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Abstract We study the Hamiltonian dynamics of a five-
dimensional Chern–Simons theory for the gauge algebra
C5 of Izaurieta, Rodriguez and Salgado, the so-called SH -
expansão of the 5D (anti-)de Sitter algebra (a)ds, based on
the cyclic groupZ4. The theory consists of a 1-form field con-
taining the (a)ds gravitation variables and 1-form field trans-
forming in the adjoint representation of (a)ds. The gravita-
tional part of the action necessarily contains a term quadratic
in the curvature, beyond the Einstein–Hilbert and cosmo-
logical terms, for any choice of the two independent cou-
pling constants. The total action is also invariant under a new
local symmetry, called “crossed diffeomorphisms”, beyond
the usual space-time diffeomorphisms. The number of phys-
ical degrees of freedom is computed. The theory is shown to
be “generic” in the sense of Bañados, Garay and Henneaux,
i.e., the constraint associated to the time diffeomorphisms is
not independent from the other constraints.
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1 Introduction

In order to understand the universe at the Planck scale, one
needs a quantum theory which reduces to General Relativ-
ity (GR) in the classical limit. A promising formalism is
that of Loop Quantum Gravity (LQG) [1–3]. This approach
uses the first-order formalism of GR, which is based on two
pillars: Invariance under the local Lorentz transformations
and invariance under the space-time diffeomorphisms. In this
sense the Chern–Simons theories for gravitation present an
encouraging scenario. First, they are also background inde-
pendent theories, like GR, being invariant under the dif-
feomorphisms. Second, the actions are defined from invari-
ant polynomials, which are gauge invariant by construction.
Finally, they allow us to extend naturally the local Lorentz
invariance to a larger symmetry group including the Poincaré
or the de Sitter or anti-de Sitter groups – the latter being
denoted by (A)dS in this paper. The (A)dS group is a “defor-
mation” of the Poincaré group, the deformation parameter
being the cosmological constant �, the special value � = 0
corresponding to the Poincaré group. Pioneering works on
the subject are those of Witten [4] for 3-dimensional space-
time and of Chamseddine [5,6] for space-times of dimension
5 or higher. More recent references together with a good
review may be found in Hassaine and Zanelli’s book [7].
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An analysis of the phenomenological aspects of 5D
Chern–Simons gravity models with dimensional reduction
to 4D have been investigated, with results indicating their
relevance as physical theories [8–13].

In the Hamiltonian formalism of Dirac [14,15], each local
invariance is associated with a constraint which has to be
solved at the quantum level. Unfortunately, in gravitation
theories, there are many difficulties with respect to the reso-
lution of the Hamiltonian constraint, the one corresponding
to the invariance under the time diffeomorphisms [1–3]. In
this sense, works by Bañados, Garay and Henneaux [16,17]
have made significant advances, showing the existence of
so-called “generic” theories, where the constraint associated
with the time diffeomorphisms is no longer independent,
but can be seen as a combination of the constraints asso-
ciated with gauge invariance and spatial diffeomorphisms.
They have in particular shown that, among others, the Chern–
Simons theory in 5D space-time for the group (A)dS5 (i.e.,
SO(1,5) or SO(2,4)) is in fact a generic theory, a result which
makes it an interesting candidate for a quantum gravity the-
ory.

Another motivating factor for the present work is found in
a series of papers on the “S-expansion” of algebras [13,18–
20]. It is shown there that from any Lie algebra G one can
construct a new larger Lie algebra as the direct product
Gexp = G × S of the starting Lie algebra with a finite semi-
group S. Thus, it is possible, e.g., to obtain a group of symme-
try wider than (A)dS5. This enables the introduction of new
fields in the theory beyond the gravitation field. In particular,
it was claimed in [18] that, using an alternative expansion
process called “H -reduction” leading to a symmetry algebra
called C5, it was possible to obtain a theory that reproduces
exactly GR coupled with some matter fields, so that it would
be a good candidate for the purpose of obtaining a quantum
theory for gravitation consistent with Einstein’s theory.1

The purpose of the present paper is, therefore, to con-
struct the Chern–Simons action based on the SH -expanded
algebra C5 of [18]. Our main results are, first, that the theory
depends on two independent coupling constants,2 second,
that it is generic in the sense defined above, and third, that it
is invariant under a new class of diffeomorphisms specific to
these expanded algebra, which we call “crossed diffeomor-
phisms”.

The paper is organized as follows. We make a brief review
of (a)ds5 Chern–Simons gravity in five dimensions in Sect. 2,
following essentially [5]. The expansion process of Lie alge-

1 See also [21] for an alternative approach.
2 The authors of [21] arrive at the same conclusion, in a somewhat dif-
ferent interpretation frame. But our result enters in contradiction with
[18], where the theory is claimed to depend on four independent cou-
pling constants. The consequence of our result is to invalidate the C5
symmetry of the Einstein–Hilbert model presented in Section 8 of [18].

bras together with the calculation of the C5 invariant tensors
are given in Sect. 3. In Sect. 4 we check that the expansion
considered by us actually leads to gravitational fields and
“fields of matter”. We will see that the pure gravitational part
of the action consists of an Einstein–Hilbert action term, a
cosmological term and a term quadratic in the curvature, of
the Gauss–Bonnet type. In Sect. 5 we make a study of the
dynamical structure of the theory, showing that it is also a
generic theory. The discussion of the generalized diffeomor-
phism invariance is presented in the final part of this section .
The paper ends with our conclusions. Notations, conventions
and some technicalities can be found in Appendices A and B.

The main results presented here constitute the content of
a Master thesis defended by one of us [22] at the Federal
University of Viçosa.

2 Chern–Simons gravity in 5D

In this section we will present some results known in the lit-
erature on the Chern–Simons gravitation theories, important
for the understanding of this work. We follow Ref. [5]. The
notations and conventions used are given in Appendix A.

2.1 Chern–Simons gravity in 5D for (A)dS5

Chern–Simons theories occur only in odd dimensions. In this
way we will start by treating the Chern–Simons theories in
5D, whose gauge group is that of the transformations which
leave invariant the metric ηMN = diag (−1, 1, 1, 1, 1, s) of
the internal space, where M, N = 0, 1, . . . , 5 and s = ±1.
For s = +1 we have the de Sitter group SO(1, 5) and for
s = −1 we have the anti-de Sitter group SO(2, 4). For the
moment we will not distinguish between them, simply calling
them (A)dS5.

The associated Lie algebra, denoted by (a)ds5, consists of
the 6 × 6 matrices X whose elements have the form XP

Q =
XPRηRQ , with XPR = −XRP . A convenient basis is given
by the 15 matrices T MN = −T NM defined by

(TMN )P
Q = −ηMPδ

Q
N + ηN Pδ

Q
M . (2.1)

The commutation relations are
[
TMN , TPQ

] = TMPηNQ − TMQηN P

−TN PηMQ + TNQηMP , (2.2)

which lead to the structure constants

fMN ,PQ
RS = 1

2

{
ηMP (δRN δSQ − δSN δRQ

)

+ηNQ

(
δRMδSP − δSMδRP

)

+ηPN

(
δRQδSM − δSQδRi

)
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+ηQM

(
δRPδSN − δSPδRN

)}
. (2.3)

To construct the Chern–Simons action corresponding to
(A)dS5, we use the formalism of the differential forms. So,
the fields are given by the 1-form connection A = Aμdxμ,

with Aμ = 1

2
AMN

μ TMN , where μ = 0, 1, . . . , 4, transform-

ing under an infinitesimal gauge transformation as

δA = dε + [A, ε], (2.4)

with ε = 1
2εMNTMN an infinitesimal 0-form Lie algebra val-

ued parameter. Said that, the Chern–Simons action, invariant
up to boundary terms, is

S = k εMN PQRS
∫ (

AMN ∧ d APQ ∧ d ARS ∧

+3

2
AMN ∧ (A2)PQ ∧ d ARS

+3

5
AMN ∧ (A2)PQ ∧ (A2)RS

)
, (2.5)

where εMN PQRS , the 6D completely antisymmetric Levi-
Civita tensor (with ε012345 = 1), is an invariant rank 3 tensor3

of (A)dS5. The equations of motion derived from this action
read

εMN PQRSF
MN ∧ FPQ = 0, (2.6)

where FMN is the curvature 2-form defined by

F = d A + A ∧ A = 1

2
FMNTMN ,

FMN = d AMN + AM
U ∧ AUN . (2.7)

The solutions of (2.6) are not restricted to the flat ones,
FMN = 0, as occurs in three-dimensional case [4]. Non-
trivial solutions as well as cosmological models were studied
in [10,11].

In order to interpret this theory as a gravitation theory,
one identifies the 15 generators TMN of the group (A)dS5
as the 10 generators MAB of the Lorentz group in 5D and
the 5 generators PA of the generalized translations,4 where
A, B = 0, . . . , 4:

MAB = TAB, PA = 1

l
TA5. (2.8)

One writes accordingly the connection as

A = 1

2
ωABMAB + eAPA (2.9)

3 Considering an antisymmetric pair such as M, N as a single (A)dS5
index taking values from 1 to 15.
4 The PA would be the translation generators in the Poincaré algebra
case s = 0.

In (2.8), l is a parameter with units of length (in the natural
system of units), necessary in order to take into account the
difference between the dimensions of the vielbein eA and of
the spin connection ωAB . The commutation relations (2.2)
can be rewritten as

[MAB, MCD] = MACηBD − MADηBC

−MBCηAD + MBDηAC ,

[MAB, PC ] = −PAηBC + PBηAC ,

[PA, PB] = s

l2
MAB, (2.10)

and the Chern–Simons action (2.5) as5

S = k
∫

εABCDE ×
(
eARBC RDE − 2s

3l2
eAeBeC RDE

+ 1

5l4
eAeBeCeDeE

)
, (2.11)

being

RAB = dωAB + ωACωC
B, (2.12)

the Riemann curvature 2-form associated with the spin con-
nection. The parameters k and l are related to the Newton’s
constant G (∝ s l2/k) and to the cosmological constant �

(∝ s/ l2) [11].
As we can see we have the presence of the Einstein–Hilbert

term and the cosmological constant one, in addition to the first
term, which is of the Gauss–Bonnet type.

2.2 Dynamics

The dynamics of Chern–Simons theories is best analysed
via the Hamiltonian formalism of Dirac, identifying all the
constraints of the theory and separating them into first and
second class ones. An important concept to understand this
dynamics in the context of Loop Quantum Gravity is that
of “generic theory”, first presented in [16]. Let us use here
the definition of genericity given in [12], which although
simpler than the first one, generalizes it. Therefore, we will
call a theory as generic if the constraints associated to the
time diffeomorphisms is not an independent one, but can be
expressed in terms of the other constraints that form a basis
of all first-class constraints of the theory.

It has been shown in [17] that the action (2.5) leads to a
theory with a total of 75 constraints, 19 of which are first
class, of which 15 are associated with the (A)dS gauge trans-
formations and 4 with the spatial diffeomorphisms. The 56
remaining constraints are second-class. This leads to a the-
ory with 13 local degrees of freedom. Thus the theory is
generic according to the definition given above. In particular,

5 From now on we skip the wedge symbol ∧ for the external product
of forms.
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the Hamiltonian constraint, associated to the time diffeomor-
phisms, is not independent, it can be expressed as a combina-
tion of the constraints associated with gauge transformations
and spatial diffeomorphisms, modulo field equations.

3 The C5 algebra

3.1 S and SH expansions

Following the construction of [19], let us suppose that we
know a Lie algebra G with basis {TA} and structure constants
f ABC , the basic commutator being written as

[TA, TB] = f AB
CTC . (3.1)

Now, given a finite Abelian semi-group S = {λα;α =
1, . . . , N }, it has been shown [19] that the direct product
S × G, called the S-expansion of G, with basis elements

TAα = λαTA (3.2)

and basic commutation rules defined by

[TAα, TBβ ] = [λαTA, λβTB] = λαλβ [TA, TB], (3.3)

is another Lie algebra, of dimension equal to N dim(G),
called S-expanded algebra of G. So, we obtain a larger alge-
bra having G as a sub-algebra. Using the multiplication table
of S, expressed by the 2-selector Sαβ

γ :

Sαβ
γ =

{
1, λαλβ = λγ

0, otherwise,
, (3.4)

we may rewrite the commutation rules (3.3) as

[TAα, TBβ ] = f Aα,Bβ
Cγ TCγ , (3.5)

with the structure constants given by

f Aα,Bβ
Cγ = Sαβ

γ f AB
C . (3.6)

The authors of [18] introduce another expansion, called SH -
expansion, consisting, in the case of S being the cyclic group
of even order Z2n , in applying the conditions

TA,i = ρ TA,i+n, i = 0, . . . , n − 1, (3.7)

with ρ = −1, on the generators TAα (α = 0, . . . , 2n − 1) of
the S-expansion of G. They show that the resulting algebraic
structure is a Lie algebra, denoted by (Z2n × G)H . We will
use an alternative but equivalent approach. We note that the
conditions (3.7) are formally equivalent to the conditions

λi = ρ λi+n, i = 0, . . . , n − 1, (3.8)

on the elements of the group S = Z2n . Formally, the latter
conditions amount to replace the multiplication table of S =
Z2n by the H -reduced one, shown in Table 1 for the special
case n = 2 in which we will be interested in the following.
Let us call S this reduced group, which is Abelian.

Table 1 Multiplication table of
the reduced group S λ0 λ1 ρλ0 ρλ1

λ0 λ0 λ1 ρλ0 ρλ1

λ1 λ1 ρλ0 ρλ1 λ0

ρλ0 ρλ0 ρλ1 λ0 λ1

ρλ1 ρλ1 λ0 λ1 ρλ0

Strictly speaking, the symbols “ρλi” must be considered
as group elements independent of the elements λi . It is only
after substituting in the definition (3.2) of the expanded gen-
erators, that ρ will be considered as a number.

Let us consider the S-expanded algebra S × (a)ds5, with
(a)ds5 the (anti-)de Sitter algebra defined in Sect. 2.1 and S
the Abelian group defined by the multiplication table shown
in Table 1. From the 4 generators defined by (3.2), two are
independent, which may be taken as

TMNi = λi TMN , i = 0, 1, (3.9)

with TMN given by (2.1). Their commutations rules are
obtained from (3.3), (3.5):

[TMNi , TPQ j ] = fMNi,PQ j
RSkTRSk, (3.10)

the structure constants being given by

fMNi,PQ j
RSk = Si j

k fMN ,PQ
RS . (3.11)

with fMN ,PQ
RS given by (2.3). Si j k (i, j, k = 0, 1) is the

2-selector (see definition (3.4)) corresponding to the muti-
plication rules of λ0 and λ1 given in the left upper quadrant
of Table 1. Its non-zero components are6

S00
0 = 1, S01

1 = S10
1 = 1, S11

0 = ρ. (3.12)

We now show that the Lie algebra we have constructed
is identical, in the case where ρ = −1, to the Lie algebra
C5 = (Z4 × (a)ds5)H of [18]. The structure constants of
the latter are given by (S̄i j k − S̄i j k+2) fMN ,PQ

RS , with the
indices i, j, k taking the values 0, 1, and S̄γ

αβ (α, β, γ =
0, . . . , 3) is the 2-selector, as defined by Eq. (3.4), for Z4. It
is straightforward to check that they are equal to our structure
constants (3.11), which completes the proof.

We observe that giving the value 1 to the factor ρ leads to
the S-expanded algebraZ2 ×(a)ds5, the selector (3.12) being
that of the cyclic group Z2. We shall keep ρ = ±1 unfixed,
treating both cases at the same time, but continuing to call
this Lie algebra as C5. In both cases we have an algebra
with twice as many independent generators (30) as for the
(a)ds5 algebra, hence the double of gauge fields, which may
be divided in 15 gravitation and 15 matter fields, as will be
made more precise later on in Sect. 4.

6 We thank the authors of Ref. [18] for pointing out to us that this
2-selector, for ρ = −1, does not correspond to that of a semi-group,
contrarily to what we claimed in a previous version of this work.
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3.2 Invariant tensors

As we mentioned, an important ingredient for constructing a
Chern–Simons action invariant under a gauge group whose
Lie algebra will be denoted by G, are the G-invariant tensors.
Basically, a tensor in the adjoint representation like gXY Z is
invariant if it obeys the relation7

fT X
U gUY Z + fT Y

U gXU Z + fT Z
U gXYU = 0. (3.13)

where fXY Z are the structure constants of G. We will restrict
ourselves to rank 3 symmetric tensors. Thus, the invariance
condition of the (a)ds5 case reads

fMN ,M1N1
PQgPQ,M2N2,M3N3

+ fMN ,M2N2
PQgM1N1,PQ,M3N3

+ fMN ,M3N3
PQgM1N1,M2N2,PQ = 0 (3.14)

From the structure constants (2.3) and the previous relation
one can show that gMN ,PQ,RS = εMN PQRS , i.e., the invari-
ant tensor for the (a)ds5 algebra is the Levi-Civita tensor of
six indices. Proceeding in an analogous way, the invariance
condition (3.13) for the algebra C5 leads us to the 16 equa-
tions

Sii1
j fMN ,M1N1

PQgPQ j,M2N2i2,M3N3i3

+ Sii2
j fMN ,M2N2

PQgM1N1i1,PQ j,M3N3i3

+ Sii3
j fMN ,M3N3

PQgM1N1i1M2N2i2,PQ j = 0.

(3.15)

with the 2-selector Si j k given in (3.12). The indices i, j, . . .
take the values 0, 1. The general solution of this system for
the C5 invariant tensor, calculated in App. B, reads

gMNi,PQ j,RSk = cl Si jk
lεMN PQRS, (3.16)

where the 3-selector [18] Si jk l is defined by

Si jk
l =

⎧
⎨

⎩

1, λiλ jλk = λl
ρ, λiλ jλk = ρλl
0, otherwise

(3.17)

and c0 and c1 are two arbitrary constants. So, the most gen-
eral action is an arbitrary linear combination of two invariant
actions8

We note that the expression (3.16) is similar to that given
by the Theorem 7.1 of [13], with the difference that in our
case, the selector Si jk l , like the 2-selector defined by (3.12),
is not of a semi-group, but refers only to the first two elements
of the group defined by the multiplication Table 1.

7 The indices X, Y , etc. can be multi-indices such as in Eqs. (3.3), (3.14)
or (3.16).
8 The authors of reference [18], who consider the case where ρ = −1,
give an invariant tensor with four independent parameters instead of two.
We have checked that their solution satisfies the invariance condition
(3.15) only if their four parameters obey two linear conditions and thus
reduce to our solution (3.16).

4 Constructing the Chern–Simons action for the C5

algebra

The Chern–Simons action for the algebra C5 is constructed
in the same way as for the (A)dS5 case, changing only the
symmetry algebra. The gauge connection may be written as
follows:

A = 1

2
AMNi TMNi = 1

2
AMNTMN0 + 1

2
BMNTMN1, (4.1)

where we have separated the α = 0 and α = 1 components:

AMN := AMN0 BMN := AMN1. (4.2)

It is also useful to write the C5 connection A in the form

A = λ0A + λ1B, with

A = 1

2
AMNTMN , B = 1

2
BMNTMN , (4.3)

which shows it explicitly as an S-valued object.
The infinitesimal gauge transformations δA = dO +

[A,O], of infinitesimal parameter O = λ0ω + λ1η read,
for the fields A and B:

δA = δωA + δηA, δB = δηB + δωB, (4.4)

where

δωA = dω + [A, ω], δωB = [B, ω],
δηA = ρ[B, η], δηB = dη + [A, η]. (4.5)

We observe that δωA is the transformation law of a connec-
tion for the (A)dS5 group, whereas the transformation δωB is
that of a field in the adjoint representation of the same group.
This allows us to identify the components of A as the grav-
itation fields, whereas those of B may be considered as the
“matter” fields of the theory. The transformations of param-
eter η appear due to the process of expansion. Identifying
the 5D Lorentz generators MAB = TAB0 and the general-
ized translation generators PA = TA50/ l (in the same way as
in (2.8)), we can explicitly identify the Lorentz connection
forms ωAB and the 5-bein forms eA as the components of A
defined by Eq. (2.9).

We can now decompose the C5 curvature F = dA + A2

as

F = λ0F + λ1G, (4.6)

where9

F := d A + A2 + ρ B2, G := dB + [A, B]. (4.7)

The next step is to calculate the Chern–Simons action for the
expanded algebra C5. In terms of the C5 connection A, the
action is

9 We use the multiplication table given by the upper left quadrant of
Table 1 for la0, λ1.
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S = cl Si jk
lεMN PQRS∫ (

AMNidAPQ jdARSk

+3

2
AMNi (A2)PQ jdARSk

+ 3

5
AMNi (A2)PQ j (A2)RSk

)
. (4.8)

The action contains two independent invariants, whose coef-
ficients are the arbitrary coupling constants c0 and c1. In terms
of the A and B fields, the action takes the rather complicated
form

S = c0 εMN PQRS∫ {
AMNd APQd ARS + ρ AMNdBPQdBRS

+2ρ BMNd APQdBRS

+3

2

(
AMN (A2)PQd ARS + ρ AMN (B2)PQd ARS

+ρ AMN [A, B]PQdBRS

+ρ BMN (A2)PQdBRS + BMN (B2)PQdBRS

+ρ BMN [A, B]PQd ARS
)

+3

5

(
AMN (A2)PQ(A2)RS + AMN (B2)PQ(B2)RS

+2ρ AMN (A2)PQ(B2)RS

+ρ AMN [A, B]PQ[A, B]RS
+2ρ BMN [A, B]PQ(A2)RS

+2BMN [A, B]PQ(B2)RS
) }

+c1 εMN PQRS∫ {
BMNd APQd ARS + ρ BMNdBPQdBRS

+2AMNd APQdBRS

+3

2

(
AMN (A2)PQdBRS + ρ AMN (B2)PQdBRS

+AMN [A, B]PQd ARS

+BMN (A2)PQd ARS + ρ BMN (B2)PQd ARS

+ρ BMN [A, B]PQdBRS
)

+3

5

(
BMN (A2)PQ(A2)RS + BMN (B2)PQ(B2)RS

+2ρ BMN (A2)PQ(B2)RS

+ρ BMN [A, B]PQ[A, B]RS
+2AMN [A, B]PQ(A2)RS

+2ρ AMN [A, B]PQ(B2)RS
) }

. (4.9)

If we put to zero the “matter” field B, we recover the action
for pure Chern–Simons gravitation in 5D given by Eq. (2.5),
or Eq. (2.11) in terms of the 5-bein eA and the Riemann cur-
vature RAB , with c0 as the coupling constant. We see in par-

ticular that the Gauss–Bonnet term cannot be avoided, in con-
tradiction with the claim of [18]. Let us mention however the
possibility of achieving the separation of the Gauss–Bonnet
term by assuming an alternative identification between the
C5 connection components AMNi and the gravity compo-
nents ωAB , eA and the “matter” ones [21]. But in this case
the (a)ds invariance of the pure gravity part of the action does
not hold any more.

5 Dynamics

The dynamics of the C5 theory is formally analogous to that
of the (A)dS5 theory exposed in [16]. So, adapting the dis-
cussion of [16] to our present case, we will assume that the
5D manifold admits the topology R× , where the real line
R corresponds to time x0 = t , while  is the dimension four
space sheet with coordinates xa , a = 1, . . . , 4. Decomposing
the C5 connection according to this foliation,

AMNi = AMNi
0 dx0 + AMNi

a dxa, (5.1)

allows us to rewrite the Chern–Simons action in the form

S =
∫ (

laMNi∂tAMNi
a − AMNi

0 KMNi

)
, (5.2)

where KMNi depends on the space components of the C5

curvature F and laMNi on the space components of the con-
nection A and of the curvature F :

KMNi = − 1

32
cl Si jk

lεMN PQRSε
abcdF PQ j

ab F RSk
cd , (5.3)

laMNi = −1

4
cl Si jk

lεMN PQRSε
abcdAPQ j

b F RSk
cd . (5.4)

The functional variations of the action with respect to AMNi
0

and AMNi
a yield the field equations

KMNi = 0, (5.5)

�ab
MNi,PQ j (∂tAPQ j

b − DbAPQ j
0 ) = 0, (5.6)

where

�ab
MNi,PQ j = −1

2
cl Si jk

lεMN PQRSε
abcdF RSk

cd . (5.7)

5.1 Hamiltonian formalism and constraints

In order to pass from the Lagrangian to the Hamiltonian
approach [14,15], we need the momenta conjugated to
the generalized coordinates, i.e., to the fields AMNi

a and
AMNi

0 :

paMNi = laMNi , (5.8)

p0
MNi = 0, (5.9)
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with laMNi given by (5.4). These 150 relations between
momenta and generalized coordinates are primary con-
straints, which read

φa
MNi := paMNi − laMNi ≈ 0, (5.10)

φ0
MNi := p0

MNi ≈ 0. (5.11)

The Hamiltonian of the system is obtained by the usual Leg-
endre transform and the addition of the constraints multiplied
by Legendre multiplier fields λ:

H =
∫ (

AMNi
0 KMNi + λMNi

a φa
MNi + λMNi

0 φ0
MNi

)
,

(5.12)

with KMNi given by (5.3). The stability of the constraints
(5.11) requires φ̇0

MNi = {φ0
MNi , H} ≈ 0, which implies 30

secondary constraints given by

KMNi ≈ 0. (5.13)

The fields AMNi
0 play now the role of Lagrange multipliers,

the constraints (5.11) becoming thus irrelevant. So we are
left with a total of 150 constraints in our theory. Those given
by (5.13) are conditions on the curvatures F . Thus not all
the F ′s are independents. On the other end, the constraints
(5.10) determine the paMNi in terms of the other variables.
Equation (5.13) for i = 0 and i = 1 read, in terms of the
fields A and B and with the definitions (4.7):

KMN0 = − 1

32
εMN PQRSε

abcd

×
[(

FPQ
ab F RS

cd + ρ GPQ
ab GRS

cd

)
c0 + 2FPQ

ab GRS
cd c1

]

≈ 0, (5.14)

KMN1 = − 1

32
εMN PQRSε

abcd

×
[
2ρ FPQ

ab GRS
cd c0 +

(
FPQ
ab F RS

cd + ρ GPQ
ab GRS

cd

)
c1

]

≈ 0. (5.15)

However it will be opportune to substitute the constraint
(5.13) by the equivalent constraint

GMNi = −KMNi + Daφ
a
MNi . (5.16)

Indeed, the Poisson parentheses of A with G,
{
AMNi

a (�x),
∫

OPQ j (�y)GPQ j �(y)
}

= −DaOMNi (�x),
(5.17)

with OMNi an infinitesimal field in the C5 algebra, show that
the new constraints (5.16) generate the gauge transformations
(4.4). The GMNi and φa

MNi form a basis for the constraints
and obey the (open) algebra relations

{GMNi (�x),GPQ j (�y)} = Si j
k fMN ,PQ

RSGRSk(�x)δ(�x − �y),
{φa

MNi (�x),GPQ j (�y)} = Si j
k fMN ,PQ

RSφa
RSk(�x)δ(�x − �y),

{φa
MNi (�x), φb

PQ j (�y)} = �ab
MNi,PQ j (�x)δ(�x − �y), (5.18)

where the Si j k fMN ,PQ
RS are the C5 structure constants and

�ab
MNi,PQ j is given by (5.7). The constraints GMNi appear

here explicitly as first class ones,10 whereas a quantity N2 of
the 120 φa

MNi will be second class, where N2 is the rank of �

considered as a 120×120 matrix indexed by the multi-indices
{
a
MNi

}
and

{
b
PQ j

}
. The theory does not allow for any further

independent constraint. Indeed, the stability of the constraints
GMNi given by ĠMNi = 0 is automatically satisfied by the
fact that they are first-class, while the stability of φa

MNi only
carries us to restrictions on the Lagrange multipliers.

We turn now to the calculation of the rank N2 of �. We
already know the existence of four first class constraints,
given by the generators of the four spatial diffeomorphisms
[16], which are linear combinations of the φ′s:

Ha = FMNi
ab φb

MNi = FMN
ab φb

MN0 + GMN
ab φb

MN1, (5.19)

which implies that N2 ≤ 120 − 4 = 116. Inspired by the
example of [16], we take a special case of curvature with the
following configuration:

F12 = G12 = dx1dx2 + dx3dx4,

F34 = G34 = dx1dx2 − dx3dx4,

F56 = G56 = dx1dx3 + dx2dx4,

(other components = 0),

(5.20)

which can be derived from the potentials

A12 = B12 = x1dx2 + x3dx4,

A34 = B34 = x1dx2 − x3dx4,

A56 = B56 = x1dx3 + x2dx4,

(other components = 0).

It is easy to verify that this configuration obeys the con-
straints (5.14) and (5.15). Indeed, one sees that F12F34 =
G12G34 = F12G34 = G12F34 = 0, as well F12F56 =
G12G56 = F12G56 = G12F56 = 0 and F34F56 =
G34G56 = F34G56 = G34F56 = 0, hence KMN0 = 0
and KMN1 = 0. We finally check that the corresponding
matrix � has rank N2 = 112. besides this particular field
configuration, we have analysed many numerical examples,
all yielding a value ≤ 112 [22]. Thus we conclude, for the
time being, that

112 ≤ N2 ≤ 116. (5.21)

A more careful analysis of diffeomorphism invariance per-
formed in the next subsection will show that this rank is in
fact equal to 112.

5.2 Crossed diffeomorphisms

We know that infinitesimal diffeomorphisms x ′μ = xμ +
ξμ(x) are given as Lie derivatives Lξ = iξd + diξ , where iξ

10 Since the Hamiltonian H is a combination of constraints, we have
that the Poisson brackets of the G’s with it are also weakly zero.
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is the contraction along the (infinitesimal) vector ξ . Remem-
bering that the C5 connection is S-valued (see (4.3)), we
consider an S-valued vector

ξ = λiξ
i = λ0u + λ1v, with ξ0 = u, ξ1 = v, (5.22)

It is easy to see that the action as given by (4.8) in terms
of the C5 connection A is invariant under the generalized
diffeomorphisms defined as the Lie derivative along the S-
valued vector (5.22):

δξA = LξA. (5.23)

Indeed, since S = ∫
Q5 and Q5 is a 5-form in five-

dimensional space-time, its exterior derivative vanishes.
Therefore

δξ S =
∫ (

iξdQ5 + diξ Q5
) =

∫
diξ Q5 (5.24)

is a boundary term.
From now on we specialize on the space generalized dif-

feomorphisms, with u = (ua) and v = (va), a = 1, . . . , 4.
Using iξ = λ0iu + λ1iv , we can write (5.23) for the compo-
nents A and B:

δA = Lu A + ρ LvB, δB = Lu B + LvA, (5.25)

where ρ = ±1 is the parameter entering in the multiplication
laws given in Table 1.

This way we have that

δu A = Lu A, δu B = Lu B (5.26)

corresponds to the usual spatial diffeomorphisms, while the
new symmetry transformations

δ×
v A = ρ LvB, δ×

v B = LvA, (5.27)

appearing as a result of the expansion process, will be called
“crossed diffeomorphisms”. Since u and v are 4-vectors, we
have a total of 8 generalized diffeomorphisms.

These generalized diffeomorphisms obey commutation
rules deduced from the transformation law (5.23) and the
Lie derivative commutator [LX ,LY ] = L[X,Y ] where [X,Y ]
is the Lie bracket of the vectors X and Y :

[δu, δu′ ] = −δ[u,u′], [δu, δ×
v ] = −δ×

[u,v],
[δ×

v , δ×
v′ ] = −ρ δ[v,v′]. (5.28)

5.3 Constraints associated with the crossed
diffeomorphisms

Four first class constraints generating the usual spatial diffeo-
morphism are given by (5.19). We want now to find four first
class constraints, linear combinations of the primary con-
straints of φa

MNi , which generate the crossed spatial diffeo-
morphims. For this we will use the fact that the diffeomor-
phisms (5.23) given by the Lie derivative, can be equiva-

lently represented by so-called improved diffeomorphisms
[16], given by

δ
impr
ξ Aa

μ = ξνFa
νμ, (5.29)

since these differ from the Lie derivative only by a gauge
transformation:

ξνFνμ = LξAμ − δ
gauge
(iA)

Aμ.

Recalling that A as well as ξ depend on the group elements
λ0 and λ1 (see (4.3) and (5.22)), we can rewrite (5.29) for
the usual (parameter u) and crossed (parameter v) diffeomor-
phisms of the fields A and B, with F and G their associated
curvatures (4.7)

δimpr A = iu F, δimprB = iuG,

δ×,impr A = ρ ivG, δ×,imprB = ivF
(5.30)

The expression (5.19) for the usual diffeomorphism con-
straint and a comparison between the two lines of (5.30)
suggest the expression

H×
a = ρ GMN

ab φb
MN0 + FMN

ab φb
MN1, (5.31)

for the generators of the crossed spatial diffeomorphism con-
straints. This is readily checked to be true:
{
AMNi

a (x),
∫

d4x vc(y)

×
(
ρ GPQ

cd (y)φd
PQ0(y) + FPQ

cd (y)φd
PQ1(y)

)}

= vc
(
ρ GMN

ca + FMN
ca

)
= iv

(
ρ GMN + FMN

)

a
.

An important consequence of these considerations is that the
C5 theory is indeed generic according to the definition of
genericity given at the beginning of Sect. 2.2.

5.4 Counting the constraints and the degrees of freedom

Having thus found 8 first class constraints associated with the
generalized diffeomorphisms, all of them being linear com-
binations of the 120 primary constraints φa

MNi , we conclude
that the rank N2 of the matrix �, hence the number of second
class constraints, cannot exceed 112. In view of the inequality
(5.21), we conclude that we have exactly N2 = 112 second
class constraints. Hence the number of first class constraints
is N1 = 38: the 30 constraints (5.16), the 4 constraints (5.19)
and the 4 constraints (5.31) generating, respectively, the C5

gauge transformations, the spatial diffeomorphisms and the
crossed spatial diffeomorphisms.

The number of physical degrees of freedom Nd.o.f is given
by the formula [16,17]

Nd.o.f = 1

2

(
Dphase − 2N1 − N2

)
, (5.32)
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where Dphase = 240 is the dimension of the original phase
space of generalized coordinates and momenta AMNi

a and
paMNi . The theory thus has 26 physical degrees of freedom.

6 Conclusions

Our first result concerns a fact about the algebraC5 defined as
the expansion of the 5D (anti-)de Sitter by the reduced group
S whose multplication table is displayed in Table 1: we have
shown that there are two independent symmetric invariant
tensors of rank 3 in its adjoint representation, given by the
Eq. (3.16), instead of four as claimed by the authors of [18],
who consider the same gauge group. This result provides
indeed a counter-example to the Theorem 2 in Section 5 of
[18].

The theory thus depends on two coupling constants,
appearing in the Chern–Simons action we have constructed
for the C5 gauge invariance. The C5 connection 1-form A
decomposes into the (anti-)de Sitter connection 1-form A
and a 1-form B transforming in the adjoint representation of
the latter algebra. The geometric part of the action, obtained
by taking B = 0, is identical to the (a)ds5 one, as originally
given in [5] and summarized in Sect. 2. When written in
terms of the 5-bein e and the 5D Lorentz connection ω (see
(2.11)), the latter action shows, beyond the Einstein–Hilbert
and cosmological terms a Gauss–Bonnet type term present
which cannot be eliminated by any choice of the coupling
constants – in contradiction with the result of [18].

In third place, we have performed a complete canonical
analysis of the dynamics of the theory, separating the total of
150 constraints into 112 second class ones and 38 first class
ones, 30 of the latter being the generators of the C5 gauge
transformations and 8 being the generators of the general-
ized four-dimensional space diffeomorphisms. This result
has allowed us to count the number of physical degrees of
freedom of the theory, 26.

It is the canonical analysis which has led us to the
extra local symmetry, called crossed diffeomeorphism invari-
ance, which, together with the usual diffeomorphism invari-
ance, constitutes the generalized diffeomorphism invariance.
Another important by-product is that the theory is generic,
i.e., there is no independent constraint corresponding to the
– usual and crossed – temporal diffeomorphisms.

A possible unfolding of this work may be a realistic phe-
nomenological analysis of the theory, making a dimensional
reduction of 5D to 4D, in a way similar to the one performed
in [10], which presents solutions of the Schwarzschild type
and others compatible with the �CDM cosmological model,
despite the presence of the Gauss–Bonnet term. Another
prospect can be the quantization of the model. It would avoid
the difficulty, found in the quantization of General Relativity
in 4D, of solving the constraint associated with the invariance

under the temporal diffeomorphisms, thanks to the genericity
of the C5 theory.
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Appendices

A Notations and Conventions

• Units adopted are such that c = 1.
• The indices M, N , P, Q, . . . = 0, 1, . . . , 5 are indices

referring to (A)dS5.
• The indices A, B,C, D, . . . = 0, 1, . . . , 4 are Lorentz

indices in 5D.
• The indices α, β, . . . = 0, . . . , 3 are indices referring to

the group Z4.
• The indices i, j, . . . = 0, 1 are indices referring to the

first two elements of the group Z4.
• The indices μ, ν, . . . , . . . = 0, 1, . . . , 4 are space-time

indices.
• The indices a, b, . . . = 1, 2, 3, 4 are spatial indices.
• The metric for (A)dS5 is ηMN = diag(−1, 1, 1, 1, 1, s),

with s = ±1 (+1 refers to de Sitter and −1 to anti-de
Sitter).

B Invariant symmetric rank 3 tensors of C5

There is a unique invariant symmetric rank 3 tensor of the
Lie algebra (a)ds5, solution of the conditions (3.14), given
by
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gMN ,PQ,RS = εMN PQRS, (B.1)

where εMN PQRS is the 6D Levi-Civita antisymmetric tensor,
and each antisymmetric pair MN , etc. has to be considered
as a multi-index, equivalent to an (a)ds5 index taking values
from 1 to 15.

In the case of the C5 algebra, the invariance condition
for the symmetric rank 3 invariant tensor gMNi1,PQi2,RSi3
is given by (3.15), where we have now multi-indices MNi
taking 30 values. Since the indexes i , i1, i2, i3 = 0, 1 only, we
have 16 possibilities of combining these indices, leading to
16 equations that the invariant tensors must obey. Let us begin
by the equation corresponding to (i, i1, i2, i3) = (0, 0, 0, 0):

S00
0 fMN ,M1N1

PQgPQ0,M2N20,M3N30

+S00
0 fMN ,M2N2

PQgM1N10,PQ0,M3N30

+S00
0 fMN ,M3N3

PQgM1N10M2N20,PQ0 = 0, (B.2)

Here, the f· ·, · ·· · are the (a)ds5 structure constants (2.3).
The coefficients Si j k being here all equal to 1, we see that
gMN0,PQ0,RS0 obeys the (a)ds5 invariance condition (3.14).
Hence gMN0,PQ0,RS0 = x000 εMN PQRS , where x000 is an
arbitrary coefficient. Proceeding in the same way for the
seven other cases (0, i1, i2, i3), we arrive at

gMNi1,PQi2,RSi3 = xi1i2i3εMN PQRS . (B.3)

The coefficients xi1i2i3 are completely symmetric in there
indices due to the required symmetry of the tensor g. We
have thus four independent parameters x000, x100, x110 and
x111, for the time being. Consider now the equations (3.15)
for (i, i1, i2, i3) = (1, 1, 0, 0), using the result (B.3):

ρ fMN ,M1N1
PQx000

+( fMN ,M2N2
PQ + fMN ,M32N3

PQ)x110 = 0,

where ρ = ±1 is the value of the 2-selector S11
0, see (3.12).

Due to the invariance condition for the Levi-Civita tensor
ε (see Eq. (3.14) with g. . . . . . = ε. . . . . .), the latter equation
reduces to

fMN ,M1N1
PQ(ρ x000 − x110) = 0,

hence x110 = ρ x000. In the same way, now with (i, i1, i2, i3)
= (1, 1, 1, 0), we find x111 = ρ x100.

Thus, the most general symmetric rank 3 tensor in the
adjoint representation of (a)ds5 depends on two parameters,
c0 = x000 and c1 = x100, so that x110 = ρ c0 and x111 =
ρ c1. With the 3-selector Si jk l given by (3.17), we can now
write xi1i2i3 = cl Si1i2i3

l , as can readily be verified. This, with
the use of the result (B.3), allows us to express the invariant
tensor in the compact form

gMNi,PQ j,RSk = cl Si jk
lεMN PQRS .
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