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Abstract We study quasi-normal modes for a higher
dimensional black hole with Lifshitz scaling, as these quasinormal modes can be used to test Lifshitz models with large
extra dimensions. We analyze quasi-normal modes for higher
dimensional dilaton-Lifshitz black hole solutions coupled to
a non-linear Born–Infeld action. We will analyze the charged
perturbations for such a black hole solution. We will first
analyze the general conditions for stability analytically, for a
positive potential. Then, we analyze this system for a charged
perturbation as well as negative potential, using the asymptotic iteration method for quasi-normal modes.

1 Introduction
Mathematically ideal black holes are usually studied as isolated systems. However, this mathematical idealization cannot be actualized in any real world system. This is because
black holes will always interact with matter surrounding it.
Even if all the matter around a black hole could be removed,
it would still interact with the vacuum around it, and thus
cannot be considered an isolated system. So, in any realistic description of a black hole we would have to consider
such perturbative effects on the basic parameters describing
such a black hole. Such perturbations of a black hole lead to
the emission of gravitational waves [1]. Initially there will
be an short outburst of radiation, which will be followed by
long period of damping oscillations [2–4], and finally these
oscillations will be suppressed at late times by power-law
or exponential tails. These oscillations are called the quasinormal modes (QNMs) for the black hole.
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The study of gravitational wave has become important
due to the detection of these wave in events like GW150914
[5]. So, important physical information can be obtained using
such data obtained from gravitational antennas like LIGO and
VIRGO [6–9]. It is also expected that in future LISA will also
provide important data from gravitational waves. There is an
important reason for studying gravitational waves. The existence of extra dimensions in string theory has motivated the
study of black hole in large extra-dimensions [10–13]. These
models have been generalized to Randall–Sundrum brane
world models with warped extra dimensions [14,15]. Now
there are three possible ways to detect these extra dimensions. The first is by the production of mini black hole at the
LHC [16]. The second is by using strong field gravitational
lensing from astrophysical black holes [17,18]. The third is
by analyzing QNMs from astrophysical black holes [19–22].
It may be noted that the Horava–Lifshitz gravity is motivated from a formalism used in condensed matter physics
[23,24]. The space and time scale have different Lifshitz
scaling in the Horava–Lifshitz gravity. Motivated by Horava–
Lifshitz gravity, the consequences of such different Lifshitz
scaling have been studied for various geometrical structures
that occur in the string theory. Such a Lifshitz scale has
been studied for both type IIA string theory [25] and type
IIB string theory [26]. The behavior of dilaton black branes
[27,28] and dilaton black holes [29,30] with Lifshitz scaling has also been discussed. Furthermore, such black solutions in a BI non-linear action with Lifshitz scaling have also
been studied [31]. In [32], the critical behavior of AdS black
holes in the presence of BI non-linear electrodynamics has
been investigated. The brane world models with warped extra
dimensions and Lifshitz scaling have also been constructed
[33,34]. Now as the gravitational waves can also be used to
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constraint such Lifshitz scaling [35], it is important to study
QNMs for theories with Lifshitz scaling.
Now in model with extra dimensions, the effective Planck
scale is brought down, and this new scale can be constraint by
gravitational antennas like LIGO and VIRGO [36]. As these
extra dimensional models are motivated from string theory,
and the D-branes action in string theory is described by a
Born–Infeld (BI) action coupled to dilaton field [37–40], we
will use such an action for analyzing QNMs.
The QNMs for the charged scalar perturbations have been
thoroughly studied [41–46]. The QNMs in Lifshitz theories
have also been studied for neutral scalar perturbations [47–
54]. In fact, QNMs for a charged dilaton-Lifshitz solutions
in the four dimensions have also been studied [55]. Recently,
QNMs for scalarized black holes in Einstein-Scalar theory
with Maxwell electrodynamics have been explored in [56].
As the QNMs can be used to test models with extra dimensions [19–22], it is important to study the QNMs for such
a black hole in extra dimensions. Thus, we will analyze the
QNMs from a higher dimensional dilaton-Lifshitz black hole
solutions coupled to a non-linear Born–Infeld action.
We organize this paper as follows: In Sect. 2, we will
review the dilaton-Lifshitz black hole solutions in the presence of BI nonlinear electrodynamics. In Sect. 3, the wave
equations of charged scalar perturbations around our black
holes will be presented. In latter section, we will analyze the
QNMs analytically. Then, we will use the asymptotic iteration method to analyze QNMs numerically in Sect. 4. Finally,
in the last section, we will summarize our results and discuss
about them.

ds 2 = −
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r 2z dt 2 l 2 dr 2
+ 2 + r 2 d2d−2 .
l 2z
r

(2)

In this paper, we will analyze the coupling of a Lifshitz spacetime to a non-linear BI action. So, first we observe that in the
absence of dilaton field, the function L(F) for BI Lagrangian
is given by [57]
⎛
⎞

Fβ 2 ⎠
4 ⎝
,
(3)
L(F) = 2 1 − 1 +
β
2
where β is the BI non-linearity parameter, F = Fμν F μν is
the Maxwell invariant, as Fμν = ∂μ Aν −∂ν Aμ with Aμ being
the U (1) abelian gauge field. The dilaton field can couple to
this U (1) abelian gauge field. So, in presence of a dilaton
field, the Lagrangian for the BI coupled to a dilaton scalar
field  can be written as [58,59]
⎛ 
⎞
2
β F −8λ/(d−2) ⎠
4
e
,
L(F, ) = 2 e4λφ/(d−2) ⎝1− 1+
β
2
(4)
where λ is a constant. In Einstein frame, the Lagrangian density of Einstein-dilaton model with string theory corrections
[60], contains two U (1) gauge field’s [27]. So, the Lagrangian
for this system can be written as
4
(∇)2 − 2
d −2
2

e−4λi /(d−2) Hi + L(F, ),
−

16π L = R −

(5)

i=1

2 Lifshitz solutions
In this section, we will analyze a higher dimensional black
hole in a UV complete theory. Thus, we will consider a
dilaton-Lifshitz black hole coupled to non-linear BI action.
The metric for such a d-dimensional Lifshitz black holes can
be expressed as [27,48]
r 2z f (r )
l2
dr 2 + r 2 d2d−2 ,
ds = − 2z dt 2 + 2
l
r f (r )
2

(1)

where d2d−2 is a (d − 2)-dimensional hypersurface with
constant curvature (d − 2)(d − 3), such that
d2d−2 = dθ12 +

d−2

i=2

dθi2

i−1


sin2 θ j .

j=1

Here d−2 is the volume and z(≥ 1) is dynamical critical
exponent. Now it can be observed that in the limit, r → ∞,
the metric given by Eq. (1) will asymptotically reduce to the
Lifshitz metric given by
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where R is the Ricci scalar and , λi are constants, in this
Lagrangian. In the Lagrangian (5), Hi = (Hi )μν (Hi )μν ,
where (Hi )μν = 2∂[μ (Bi )ν] , and (Bi )μ is a gauge field. In
the limit, β → 0, this Lagrangian L reduces to the Einsteindilaton-Maxwell Lagrangian (at the leading order) [27,28]
lim 16π L = · · · − e−4λ/(d−2) F

β→0

e−12λ/(d−2) F 2
+ O β4 .
(6)
8
√
By varying the action S = M d d x −gL with respect to the
metric gμν , the dilaton field , and U (1) abelian gauge field
Aμ , and (Bi )μ , the following field equations are obtained
[61]
+β 2

gμν
(2 + 2L F F − L(F, )
d −2
2

e−4λi /(d−2) Hi
−

Rμν −

i=1

−

4
∂μ ∂ν  + 2L F Fμλ Fν λ
d −2
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e−4λi /(d−2) (Hi )μλ (Hi )νλ = 0,

(7)

i=1
2

λi −4λi /(d−2)
d −2
L +
e
Hi = 0,
8
2
i=1

L F F μν = 0,

∇2 +
μ

μ e

−4λi /(d−2)

(Hi )

μν

(8)
(9)

= 0,

(10)

where we use the convention X Y = ∂ X/∂Y . With metric
(1), the Eqs. (9) and (10) can be solved for the U (1) abelian
gauge field, and thus we obtain

where b is a constant. By substituting Eqs. (11), (12), and
(13) in field equations (7), and (8), the f (r ) function for this
system is obtained, and this given by

f (r ) =

⎪
⎪
⎩1 −

m
r d+z−2
m
r 2d−2

+

+

(d−3)2 l 2
(d+z−4)2 r 2

(d−3)2 l 2
4(d−2)2 r 2

−

+

4l 2 b2z−2
β 2 r 2z−2 (d−2)(d−z)

4b2d−2 l 2
β 2 (d−2)2 r 2d−2


1−

−

+ ln

Integrating the last term of f (r ) for z = d, we obtain
(d − 3)2 l 2
r d+z−2
(d + z − 4)2 r 2
2
2z−2
2−2z
r
4l b
(1− ) 4q 2 b2z−2 l 2z r −2(d+z−3)
+
+
β 2 (d − 2)(d − z)
(d − z)(d + z − 4)


2d + z − 6 3d + z − 8
2
. (16)
,
,1 −
× F 1,
2d − 4
2(d − 2)
m

+

m

r d+z−2

+

From here on, we fix l and b to unity.

3 Quasi-normal modes
Now in this section, we will analyze the QNMs for the solution discussed in the previous section. So, first we consider

4l 2 b2z−2
β 2 (d−2)r d+z−2

Here m is a constant, and it is related to the total mass of black
brane. Now as this system has to satisfy the field equations,
we can write
√
d −2
d −3
, λ2 = √
,
λ = − z − 1, λ1 = √
z−1
z−1
− (z − 1) b2(d−2)
q12 =
,
(z + d − 3) l 2(z−1)
(d − 2)(d − 3)(z − 1)b2(d−3)
q22 =
,
2(z + d − 4)l 2(z−1)
(d + z − 2)(d + z − 3)
=−
.
(15)
2l 2

f (r ) = 1 −

(d − 3)2 l 2
(d + z − 4)2 r 2
2q 2 b2z−2 l 2z
+
(d − 2)(d + z − 4)r 2(d+z−3)
q 4 b2z−2 l 4z−2 β 2
−
+ O(β 4 ). (17)
2(d − 2)(3d + z − 8)r 2(2d+z−5)

(11)

(12)
(Hi )r t = qi r z−d+1 e4λi /(d−2) ,

where = 1 + q 2 l 2z−2 β 2 /(r 2d−4 ). By subtracting ( tt),
and (rr ) components of Eq. (7), (r ) can be obtained, which
is given by
√
r
(d − 2) z − 1
ln
,
(13)
(r ) =
2
b

⎧
⎪
⎪
⎨1 −

We can observe from this solution, that in the limit r → ∞,
f (r ) satisfies f (r ) → 1 (note that F (a, b, c, 0) = 1). It may
be noted that for z = d, a Schwartzshild-like black hole does
not exist in this system, because as r → 0, f (r ) will go to
positive infinity f (r ) → +∞. Nevertheless, for z = d, the
Schwartzshild-like black hole do exists in this system (apart
from the extreme and non-extreme black holes and naked
singularities). One may note that in the linearly charged limit
(β → 0), the solutions (14) and (16) for both z = d and
z = d cases reduce to higher-dimensional Lifshitz ones in
Einstein-dilaton-Maxwell gravity [27,28]
f (r ) = 1 −

qe4λ/(d−2) r z−d+1
,
Fr t =
β

111

1+
2



r d−z−1 dr,

for z = d,
(14)

,

for z = d.

a minimally coupled charged massive scalar field in such a
spherically symmetric black hole background. It is assumed
that this field satisfies the Klein–Gordon equation
D ν Dν

= m 2s ,

(18)

where D ν = ∇ ν − iqs Aν is the gauge covariant derivative
and m s is the mass of the scalar field . Now we decompose
into the following standard form,
(t, r, angles) = e−iωt R(r )Y (angles),

(19)

where Y (angles) is the spherical harmonic function related
to the angular coordinates, and ω is the frequency. As Y
is the spherical harmonic function, it satisfies the following
equation
2
∇angles
Y (θ, φ) = −QY (angles),

(20)

where Q is the constant of separation. Moreover, the differential equation for the radial function in the d-dimensional
Lifshitz-dilaton background (1) is
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(d + z − 1) f
R
r




qs A t + ω 2 R
Q R
2
− ms + 2
+
= 0,
(21)
r z+1
f
r
r2

−1
So, using a tortoise coordinate r∗ as dr∗ /dr = r z+1 f (r ) ,
and introducing a new radial function R(r ) as R(r ) =
K (r )/r , the Eq. (21) can be transformed into an equation
resembling the Schrödinger equation,
f R  +



f +


d 2 K (r∗ ) 
2
+
A
(r
))
−
V
(r
)
K (r∗ ) = 0,
+
q
(ω
s
t
dr∗2
where the potential V (r ) is given by
 2

d
dz
V (r ) =
+
+ 1 − d − z f 2 r 2z
4
2




d
Q
−1 .
+ f r 2z m 2s + 2 + f f r 2z+1
r
2

(22)


0=

∞

r+



= 2i




dr (ω + qs At ) ψ̄ψ  + ω̄ + q̄s Āt ψ ψ̄ 
∞

r+



−q̄s
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dr Im[(ω + qs At )]ψ̄ψ 
∞

r+

dr |ψ|2 Āt − ω̄ |ψ (r+ )|2 .

(28)

Here we have again used the integration by part and the
Dirichlet boundary condition for ψ. In the case of neutral
scalar field (qs = 0), Eq. (28) reduces to
 ∞
ω̄ |ψ (r+ )|2
.
(29)
dr ψ̄ψ  =
2iIm[ω]
r+
∞

(23)

Now we can substitute r+ dr ψ̄ψ  from Eq. (29) in Eq. (27)
and obtain
 ∞ 

 2
|ω|2 |ψ (r+ )|2
.
dr r d+z−3 f ψ   + V |ψ|2 = −
Im[ω]
r+
(30)

By having positive f (r ) and f  (r ) out of the horizon r >
rh , we can observe that V (r ) > 0 out of horizon, provided
that m 2s > 0. Note that m 2s can be negative as long as it is
above Breitenlohner–Freedman(-like) bound. One may read
this bound from Eq. (36) in next section.
To perform a general stability analysis for this system, we
first transform to Eddington–Finkelstein coordinates, such
that v = t + r∗ . In this new coordinate system, the metric
can be written as

Now we observe from this equation that for the potential V
to be positive outside the horizon, imaginary part of ω is
negative. So, for a neutral scalar field, the black hole is stable
under scalar field perturbation, if the potential is positive
outside the horizon (i.e. as long as m 2s > 0). In next section,
we proceed more to study charged scalar fields numerically.
We investigate the behavior of potential for m 2s < 0, as well.

ds 2 = −r 2z f dv 2 + 2r z−1 dvdr + r 2 d2d−2 .

4 Numerical analysis

(24)

Using the ansatz
= e−iωv

ψ(r )
Y (angles),
r d/2−1

(25)

the differential equation for radial function ψ(r ) can be written as
r d+z−3 f ψ 



− 2i (ω + qs At ) ψ  − V ψ = 0.

(26)

Multiplying above equation by ψ̄ (the complex conjugate of
ψ) and performing the integration from r+ to infinity, we
obtain
 ∞
r+



 2
dr r d+z−3 f ψ   + 2i (ω+qs At ) ψ̄ψ  +V |ψ|2 =0,

(27)
where we used the integration by part and applied the Dirichlet boundary condition for ψ i.e., ψ (∞) → 0. For (27) to
be satisfied, both the real and imaginary parts of integration
should vanish. Using the imaginary part, we observe1
1

Note that I m[2i āb] = āb + a b̄.

123

In the previous section, we analyzed the stability of our black
hole system, when the potential was positive outside the horizon and scalar perturbation was neutral. However, we cannot
obtain such general results for charged scalar fields as well
as negative potential. To understand the behavior of this system generally, we need to analyze it numerically. So, in this
section, we will analyze the behavior of QNMs numerically
using the asymptotic iteration method (AIM) [62]. Now we
first change the variable u = 1 − rh /r , and write Eq. (21) as
rhz+1 f (u) 
R (u)
(1 − u)z−1

r z+1 
+ h z (d + z − 3) f (u) + (1 − u) f  (u) R  (u)
(1 − u)
rh1−z l 2z+2
(qs At (u) + ω)2 R(u)
f (u)(1 − u)1−z

rhz+1
Q
−
m 2s + 2 (1 − u)2 R(u) = 0.
z+1
(1 − u)
rh
+

(31)

In order to propose an ansatz for (31), we are going to consider the behavior of the function R(u) at horizon (u = 0),
and boundary (u = 1). At horizon (u = 0), we have

Eur. Phys. J. C
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f (0) ≈ u f  (0) and At (0) = 0, thus Eq. (31) can be written
as
R  (u)
R(u)
ω2 = 0.
+ 2z
u
rh u 2 f 2

R  (u) +

(32)

The solution for this equation can be written as
R(u → 0) ∼ C1 u −ξ + C2 u ξ , ξ = −

iω
.
rhz f  (0)

(33)

Here we have imposed the ingoing boundary condition at the
horizon (u = 0), and so we have required C2 to vanish.
At infinity, where (u = 1), Eq. (31), can be written as
m 2 R(u)
(z + d − 3)R  (u)
− s
= 0.
1−u
(1 − u)2

R  (u) +

(34)

The solution to this equation can be written as
1

1

R(u → 1) ∼ D1 (1 − u) 2 (z+2+) + D2 (1 − u) 2 (z+2−) .
(35)
where

 = (d + z − 2)2 + 4m 2s .

(36)

In order to impose Dirichlet boundary condition R(u →
1) → 0, we can set D2 = 0.
Using the above solutions at horizon and boundary, the
general ansatz for Eq. (31), can be written as
1

R(u) = u −ξ (1 − u) 2 (z+2+) χ (u).

(37)

Inserting Eq. (37) into (31), we obtain
χ  = λ0 (u)χ  + s0 (u)χ ,

(38)

where the coefficient functions are given by
λ0 =

rhz u

f  (u)  + 1
2iω
−
+
.
+ f  (0)
f (u)
1−u

(39)

Furthermore, s0 is given by
s0 (u) =

rh−2(z+1)
2(u − 1)2 u 2 f (u)2 f 2
× −2rh2 u 2 f 2 (1 − u)2z (qs At (u) + ω)2
+u f (u) f  (0)rhz 2u f  (0)rhz m 2s rh2 + Q(u − 1)2
+rh2 (u − 1) f  (u)

× −u f  (0)rhz ( + d + z − 2) + 2i(u − 1)ω



+2rh2 f (u)2 i(u − 1)ω f  (0)rhz (u + 1)
−m 2s u 2 f 2 rh2z + (u − 1)2 ω2

.

(40)

Now using the improved AIM method, Eq. (38) can be solved
numerically. We will derive the charged scalar perturbations,
and study the effects of the parameters of the model such

111

as d, and β on the real and imaginary parts of quasi-normal
frequencies. In the following, we will set Q = 0.
4.1 Numerical results
In this section, we present the numerical results for the QNM
of the charged scalar perturbation around Lifshitz black hole
and the effective potential V (r ∗ ) as a function of tortoise
coordinate r ∗ . We will consider two cases, one for the case
with d = z (Figs. 1, 4), and the other one with d = z (Figs.
2, 5).
The frequency of quasi-normal modes have both real and
imaginary parts, ω = ω R +iω I . So, the factor e−iωt in scalar
field (Eq. (19)) becomes e−iω R t eω I t . Therefore, ω R and ω I
determine the energy of scalar perturbations and the stability
of the system under dynamical perturbations, respectively. If
ω I > 0, the scalar field grows with time and therefore the
black hole is not stable under this perturbation. If ω I < 0,
the black hole system is stable under dynamical perturbation
since the scalar field vanishes as time passes. For larger values
of |ω I |, the perturbation remains longer outside the black
hole until it disappears. From holographic point of view, it
means that it takes more time for the dual system to go back
to equilibrium.
As one can see from Figs. 1 and 2, for both d = z and d =
z cases, for fixed values of β, |ω I | decreases as q increases (or
equivalently temperature T decreases). According to what
explained above, it means that by increasing q, the complete
decay of scalar perturbation outside the black hole takes more
time. Holographically, it shows that dual system needs more
time to return to equilibrium. As Fig. 1a, b show, for d = z
case, by increasing q, ω R increases up to a maximum value
first and then decreases. The value of maximum for a fixed d
and z , depends on nonlinear parameter β. For larger values
of β, the maximum value of ω R is lower. It means that by
increasing the effects of nonlinearity, the maximum energy
of perturbation decreases. For specific values of d and z, the
influence of β on real and imaginary parts of quasi-normal
frequencies disappears as q tends to smaller values (higher
T ). Moreover, for smaller values of β but fixed d and z, the
real part of quasi-normal frequencies is larger in general as
q is further away from zero. The latter result shows that the
perturbation has more energy in linear electrodynamics case.
Furthermore, for larger values of z, the maximum energy of
perturbations is lower (Fig. 1a, b). In d = z case, we have the
same behaviors as d = z case (Fig. 2a, b). However, as Fig.
1a, c show, in the case of d = z, for fixed z, by increasing d,
the behavior of ω R with respect to q may change. For d = 5
and z = 2, ω R shows a decreasing trend as q increases.
In Fig. 3, the behaviors of ω R and ω I with the change of
Lifshitz exponent z have been illustrated for different values
of β in 5 dimensions. As one can see from Fig. 3a, for fixed
values of z, the behavior of ω R is different for small and large
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Fig. 1 The behaviors of real and imaginary parts of QNFs in the case with d = z, m 2s = 1/4 and qs = 1.5 for different d, z, and β. The increase
of the black holes charge q from 0 to near the extreme value in steps of 0.2 are shown with the arrows. Note that for each curve the extreme value
of q is different
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Fig. 2 The behaviors of real and imaginary parts of QNFs in the case with d = z, m 2s = 1/4 and qs = 1.5 for different β. The increase of the
black holes charge q from 0 to near the extreme value in steps of 0.2 are shown with the arrows. Note that for each curve the extreme value of q is
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Fig. 3 The behaviors of real and imaginary parts of QNFs vs z for different β where d = 5, m = 3, q = 1, m 2s = 1/4 and qs = 2

z. For small values of Lifshitz exponent, ω R increases as β
increases whereas for large z, ω R is lower for higher values
of β. Furthermore, ω R reduces as z becomes big and finally
flattens. The value of ω R for high z can approach to zero.
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Now, we discuss the behavior of imaginary part of quasinormal frequency ω I as shown in Fig. 3b. The absolute value
of the imaginary part is bigger for bigger values of β for fixed
z except for z = 1. The difference between values of |ω I | for
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different values of β first increases by increasing z and then
reduces.
In the case with z = d and m 2s < 0, the effective potential
as a function of r ∗ are plotted in Fig. 4. In Fig. 4a, with d = 4,
and z = 2, each potential has a well, whose height depends
on the value of m 2s and β. With the same β, the one with lower
m 2s , has a higher hight of the well. The highest hight of the
well in this case is obtained when β = 0.1 and m 2s = −26.
Moreover, the same behaviors is obtained by going to higher
dimension, such as d = 5, as depicted in Fig. 4b. This shows
that the particle described by the scalar field is trapped in
the potential of the black hole in these cases. Another case is
obtained by setting d = z, where the dimension of spacetime
equals the dynamical critical exponent z (Fig. 5). For d = z
cases, the same behavior is obtained as in Fig. 4, in which
the potential has a well. In order to see the effects of the
existence of the extra dimension, in Fig. 5b, we consider the
case d = z = 5.

5 Summary and conclusion
In this paper, we analyze the behavior of quasi-normal modes
(QNMs) for a higher dimensional black hole with Lifshitz
scaling. This is important as the QNMs can be used to test
models with large extra dimensions with Lifshitz scaling. In
this paper, the QNMs for higher dimensional dilaton-Lifshitz
black hole solutions coupled to a non-linear Born–Infeld
action have been studied. As it is important to study the
charged perturbations for such a black hole solution, charged
perturbations have been studied for this black hole solution.
We first analyzed general conditions for stability analytically,
for a positive potential. However, as it was not possible to
perform such an analysis for a charged perturbation as well
as a negative potential, we numerically analyze this system
for these cases. This was done using the asymptotic iteration
method for quasi-normal modes. So, we analyze this system for two cases, i.e., when d = z, and when d = z. For
both cases, it is observed that the absolute value of imaginary parts of quasi-normal frequencies decreases as charge
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of black hole increase to extremal value. It means that it takes
more time for QNMs to completely decay outside the black
hole. If one wants to interprete this in AdS/CFT formalism,
this result imply that it needs more time for the system to
go back to equilibrium under the perturbation. Increasing
the charge of black hole, the real part of quasi-normal frequencies first increase up to a maximum and then decreases.
The value of this maximum is dependent on the non-linearity
parameter β and is higher for lower values of this parameter.
In the case of d = z, we have a different behavior for real
part of quasi-normal frequencies as the dimension of spacetime increases. For d = 5 = z, we observed that increase
in value of black hole charge (equivalently decrease in black
hole temperature) cause the real part of quasi-normal frequencies to decrease. To study the behavior of potential, we
depicted the potential in tortoise coordinate with m 2s < 0,
for both d = z and d = z cases. We observed that potential
is partly negative and has a well. For d = 4, each potential
has a well whose hight depends on the β and m 2s . The same
behavior is observed for d = 5. It is observed that for the
second case, the high of well depends on β, and for a fixed β,
the high depends on the value of m 2s . Thus, the behavior of
this system depends both on β and m 2s for a fixed dimension.
The QNMs have also become important in string theory,
due to the development of AdS/CFT correspondence [63–
65]. It has been observed that the poles of the retarded Green
function in a conformal field theory on the boundary of an
AdS space is related to the QNMs of a asymptotically AdS
black hole. Thus, QNMs of a higher dimensional AdS black
hole can be used to describe the behavior of strongly coupled quark-gluon plasmas [66,67]. As the AdS/CFT correspondence has been used to analyze the CFT dual to a Lifshitz AdS spacetime [68,69], it would be interesting to repeat
the analysis done in this paper, for an asymptotically AdS
black hole. Then such QNMs can be used to analyze various
properties of CFT dual to such a black hole in the Lifshitz
AdS spacetime. It may be noted that in this paper, we have
used an abelian Born–Infeld action, in which a U (1) gauge
field was coupled in a non-linear action. The abelian Born–
Infeld action has been generalized to a non-abelian Born–
Infeld action [70,71]. Furthermore, black hole solution in
such a theory with non-abelian Born–Infeld have also been
constructed [72,73]. It would be interesting to calculate the
QNMs for such black holes with a non-abelian Born–Infeld
action. It would also be interesting to analyze the QNMs for
such black holes in an asymptotically AdS spacetime, and
then use the AdS/CFT correspondence to analyze the CFT
dual to such a system. Here, we have considered the spherical topology for event horizon. It is also interesting to repeat
the study for other topologies such as flat and hyperbolic
ones.

123

Eur. Phys. J. C

(2020) 80:111

Acknowledgements S. Sedigheh Hashemi would like to thank Shanghai Jiao Tong university for their warm hospitality during her visit, and
part of this project was done in Shahid Behehshti University. This work
has been supported financially by Research Institute for Astronomy &
Astrophysics of Maragha (RIAAM) under research project No. 1/523753.
Data Availability Statement This manuscript has no associated data or
the data will not be deposited. [Authors’ comment:This is a theoretical
study and no experimental data has been listed.]
Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
Funded by SCOAP3 .

References
1. R.A. Konoplya, A. Zhidenko, Quasi-normal modes of black holes:
from astrophysics to string theory. Rev. Mod. Phys. 83, 793 (2011).
arXiv:1102.4014
2. K.D. Kokkotas, B.G. Schmidt, Quasi-normal modes of stars and
black holes. Living Rev. Relativ. 2, 2 (1999). arXiv:gr-qc/9909058
3. H.P. Nollert, Quasi-normal modes: the characteristic sound of black
holes and neutron stars. Class. Quantum Gravity 16, R159 (1999)
4. B. Wang, Perturbations around black holes. Braz. J. Phys. 35, 1029
(2005). arXiv:gr-qc/0511133
5. B.P. Abbott et al. [LIGO Scientific and Virgo Collaborations],
Observation of gravitational waves from a binary black hole merger.
Phys. Rev. Lett. 116, 061102 (2016). arXiv:1602.03837
6. R. Brito, A. Buonanno, V. Raymond, Black-hole spectroscopy by
making full use of gravitational-wave modeling. Phys. Rev. D 98,
084038 (2018). arXiv:1805.00293
7. T. Assumpcao, V. Cardoso, A. Ishibashi, M. Richartz, M. Zilhao,
Black hole binaries: ergoregions, photon surfaces, wave scattering, and quasi-normal modes. Phys. Rev. D 98, 064036 (2018).
arXiv:1806.07909
8. L. Manfredi, J. Mureika, J. Moffat, Quasi-normal modes of modified gravity (MOG) black holes. Phys. Lett. B 779, 492 (2018).
arXiv:1711.03199
9. K. Sakai, K.I. Oohara, H. Nakano, M. Kaneyama, H. Takahashi,
Estimation of starting times of quasi-normal modes in ringdown
gravitational waves with the Hilbert–Huang transform. Phys. Rev.
D 96, 044047 (2017). arXiv:1705.04107
10. N. Arkani-Hamed, S. Dimopoulos, G.R. Dvali, The hierarchy problem and new dimensions at a millimeter. Phys. Lett. B 429, 263
(1998). arXiv:hep-ph/9803315
11. I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, G.R. Dvali, New
dimensions at a millimeter to a Fermi and superstrings at a TeV.
Phys. Lett. B 436, 257 (1998). arXiv:hep-ph/9804398
12. S.B. Giddings, S.D. Thomas, High energy colliders as black hole
factories: the end of short distance physics. Phys. Rev. D 65, 056010
(2002). arXiv:hep-ph/0106219

Eur. Phys. J. C

(2020) 80:111

13. S.B. Giddings, M.L. Mangano, Astrophysical implications of
hypothetical stable TeV-scale black holes. Phys. Rev. D 78, 035009
(2008). arXiv:0806.3381
14. J. Garriga, T. Tanaka, Gravity in the brane world. Phys. Rev. Lett.
84, 2778 (2000). arXiv:hep-th/9911055
15. L. Randall, R. Sundrum, A large mass hierarchy from a
small extra dimension. Phys. Rev. Lett. 83, 3370 (1999).
arXiv:hep-ph/9905221
16. S. Dimopoulos, G.L. Landsberg, Black holes at the LHC. Phys.
Rev. Lett. 87, 161602 (2001)
17. S. Chakraborty, S. SenGupta, Strong gravitational lensing—a probe
for extra dimensions and Kalb–Ramond field. JCAP 1707, 045
(2017)
18. S. Pal, S. Kar, Gravitational lensing in braneworld gravity: formalism and applications. Class. Quantum Gravity 25, 045003 (2008)
19. S. Chakraborty, K. Chakravarti, S. Bose, S. SenGupta, Signatures
of extra dimensions in gravitational waves from black hole quasinormal modes. Phys. Rev. D 97, 104053 (2018). arXiv:1710.05188
20. L. Visinelli, N. Bolis, S. Vagnozzi, Brane-world extra dimensions
in light of GW170817. Phys. Rev. D 97, 064039 (2018)
21. S. Aneesh, S. Bose, S. Kar, Gravitational waves from quasi-normal
modes of a class of Lorentzian wormholes. Phys. Rev. D 97, 124004
(2018). arXiv:1803.10204
22. S.S. Seahra, C. Clarkson, R. Maartens, Detecting extra dimensions
with gravity wave spectroscopy: the black string brane-world. Phys.
Rev. Lett. 94, 121302 (2005). arXiv:gr-qc/0408032
23. P. Horava, Quantum gravity at a Lifshitz point. Phys. Rev. D 79,
084008 (2009). arXiv:0901.3775
24. P. Horava, Spectral dimension of the universe in quantum gravity at a Lifshitz point. Phys. Rev. Lett. 102, 161301 (2009).
arXiv:0902.3657
25. R. Gregory, S.L. Parameswaran, G. Tasinato, I. Zavala, Lifshitz
solutions in supergravity and string theory. JHEP 1012, 047 (2010).
arXiv:1009.3445
26. P. Burda, R. Gregory, S. Ross, Lifshitz flows in IIB and dual field
theories. JHEP 1411, 073 (2014). arXiv:1408.3271
27. J. Tarrio, S. Vandoren, Black holes and black branes in Lifshitz
spacetimes. JHEP 1109, 017 (2011). arXiv:1105.6335
28. M. Kord Zangeneh, A. Sheykhi, M.H. Dehghani, Thermodynamics
of topological nonlinear charged Lifshitz black holes. Phys. Rev.
D 92, 024050 (2015). arXiv:1506.01784
29. K. Goldstein, N. Iizuka, S. Kachru, S. Prakash, S.P. Trivedi, A.
Westphal, Holography of dyonic dilaton black branes. JHEP 1010,
027 (2010). arXiv:1007.2490
30. G. Bertoldi, B.A. Burrington, A.W. Peet, Thermal behavior of
charged dilatonic black branes in AdS and UV completions
of Lifshitz-like geometries. Phys. Rev. D 82, 106013 (2010).
arXiv:1007.1464
31. S. Cremonini, A. Hoover, L. Li, Backreacted DBI magnetotransport with momentum dissipation. JHEP 1710, 133 (2017).
arXiv:1707.01505
32. D.C. Zou, S.J. Zhang, B. Wang, Critical behavior of Born–Infeld
AdS black holes in the extended phase space thermodynamics.
Phys. Rev. D 89, 044002 (2014). arXiv:1311.7299
33. W.J. Geng, H. Lu, Einstein-vector gravity, emerging gauge symmetry and de Sitter bounce. Phys. Rev. D 93, 044035 (2016).
arXiv:1511.03681
34. J.E. Thompson, R.R. Volkas, Domain-wall branes in Lifshitz theories. Phys. Rev. D 82, 116007 (2010). arXiv:1008.2054
35. O. Ramos, E. Barausse, Constraints on Horava gravity from
binary black hole observations. Phys. Rev. D 99, 024034 (2019).
arXiv:1811.07786
36. P. Bosso, S. Das, R.B. Mann, Potential tests of the generalized
uncertainty principle in the advanced LIGO experiment. Phys. Lett.
B 785, 498 (2018)

Page 9 of 10

111

37. E.S. Fradkin, A.A. Tseytlin, Effective field theory from quantized
string. Phys. Lett. B 163, 123 (1985)
38. R.R. Metsaev, M.A. Rakhmanov, A.A. Tseytlin, The Born–Infeld
action as the effective action in the open superstring theory. Phys.
Lett. B 193, 207 (1987)
39. C.G. Callan, C. Lovelace, C.R. Nappi, S.A. Yost, Loop corrections
to superstring equations of motion. Nucl. Phys. B 308, 221 (1988)
40. R.G. Leigh, Dirac–Born–Infeld action from Dirichlet Sigma
model. Mod. Phys. Lett. A 4, 2767 (1989)
41. R.A. Konoplya, A. Zhidenko, Decay of a charged scalar and Dirac
fields in the Kerr–Newman–de Sitter background. Phys. Rev. D
76, 084018 (2007). Erratum: [Phys. Rev. D 90, 029901 (2014)].
arXiv:0707.1890
42. Z. Zhu, S.J. Zhang, C.E. Pellicer, B. Wang, E. Abdalla, Stability of Reissner–Nordström black hole in de Sitter background
under charged scalar perturbation. Phys. Rev. D 90, 044042 (2014).
arXiv:1405.4931
43. R.A. Konoplya, A. Zhidenko, Charged scalar field instability
between the event and cosmological horizons. Phys. Rev. D 90,
064048 (2014). arXiv:1406.0019
44. X. He, B. Wang, R.G. Cai, C.Y. Lin, Signature of the black hole
phase transition in quasi-normal modes. Phys. Lett. B 688, 230
(2010). arXiv:1002.2679
45. E. Abdalla, C.E. Pellicer, J. de Oliveira, A.B. Pavan, Phase
transitions and regions of stability in Reissner–Nordström holographic superconductors. Phys. Rev. D 82, 124033 (2010).
arXiv:1010.2806
46. Y. Liu, B. Wang, Perturbations around the AdS Born–Infeld black
holes. Phys. Rev. D 85, 046011 (2012). arXiv:1111.6729
47. P.A. Gonzalez, J. Saavedra, Y. Vasquez, Quasi-normal modes and
stability analysis for four-dimensional Lifshitz black hole. Int. J.
Mod. Phys. D 21, 1250054 (2012). arXiv:1201.4521
48. R.B. Mann, Lifshitz topological black holes. JHEP 0906, 075
(2009). arXiv:0905.1136
49. P.A. Gonzalez, F. Moncada, Y. Vasquez, Quasi-normal modes,
stability analysis and absorption cross section for 4-dimensional
topological Lifshitz black hole. Eur. Phys. J. C 72, 1 (2012).
arXiv:1205.0582
50. Y.S. Myung, T. Moon, Quasi-normal frequencies and thermodynamic quantities for the Lifshitz black holes. Phys. Rev. D 86,
024006 (2012). arXiv:1204.2116
51. W. Sybesma, S. Vandoren, Lifshitz quasi-normal modes and relaxation from holography. JHEP 1505, 021 (2015). arXiv:1503.07457
52. R. Becar, P.A. González, Y. Vásquez, Quasi-normal modes of fourdimensional topological nonlinear charged Lifshitz black holes.
Eur. Phys. J. C 76, 78 (2016). arXiv:1510.06012
53. R. Becar, P.A. González, Y. Vásquez, Quasi-normal modes of nonAbelian hyperscaling violating Lifshitz black holes. Gen. Relativ.
Gravit. 49, 26 (2017). arXiv:1510.04605
54. C. Park, A massive quasi-normal mode in the holographic Lifshitz
theory. Phys. Rev. D 89, 066003 (2014). arXiv:1312.0826
55. M. Kord Zangeneh, B. Wang, A. Sheykhi, Z.Y. Tang, Charged
scalar quasi-normal modes for linearly charged dilaton-Lifshitz
solutions. Phys. Lett. B 771, 257 (2017). arXiv:1701.03644
56. Y.S. Myung, D.C. Zou, Quasinormal modes of scalarized black
holes in the Einstein–Maxwell–Scalar theory. Phys. Lett. B 790,
400 (2019). arXiv:1812.03604
57. M. Born, L. Infeld, Foundation of the new field theory. Proc. R.
Soc. A 144, 425 (1934)
58. A. Sheykhi, Thermodynamical properties of topological Born–
Infeld-dilaton black holes. Int. J. Mod. Phys. D 18, 25 (2009).
arXiv:0801.4112
59. A. Sheykhi, Thermodynamics of charged topological dilaton black
holes. Phys. Rev. D 76, 124025 (2007). arXiv:0709.3619
60. J. Polchinski, String Theory (Cambridge University Press, Cambridge, 1998)

123

111

Page 10 of 10

61. M. Kord Zangeneh et al., Thermodynamics, phase transitions and
Ruppeiner geometry for Einstein-dilaton-Lifshitz black holes in
the presence of Maxwell and Born–Infeld electrodynamics. Eur.
Phys. J. C 77.6, 423 (2017). arXiv:1610.06352
62. H.T. Cho, A.S. Cornell, J. Doukas, W. Naylor, Black hole quasinormal modes using the asymptotic iteration method. Class. Quantum Gravity 27, 155004 (2010). arXiv:0912.2740
63. J.M. Maldacena, The large N limit of superconformal field theories
and supergravity. Int. J. Theor. Phys. 38, 1113 (1999)
64. J.M. Maldacena, The large N limit of superconformal field theories and supergravity. Adv. Theor. Math. Phys. 2, 231 (1998).
arXiv:hep-th/9711200
65. O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri, Y. Oz, Large
N field theories, string theory and gravity. Phys. Rep. 323, 183
(2000). arXiv:hep-th/9905111
66. P. Kovtun, D.T. Son, A.O. Starinets, Viscosity in strongly interacting quantum field theories from black hole physics. Phys. Rev.
Lett. 94, 111601 (2005). arXiv:hep-th/0405231
67. A. Peshier, W. Cassing, The hot non-perturbative gluon plasma is
an almost ideal colored liquid. Phys. Rev. Lett. 94, 172301 (2005).
arXiv:hep-ph/0502138

123

Eur. Phys. J. C

(2020) 80:111

68. E.I. Buchbinder, A. Buchel, Relativistic conformal magnetohydrodynamics from holography. Phys. Lett. B 678, 135 (2009).
arXiv:0902.3170
69. Y.C. Ong, P. Chen, Stability of Horava–Lifshitz black holes
in the context of AdS/CFT. Phys. Rev. D 84, 104044 (2011).
arXiv:1106.3555
70. J. de Boer, K. Schalm, J. Wijnhout, General covariance of the nonAbelian DBI action: checks and balances. Ann. Phys. 313, 425
(2004). arXiv:hep-th/0310150
71. V.V. Dyadichev, D.V. Gal’tsov, P. Vargas Moniz, Chaos-order transition in Bianchi I non-Abelian Born–Infeld cosmology. Phys. Rev.
D 72, 084021 (2005). arXiv:hep-th/0412334
72. M. Wirschins, A. Sood, J. Kunz, Non-Abelian Einstein–
Born–Infeld black holes. Phys. Rev. D 63, 084002 (2001).
arXiv:hep-th/0004130
73. P.K. Tripathy, Gravitating monopoles and black holes in Einstein–
Born–Infeld–Higgs model. Phys. Lett. B 458, 252 (1999).
arXiv:hep-th/9904186

