Riemann tensor. This new expression
becomes an algebraic relation among the physical variables,
and not a differential equation between the metric coeffi-
cients. By using the Karmarkar scalar condition we imple-
ment a method to obtain all possible embedding class I static
spherical solutions, provided the energy density profile is
given. We also analyse the dynamic adiabatic case and show
the incompatibility of the Karmarkar condition with several
commonly assumed simplifications to the study of gravita-
tional collapse. Finally, we consider the dissipative dynamic
Karmarkar collapse and find a new solution family.

1 Introduction

General Relativity is living unprecedented times, witnessing
the transformation of exotic objects — such as black holes
— and feeble phenomena — like gravitational waves — from
mathematical curiosities to observable physical entities.
There are many notable attempts to explore the properties
of physically viable solutions (numeric & analytic) describ-
ing either static, stationary, or collapsing relativistic compact
objects. All known exact solutions have been obtained by
imposing some restrictions, such as symmetry conditions on
the metric, the algebraic structure of the Riemann tensor, new
coupled field equations, meaningful equations of state for the
matter variables, or selecting particular initial and boundary
conditions, to mention the most common strategies.
Einstein’s covariant mathematical description of gravi-
tation contrasts with solution obtained which are strongly
dependent on the coordinate basis. It is not always easy
to understand the qualitative features that these coordinate-
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prone solutions might possess, and the analysis of their gen-
eral properties could reveal unforeseen features of the theory.
Thus it is useful to study the general properties through a
coordinate independent formalism.

We have recently implemented a tetrad formalism by an
orthogonal splitting of the Riemann tensor. We introduced
a full set of equations equivalent to the Einstein system and
applied it to the spherical case, showing that it is possible to
obtain relevant information from self-gravitating systems [1,
2]. This formalism provides coordinate-free results expressed
in terms of structure scalars closely related to the kinematical
and physical properties of the fluid.

In this short paper, we shall explore the consequences of
imposing the well-known Karmarkar condition [3], which
implies that a curved four-dimensional metric can be embed-
ded into a five-dimensional pseudo-Euclidean space-time.
The Karmarkar condition provides a geometric relation
between the metric functions and their derivatives; thus, one
can choose one of the metric functions and generate the other.
In the case of an isotropic static fluid sphere — Pascalian
matter distribution — the Karmarkar condition leads to either
a Schwarzschild — homogeneous conformally-flat bounded
solution — or a Kohler—Chao solution — a non-conformally
flat unbounded solution [4]. However, for static anisotropic
matter configurations, it provides a geometrical mechanism
for implementing equations of state relating the radial and
the tangential pressures.

As pointed out by Ivanov [5], the Karmarkar initial embed-
ding motivation changes into a geometical method that gener-
ates matter configurations that may represent compact astro-
physical objects. As shown in Fig. 1 Karmarkar’s condition
has experimented a recent boom, with more than 70 publi-
cations in the last 3 years, most of them devoted in describ-
ing anisotropic compact objects. There are many interesting
models of possible compact objects, depending on the vari-
ety of the metric function selected as input: rational func-
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Fig. 1 A search in the astrophysics data system (https://ui.adsabs.
harvard.edu/) for “Karmarkar Condition” OR “embedding class one”
OR “embedding class 1” from 1948 to 2019 gives 131 publications
(left plate). Most of them are recent and devoted to describing compact

tions [6—12], polynomials [13—17], trigonometric [18-21]
and hyperbolic functions [22-24]. Recently, there have been
some explorations of the consequences of the Karmarkar con-
ditions on stellar structure models in modified theories of
gravity [25,26].

In the next section, we briefly describe the scalar for-
malism we use. Following, in Sect. 3, we study the static
and dynamic (adiabatic and dissipative scenarios) Karmarkar
solutions. For the static case, we implement an algorithm to
generate any Karmarkar spherical static anisotropic solution
given the energy density profile. Regarding the dynamic adi-
abatic assumption, we show how restrictive the Karmarkar
condition may be, and for the corresponding dissipative envi-
ronment, we found a new family of dynamical radiating Kar-
markar line-elements. Finally, our last section wraps-up some
remarks and conclusions.

2 The structure scalar strategy and the general
formalism

As we mentioned above, the strategy we shall follow is to
formulate two independent sets of equations, — expressed in
terms of scalar functions, which contain the same information
as the Einstein system.

Let us choose an orthogonal unitary tetrad:

ef) = Vu, ¢ = Ko, e = Lo and el = So. (1)

As usual, niypy = ga,ge‘(”a)efb), witha =0, 1, 2, 3, 1i.e.
latin indices label different vectors of the tetrad. Thus, the
tetrad satisfies the standard relations:

VoV = =Ko K% = =Ly L* = —5,8% = —1,
VaK® = Vo L* = V8% = Ko L* = Ko S% = So L% = 0.
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With the above tetrad (1) we shall also define the correspond-
ing directional derivative operators

f. — Vaaafy

The first set can be considered purely geometrical and
emerges from the projection of the Riemann tensor along the
tetrad [27], i.e.

fT=K%,f and f*=L%,f (2)

2Weripiy) = Roapy V®,  2Kaiipy) = Rsapy K°,
2Laiipiy) = RoapyL® and 2Suip.y1 = Roapy S°;  (3)
where e((xa_) are the second covariant derivatives of each
tetrad (6) vector indicated witha = 0, 1, 2, 3.

The second set emerges from the Bianchi identities:

Ropiys;ul = Rapys:p + Rapuy;s + Rapsu:y = 0. “
2.1 The tetrad, the source and the kinematical variables

To proceed with the above objective we shall restrict to a
spherically symmetric line element given by

ds? = —A(r, 1)*dt* + B(r, 1)*dr?

+R(r, 1)*(d6? + sin®(0)d¢?), 5)
where the coordinates are: x0 =7, x! = r, x2 = 6.
In this case the tetrad is:
Vo =(—=A,0,0,0), K, = (0, B,0,0),
LOl = (07 09 Rs 0) k] S = (09 01 07 R Sln(e))v (6)

and their covariant derivatives can be written as:

Vup = —a1 Ko Vg +01KoKg + 02 (Lo Lg + SoSp),

Ky.p = —a1Vo Vg +01VoKpg + J1(LoLg + SoSp),

Ly.g =02VuLg — J1KoyLg + J284Sp and

Sa:p = 02VaSg — J1KaSg — J2LaSp. 0
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Where: Ji, J», 01, 02 and a; are expressed in terms of the
metric functions and their derivatives as:

1 R 1 1 B

Ji =3 JZ_ECOt(Q), oL=Zg

(72:15 and a =li/, (8)
AR B A

with primes and dots representing respectively, radial and
time derivatives.

As we mentioned before we shall take as our source a
bounded, spherically symmetric, locally anisotropic, dissipa-
tive, collapsing matter configuration, described by a general
energy momentum tensor, written in the “canonical” form,
as:

Top = (0 + P)Vo Vg + Pgop + g + Fo Vg + FgVy. (9)

It is immediately seen that the physical variables can be
defined — in the Eckart frame where fluid elements are at rest
—as:

p=TuVOVP, Foy=—pVy—TupVP,

1
P= 5h“‘ﬁTO[ﬁ and Tlap = hlyhy (Tuw — Phyy),  (10)
with i1, = guv + Vi V.
As can be seen from the condition F#V,, = 0, and the
symmetry of the problem, Einstein’s equations imply Tp3 =
0, thus:

f
& Fu= (0, 50 0). (11)

Fu=FK,
Clearly p is the energy density (the eigenvalue of T,g for
eigenvector V), F, represents the energy flux four vec-
tor; P corresponds to the isotropic pressure, and IT,g is the
anisotropic tensor, which can be expressed as

h
Mo = M (Kalqg - %) : (12)
with
I = 2K“KP + LYLP) Typ. (13)

Finally, we shall express the kinematical variables (the four-
acceleration, the expansion scalar and the shear tensor) for a
self-gravitating fluid as:

A/
aq = VPVyp = akK, = <0, =0 0) , (14)
o_ye_ L (B, 2R (15)
- A\B R)’
1 (B R
o=—(2-2). (16)
A\B R

2.2 The splitting of the Riemann tensor and structure
scalars

In this section we shall introduce a set of scalar functions —
the structure scalars — obtained from the orthogonal splitting
of the Riemann tensor (see [28—30]) which has proven to be
very useful in expressing the Einstein Equations.

Following [28], we can express the splitting of the Rie-
mann tensor as:

Rapuv = 2V VieYp1v + 2hapy Xy p + 2V VigYar
+hﬂv(X0 hau - Xutu) + hﬁu(xav — Xo hav)
2w Z) jeapy +2Vig 27y vy (17)

with 40y = Nguvy V¥, and 0,0y the Levi-Civita 4-tensor.

The corresponding Ricci contraction for the above Riemann

tensor can also be written as:

Rop = Yo VoV — Xap — Yau + Xo hayp

+2"% 6,08V + Vi Z e q0p; (18)

where the quantities: Y, Xopg and Zypg can be expressed as

Yop = %Yo hag + Y1 [KaKﬁ — %haﬁ:| ,
Xup = %Xo hag + X1 [KO,Kﬁ — %haﬂ} and (19)
Zup =Z (LoaSp — LpSa), (20)
with

Yo=4n(p+3P), Y1 =& —4nlly,
Xo=8np, X1 =—(+4nl) and Z =4nF, (21)

and the electric part of the Weyl tensor is written as

1
Eup = CorpsV"V? = & [KO,Kﬁ — ghaﬂ]. (22)

2.3 Projections of Riemann tensor

From the above system (3), by using the covariant derivative
of equations (7) and the projections of the orthogonal splitting
of the Riemann tensor, we obtain the first set of independent
equations, for the spherical case, in terms of Ji, Jo, o1, 02,
and a1, (defined in (8)) and their directional derivatives, i.e.

° T 2 2 1
1
o3 +05 —ai)y = §(Y1 — Yo), (24)
o3 + Ji(o2 —01) = —Z, (25)
]1. + Jiop —ajon = —Z, (26)
1
A 3 (X1 = Xo), 27)
J3 + oo =0, (28)
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J2T + 5, Jh=0 and (29)
1 1
‘]12_@—0‘22:—5()(0—}-2)(1). (30)

2.4 Equations from Bianchi identities

The second set of equations for the spherical case, emerge
from the independent Bianchi identities (4), and can be writ-
ten as:

a[-Xo+ X1 —Yo+111+34Y1 +32°
+6Zoy +3Zoy — Y] + Y] =0,
Xy— X7 —6a1Z=3N1Z+[Yo—Y1 —Xiloi
+[Yo +2Y1 — X1l02 + Xolo1 + 021 =327 =0, (32)
X5 +2X7 +2Xp02 — 612
+[4X1 +2Yy — 2Y1]op =0, and
X) 4 2X] +6J1X) +6Zo = 0.

3D

(33)
(34)

3 Karmarkar condition

As it is well-known, a four-dimensional curved space-time
can be embedded in a five-dimensional pseudo-Euclidean
space whenever it satisfies the Karmarkar condition which
can be stated as [3]:

Ro303R1212 — Ro101 R2323 — Ro313R0212 = 0, (35)

and provides a geometrical mechanism to implement equa-
tions of state relating the radial and the tangential pressures.

3.1 Differential Karmarkar conditions

When considering a line element (5), Karmarkar’s condition
(35) leads to

[B2(R* + A*)AA” — (R)? A% + (R)?A? — B*(R* + A*)| BB
+[RB*A — RB*A + R'A'A*] AR"
+B?A%(R')> — 2BR'A+2RBA)ABR’
+(R'B'A> + RB*B)BR + (AB — BA)AB(R')?
+RAB(A'B — AB)R' — (B'AA’ — B(A)*)R?

+A(B'A’A% — B2BA)B =0, (36)

as shown inreference [31], for the particular case of A(r, t) =
A(r), B(r,t) = B(r)f(t) and R(r,t) = rB(r)f(1).
If we examine a much simpler metric like
ds? = —e""0ds? + *0dr? + r2(d6? + sin?(9)de?) .
(37)

@ Springer

the Karmarkar condition (35) can be written as
2v"e" — ((v/)2 + 21)”) eVM — e’ (A =)
—(*=2) A%+ i (et —1) =20 (ef —1) =0. (38)

Which, in the static case, leads to the differential equation

2v// + , )\‘/e)x
VvV =

) 39
v/ e — 1 (39)

the most common expression for the Karmarkar condition
examined in the literature (see references [6] through [24]).

If we provide a particular A-function — listed in Table 1 —
we can obtain the other metric coefficient v and then inves-
tigate the type of material described by this line-element.
Thus, again, the Karmarkar condition implements a geomet-
rical method to generate anisotropic equations of state, and
has boomed a profusion of possible realistic models for com-
pact objects. Unfortunately, (35), the models generated are
coordinate dependent, and the general properties obtained
are heavily conditioned from this fact.

3.2 Scalar Karmarkar conditions

This coordinate dependence can be overcome in the tetrad
framework by projecting the Riemman tensor as

Rupuv VOV SPS'R, 55, KV K LOLP
—Ropuv VOV KPKVR, 55, LY L° S°SP
— R VK SPS" Ry 55, VY LK LP =0 (40)
and, from Eq. (21) assuming spherical symmetry, it can be
reduced to a simple algebraic scalar relation among several
physical variables:

YoX1 4+ (Xo + XY, = —327°. (41)
Notice that this scalar relation among the physical vari-
ables defined in Eq. (21), despite its simplicity, is valid for
any dynamic and dissipative spherical matter distribution
described by (5). In the next sections we shall use (41) to
study, both the static and dynamic (adiabatic and dissipative)
cases.

3.3 The static case

Employing the above-sketeched scalar formalism and assum-
ing the condition (41), we shall find the most general static,
spherically symmetric anisotropic Karmarkar solution.

For the line element (5) we can assume, without any loss
of generality, R = r and integrate (24) to obtain:

A = Cpel B o—viydr, 42)
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where C is a constant of integration. Next, from equation
(26) it follows at once that:

1
B2 = (43)
1— —(Xo +2X))

Clearly, these metric elements (42) and (43) —expressed in
terms of the structure scalars X and Yy — Y|—, describe any
static anisotropic matter distribution [32].

The equivalent Einstein system of Egs. (23)—-(34) can be
written, for the static case, as:

a = 5 (o~ ¥, (44)
., 21

J+Ii = §(X1 — Xo), 45)
, 1 1

P = o5 =—3(Xo+2X), (46)

al[—Xo+ X1 — Yo+ Y11+ 3471 = (Yo - YD',  47)

X§+2X] +6J1X1 =0, (48)
and the Karmarkar condition (41) takes the form of
(Yo —YDX1 + (Xo+2X)Y =0. (49)

Now, integrating equation (34) we find

1
X = Xor’dr — EXO (50)

23

On the other hand, by using Egs. (44)—(46) together with
(48)—(49), Eq. (47) can be written as

;
A 1 (Xo+2Xx)7

Yo—Y) = Ji S (Y —-Y

Yo 1) <J+ +2 Xo 12X, (Yo 1)
Lo -1y (51)
3J; 0 b

Now, integrating (51)

JXo F2X
Yo— Y = ot 24 (52)

B(§ [ Br/Xo +2X1dr + C2)’
and substituting (52) in (42) we get

B
A=C (/ Tr\/X0+2X1dr+C2), (53)

where again, C; is a constant of integration.
Finally, the line element (5) can be rewritten as

oo B )

dr? + r?(d6® + sin’0d¢?), (54)

1—?

which describes any Karmarkar static spherically symmetric
anisotropic fluid distribution. Notice, that for this space-time
we have defined

3
X=Xo+2X1 =73 / Xor?dr. (55)
P

Thus, all metrics will depend on a sole physical parameter:
the energy density X¢ and in Table 1 (see the Appendix at the
end of the present work), we present the corresponding X
for several metrics which appeared in the recent literature.

To illustrate this strategy, let us assume the energy density
as

345
Xo = (R%—l——rsz)z’ (56)
then, from Eq. (55) we obtain that
X = % (57)
r’ + R?

and the line element (54) can be written as follows

2 2 r’ ’ 2
ds® = —C (m + C2> dt

+ (1 + ;—Z) dr? + r*(d6? + sin*0d¢?) (58)
5

which is the solution given in [33].
3.4 Z =0, the dynamic adiabatic scenario

Much effort has been dedicated in developing static bounded
Karmarkar models, but very little has been done for the
dynamic case. In this section, we shall discuss the dynamic
adiabatic state, Z = 0, and explore the “compatibility” of
the Karmarkar condition with other typical restrictions used
in studying exact solutions in General Relativity.

e X| = 0, homogeneous energy density. The uniform
density spherical matter configuration is the standard
entry point in all textbooks of General Relativity and Rel-
ativistic Astrophysics [34—37]. We have recently shown
[2] that, despite its simplicity and pedagogical inter-
est, this widespread assumption is very restricted. Any
dynamic homogeneous density profile satisfying the Kar-
markar condition will lead to the Schwarzschild solu-
tion. It can be easily obtained from (34) assuming Xo =
Xo(t) and establishing regularity conditions at the ori-
gin we found X; = 0. Next, substituting this result
into (41), it leads to Y1 = 0, i.e., conformally flat per-
fect fluid solution with homogeneous energy density: the
Schwarzschild solution.

e Y; = 0 vanishing complexity factor. Recently, L. Her-
rera introduced a new concept of complexity for self-

@ Springer
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gravitating systems [38]. This concept includes the influ-
ences from energy density inhomogeneities and local
anisotropy of the pressures on the active gravitational
(Tolman) mass. Assuming the vanishing complexity con-
dition, Y1 = 0,inEq. (41) we obtain X| = 0, and because
Yo # 0, we re-obtain only the Schwarzschild solution.

e £ = 0, conformally flat case. If £ = 0, then X| = Y,
and from (41) we obtain X1 = Y} = 0,due to Xo+ Yy #
0 because the regularity at the origin.

e [1; = 0, Pascalian isotropic fluids. Karmarkar condi-
tion (41) and the relation X 4+ Y; = —8xI1; lead to

(Yo — Xo — 87I1y) — /(Yo — Xo — 87 111)% — 32711, Xo

X
! 2

(59)

and

_ —(Yo— Xo +87I)) + /(Yo — Xo + 87111)% — 327111 ¥

Y
! 2

(60)

Now, from (59) and (60) it is clear that isotropy, [1; = 0
leads to X1 = Y1 = 0, which is again the Schwarzschild
solution.

e 01 = 07, shear-free and a; = 0 geodesic fluids.
Finally, considering shear-free and geodesic conditions
in Egs. (23) y (24), we again obtain Y1 = 0

3.5 The dissipative case: Z # 0

A recent paper [31] develops a model of a radiating relativis-
tic sphere that satisfies the Karmarkar condition. It is the first
dynamic dissipative model obtained.

For the present case, we shall consider a shear-free fluid,
ie.

op=0p=0 = R=rB. (61)

From these two assumptions (Karmarkar and shear-free) we
can find two new families of dissipative solutions.

If we assume that X| = 0, we can see immediately, from
(27) and (30) that

Jf+i2=0=> :% (62)
R 1 4+ a(t)b=(t)r

and from (30) that

Xo =302+ 12a(1). (63)

Now, subtracting Eq. (33) from Eq. (32), we obtain

Yio = Z" + Qa1 — ) Z. (64)

@ Springer

Next, by using the Karmarkar condition (41) and taking into
account (25), Eq. (64) can be written as:
i t
Xy Z

Fo()Z2A*
2Xo Z

+2a1 —]1 R2

= Xo= (65)
where X (#) is a constant of integration.

Thus, we can identify two possible cases:

1. For the case a(z) = 0, from (26) we get Z = ajo and by
integrating (65) we find

A= Ca(t)yr?+ Ci(t), R=b{)r, B=0>b(t) (66)

which is the family of solutions shown in [31].

2. Fora(t) = bzl(z)’ xXo = %)}’2—2 and integrating (65) we find

Alt,r) =
_by/C(=2+aC) +ar*(-14a>C?) +2r2 (-1 —aC + a*C?)

V2(1 +ar?)
(67)
and
b(t)r b(t)

R(t,r) = ——, B(t,r) = - 68
,r) T ar (t,7) Trar (68)

with C = %, where ¢(¢) is a constant of integration.

The matter variables for the solution (67) and (68) are

6 (A +ar??
81p = —— (2a+ -4
0= 20 ( “t

_6ri(1 +ar?)?

M= —
8 PODI (69)
~ 2 ~+2\2
,_ 2\/§r(‘l +ar?) hy (1+ar? (70)
b)b(t)D1 D1
CH +arH)(1 —aC@®)(1 + ard))
87 P =
b()D1
V20 +arhHCmba)
b2(1)
_4a 10+ 8ar? + 6a’r? 4+ 4a(—1+ a*r)
b2(H)D1 b2(1)D12
(71)
with

D1 = (2 4+ C(t) + aCt)r>) (=2 — ar? + aCt)(1 + ar?))
(72)
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4 Final remarks

It surprises the number of works published by slight varia-
tions in the metric functions. Then, after the integration of
the Karmarkar condition (39), dozens of models (see Table
1) are obtained with negligible or no discussion in their inter-
relations, remaining most of these efforts, in very descriptive
stages.

In this short article, we tried to explore some general con-
sequences derived from the Karmarkar condition (35). By
using a tetrad formalism in General Relativity and the orthog-
onal splitting of the Riemann tensor, we have presented it in
terms of the structure scalars. Thus the new expression (41)
becomes an algebraic relation among the physical variables,
and not a differential equation between the metric coefficients
shown in (36) and (38). Taking advantage of its simplicity,
we have studied the static, dynamic adiabatic, and dynamic
dissipative Karmarkar solutions.

For the static case, we developed a method to obtain any
spherically, static, anisotropic Karmarkar solution, parame-
terized by the energy density profile. We think it opens the
possibility to explore new anisotropic matter configurations,
starting from realistic isotropic nuclear equations of state.

Much effort has been made on static bounded Karmarkar
models, but very little considering the dynamic scenario. The
simplicity of the scalar Karmarkar condition allows us to
study the adiabatic and radiant cases efficiently. Regarding
the adiabatic dynamic matter configuration, we have shown
that combining the Karmarkar condition with several other
common simplifying assumptions, we inexorably obtain the
homogeneous Schwarzschild solution.

This raises a possible conjecture that for the spherical case,
the Karmarkar dynamic adiabatic condition is incompatible

with any other simplifying assumption. If they are combined,
we necessarily obtain the homogeneous Schwarzschild solu-
tion. This possible conjecture should be further, and carefully
explored in the future.

Finally, for the dynamic dissipative case, we recovered
a known previous solution [31] and found a new shear-free
Karmarkar radiating solution.
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Appendix

Table 1 In this table, we

Xo

2
present a non-exhaustive list of B
two dozen static metric (@)
functions that appeared in the 611+ B+l
literature between 2016 and
2017. These functions used to 711+ W
generate anisotropic equations -
of state via the Karmarkar 811+ %
differential condition (39), lead
to a surprising number of mostly 911+ %
descriptive work done by small (B2ri+1)
changes, and thus obtaining [10] 1+ o?r? .
various models with negligible (Br2+1)
or no discussion in their 2,2
interrelations i+ W
4((xr2+l)2
[12] Tty

[13] 1 +ar? + prt

[14] 1 + 64ar? (Br2 + 1)

(«—p)(ar?+3)
(Ot)'2+l)2
a(—ﬁ2r4+ar2+2ﬂr2+3)
(ﬂ2r4+ar2+2ﬁr2+1)2
az(fﬂzr4+a2r2+3)
(ﬂ2r4+a2r2+1)2
a?(=5 482 B2ri+a?r?43)
(B*r8+2 /_‘32}"4-%—012r2+1)2
a? (=5 84812 83r—6 p2r*+a’ri+4 r243)

(ﬁ4r8+4 B3rO+6 p2ri+ar2+4p r2+1)2
(e
(@224 (B2r4+1)") (B2r441)

3a(a2r4+ar2+12)
4(ar+1)°
/321‘6+2a/3r4+(a2+5/3)r2+3a
(ﬁr4+ar2+l)2
(64aB3r84+192082r0+1920Br* +64ar>+7pr>+3) (Br’+1)a
64(é+ar2(ﬂr2+1)2)2
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Table 1 continued B2

Xo

[15] 1 +ar? (Br? + 1)3
[16] 1 +ar? (Br? +1)"
[17] L +4n%ar? (Br* + 1)"—2
(18] ar? sin? (Br? + §)

[19] 1 + ar? cos? (ﬁrz)

2
(2001 + iy

[21] 1 +ar?tan (Br? + )

[22] 1 + 8 2 (sinh (ar? + B))

1426 r’+cosh(20r>+2p)

(23] 1+cosh(20r2+28)

2411 + ar? tanh (/f}r2 + 8)

a(ﬂr2+l)2(3+otﬁ4rl0+4ozf33r8+6aﬂ2r6+4aﬁr4+(9ﬂ+a)r2)
(aﬁ3r8+3aﬂ2r6+3[xﬂr4+ar2+1)2
-2 ((—%-HS (n— %)rz)(ﬁr2+l)" —Jar? (ﬂr2+l))a
(@2 +(pr2+1)") (Br+1)
an? (ﬂr2+l)((ﬂr2+l)7l+2"n2ar2+% (%+ﬁ (nf %)rz) (ﬂr2+l)”)
(m2ar(pr2+1)"+1/4 (ﬂr2+1)2)2
ar? (sin(ﬂr2+5))3+4ﬂ cos(Br2+8)r2+sin(Br2+3)
art(sin(Br2+3))°
r2a? (cos(ﬂrz))474ar2ﬁ sin(ﬁr2) cos(ﬂr2)+3a(cos(ﬂr2))2
(arZ(cos(ﬂrZ))2+l)2
a(8 (cos(/.‘irz-%—zﬁ))3 sin(Br2+38)p r2+3 (cos(ﬂr2+8))4+ar2)
((cos(/.‘3)'2-%—5))4+ozr2)2
20(r2(p+a/2)(1an(Br2+8))*+3 tan(Br>+8)+pr?)
(1+ar? an(Br2+5))*
) ((Cosh (ar2+ﬂ))28 r2—s r2+3> (sinh (ar2+ﬂ))2+45 cosh (ar2+ﬂ)ar2 sinh(ar2+ﬁ)
((cosh(ar2+ﬂ))25 r2—s§ r2+1>2
25 (—4 sinh(2ar?+28)ar? 426 r2+3 cosh(2ar’>+28)+3)
(1428 r24cosh(2ar2+28))*
~20(r2(B—a/2)(tanh(r>+8))*~ 3 tanh(Br>+5)—pr? )
(1+ar? tanh (Br2+5))*
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