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Abstract In order to understand the confining decoupling
solution of the Yang–Mills theory in the Landau gauge, we
consider the massive Yang–Mills model which is defined
by just adding a gluon mass term to the Yang–Mills the-
ory with the Lorentz-covariant gauge fixing term and the
associated Faddeev–Popov ghost term. First of all, we show
that massive Yang–Mills model is obtained as a gauge-fixed
version of the gauge-invariantly extended theory which is
identified with the gauge-scalar model with a single fixed-
modulus scalar field in the fundamental representation of
the gauge group. This equivalence is obtained through the
gauge-independent description of the Brout–Englert–Higgs
mechanism proposed recently by one of the authors. Then,
we reconfirm that the Euclidean gluon and ghost propaga-
tors in the Landau gauge obtained by numerical simulations
on the lattice are reproduced with good accuracy from the
massive Yang–Mills model by taking into account one-loop
quantum corrections. Moreover, we demonstrate in a numer-
ical way that the Schwinger function calculated from the
gluon propagator in the Euclidean region exhibits violation
of the reflection positivity at the physical point of the param-
eters. In addition, we perform the analytic continuation of the
gluon propagator from the Euclidean region to the complex
momentum plane towards the Minkowski region. We give
an analytical proof that the reflection positivity is violated
for any choice of the parameters in the massive Yang–Mills
model, due to the existence of a pair of complex conjugate
poles and the negativity of the spectral function for the gluon
propagator to one-loop order. The complex structure of the
propagator enables us to explain why the gluon propagator
in the Euclidean region is well described by the Gribov–
Stingl form. We try to understand these results in light of the
Fradkin–Shenker continuity between confinement-like and
Higgs-like regions in a single confinement phase in the com-
plementary gauge-scalar model.

a e-mail: kondok@faculty.chiba-u.jp

1 Introduction

It is still a challenging problem in particle physics to explain
quark and gluon confinement in the framework of quantum
gauge field theories [1]. The very first question to this prob-
lem is to clarify what criterion should be adopted to under-
stand confinement. For quark confinement, there is a well-
established gauge-invariant criterion given by Wilson [2],
namely, the area law falloff of the Wilson loop average lead-
ing to the linear static quark potential with a non-vanishing
string tension. For gluon confinement, on the other hand,
there is no known gauge-invariant criterion to the best of
the authors’ knowledge. This is also the case for more gen-
eral hypothesis of color confinement including quark and
gluon confinement as special cases. Once the gauge is fixed,
however, there are some proposals. For instance, the Kugo-
Ojima criterion for color confinement is given for the Lorentz
covariant Landau gauge [3]. Indeed, it is rather difficult to
prove the color confinement criterion even in a specific gauge,
although there appeared an announcement for a proof of the
Kugo-Ojima criterion for color confinement in the covari-
ant Landau gauge [4]. Even if color confinement is success-
fully proved in a specific gauge, this does not automatically
guarantee color confinement in the other gauges. Therefore
the physical picture for confinement could change gauge by
gauge.

The information on confinement is expected to be encoded
in the gluon and ghost propagators which are obtained by fix-
ing the gauge. Recent investigations have confirmed that in
the Lorentz covariant Landau gauge the decoupling solution
[5–11] is the confining solution of the Yang–Mills theory in
the three- and four-dimensional spacetime, while the scal-
ing solution is realized in the two-dimensional spacetime.
Therefore, it is quite important to understand the decoupling
solution in the Lorentz covariant Landau gauge. Of course,
there are so many approaches towards this goal. In this paper,
we focus on the approach [12–16] which has been developed

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-020-7632-4&domain=pdf
mailto:kondok@faculty.chiba-u.jp


84 Page 2 of 33 Eur. Phys. J. C (2020) 80 :84

in recent several years and has succeeded to reproduce some
features of the decoupling solution with good accuracy. We
call this approach themass-deformed Yang–Mills theorywith
the gauge fixing term or the massive Yang–Mills model in the
covariant gauge for short.

However, the reason why this approach is so successful is
not fully understood yet in our opinion. In the original works
[12,13] the massive Yang–Mills model in the Landau gauge
was identified with a special parameter limit of the Curci-
Ferrari model [17]. However, the Curci-Ferrari model is not
invariant under the usual Becchi-Rouet-Stora-Tyutin (BRST)
transformation, but invariant just under the modified BRST
transformation which does not respect the usual nilpotency.

In this paper we show based on the previous works [18–20]
that the mass-deformed Yang–Mills theory with the covariant
gauge fixing term has the gauge-invariant extension which is
given by a gauge-scalar model with a single fixed-modulus
scalar field in the fundamental representation of the gauge
group, provided that a constraint called the reduction con-
dition is satisfied. We call such a model the complemen-
tary gauge-scalar model. This equivalence is achieved based
on the gauge-independent description [18–20] of the Brout-
Englert-Higgs (BEH) mechanism [21–24] which does not
rely on the spontaneous breaking of gauge symmetry [25–
27]. This description enables one to give a gauge-invariant
mass term of the gluon field in the Yang–Mills theory which
can be identified with the gauge-invariant kinetic term of the
scalar field in the complementary gauge-scalar model.

In this paper, we first confirm that the massive Yang–Mills
model with one-loop quantum corrections being included
in the Euclidean region reproduces with good accuracy the
gluonandghost propagators of the decoupling solution of the
Yang–Mills theory in the Landau gauge obtained by numer-
ical simulations on the lattice. In fact, the resulting gluon
and ghost propagators in the massive Yang–Mills model can
be well fitted to those on the lattice by adjusting the param-
eters, namely, the coupling constant g and the gluon mass
parameter M .

For gluon confinement, the violation of reflection posi-
tivity is regarded as a necessary condition for confinement.
In fact, it is known that the gluon propagator in the Yang–
Mills theory exhibits the violation of reflection positivity.
This fact was directly shown by the numerical simulations
on the lattice, e.g., in the covariant Landau gauge [28,29]. In
this paper, by using the relevant gluon propagator in the mas-
sive Yang–Mills model, we calculate the Schwinger function
in a numerical way to demonstrate that the reflection positiv-
ity is violated at the physical point of parameters reproducing
the Yang–Mills theory.

In order to understand these facts and consider the mean-
ing of gluon confinement, we perform the analytic continu-
ation of the gluon and ghost propagators in the Euclidean
region to those in the Minkowski region on the complex

momentum squared plane. The consideration of the complex
structure of the propagator enables us to give an analytical
proof that the reflection positivity is violated for any choice
of the parameters without restricting to the physical point of
the Yang–Mills theory in the massive Yang–Mills model with
one-loop quantum corrections being included. For this proof,
it is enough to show that the Schwinger function necessarily
becomes negative in some region, which is achieved by cal-
culating separately the contributions to the gluon Schwinger
function from the pole part and the continuous (branch cut)
part of the gluon propagator based on the generalized spectral
representation in the massive Yang–Mills model to one-loop
order. It turns out that the violation of reflection positivity is
an immediate consequence of the facts that the gluon prop-
agator has a pair of complex conjugate poles and that the
spectral function of the gluon propagator has negative value
on the whole range, see [30]. See e.g., [31–33] for the con-
struction of the spectral function from the Euclidean data of
numerical simulations on the lattice.

The complex structure of the propagator enables us to
explain why the gluon propagator in the Euclidean region is
well described by the Gribov–Stingl form [34], as demon-
strated in the numerical simulations on the lattice [35–37].
Indeed, the pole part of the gluon propagator due to a pair
of complex conjugate poles exactly reproduces the Gribov–
Stingl form which is fitted to the numerical simulations to
very good accuracy, after subtracting the small contribution
coming from the continuous part represented by the spectral
function obtained from the discontinuity across the branch
cut on the positive real axis on the complex momentum plane.
See also [38] for another explanation for the occurrence of
the gluon propagator of the Gribov–Stingl form.

The above result suggests that gluon confinement is not
restricted to the confinement phase of the ordinary Yang–
Mills theory, and can be extended into more general situa-
tions, namely, anywhere represented by the massive Yang–
Mills model, which includes the Higgs phase in the comple-
mentary gauge-scalar model. In the lattice gauge theory, it
is known that the confinement phase in the pure Yang–Mills
theory is analytically continued to the Higgs phase in the rele-
vant gauge-scalar model, which is called theFradkin-Shenker
continuity [39] as a special realization of the Osterwalder-
Seiler theorem [40,41]. There are no local order parameters
which can distinguish the confinement and Higgs phases.
There is no thermodynamic phase transition between con-
finement and Higgs phases [42–44], in sharp contrast to the
adjoint scalar case [45–50] where there is a clear phase tran-
sition between the two phases. Therefore, confinement and
Higgs phases are just subregions of a single confinement-
Higgs phase [51–53]. Therefore, permanent violation of pos-
itivity can be understood in light of the Fradkin-Shenker con-
tinuity between confinement-like and Higgs-like regions in
a single confinement phase in the gauge-scalar model.
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This paper is organized as follows. In Sect. 2, we intro-
duce the massive Yang–Mills model in the covariant gauge.
In Sect. 3, we show that the massive Yang–Mills model with
quantum corrections to one-loop order well reproduces the
gluon and ghost propagators of the decoupling solution. In
Sect. 4, we show that the gluon propagator exhibits viola-
tion of reflection positivity through the calculation of the
Schwinger function. In Sect. 5, we perform the analytic con-
tinuation of the propagator to the complex momentum to
examine the complex structure. In the final section we draw
the conclusion and discuss the future problems to be tack-
led. In Appendix A, we give a recursive construction of
the transverse and gauge-invariant gluon field to show the
gauge-invariant extension of the massive Yang–Mills model.
In Appendix B, we give another way for solving the reduction
condition.

2 Gauge-invariant extension of the mass-deformed
Yang–Mills theory in the covariant Landau gauge

2.1 Mass deformation of the Yang–Mills theory in the
covariant Landau gauge

We introduce the mass-deformed Yang–Mills theory in the
covariant gauge which is defined just by adding the naive
mass term Lm to the ordinary massless Yang–Mills theory
in the (manifestly Lorentz) covariant gauge fixing. The total
Lagrangian densityL tot

mYM of the massive Yang–Mills model
consists of the Yang–Mills Lagrangian LYM, the gauge-
fixing (GF) term LGF, the associated Faddeev-Popov (FP)
ghost term LFP, and the mass term Lm,

L tot
mYM =LYM + LGF + LFP + Lm,

LYM = − 1

4
F A

μνF
Aμν,

LGF =N A∂μA A
μ + α

2
N AN A,

LFP = iC̄ A∂μDμ[A ]ABC B

= iC̄ A∂μ
(
∂μC

A + g fABCA
B

μ C C
)

,

Lm = 1

2
M2A A

μ A μA, (1)

whereA A
μ denotes the Yang–Mills field,N A the Nakanishi-

Lautrup field, and C A, C̄ A the Faddeev-Popov ghost and
antighost fields, which take their values in the Lie algebra
G of a gauge group G with the structure constants f ABC
(A, B,C = 1, ..., dimG). We call this theory the massive
Yang–Mills model in the covariant gauge for short.

The expectation value of the operator O[A ] of A A
μ is

given according to the path integral quantization using the

total action Stot
mYM[A ,C , C̄ ,N ] and the integration measure

DADCDC̄DN

〈O[A ]〉mYM :=
∫ DADCDC̄DN ei S

tot
mYM[A ,C , ¯C ,N ]O[A ]

∫ DADCDC̄DN ei S
tot
mYM[A ,C , ¯C ,N ] .

(2)

In the Landau gauge α = 0, especially, the average is cast into
a simpler form by integrating the Nananishi-Lautrup field
N A and subsequently the ghost and antighost field C A, C̄ A

as

〈O[A ]〉mYM

=
∫ DADCDC̄ δ(∂μA A

μ )ei SYM[A ]+i SFP[A ,C , ¯C ]+i Sm[A ]O[A ]
∫ DADCDC̄ δ(∂μA A

μ )ei SYM[A ]+i SFP[A ,C , ¯C ]+i Sm[A ]

=
∫ DA δ(∂μA A

μ )�FP[A ]ei SYM[A ]+i Sm[A ]O[A ]∫ DA δ(∂μA A
μ )�FP[A ]ei SYM[A ]+i Sm[A ] , (3)

with the Faddeev-Popov determinant,

�FP[A ] := det(∂μDμ[A ]AB). (4)

In this paper we do not intend to take into account the
Gribov problem. The reasons are as follows. In this paper
we deal with the massive Yang–Mills model as a low-energy
effective model of the Yang–Mills theory and perform the
perturbative analysis based on this model.

In the ultraviolet region the perturbative analysis of the
Yang–Mills theory is valid due to the ultraviolet asymptotic
freedom and is free from the Gribov problem, since the per-
turbative analysis can be done in the neighborhood of the
origin of the configuration space of the gauge field within the
first Gribov region and therefore does not reach the Gribov
horizon where the Gribov problem becomes serious. This is
also the case for the massive Yang–Mills model, since the
effect of mass term can be ignored in the ultraviolet region.

Of course, in the usual perturbative treatment of the Yang–
Mills theory, we encounter the Landau pole at which the
gauge coupling constant diverges and the perturbative anal-
ysis breaks down at an intermediate momentum scale before
reaching the deep infrared region. For the massive Yang–
Mills model, however, we can adopt the infrared safe renor-
malization scheme in which the perturbation theory does not
break down and remains valid from the large momentum all
the way down to the zero momentum, as can be seen from the
fact that the gauge coupling constant remains finite without
divergence in the whole momentum region, and even van-
ishes in the zero momentum limit, as reviewed in Sect. 3.
Therefore, we think that the massive Yang–Mills model can
be treated in the whole region without seriously worrying
about the Gribov problem, although there is no rigorous proof
on this claim.
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We regard the massive Yang–Mills model adopted in this
paper as a low-energy effective model of the Yang–Mills
theory where the mass term is generated in the dynamical way
due to quantum corrections, for instance, according to the
Wilsonian renormalization group. The mass term plays also
the role of an infrared regulator and the massive Yang–Mills
model is thereby free from the infrared divergence even in
the vanishing momentum limit. Of course, the generation of
the gluon mass term originates from non-perturbative effects
and should be investigated from the first principles, which
is however beyond the scope of this paper. Incidentally, we
tried to show the existence of such mass term in [54].

The massive Yang–Mills model just defined is a special
case of a massive extension of the massless Yang–Mills the-
ory in the most general renormalizable gauge having both
BRST and anti-BRST symmetries given by [55]

L tot
mYM =LYM + LGF+FP + Lm, (5a)

LYM = − 1

4
Fμν · Fμν, (5b)

LGF+FP = β

2
N · N

+ N · ∂μAμ − β

2
gN · (iC̄ × C )

+ iC̄ · ∂μDμ[A ]C + β

4
g2(iC̄ × C ) · (iC̄ × C )

=N · ∂μAμ + iC̄ · ∂μDμ[A ]C
+ β

4
( ¯N · ¯N + N · N ), (5c)

Lm = 1

2
M2Aμ · A μ + βM2iC̄ · C , (5d)

where β is a parameter which correspond to the gauge-
fixing parameters in the M → 0 limit, Dμ[A ]C (x) :=
∂μC (x)+gA (x)×C (x), and ¯N := −N +giC̄ ×C . This
model is called the Curci-Ferrari model [17] with the cou-
pling constant g, the mass parameter M , and the parameter
β. [In the Abelian limit with vanishing structure constants
f ABC = 0, the FP ghosts decouple and the Curci-Ferrari
model reduces to the Nakanishi model [58].] For M �= 0,
the physics depends on the parameter β. This result should
be compared with the M = 0 case, in which β is a gauge
fixing parameter and hence the physics should not depend
on β. In the M = 0 case, indeed, any choice of β gives
the same physics. However, this is not the case for M �= 0.
See e.g., [56,57] for more details. The massive Yang–Mills
model is regarded as a β = 0 case of the Curci-Ferrari model.
This point of view taken in the preceding works [12,13]
is good from the viewpoint of renormalizability, since the
Curci-Ferrari model is known to be renormalizable. However,
the Curci-Ferrari model lacks the physical unitarity at least
in the perturbation theory [17,56,57]. Indeed, the massive
Yang–Mills model does not have the nilpotent BRST sym-

metry, although it has the modified BRST symmetry which
does not respect the usual nilpotent property and reduces
to the ordinary BRST symmetry only in the massless limit
M → 0. In this paper we try to find an extended theory
with the ordinary nilpotent BRST symmetry, which repro-
duces the massive Yang–Mills model under an appropriate
prescription. As a candidate for such a theory we investigate
a specific gauge-scalar model.

In what follows we show that the massive Yang–Mills
model in a covariant gauge has the gauge-invariant exten-
sion which is given by the gauge-scalar model with a single
radially fixed (or fixed modulus) scalar field in the fundamen-
tal representation of a gauge group if the theory is subject to
an appropriate constraint which we call the reduction con-
dition. We call such a gauge-scalar model the complemen-
tary gauge-scalar model. In other words, the complemen-
tary gauge-scalar model with a single radially fixed scalar
field in the fundamental representation reduces to the mass-
deformed Yang–Mills theory in a fixed gauge if an appropri-
ate reduction condition is imposed.

For G = SU (2), the complementary gauge-scalar model
is given by

LRF =LYM + Lkin,

LYM = − 1

2
tr[FμνF

μν],
Lkin := (Dμ[A ]�)† · (Dμ[A ]�), (6)

with a single fundamental scalar field � subject to the radially
fixed condition,

f (�(x)) := �(x)† · �(x) − 1

2
v2 = 0, (7)

where v is a positive constant (v > 0) and �(x) is the SU (2)

doublet formed from two complex scalar fields φ1(x),φ2(x),

�(x) =
(

φ1(x)
φ2(x)

)
, φ1(x),φ2(x) ∈ C, (8)

where Dμ[A ] is the covariant derivative in the fundamental
representation Dμ[A ] := ∂μ − igAμ.

This gauge-scalar model is invariant under the gauge trans-
formation,

Aμ(x) → A U
μ (x) := U (x)Aμ(x)U (x)† + ig−1U (x)∂μU (x)†,

�(x) → �U (x) := U (x)�(x), U (x) ∈ G. (9)

It is more convenient to convert the scalar field into the
gauge group element. For this purpose, we introduce the
matrix-valued scalar field 	 by adding another SU (2) dou-
blet �̃ := ε�∗ as
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	(x) := (
�̃(x) �(x)

) = (
ε�∗(x) �(x)

)

=
(

φ∗
2(x) φ1(x)

−φ∗
1(x) φ2(x)

)
, ε =

(
0 1

−1 0

)
. (10)

Then the complementary SU (2) gauge-scalar model with a
single radially fixed scalar field in the fundamental represen-
tation is defined by

LRF = LYM + Lkin + Lc,

LYM[A ] = −1

2
tr(Fμν(x)F

μν(x)),

Lkin[A ,	] = 1

2
tr((Dμ[A ]	(x))†Dμ[A ]	(x)),

Lc[u,	] = u(x) f (	(x)),

f (	) := tr

(
	†	 − 1

2
v21

)
/tr(1), (11)

where u is the Lagrange multiplier field to incorporate the
holonomic constraint (7) written in the matrix form f (	) =
0. The radially fixed gauge-scalar model with the Lagrangian
density (11) is invariant under the gauge transformation,

Aμ(x) → A U
μ (x) := U (x)Aμ(x)U (x)† + ig−1U (x)∂μU (x)†,

	̂(x) → 	̂U (x) := U (x)	̂(x), U (x) ∈ G. (12)

Then we introduce the normalized matrix-valued scalar
field 	̂ by

	̂(x) = 	(x)/

(
v√
2

)
, v > 0. (13)

The above constraint (7) implies that the normalized scalar
field 	̂ obeys the conditions: 	̂(x)†	̂(x) = 	̂(x)	̂(x)† =
1, and det 	̂(x) = 1. Therefore, 	̂ is an element of SU (2):

	̂(x) ∈ G = SU (2). (14)

This is an important property to provide a gauge-independent
BEH mechanism.

The massive vector boson field Wμ ∈ G = su(2) is
defined in terms of the original gauge field Aμ ∈ G = su(2)

and the normalized scalar field 	̂ ∈ G = SU (2) as shown
in a previous paper [20],

Wμ(x) := ig−1(Dμ[A ]	̂(x))	̂(x)†

= − ig−1	̂(x)(Dμ[A ]	̂(x))†

= 1

2
ig−1[(Dμ[A ]	̂(x))	̂(x)† − 	̂(x)(Dμ[A ]	̂(x))†].

(15)

According to the gauge-independent BEH mechanism [18–
20], the kinetic term of the scalar field 	 is identical to the

mass term of Wμ,

Lkin[A , 	̂] = 1

2
tr((Dμ[A ]	̂(x))†Dμ[A ]	̂(x))

= M2tr(Wμ(x)W μ(x)), M = g
v

2
. (16)

The massive vector field Wμ is rewritten using
	̂(x)	̂(x)† = 1 into

Wμ(x) = Aμ(x) − ig−1	̂(x)∂μ	̂(x)†. (17)

Then it is shown that the massive vector boson field Wμ has
the expression,1

Wμ(x) = 	̂(x)A 	̂†

μ (x)	̂(x)†, (18)

where A 	̂†

μ denotes the gauge transform of Aμ by 	̂ ∈ G.
Notice that Wμ transforms according to the adjoint represen-
tation under the gauge transformation,

Wμ(x) → W U
μ (x) = U (x)Wμ(x)U (x)†, (19)

whereas A 	̂†

μ is gauge invariant,

A 	̂†

μ (x) →
(
A 	̂†

μ

)U
(x) = A 	̂†

μ (x). (20)

Therefore, the mass term can be written in terms of the gauge-

invariant field A 	̂†

μ as

Lkin

[
A , 	̂†

]
= M2tr

(
A 	̂†

μ (x)A μ	̂†
(x)

)
, M = g

v

2
.

(21)

This theory is supposed to obey the reduction condition
for the massive vector field modeWμ(x). The stationary form
of the reduction condition is given by

χ(x) := Dμ[A ]Wμ(x) = 0, (22)

where Dμ[A ] is the covariant derivative in the adjoint repre-
sentationDμ[A ] := ∂μ−ig[Aμ, ·]. The stationary reduction
condition is cast into

χ(x) :=Dμ[A ]Wμ(x)

= (	̂(x)Dμ
[
A 	̂†

]
	̂(x)†)

(
	̂(x)A 	̂†

μ (x)	̂(x)†
)

= 	̂(x)Dμ
[
A 	̂†

]
A 	̂†

μ (x)	̂(x)†

= 	̂(x)∂μA 	̂†

μ (x)	̂(x)†. (23)

1 In [20] A 	̂†

μ (x) was written as W̃μ(x) .
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This implies that imposing the reduction condition χ(x) :=
Dμ[A ]Wμ(x) = 0 is equivalent to imposing the “Landau

gauge condition” ∂μA 	̂†

μ (x) = 0 or transverse condition for

the gauge-invariant field A 	̂†

μ (x). Therefore, we can use the

(gauge-transformed) reduction condition χ	̂†
written as

χ	̂†
(x) := 	̂(x)†χ(x)	̂(x) = ∂μA 	̂†

μ (x) = 0, (24)

and the associated Faddeev–Popov determinant �red
FP reads

�red
FP

[
A 	̂†

]
:= det

[
δχ	̂†

δ	̂†

]
= det

[
δ∂μA 	̂†

μ

δ	̂†

]
. (25)

Notice that the reduction condition χ	̂†
and the associated FP

determinant �red are written in terms of A 	̂†

μ alone, χ	̂† =
χ [A 	̂†] and �red = �red[A 	̂† ], and hence they are gauge
invariant.

We show that the massive Yang–Mills (mYM) model in
the Landau gauge can be converted to the complementary
gauge-scalar (CGS) model, namely, radially fixed gauge-
scalar model subject to the reduction condition. In fact,
the vacuum expectation value of a gauge-invariant operator
O[A ] of A A

μ reads

〈O[A ]〉mYM

:=
∫ DA �FP[A ]δ(∂μAμ)ei SYM[A ]+i Sm [A ]O[A ]∫ DA �FP[A ]δ(∂μAμ)ei SYM[A ]+i Sm [A ]

=
∫ D	̂†

∫ DA �FP[A ]δ(∂μAμ)ei SYM[A ]+i Sm [A ]O[A ]∫ D	̂†
∫ DA �FP[A ]δ(∂μAμ)ei SYM[A ]+i Sm [A ]

=
∫ D	̂†

∫ DA 	̂†
�FP[A 	̂† ]δ(∂μA 	̂†

μ )ei SYM[A 	̂† ]+i Sm [A 	̂† ]O[A 	̂† ]
∫ D	̂†

∫ DA 	̂†
�FP[A 	̂† ]δ(∂μA 	̂†

μ )ei SYM[A 	̂† ]+i Sm [A 	̂† ]

=
∫ D	̂†

∫ DA �FP[A 	̂† ]δ(∂μA 	̂†

μ )ei SYM[A ]+i Sm [A 	̂† ]O[A ]
∫ D	̂†

∫ DA �FP[A 	̂† ]δ(∂μA 	̂†
μ )ei SYM[A ]+i Sm [A 	̂† ]

=
∫ DA {∫ D	̂†�red

FP [A 	̂† ]δ(∂μA 	̂†

μ )}ei SYM[A ]+i Skin[A ,	̂†]O[A ]
∫ DA {∫ D	̂†�red

FP [A 	̂† ]δ(∂μA 	̂†
μ )}ei SYM[A ]+i Skin[A ,	̂†]

=
∫ DA ei SYM[A ]+i Skin[A ,	̂†]O[A ]∫ DA ei SYM[A ]+i Skin[A ,	̂†] =: 〈O[A ]〉CGS, (26)

where the normalized matrix-scalar field 	̂ is introduced and
the integration over the gauge volume

∫ D	̂† is inserted in
the second equality, the integration variable A is renamed

to A 	̂†
in the third equality, the gauge invariance of the

Yang–Mills action SYM[A 	̂†] = SYM[A ], the integration

measure DA 	̂† = DA and the operator O[A 	̂†] = O[A ]
is used in the fourth equality, and the FP determinant �FP[A ]
for the Landau gauge ∂μAμ = 0 in the massive Yang–
Mills model is identified with the FP determinant (25) for
the reduction condition (24) in the fifth equality. In the last

step, the delta function δ(	̂†, h[A ]) on the group G satisfy-
ing

∫ D	̂†δ(	̂†, h[A ]) = 1 is used to rewrite

δ(	̂†, h[A ]) = det

[
δ∂μA 	̂†

μ

δ	̂†

]∣∣∣∣
	̂†=h[A ]

δ(∂μA 	̂†

μ )

= �red
FP

[
A 	̂†

]
δ
(
∂μA 	̂†

μ

)
, (27)

which is valid when the following equation for a given Aμ

has a unique solution of h = h[A ] ∈ G,

∂μA
h[A ]
μ (x) = 0. (28)

This uniqueness of the solution corresponds to assuming that
there are no Gribov copies if ∂μA

h[A ]
μ (x) = 0 is regarded

as the gauge fixing condition. Notice that we have taken into
account the radially fixed constraint (7) in replacing the scalar
field 	† by the normalized matrix-valued (or group-valued)
scalar field 	̂† in the last step.

We have assumed that the solution is unique in showing the
equivalence in the above. Therefore, the equivalence is valid
up to the Gribov copies. As mentioned already, however, we
do not intend to seriously consider the Gribov problem in this
paper, since we take the same standpoint as before explained
in the above.

Incidentally, by adopting the absolute Landau gauge

for A 	̂†
as the reduction condition, we can extract the

gauge field configuration as the unique solution without
Gribov copies. Then we can show the exact equivalence
between the massive Yang–Mills model and a specific gauge-
scalar model. Consequently, the resulting theory inevitably
becomes nonloal as expected from the effective theory, which
however does not affect the perturbative analysis done in this
paper.

2.2 Solving the reduction condition

In the complementary gauge-scalar model, the scalar field �

and the gauge field A are not independent field variables,
because we intend to obtain the massive pure Yang–Mills
theory which does not contain the scalar field �. There-
fore, the scalar field � is to be eliminated in favor of the
gauge field A . This is in principle achieved by solving the
reduction condition as an off-shell equation, which is differ-
ent from solving the field equation for the scalar field � as
adopted in the preceding studies [59–67]. 2 Consequently,

2 See e.g., [68,69] for reviews of the Stückelberg field. Notice that
the reduction condition is an off-shell condition. Therefore, solving the
reduction condition is different from solving the field equation for the
Stückelberg field as done in the preceding works [70]. This means that
the solution of the reduction condition does not necessarily satisfy the
field equation, while the solution of the field equation of the complemen-
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the resulting massive Yang–Mills model with the covariant
gauge-fixing term and the associated Faddeev–Popov ghost
term becomes power-counting renormalizable in the pertur-
bative framework, as demonstrated to one-loop order in the
next section.

Moreover, the entire theory is invariant under the usual
Becchi–Rouet–Stora–Tyutin (BRST) transformation δBRST .
The nilpotency δBRST δBRST = 0 of the usual BRST trans-
formations ensures the unitarity of the theory in the physi-
cal subspace of the total state vector space determined as the
BRST invariant sector according to Kugo and Ojima [3]. This
situation should be compared with the Curci–Ferrari model
[17] which is not invariant under the ordinary BRST transfor-
mation, but instead can be made invariant under the modified
BRST transformation δ′

BRST . Nevertheless, this fact does not
guarantee the unitarity of the Curci–Ferrari model due to the
lack of usual nilpotency of the modified BRST transforma-
tion satisfying δ′

BRST δ′
BRST δ′

BRST = 0, see e.g., [56,57].
We proceed to eliminate the scalar field � or 	 by solving

the reduction condition to obtain the massive Yang–Mills
model from the complementary gauge-scalar model

〈O[A ]〉CGS = 〈O[A ]〉mYM. (29)

Notice that introducing the reduction condition does not
break the original gauge symmetry. The general form of
the transverse and gauge-invariant Yang–Mills gauge field
A h[A ]

μ satisfying (24) can be obtained explicitly by order
by order expansion in powers of the gauge field A up to
the Gribov copies. Indeed, A h[A ]

μ satisfying the transverse
condition,

∂μA
h[A ]
μ = 0, (30)

is obtained as a power series in A ,

A h[A ]
μ =A T

μ − ig
∂μ

∂2

[
Aν, ∂ν

∂ · A
∂2

]

− i

2
g
∂μ

∂2

[
∂ · A ,

1

∂2 ∂ · A
]

+ ig

[
Aμ,

1

∂2 ∂ · A
]

+ i

2
g

[
1

∂2 ∂ · A ,
∂μ

∂2 ∂ · A
]

+ O(A 3), (31)

where we have defined the transverse field A T
μ in the lowest

order term linear in A as

A T
μ := Aμ − ∂μ

∂ · A
∂2 . (32)

tary gauge-scalar model automatically satisfies the reduction condition
[20].

Then we find that the transverse field A h[A ]
μ is rewritten into

A h[A ]
μ =

(
δμν − ∂μ∂ν

∂2

)
�ν,

�ν = Aν − ig

[
1

∂2 ∂ · A ,Aν

]

+ i

2
g

[
1

∂2 ∂ · A , ∂ν

1

∂2 ∂ · A
]

+ O(A 3). (33)

Under an infinitesimal gauge transformation δ defined by
δAμ = Dμ[A ] := ∂μ − ig[Aμ,], �ν transforms as

δ�ν = ∂ν

(
 − i

2
g

[
∂ · A
∂2 ,

])
+ O(g2). (34)

Therefore, A h
μ given by (33) is left invariant by infinitesimal

gauge transformations order by order of the expansion,

δA
h[A ]
μ (x) = 0. (35)

In Appendix A, we give a recursive construction of the trans-
verse field A h[A ]

μ and the proof of gauge invariance of the

resulting A h[A ]
μ .

The mass term of Wμ is equal to that of A 	̂†

μ ,

Lkin = M2tr(Wμ(x)W μ(x))

= M2tr
(
A 	̂†

μ (x)A μ	̂†
(x)

)
. (36)

Therefore, the “mass term” of gauge-invariant field A h
μ is

used to rewrite the kinetic term of the scalar field:

S∗
kin[A ]
=

∫
dDx M2tr

(
A h[A ]

μ A μh[A ]) .

=
∫

dDx M2tr

{
A T

μ A μT − igA T
μ

[
∂ · A
∂2 , ∂μ

∂ · A
∂2

]}

+ O(A 4), (37)

In this way, we have eliminated the scalar field by solving
the reduction condition.

Only when we adopt the covariant Landau gauge ∂ ·A = 0
as the gauge-fixing condition, the infinite number of nonlocal
terms disappear so that S∗

kin reduces to the naive mass term
of A ,

Sm[A ] =
∫

dDx M2tr(Aμ(x)Aμ(x)). (38)

In the Landau gauge, thus, the complementary gauge-scalar
model with the reduction condition reduces to the massive
Yang–Mills model with the naive mass term.
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The explicit expression of the massive vector field Wμ in
terms of Aμ is given in Appendix B. Notice that Wμ agrees
with A T

μ = Aμ in the Landau gauge ∂ · A = 0.

3 Massive Yang–Mills model and decoupling solutions

In this section we give a review of the pertubative results [12–
14] obtained for the massive Yang–Mills model and recon-
firm them from our viewpoint for later convenience.

In order to reproduce the decoupling solution of the Yang–
Mills theory in the covariant Landau gauge, we calculate one-
loop quantum corrections to the gluon and ghost propagators
in the massive Yang–Mills model. The Nakanishi-Lautrup
field N A can be eliminated so that the gauge-fixing term
reduces to

LGF → −1

2
α−1(∂μA A

μ

)2
. (39)

The results in the Landau gauge is obtained by taking the
limit α → 0 in the final step of the calculations. Only in the
Landau gauge α = 0 the massive Yang–Mills model with a
mass term Lm has the gauge-invariant extension. In order to
obtain the gauge-independent results in the other gauges with
α �= 0, we need to include an infinite number of non-local
terms in addition to the naive mass term Lm for gluons, as
shown in the previous section.

3.1 Feynman rules for the massive Yang–Mills model

The Feynman rules for the massive Yang–Mills model are
given as follows. The diagrammatic representations of the
Feynman rules are given in Fig. 1.

(P1) gluon propagator 〈AA 〉

D̃AB
μν (k)

:= −δAB

k2 − M2

[
gμν − (1 − α)

kμkν

k2 − αM2

]
(40a)

= δAB
[ −1

k2 − M2

(
gμν − kμkν

M2

)
− kμkν

M2

1

k2 − αM2

]

(40b)

= δAB
[ −1

k2 − M2

(
gμν − kμkν

k2

)
− α

k2 − αM2

kμkν

k2

]
,

(40c)

(P2) ghost propagator 〈C C̄ 〉

�AB
gh (k) := −iδAB

k2 + iε
, (41)

Fig. 1 Feynman rules for the massive Yang–Mills model in the covari-
ant gauge

(V1) three-gluon vertex function 〈AAA 〉

�ABC
μνλ (p, q, r) = g f ABC [(q − r)μgνλ + (r − p)νgμλ

+ (p − q)λgμν], (42)

(V2) gluon-ghost-antighost vertex function 〈A C C̄ 〉

�ABC
μ (p, q, r) := ig f ABCrμ, (43)

(V3) four-gluon vertex function 〈AAAA 〉

�ABCD
μνλρ (p, q, r, k) = − ig2[ f ABE f ECD(gμλgνρ − gμρgνλ)

+ f ADE f EBC (gμνgλρ − gμλgνρ)

+ f ACE f EBD(gμνgλρ − gμρgνλ)
]
.

(44)

Here the momentum conservation is omitted and the momen-
tum flow at each vertex is regarded as incoming, while the
momentum of antighost as outgoing. Notice that the Feyn-
man rules are the same as those of the ordinary Yang–Mills
theory in the Lorenz gauge except for the gluon propagator
which was replaced by the massive propagator (40).

The gluon propagator (40) has the same form as that in the
renormalizable Rξ gauge where unitarity is not manifest. For
any finite values of α, the gluon propagator has good high-
energy behavior, namely, the asymptotic behavior O(1/k2)

as k → ∞, and hence the theory is renormalizable by power
counting. For example, the choice α = 1 leads to the propa-
gator −1

k2−M2 gμν . In the limit α → ∞, the gluon propagator
reduces to the standard form for a massive spin-one particle,
as can be easily seen in the second form. In the unitary gauge
particle content is manifest, since there are no unphysical
fields, and hence unitarity is transparent, while renormaliz-
ability is not transparent.

For any finite values of α, the gluon propagator has an
extra unphysical pole at k2 = αM2 besides the physical
pole (massive gauge bosons) at k2 = M2, as can be seen in
the second form of (40). In order to preserve unitarity, the
unphysical poles must be eliminated or mutually cancel in
the S-matrix element involving only physical particles. In the
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Fig. 2 (top) Gluon vacuum polarization diagrams a–c to one-loop
order, (bottom) ghost self-energy diagram to one-loop order

spontaneously broken gauge theory, the would-be Nambu-
Goldstone boson field has the propagator with the unphysical
pole at k2 = αM2, and this unphysical pole of the would-be
Nambu-Goldstone particle cancels one of the gauge boson in
order to preserve unitarity. This is not the case in our model,
since there are no Nambu–Goldstone particles without spon-
taneous symmetry breaking. The above type of cancellation
of unphysical poles can be proven to all orders in perturba-
tion theory by using the generalized Ward–Takahashi identi-
ties which are a consequence of the gauge invariance of the
theory.

In the limit α → 0, however, the gluon propagator reduces
to the simple form for a massive spin-one particle with the

transverse projector −1
k2−M2

(
gμν − kμkν

k2

)
, as can be seen in

the third form of (40), and the contribution from the unphysi-
cal pole at k2 = 0 disappears in this limit. Therefore, the Lan-
dau gauge is the very special gauge which guarantees renor-
malizability and allows the existence of the gauge-invariant
extension as demonstrated for the massive Yang-Mills model
in the previous section.

3.2 One-loop quantum corrections and renormalization

We now take into account quantum corrections to the gluon
and ghost propagators to one-loop order. In Fig. 2, we enu-
merate the one-loop diagrams which contribute to the gluon
and ghost propagators to one-loop order.

In the massive Yang–Mills model we introduce the renor-
malization factors ZA , ZC = ZC̄ , Zg, ZM2 , Z̃α to connect
the bare unrenormalized fields (gluon AB , ghost CB and
antighost C̄B) and bare parameters (the coupling constant
gB , the mass parameter MB and the gauge-fixing parameter
αB) to the renormalized fields (AR , CR and C̄R) and renor-
malized parameters (gR , MR and αR) respectively [71–74]:

AB = Z1/2
A AR, CB = Z1/2

C CR, C̄B = Z1/2
C C̄R,

gB = ZggR, M2
B = ZM2 M2

R, αB = Z̃−1
α ZA αR . (45)

For comparison with the lattice data, we move to the
Euclidean region and use kE to denote the Euclidean momen-
tum so that k2 = −k2

E .
For gluons, we introduce the two-point vertex function

�
(2)

A as the inverse of the transverse partDT of the propagator
3 and the vacuum polarization function �T as

�
(2)
A (kE ) :=

[
DT

(
k2
E

)]−1

= k2
E + M2 + �T

(
k2
E

)
+ k2

E δZ + M2δM2

= k2
E + M2 + �fin

T

(
k2
E

)
, (46)

where δZ and δM2 are counterterms to cancel the divergence
coming from the vacuum polarization function �T to obtain
the finite renormalized one �fin

T

�fin
T

(
k2
E

)
:= �T (k2

E ) + k2
EδZ + M2δM2 , (47)

under the suitable renormalization conditions to be discussed
shortly, and they are related to the renormalization factors as

δZ = ZA − 1, δM2 = ZM2 ZA − 1. (48)

We define the dimensionless versions D̂T(s) and �̂(s) of
DT(kE ) and �T (k2

E ) with the hat respectively

�
(2)
A (kE )/M2 := [D̂T(s)]−1

= s + 1 + �̂T (s) + sδZ + δM2

= s + 1 + �̂fin
T (s), (49)

with the dimensionless squared momentum

s := k2
E

M2 , (50)

and

�̂fin
T (s) := �̂T (s) + sδZ + δM2 . (51)

The gluon vacuum polarization function in the covariant
Landau gauge α = 0 calculated using the dimensional reg-
ularization in Euclidean space is given to one-loop order as
the power-series Laurent expansion in ε := 2 − D

2
4

�̂T (s) = g2C2(G)

16π2
1

12

× s

[(
9

s
− 26

){
ε−1 − γ + ln (4π) + ln η

}

+ 63

s
− 121

3
+ h(s)

]
, (52)

3 In this paper we focus on the Landau gauge. For the gluon propagator,
therefore, we discuss the transverse part alone.
4 These expressions are obtained by taking the limit α → 0 of those
with an arbitrary α given in [75].
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where C2(G) is the quadratic Casimir operator of a gauge
group G, γ is the Euler constant, and η is the value of s at the
scale μ̃ introduced through the dimensional regularization
for dimensional reasons

η := μ̃2

M2 . (53)

Here we have defined the functions of s,

h(s) := K1(s) + K2(s) + K3(s),

K1(s) := − 1

s2 +
(

1 − s2

2

)
ln s,

K2(s) :=
(

1 + 1

s

)3 (
s2 − 10s + 1

)
ln (s + 1) ,

K3(s) := 1

2

(
1 + 4

s

) 3
2 (

s2 − 20s + 12
)

ln

(√
4 + s − √

s√
4 + s + √

s

)
.

(54)

Notice that there are no singular term in the finite part �̂fin
T (s)

even at s = 0, because there does not exist O(s−2) term in
the bracket [...] of (52), since the expansion of h(s) around
s = 0 reads

h(s) = − 111

2s
+
(

ln s + 251

6

)
+ 389s

60

+ s2
(

−1

2
ln s − 141

140

)
+ 269s3

420
+ O

(
s4
)

, (55)

which follows from

K2(s) = 1

s2 − 15

2s
− 133

6
− 187s

12
− 43s2

60
+ 23s3

30
+ O

(
s4) ,

K3(s) = − 48

s
+ 64 + 331s

15
− 61s2

210
− 53s3

420
+ O

(
s4) . (56)

Thus, we have the finite part of the gluon vacuum polarization
to one-loop

�̂fin
T

′(s) = g2C2(G)

16π2

1

12
s

[
63

s
− 121

3
+ h(s)

]
, (57)

which has the s = 0 limit,

�̂fin
T

′(s = 0) = g2C2(G)

16π2

1

12

15

2
. (58)

3.3 Naive (zero-momentum) renormalization conditions

For gluons, we can take a naive vanishing-momentum renor-
malization condition such that

�
(2)

A (kE = 0) = M2 ⇐⇒ �̂fin
T (s = 0) = 0. (59)

The first renormalization condition adopted by Tissier and
Wschebor [12,13] is the vanishing-momentum renormaliza-
tion condition which is written in terms of �

(2)

A or equiva-

lently �̂fin
T as

[TW1]

{
�

(2)

A (kE = 0) = M2

�
(2)

A (kE = μ) = μ2 + M2 ⇐⇒
{

�̂fin
T (s = 0) = 0

�̂fin
T (s = ν) = 0

(at μ = 1 GeV),

(60)

where we have introduced the dimensionless ratio of the
renormalization scale μ to the mass defined by

ν := μ2

M2 . (61)

Adopting the renormalization condition [TW1], we obtain
the renormalized gluon vacuum polarization function,

�̂fin
TW1(s) = g2C2(G)

16π2

1

12
s

[
111

2s
+ h(s) − (s → ν)

]
. (62)

Note that constant terms in [...] are canceled by the subtrac-
tion: −(s → ν).

However, it has been shown [12,13] that the vanishing-
momentum renormalization condition (59): �

(2)

A (kE = 0) =
M2 or �̂fin(s = 0) = 0 yields the infrared Landau pole,
namely, the coupling constant diverging at a certain momen-
tum in the infrared region. Therefore, we use another renor-
malization condition given in the next section.

3.4 Infrared safe renormalization condition

For ghost, we introduce the two-point vertex function �
(2)
gh ,

the propagator �gh and the self-energy function �gh ,

�
(2)
gh (kE ) := −

[
�gh

(
k2
E

)]−1

= k2
E + �gh

(
k2
E

)
+ k2

EδC

= k2
E + �fin

gh

(
k2
E

)
, (63)

where δC is a counterterm to cancel the divergence coming
from the ghost self-energy function �gh to obtain the finite
one �fin

gh .

�fin
gh

(
k2
E

)
:= �gh

(
k2
E

)
+ k2

EδC , (64)

and is related to the renormalization factor as

δC = ZC − 1. (65)

123



Eur. Phys. J. C (2020) 80 :84 Page 11 of 33 84

We also define the dimensionless versions �̂gh(s) and
�̂gh(s) of �gh(k2

E ) and �gh(k2
E ) as

�
(2)
gh (kE )/M2 := [�̂gh(s)]−1

= s + �̂gh(s) + sδC

= s + �̂fin
gh(s), (66)

with

�̂fin
gh(s) = �̂gh(s) + sδC . (67)

The ghost self-energy function �gh(k) in the covariant
Landau gauge α = 0 is also calculated using the dimensional
regularization and the dimensionless version �̂gh(s) is given
to one-loop order by

�̂gh(s) = g2C2(G)

16π2

1

4
s
[

− 3
{
ε−1 − γ + ln(4π) + ln η

}

− 5 + f (s)
]
,

f (s) := − 1

s
− s ln s + (1 + s)3

s2 ln(1 + s)

= 5

2
+
(

11

6
− ln s

)
s + s2

4
+ O

(
s3
)

. (68)

For ghosts, we impose the renormalization condition

�
(2)
gh (kE = μ) = μ2 ⇐⇒ �̂fin

gh(s = ν) = 0. (69)

The renormalization condition (69) determines the countert-
erm δC as

δ
(1)
C = − �̂gh(s = ν)/ν

= − g2C2(G)

16π2

1

4

[
− 3

{
ε−1 − γ + ln(4π) + ln η

}

− 5 + f (ν)
]
. (70)

Then we obtain the renormalized ghost self-energy function
under the renormalization condition (69)

�̂fin
gh(s) = g2C2(G)

16π2

1

4
s [ f (s) − f (ν)] . (71)

We now return to the gluon renormalization. To avoid
the infrared Landau pole for the coupling, we replace the
vanishing-momentum renormalization condition (59) by the
second one:

[TW2]

{
ZM2 ZA ZC = 1

�
(2)

A (kE = μ) = μ2 + M2 ⇐⇒
{
ZM2 ZA ZC = 1

�̂fin
T (s = ν) = 0

(at μ = 1 GeV).

(72)

There is a well-known non-renormalization for the coupling
in the Taylor scheme [71] which also holds in the massive
Yang–Mills model in the Landau gauge: The identity

ZgZ
1/2
A ZC = Z̃2

α, (73)

implies in the Landau gauge

ZgZ
1/2
A ZC = 1, (74)

since in the Landau gauge,

Z̃α = 1 for α = 0. (75)

The implication of the first renormalization condition of
(72) is explained as follows. For the massive Yang–Mills
model in the Landau gauge α = 0 as a special limit of the
Curci-Ferrari model, the non-renormalization theorem holds
in the sense that a combination of renormalization factors
is finite to all orders in the loop expansions [72–74]: The
identity

ZM2 ZA ZC = Z̃2
α, (76)

implies in the Landau gauge

ZM2 ZA ZC = 1. (77)

As ZM2 ZA = 1 + δM2 from (48) and ZC = 1 + δC from
(65), the non-renormalization theorem (76) in the Landau
gauge reduces to the relation between the counterterms

δM2 = ZM2 ZA − 1 = Z−1
C − 1 = (1 + δC )−1 − 1, (78)

which means in the one-loop level

δ
(1)

M2 = −δ
(1)
C . (79)

This is the result of the first renormalization condition of
(72).

Then the remaining δZ is determined from the second
renormalization condition of (72): �̂fin

T (s = ν) = �̂T (s =
ν) + νδ

(1)
Z − δ

(1)
C = 0 by using δ

(1)
C =(70) as

δ
(1)
Z = −

[
�̂T (s = ν) − δ

(1)
C

]
/ν

= − g2C2(G)

16π2

1

12

[
−26

{
ε−1 − γ + ln (4π) + ln η

}

+ 48

ν
− 121

3
+ h(ν) + 3

ν
f (ν)

]
. (80)
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Then, by substituting (80) and (79) into (51): �̂fin
T (s) =

�̂T (s)+ sδ(1)
Z + δ

(1)

M2 , the renormalized gluon vacuum polar-
ization function is modified into [30]

�̂fin
T (s) = g2C2(G)

16π2

1

12
s

[
48 + 3 f (ν)

s
+ h(s) − (s → ν)

]
.

(81)

The gluon vacuum polarization at s = 0 has a positive value

�̂fin
T (s = 0) = g2C2(G)

16π2

1

12

[
3 f (ν) − 15

2

]
> 0, (82)

where we have used the fact that f (s) is a monotonically
increasing function of s with f (0) = 5

2 .
We enumerate the obtained renormalization factors as

functions of g2 and ν

Z (1)

A = δ
(1)
Z

= C2(G)g2

16π2

1

12

[
26

{
ε−1 − γ + ln (4π) + ln η

}

− 48

ν
+ 121

3
− h(ν) − 3

ν
f (ν)

]
, (83)

Z (1)

C = δ
(1)
C

= C2(G)g2

16π2

1

4

[
3
{
ε−1 − γ + ln(4π) + ln η

}

+ 5 − f (ν)
]
, (84)

Z (1)
g = − 1

2
Z (1)

A − Z (1)

C = −1

2
δ
(1)
Z − δ

(1)
C

= C2(G)g2

16π2

1

12

[
−22

{
ε−1 − γ + ln (4π) + ln η

}

+ 24

ν
− 211

6
+ 1

2
h(ν) + 3 f (ν) + 3

2ν
f (ν)

]
, (85)

and

Z (1)

M2 = − Z (1)

A − Z (1)

C = −δ
(1)
Z − δ

(1)
C

= C2(G)g2

16π2

1

12

[
−35

{
ε−1 − γ + ln (4π) + ln η

}

+ 48

ν
− 166

3
+ h(ν) + 3 f (ν) + 3

ν
f (ν)

]
. (86)

We can obtain the renormalization group functions using
these renormalization factors. For instance, the anomalous
dimension of the field � is obtained from the renormalization
factor Z� = 1 + Z (1)

� + · · · according to

γ�(g2, M2) := ∂ ln Z�

∂ ln μ

∣∣∣∣
gB ,MB

=∂ ln[1 + Z (1)
� + · · · ]

∂ ln μ

∣∣∣∣
gB ,MB

= 2ν
∂Z (1)

�

∂ν

∣∣∣∣
gB ,MB

+ · · · , (87)

where the replacement of the derivative with respect to μ2 by
ν = μ2/M2 is valid to one-loop order, since M is the renor-
malized mass which depends on the renormalization scale
μ. Therefore, the ghost field has the anomalous dimension
to one-loop order

γC (g2, M2) := ∂ ln ZC
∂ ln μ

∣∣∣
gB ,MB

= − C2(G)g2

16π2

ν

2
f ′(ν)

= − C2(G)g2

16π2

1

2ν2 [2ν2 + 2ν − ν3 ln ν

+ (ν − 2)(ν + 1)2 ln(ν + 1)]. (88)

Similarly, the anomalous dimension of the gluon field is
calculated to one-loop order as

γA (g2, M2) := ∂ ln ZA

∂ ln μ

∣∣∣
gB ,MB

= C2(G)g2

16π2

ν

6

[
48

ν2 − h′(ν) + 3

ν2 f (ν) − 3

ν
f ′(ν)

]

= −C2(G)g2

16π2

1

6ν3

[ (
17ν2 − 74ν + 12

)
ν − ν5 ln ν

+ (ν − 2)2(ν + 1)2(2ν − 3) ln(ν + 1)

+ ν3/2
√

ν + 4
(
ν3 − 9ν2 + 20ν − 36

)

× ln

(√
ν + 4 − √

ν√
ν + 4 + √

ν

)]
. (89)

Notice that γC is always negative (γC = 0 at ν = 0). We
find that γA is negative for ν > 0.28, becomes zero at ν ∼
0.28 ∼ 0.532 and positive for ν < 0.28 (γA = 1/3 at
ν = 0).

The β function for the gauge coupling constant is obtained
from

βg2(g2, M2) := ∂g2

∂ ln μ
= g2 ∂ ln g2

∂ ln μ

=−2g2 ∂ ln Zg

∂ ln μ
=−4g2ν

∂Z (1)
g

∂ν
+ · · · , (90)

which is indeed calculated to one-loop as

βg2 (g2, M2) = g2[γA (g2, M2) + 2γC (g2, M2)] = −C2(G)g4

16π2 2νw(ν),

w(ν) := 1

4

[
− 16

ν2 + 1

3
h′(ν) − 1

ν2 f (ν)+ 1

ν
f ′(ν)+2 f ′(ν)

]
. (91)
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This equation is rewritten into a differential equation with
respect to ν

∂(g̃2)−1

∂ν
= w(ν), g̃2 := C2(G)g2

16π2 , ν := μ2

M2 . (92)

Thus, by introducing the indefinite integral W of w which
has the closed form

W (ν) :=
∫ ν

d ν̄ w(ν̄)

= 1

4

[
16

ν
+ 1

3
h(ν) + 1

ν
f (ν) + 2 f (ν)

]
, (93)

the running gauge coupling constant is given by

g̃2(ν) = g̃2(ν0)

1 + g̃2(ν0)[W (ν) − W (ν0)] . (94)

Notice that W has the asymptotic expansions for ν � 1 and
ν � 1 respectively

W (ν) =
⎧⎨
⎩

22
3 ln

√
ν + 7

6 + O(ν) (ν � 1)

1
3 ln

√
1
ν

+ 187
36 + O(ν−1) (ν � 1)

. (95)

Hence, the running gauge coupling constant behaves in the
ultraviolet region ν � 1 and infrared one ν � 1 respectively
as

g̃2(ν) =

⎧⎪⎪⎨
⎪⎪⎩

g̃2(ν0)

1+g̃2(ν0)[ 22
3 ln

√
ν+ 7

6 +O(ν)−W (ν0)] (ν � 1)

g̃2(ν0)

1+g̃2(ν0)[ 1
3 ln

√
1
ν
+ 187

36 +O(ν−1)−W (ν0)]
(ν � 1)

.

(96)

In the ultraviolet region ν � 1 or μ � 1, the beta function
βg̃2 in the massive Yang–Mills model is negative for ν � 1,
since (91) has the expansion for ν � 1

βg2(g2, M2)

= C2(G)g4

16π2

[
−22

3
+

59
4 − 9

2 ln
( 1

ν

)

ν
+ O

(
ν−5/2

)]
.

(97)

This result is in agreement with the standard, universal beta
function of the usual Yang–Mills theory reflecting the ultra-
violet asymptotic freedom

g2(μ) � 1
22
3 ln μ

M

↘ 0 (μ ↗ ∞). (98)

In the infrared region ν � 1 or μ � 1, on the other hand, the
beta function βg̃2 of the massive Yang–Mills model becomes

positive in the deep infrared regime, since (91) has the expan-
sion for ν � 1

βg2(g2, M2)

= C2(G)g4

16π2

[
1

3
+
(

ln ν − 367

180

)
ν + O

(
ν5/2

)]
. (99)

This implies that the running coupling constant g2(μ)

decreases towards the infrared region and vanishes as μ → 0

g2(μ) � 1
1
3 ln M

μ

↘ 0 (μ ↘ 0). (100)

Therefore the RG flow drives the system towards a weak
coupling region as μ goes to zero. This fact justifies the use of
the one-loop approximation to study the Yang–Mills theory
even in infrared region. See Fig. 3.

We find that the beta function βg2 is negative for ν > 0.07,
becomes zero at ν ∼ 0.07 ∼ 0.262 and positive for ν < 0.07.
This implies that the running coupling constant g2(μ) of the
decoupling solution increases monotonically in decreasing
the scale μ until μ reaches the value μ/M∼0.26, and it turns
over at μ/M ∼ 0.26 and decreases towards the infrared limit
g2(μ) → 0 as μ → 0.

Finally, we study the RG flow in the two-dimensional

parameter space (ν := μ2/M2, g̃2 := g2C2(G)

16π2 ) of the four-
dimensional massive Yang–Mills model. See Fig. 4. First,
we fix the value of ν to a relatively large value ν0 (which is
equivalent to set m̃2 := M2/μ2 to a relatively small value),
e.g., ν0 = 1002 and varies the value of g̃2(ν) to see the dif-
ferences of the resulting trajectories. Then we find that the
running coupling constant g̃2(ν) remains finite for all ν if
the initial value g̃2(ν0) at ν0 is smaller than and equal to a
certain value g̃2∗(ν0), while it diverges at a finite μ if g̃2(ν0)

Fig. 3 Running coupling constant for the four-dimensional massive
Yang–Mills model: Landau pole (purple dot-dash line), scaling solution
(green broken line), decoupling solution (blue dotted line), physical
point (red solid line) from top to bottom
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Fig. 4 RG flows in the parameter space (ν := μ2/M2, g̃2 := g2C2(G)

16π2 )
of the four-dimensional massive Yang–Mills model. The arrows indi-
cate the flow towards the infrared. Trajectories which connect to the
ultraviolet Gaussian fixed point (∞, 0) are separated in two classes:
those which end at a Landau pole (purple dot-dash line) and those
which are infrared safe, corresponding to decoupling solutions (blue
dotted line) for the propagators. These are separated by a critical tra-
jectory (green broken line) which relates the Gaussian fixed point to a
nontrivial infrared fixed point (black dot) at finite, nonzero values of
ν and g̃2 and corresponds to a scaling solution for the correlators. We
also show (red solid line) the trajectory which describes lattice results
for the SU(3) theory

is greater than the value g̃2∗(ν0). Therefore, the decoupling
solution exists for g̃2(ν0) < g̃2∗(ν0), while the scaling solu-
tion is realized at the critical value g̃2(ν0) = g̃2∗(ν0) [14]. For
g̃2(ν0) > g̃2∗(ν0), we have an infrared Landau pole. There-
fore, the coupling constant behaves in decreasing ν from ν0,

ν0 > ν = μ2

M2 ↘ 0 as

g̃2(ν) =

⎧⎪⎨
⎪⎩

Landau pole g̃2(ν) ↗ ∞ (g̃2(ν0) > g̃2∗(ν0))

scaling g̃2(ν) ↗ g̃2∗ (g̃2(ν0) = g̃2∗(ν0))

decoupling g̃2(ν) ↗ g̃2
m ↘ 0 (g̃2(ν0) < g̃2∗(ν0))

.

(101)

3.5 Fitting to the numerical simulations

We utilize the data obtained by the numerical simulations on
the lattice for the Yang–Mills theory in the covariant Landau
gauge to determine the parameters, the coupling constant g

Fig. 5 The gluon propagator D as a function of the Euclidean momen-
tum kE in unit of μ. The numerical data (red points) for the gluon prop-
agator of the SU(3) Yang–Mills theory on the lattice and the fitted result
(blue solid line) to the scaled analytical expression of the gluon prop-
agator D in the one-loop level of the massive Yang–Mills model with
fitting parameters g, M and Z (102)

and the gluon mass parameter M , in the massive Yang–Mills
model.

In fitting the data of numerical simulations for the gluon
propagator on the lattice [76] to the analytical expression D
for the gluon propagator with one-loop quantum corrections,
we need to take into account the fact that the renormalization
conditions adopted in the lattice simulations [76] are different
from those adopted in this paper, leading to the different scale
for the gluon propagator. Otherwise, the fitting does not work
so well and the appropriate parameters cannot be obtained.
For this purpose, we introduce an overall scale factor Z which
can scale the gluon propagator as a whole to absorb the differ-
ence of the renormalization conditions. In [76], indeed, such
a scaling of data obtained by numerical simulations for the
gluon propagator was adopted to satisfy the renormalization
condition DT (k2

E = μ2) = 1/μ2 at μ = 4 GeV. This kind
of rescaling was also adopted in [12,13]. Consequently, the
fitting works surprisingly well to give the precise values for
the parameters g, M and Z as shown in Fig. 5 in the fitting
range 0 < kE ≤ 4GeV at μ = 1GeV for G = SU (3) where
the fitting parameter with errors are given by

g = 4.1 ± 0.1 ⇔ λ := g2C2(G)

16π2 = 0.32 ± 0.02,

M

μ
= 0.454 ± 0.004 ⇔ M2

μ2 = 0.206 ± 0.004,

Z = 2.65 ± 0.02. (102)

We use these parameters to plot the ghost propagator using
the analytical expression by including quantum corrections
to one-loop order in the massive Yang–Mills model, as shown
in Fig. 6.

Both gluon propagator and ghost propagator in the decou-
pling solution of the Yang–Mills theory are well reproduced
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Fig. 6 The ghost propagator �gh as a function of the Euclidean
momentum kE in unit of μ. (red points) The numerical data for the
ghost propagator of the SU(3) Yang–Mills theory on the lattice and
(blue solid line) the plot of the analytical expression of the ghost prop-
agator to one-loop order of the massive Yang–Mills model with two
parameters g, M at the physical point (102)

by the values (102) of parameters g and M . In what follows
we call these values of the parameters the physical point for
the Yang–Mills theory.

As a side remark, let us add some comments on the validity
of the massive Yang–Mills model in reproducing the infrared
behaviors of the Yang–Mills theory. There is no guarantee in
advance that such a specific model with a “phenomenolog-
ical” mass term for gluons being just included captures the
intricacies of the real Yang–Mills dynamics. We acknowl-
edge that the surprising agreement between the numerical
lattice data of the Yang–Mills theory and the simple one-
loop propagator of the massive Yang–Mills model could be
accidental, and that the gluon mass term will, at best, only
capture some aspects, not all aspects, of the intricate dynam-
ics of the original Yang–Mills theory or QCD. In fact, this
type of the massive model for the real QCD is shown to give
a poor agreement for the quark sector of QCD with numer-
ical lattice results [78,79]. Nevertheless, we can still claim
that this model gives a gluon propagator showing excellent
agreement with the lattice data. Indeed, it is shown [80] that
the two-loop calculations for the gluon and ghost propaga-
tors considerably improve the one-loop result to show more
excellent agreement with the lattice data. In these investi-
gations, it is also confirmed that the pure Yang–Mills sector
indicates the infrared-safety, namely, the finiteness of the run-
ning gauge coupling constant in all scales, which makes the
perturbative method more feasible. Incidentally, the one-loop
calculation for the three-point gluon vertex functions gives a
“satisfying” agreement with the available lattice data [81]. In
view of these works, the massive Yang–Mills model will be
valid to capture some aspects of the gluon sector of QCD rel-
evant to our investigation, even though the other important
aspects may be missing. At least for the gluon, therefore,
it will be worthwhile to study the analytic structure of the

propagator of this model, which is one of our purposes in
this paper.

4 Reflection positivity violation in the massive
Yang–Mills model

In this section, we observe that the Euclidean gluon propa-
gator in the massive Yang–Mills model exhibits violation of
reflection positivity. This result suggests gluon confinement
in the Yang–Mills theory.

Usually the quantum field theory (QFT) is first defined in
the Minkowski region obeying the Wightman axioms [82–
84] and then analytically continued to the Euclidean region
to obtain the Euclidean QFT which consequently obeys the
Osterwalder-Schrader (OS) axioms [85]. However, we want
to start from the Euclidean QFT obeying the OS axioms (or
better axioms if any) and check which kinds of QFT can be
defined in the Minkowski spacetime which is to be obtained
by analytic continuation from the Euclidean region.

In our opinion, only the Euclidean QFT can be rigor-
ously defined as the QFT. Probably, QFT describing only
non-confining particles will be defined both in the Euclidean
and the Minkowski space in the equivalent way. However,
we have no evidences that the QFT describing confining par-
ticles can be formulated in the Minkowski spacetime in the
same way as QFT for non-confining particles. In contrast,
we know some examples of Euclidean QFT which exhibit
confinement, e.g., the linear potential for the static quark
potential is observed in the Euclidean Yang–Mills theory on
the lattice. Therefore, the validity of the Euclidean QFT for
confining particles is tested everyday on the lattice in the
non-perturbative manner. In view of these, we examine the
validity of the reflection positivity as an axiom or one of the
general properties to be satisfied by the Euclidean QFT.

4.1 Reflection positivity and the Schwinger function

The OS axioms [85] are general properties to be satisfied for
the QFT formulated in the Euclidean space, which are the
Euclidean version of the Wightman axioms for the relativis-
tic quantum field theory formulated in the Minkowski space-
time. A relativistic QFT described by a set of the Wightman
functions satisfying the Wightman axioms can be constructed
from a set of Schwinger functions (Euclidean Green’s func-
tions) if they obey the OS axioms. In particular, the axiom of
reflection positivity is the Euclidean counterpart to the posi-
tive definiteness of the norm in the Hilbert space of the cor-
responding Wightman QFT. If the reflection positivity is vio-
lated, a particular Euclidean correlation function cannot have
the interpretation in terms of stable particle states, which is
regarded as a manifestation of confinement. To demonstrate
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the violation of reflection positivity in the OS axioms, one
counterexample suffices.

For the special case of a single propagator, the reflection
positivity reads
∫

dDx
∫

dD y f ∗(x,−xD)D(x − y, xD − yD) f ( y, yD) ≥ 0,

f ∈ S+(RD),

(103)

where S+(RD) denotes a complex-valued test (Schwartz)
function with support in {(x, xD); xD > 0}. The reflection
positivity is rewritten as

∫
dxD

∫
dyD

∫
dD−1 p f ∗( p,−xD) f ( p, yD)�( p, xD − yD)

=
∫ ∞

0
dt

∫ ∞

0
dt ′

∫
dD−1 p f ∗( p, t) f ( p, t ′)�( p, −(t + t ′))

≥ 0, (104)

where we defined �( p, xD − yD) by

D(x − y) :=
∫

dD−1 p ei p·(x− y)�( p, xD − yD). (105)

In what follows we call �( p, xD − yD) the Schwinger
function. For this inequality to hold for any test function
f ∈ S+(RD), the Schwinger function � must satisfy the
positivity

�( p,−(t + t ′)) = �( p, t + t ′) ≥ 0. (106)

We consider a particular Schwinger function in the D-
dimensional spacetime defined by the Fourier transform of
the Euclidean propagator D̃( p, pDE ),

�(t) := �( p = 0, t) :=
∫

dD−1x e−i p·xD(x, t)| p=0

=
∫ +∞

−∞
dpDE
2π

eip
D
E t D̃

(
p = 0, pDE

)
. (107)

If D̃(0, pDE ) is even in pDE , namely, D̃(0,−pDE ) = D̃(0, pDE ),
the Schwinger function reduces to

�(t) = 2
∫ ∞

0

dpDE
2π

cos
(
pDE t

)
D̃
(
0, pDE

)
. (108)

To demonstrate the violation of reflection positivity, one
counterexample suffices. Therefore, non-positivity of the
Schwinger function �(t) at some value of t leads to the viola-
tion of reflection positivity. Consequently, the reflection posi-
tivity is violated for the gluon propagator. The corresponding
states cannot appear in the physical particle spectrum. This
is consistent with gluon confinement.

For the free massive propagator,

D̃(p) = 1

p2 + m2 (m > 0), (109)

we find �(t) is positive for any t :

�(t) =
∫ +∞

−∞
dpD
2π

eipDt
1

p2
D + m2

= 1

2m
e−m|t | > 0.

(110)

Therefore, there is no reflection-positivity violation for the
free massive propagator, as expected. For unconfined parti-
cles, the reflection positivity should hold.

4.2 Positivity violation for the decoupling solution of the
Yang–Mills theory

In order to examine the violation of the reflection positivity
through the behavior of the gluon Schwinger function, we
first construct a set of gluon and ghost propagators in such a
way that they are renormalized to satisfy the renormalization
conditions [TW2] (72) and (69) in the massive Yang–Mills
model to reproduce the decoupling solution in the Yang–
Mills theory to one-loop order. The integral in obtaining the
Schwinger function as the Fourier transform of the gluon
propagator is not so easy to be performed analytically, hence
we resort to the numerical calculations for this definite inte-
gral.

In Fig. 7, we give the plot for the gluon propagator and the
associated Schwinger function in the Landau gauge α = 0
for the SU (3) massive Yang–Mills model at the physical
point of parameters g = 4.1 and M/μ = 0.454. We observe
that the Schwinger function takes negative values for μt > 6
and hence the reflection positivity is violated. Therefore, this
result suggests that the reflection positivity is violated for
the decoupling solution in the Yang–Mills theory. The more
detailed analysis of the reflection positivity will be given in
the next section from the viewpoint of the complex structure
of the gluon propagator.

4.3 Positivity violation in the complementary gauge-scalar
model

In what follows, we examine how the gluon propagator and
the Schwinger function are modified if the parameters g and
M deviate from the physical point. In this case the massive
Yang–Mills model is no longer regarded as a low-energy
effective theory of the original Yang–Mills theory. However,
the resulting model can be regarded as the gauge-scalar model
with the complementarity between Higgs and confinement
in the sense that the confinement phase in the Yang–Mills
theory is analytically connected with no phase transition to
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Fig. 7 The gluon propagator D and the Schwinger function � at the
physical point of the parameters g = 4.1, M/μ = 0.454: (top) gluon
propagator μ2D as a function of kE/μ and (bottom) the Schwinger
function μ� as a function of μt , where all quantities are made dimen-
sionless using the rescaling of appropriate powers of μ

the Higgs phase in the gauge-scalar model through the BEH
mechanism, which is called the Fradkin–Shenker continuity.

4.3.1 Smaller coupling constant

First, we take smaller values for the coupling constant g than
the physical value g = 4.1 and keep the mass parameter
M fixed to the physical value M/μ = 0.454. In Fig. 8, the
gluon propagator and the associated Schwinger functions are
given for a smaller value g = 2.3. For a further smaller value
g = 1, they are given in Fig. 9.

For smaller coupling constant g, the gluon propagator D
seems to be monotonically decreasing in kE . The Schwinger
function falls off very slowly from t = 0 value and keeps its
positivity until very large value of t , although it is difficult to
see the difference from the graphs. Consequently, the small-
est value of t giving the negative value of the Schwinger func-
tion shifts to larger values of t , and eventually goes to infinity
as g → 0. This result is reasonable, since, in the vanishing
coupling limit g → 0, the gluon propagator must reduce to
the free massive propagator in the tree level. Therefore, the
reflection positivity must be recovered and the Schwinger

Fig. 8 The same plots as those given in Fig. 7 for a smaller coupling
constant g = 2.3 with a physical value M/μ = 0.454

Fig. 9 The same plots as those given in Fig. 7 for a further smaller
coupling constant g = 1 with a physical value M/μ = 0.454

function keeps positivity everywhere in the limit g → 0.
As far as the results of the numerical calculations are con-
cerned, the positivity seems to be not violated and restored
for relatively smaller coupling constants.

However, this observation turns out to be wrong. In fact,
we can prove analytically that the reflection positivity of the
gluon Schwinger function is violated for any value of the
parameters g and M in the massive Yang–Mills model with
one-loop quantum corrections being included. The proof will
be given in the next section. The Schwinger function � is an
oscillating and exponentially fall-off function of t approach-
ing zero finally as t → ∞. Therefore, it is difficult to examine
the violation of positivity in the large t region in the numer-
ical way due to the restriction on the precision of numeri-
cal calculations. For smaller coupling constant g, therefore,
the Schwinger function takes a smaller but negative value
for larger t , until the negativity disappears only in the limit
g → 0.

4.3.2 Smaller mass parameter

Next, we keep the coupling constant fixed to the physical
value g = 4.1, and take smaller gluon mass parameter
M/μ than the physical value M/μ = 0.454. For a smaller
value M/μ = 0.2, the gluon propagator and the associated
Schwinger functions are given in Fig. 10. For a further smaller
value M/μ = 0.141, they are given in Fig. 11.

As the value of mass parameter M/μ is chosen to be
smaller and smaller than the physical value for the Yang–
Mills theory, the gluon propagator D̃(p) exhibits sizable
non-monotonic behavior and the Schwinger function exhibits
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Fig. 10 The same plots as those given in Fig. 7 for a physical coupling
constant g = 4.1 and a smaller mass M/μ = 0.2

Fig. 11 The same plots as those given in Fig. 7 for a physical coupling
constant g = 4.1 and a further smaller mass M/μ = 0.141

Fig. 12 The same plots as those given in Fig. 7 for a physical coupling
constant g = 4.1 and a much smaller mass M/μ = 0.08. For this choice
of the parameters, the Euclidean gluon propagator has poles

more enhanced negativity, leading to the clearer violation of
reflection positivity.

For smaller mass M or larger coupling constant g than the
physical value for the Yang–Mills theory, the gluon propa-
gator D̃T(p) exhibits stronger non-monotonic behavior.

4.3.3 Presence of Euclidean poles

For quite small mass parameter M2/μ2 or large coupling
constant g, the gluon propagator D̃(k2

E ) becomes singular
at two values of k2

E and takes negative values in between.
In Fig. 12, the gluon propagator is given for the parameters
g = 4.1 and M/μ = 0.08. This result is consistent with
the statement [30] that the gluon propagator has poles in the
Euclidean region (namely, tachyonic poles) with multiplicity
two or a pair of complex conjugate poles under some assump-
tions on the propagator and the spectral function. The related
issue will be discussed in the next section.

Therefore, this singular behavior affects the associated
Schwinger function �(t). This feature will be an artifact
due to the limitation of one-loop calculations. Therefore, we

Fig. 13 The magnitude of the violation of reflection positivity obtained
from the ratio min0<t<∞ �(t)/�(t = 0) of the Schwinger functions in
the smaller range of parameters, (left) 3D plot, (right) contour plot

Fig. 14 The magnitude of the violation of reflection positivity obtained
from the ratio min0<t<∞ �(t)/�(t = 0) of the Schwinger functions in
the larger range of parameters, (left) 3D plot, (right) contour plot

exclude the relevant region of parameters from the following
considerations.

4.4 Magnitude of positivity violation and the
complementary gauge-scalar model

Finally, we investigate to what extent the reflection positiv-
ity is violated depending on the choice of the parameters g
and M , although the reflection positivity is everywhere bro-
ken. We examine the magnitude of positivity violation in the
massive Yang–Mills model which could be regarded as the
complementary gauge-scalar model. To estimate the viola-
tion of positivity of the Schwinger function �(t), we adopt
the ratio min0<t<∞ �(t)/�(t = 0) between the smallest
value min0<t<∞ �(t) of �(t) and the value at the origin
�(t = 0). Figure 13 gives the 3D plot and the contour
plot of min0<t<∞ �(t)/�(t = 0) on the two-dimensional

parameter plane ( M
2

μ2 ,λ)=( M
2

μ2 , g
2C2(G)

16π2 ). Figure 14 gives the
same plot with larger range of parameters. Note that the left-
upper (M

2

μ2 � 1, λ � 1) and right-upper (M
2

μ2 � 1, λ � 1)

regions in the contour plot correspond to the region to be
excluded where the Euclidean poles occur. Note that the
ratio min0<t<∞ �(t)/�(t = 0) must be negative. How-
ever, there are spikes showing positive values in Fig. 14,
which are artifacts of our numerical calculations due to the
algorithm used for looking for the very small negative value
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in the very large t as the minimum. These spikes are to be
ignored.

If g2 → 0, the theory has no interaction and the propaga-
tor approaches the free massive propagator D(k) = 1

k2+M2 .
In this limit, the Schwinger function is positive for any value
of M and there is no violation of reflection positivity. For
small g2 and large M2/μ2, namely, for large 1/g2 and large
v2 � (M2/μ2)/g2, the Schwinger function exhibits small
violation of positivity. This region corresponds to the Higgs-
like region in the complementary gauge-scalar model. For
large g2 and small M2/μ2, namely, for small 1/g2 and
small v2 � (M2/μ2)/g2, the Schwinger function exhibits
large violation of positivity. This region corresponds to the
confinement-like region in the complementary gauge-scalar
model.

However, there is no phase transition between the positiv-
ity violation and restoration. There is just a smooth crossover
separating large and small violation of positivity. The mas-
sive Yang–Mills model has only one confinement phase. This
result is interpreted as the Fradkin-Shenker continuity in the
complementary gauge-scalar model from the viewpoint of
the gauge-invariant extension from the massive Yang–Mills
model to the gauge-invariant complementary gauge-scalar
model explained in Sect. 2.

5 Complex analysis of the gluon propagator

In the previous section we have investigated the propaga-
tor in the Euclidean region. We have shown the violation of
reflection positivity in the massive Yang–Mills model. How-
ever, this result is obtained only in the numerical way. In this
section, we study the propagator on the complex plane of
the squared momentum k2, which follows from the analytic
continuation of the propagator from the Euclidean region
to the Minkowski region. We find that the violation of the
reflection positivity in the Euclidean region is understood
from the existence of a pair of complex conjugate poles and
the discontinuity across the branch cut yielding the nega-
tive spectral function represented by the generalized spectral
representation of the gluon propagator. As a consequence of
the complex structure, we give an analytical proof that the
reflection positivity is always violated for any choice of the
parameters M and g in the massive Yang–Mills model to
one-loop order.

5.1 Spectral representation of a propagator

It is well-known that a propagator D(k2) in the Minkowski
region k2 > 0 (for the time-like momentum k) has the
spectral representation of the Källén–Lehmann form under
assumptions of the general principles of the QFT such as the
spectral condition, the Poincaré invariance and the complete-

Fig. 15 Possible singularities of the propagator on the complex k2

plane, (left) a real pole and the branch cut on the positive real axis,
(right) a pair of complex conjugate poles and the branch cut on the
positive real axis

ness of the state space [88–90]: The full propagator D(k2)

of the field φ is written as the weighted sum of the free prop-
agator,

D(k2) =
∫ ∞

0
dσ 2 ρ(σ 2)

σ 2 − k2 , k2 ≥ 0, (111)

with the weight function ρ(σ 2) called the spectral function
being obtained from the state sum

θ(k0)ρ(k2) := (2π)d
∑
n

|〈0|φ(0)|Pn〉|2δD(Pn − k), (112)

where d is the space dimension, D is the spacetime dimen-
sion, the sum is over all the intermediate states with the total
momentum Pn , and θ(k0) is a step function ensuring the posi-
tivity k0 ≥ 0. The spectral function ρ has contributions from
a stable single-particle state with physical mass mP (pole
mass) and intermediate many-particle states |p1, ..., pn〉 with
a continuous spectrum, such as two-particle states, three-
particle states, and so on,

ρ(k2) = Zδ(k2 − m2
P ) + ρ̃(k2), k2 ≥ 0,

ρ̃(k2)= (2π)d
∞∑
n=2

|〈0|φ(0)|p1, . . . , pn〉|2δD(p1 + · · · + pn − k).

(113)

Then the spectral representation is written as the sum of the
contributions from the real pole k2 = m2

P and the branch cut

D(k2) = Z

m2
P − k2

+
∫ ∞

0
dσ 2 ρ̃(σ 2)

σ 2 − k2 , k2 ≥ 0. (114)

This spectral representation can be extended to the com-
plex momentum k2 ∈ C. See the left panel of Fig. 15. A prop-
agator D(k2) as a complex function of the complex variable
z = k2 ∈ C has the spectral representation with the spectral
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function ρ,

D(k2) =
∫ ∞

0
dσ 2 ρ(σ 2)

σ 2 − k2 , k2 ∈ C − [smin,∞), (115)

ρ(σ 2) := 1

π
Im D(σ 2 + iε). (116)

This representation (115) is applied to an arbitrary k2 in the
complex plane except for the singularities located on the
positive real axis [smin,∞). The spectral function ρ (116)
known as the dispersion relation is obtained from the dis-
continuity across the branch cut, D(z + iε) − D(z − iε) =
D(z + iε) − D(z + iε)∗ = 2i Im D(z + iε). It is explic-
itly checked that the two definitions of the spectral functions
(113) and (116) agree with each other once the theory is
specified. The representation (115) is obtained under the fol-
lowing assumptions [91]:

1. D(z) is holomorphic except singularities on the positive
real axis.

2. D(z) → 0 as |z| → ∞.
3. D(z) is real on the negative real axis.

This is indeed the case of the quantum Yang–Mills theory,
see e.g., [30].

The spectral representation has a straightforward gener-
alization in the presence of complex simple poles, see e.g.,
[30,92]. Suppose that the propagator has simple complex
poles at z = z� (� = 1, . . . , n). See the right panel of Fig. 15.
Then the propagator D(k2) has the generalized spectral rep-
resentation,

D(k2) = Dp(k
2) + Dc(k

2), k2 ∈ C − ([σ 2
min,∞) ∪ {z�}�),

=
n∑

�=1

Z�

z� − k2 +
∫ ∞

0
dσ 2 ρ(σ 2)

σ 2 − k2 , (117)

ρ(σ 2) := 1

π
Im D(σ 2 + iε), (118)

Z� :=
∮

γ�

dk2

2π i
D(k2), (119)

where γ� is a small contour circulating clockwise around
the pole at z�. Here we have separated the propagator D
into the contribution from the complex poles Dp and that
from the branch cut Dc. This is derived from the following
assumptions [30]:

1. D(z) is holomorphic except singularities on the positive
real axis and a finite number of simple poles.

2. D(z) → 0 as |z| → ∞.
3. D(z) is real on the negative real axis.

Fig. 16 The gluon propagatorD(k2) as a complex function of the com-
plex squared momentum k2 ∈ C, (top) the real part ReD(k2), (bottom)
the imaginary part Im D(k2), at the physical point of the parameters
λ := Ng2/(4π)2 = 0.32, M2/μ2 = 0.206

Note that the poles must appear as real poles or pairs of
complex conjugate poles as a consequence of the Schwarz
reflection principle D(z∗) = [D(z)]∗.

From now on, we focus on a propagator with a pair of
complex conjugate simple poles. This is indeed the case for
the gluon propagator of the massive Yang–Mills model as
will be shown in the next section. For a propagator with one
pair of complex conjugate simple poles at k2 = v ± iw, the
generalized spectral representation (117) reduces to

D(k2) = Dp(k
2) + Dc(k

2),

Dp(k
2) := Z

(v + iw) − k2 + Z∗

(v − iw) − k2 ,

Dc(k
2) :=

∫ ∞

0
dσ 2 ρ(σ 2)

σ 2 − k2 . (120)

5.2 Gluon propagator on the complex momentum plane

We first perform the analytic continuation of the propagator
D in the Euclidean region k2 = −k2

E < 0 to the entire com-
plex plane k2 ∈ C. Figure 16 is the plot of the real and imagi-
nary parts of the complex-valued gluon propagator D(k2) on
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Fig. 17 The gluon propagator D(k2) as a function of k2 restricted on
the real axis k2 ∈ R, (top) the real part ReD(k2), (bottom) the scaled
imaginary part Im D(k2 + iε)/π which is equal to the spectral function
ρ(k2), at the physical point of the parameters λ := Ng2/(4π)2 = 0.32,
M2/μ2 = 0.206

the complex momentum plane k2 ∈ C, at the physical point
of the parameters (102) in the massive Yang–Mills model.
Note that the gluon propagator D(k2) is real-valued on the
negative real axis (space-like momentum) k2 = −k2

E < 0,
since the imaginary part Im D(k2) is zero on the negative
real axis (space-like momentum). The real part ReD(k2) on
the negative real axis k2 = −k2

E < 0 is identical to the
Euclidean propagator. We observe that the gluon propaga-
tor has a pair of complex conjugate poles and the imaginary
part has discontinuities across the branch cut on the posi-
tive real axis D(k2 + iε) �= D(k2 − iε) (k2 > 0, ε ↓ 0),
while there are no discontinuities on the negative real axis
D(k2 + iε) = D(k2 − iε) (k2 < 0, ε ↓ 0). Therefore, in
discussing the behavior of the propagator on the positive real
axis, we must specify which side is used. In what follows we
use the limit D(k2 + iε) (ε ↓ 0).

Next, we focus on the real axis k2 ∈ R to see the behavior
of the complex-valued gluon propagator D(k2) as a function
of a real-valued momentum k2 ∈ R. Figure 17 is the plot
of the real and imaginary parts of the complex-valued gluon
propagator on the real axis k2 ∈ R at the physical point of
the parameters (102) in the massive Yang–Mills model. On
the negative real axis k2 = −k2

E < 0 (the Euclidean region),

we find that the real part ReD(k2) is always positive, and the
imaginary part Im D(k2) is identically zero. On the positive
real axis k2 > 0 (the Minkowski region), ReD(k2) changes
the sign such that it is positive for small k2, and negative for
large k2, which implies the existence of (at least one) zeros
of ReD(k2) in the Minkowski region k2 > 0. The scaled
imaginary part Im D(k2 + iε)/π is identical to the spectral
function ρ(k2). Therefore, the spectral function is identically
zero in the Euclidean region,

ρ(k2) ≡ 0 for k2 = −k2
E < 0. (121)

However, it is non-trivial in the Minkowski region. It is
remarkable that the spectral function is always negative,

ρ(k2) := 1

π
Im D(k2 + iε) < 0 for k2 > 0, (122)

in the massive Yang–Mills model to one-loop order.
For a given propagator D(k2), we can decompose it

into the contribution from the branch cut Dc(k2) and that
from the poles Dp(k2). Figure 18 gives this decomposi-
tion of the gluon propagator for the Euclidean momentum
D(k2) = Dp(k2) + Dc(k2) for k2 < 0.

According to the separation of the propagator, the
Schwinger function is also separated into the two parts: the
continuous cut part �c(t) coming from the spectral function
and the pole part �p(t) coming from the pole part Dp of the
propagator D ,

�(t) = �p(t) + �c(t),

�p(t) :=
∫ +∞

−∞
dkE
2π

eikE tDp(k
2
E ),

�c(t) :=
∫ +∞

−∞
dkE
2π

eikE tDc(k
2
E ). (123)

Especially, the cut part �c(t) is directly written as an integral
of the spectral function as follows

�c(t) =
∫ +∞

−∞
dkE
2π

eikE t
∫ ∞

0
dσ 2 ρ(σ 2)

σ 2 + k2
E

=
∫ ∞

0
dσ 2ρ(σ 2)

∫ +∞

−∞
dkE
2π

eikE t
1

σ 2 + k2
E

=
∫ ∞

0
dσ 2ρ(σ 2)

1

2
√

σ 2
e−√

σ 2t . (124)

The same procedure is also applied to the Schwinger func-
tion. Figure 19 shows the respective ratio �c,p(t)/�(t) of the
pole or cut part �c,p(t) to the total Schwinger function �(t).
Using the already known spectral function ρ(k2) calculated
according to ρ(k2) = Im D(k2)/π , the cut part �c(t) of the
Schwinger function is obtained by integrating ρ(k2) accord-
ing to (124). Then the pole part �p(t) of the Schwinger
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Fig. 18 The comparison of the pole and cut parts with the original
gluon propagator in the Euclidean region D(k2) = Dp(k2) + Dc(k2)

for k2 < 0: (top) the pole part Dp(k2) (red dotted line) and the cut part
Dc(k2) (green broken line) in the gluon propagator D(k2) (blue solid
line), (bottom) the absolute values of the real part of the ratio of the pole
and cut parts to the total gluon propagator, | Re[Dp(t)/D(t)]| (red dot-
ted line), | Re[Dc(t)/D(t)]| (green broken line), and | Re[Dc(t)/Dp(t)]|
(orange solid line), at the physical point of the parameters λ :=
Ng2/(4π)2 = 0.32, M2/μ2 = 0.206

function is obtained as the difference �p(t) = �(t)−�c(t)
from the total Schwinger function �(t). Note that the ratio
can become divergent at a zero t0 of the Schwinger function
�(t0) = 0, which should be ignored as an artifact of this
procedure, see also the caption of Fig. 19.

5.3 A pair of complex conjugate poles and Gribov–Stingl
form

If the propagator has no complex poles besides the singular-
ities on the real positive axis, the complex pole part vanishes
Dp(k2) = 0 and the Euclidean gluon propagator obeys the
usual spectral representation

D(−k2
E ) = Dc(−k2

E ) =
∫ ∞

0
dσ 2ρ(σ 2)

1

σ 2 + k2
E

. (125)

Fig. 19 The comparison of the pole and cut parts with the original
gluon Schwinger function in the Euclidean region �(t) = �p(t) +
�c(t) for k2 < 0: (top) the pole part �p(t) (red dotted line) and the cut
part �c(t) (green broken line) in the gluon Schwinger function �(t)
(blue solid line), (bottom) the absolute values of the ratios �c,p(t)/�(t)
of the pole �p(t) and cut �c(t) parts to the total gluon Schwinger
function, |�p(t)/�(t)| (red dotted line), |�c(t)/�(t)| (green broken
line), and |�c(t)/�p(t)| (orange solid line), at the physical point of the
parameters λ := Ng2/(4π)2 = 0.32, M2/μ2 = 0.206. Notice that the
ratio blows up at a zero of the Schwinger function

Then the Schwinger function is calculated from the cut part
alone

�(t) = �c(t) =
∫ ∞

0
dσ 2ρ(σ 2)

1

2
√

σ 2
e−√

σ 2|t |. (126)

In this case, we find that the positivity of the spectral function
ρ implies the positivity of the Schwinger function �

ρ(σ 2) ≥ 0 for ∀σ 2 ≥ 0 ⇒ �(t) ≥ 0 for ∀t ≥ 0, (127)

which implies that non-positivity of the Schwinger function
� yields non-positivity of the spectral function ρ, namely,
violation of reflection positivity,

�(t) < 0 for ∃t ≥ 0 ⇒ ρ(σ 2) < 0 for ∃σ 2 ≥ 0. (128)

Thus, when the propagator has no singularities other than
the positive real axis, the positivity of the spectral function
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is directly related to the positivity of the Schwinger func-
tion, or the reflection positivity. The violation of reflection
positivity can be seen as the non-positivity of the spectral
function. However, this is not the case for the Yang–Mills
theory, as demonstrated in the massive Yang–Mills model
shortly.

Suppose that the propagator has a pair of complex con-
jugate poles at k2 = v ± iw (v,w ∈ R, w > 0) with
the respective residues Z , Z∗ ∈ C. Then the pole part
of the propagator in the Euclidean region is represented
as

Dp(k
2 = −k2

E ) = Z

k2
E + (v + iw)

+ Z∗

k2
E + (v − iw)

= 2
Re[Z ]k2

E + (v Re[Z ] + w Im[Z ])
k4
E + 2vk2

E + (v2 + w2)
.

(129)

This pole part of the propagator agrees with the Gribov–
Stingl form 5 [34] with real parameters c0, c1, c2, d0, d1 ∈
R,

DGS(k2
E ) = d0 + d1k2

E

c0 + c1k2
E + c2k4

E

=
d0
c2

+ d1
c2
k2
E

c0
c2

+ c1
c2
k2
E + k4

E

,

c0, c1, c2, d0, d1 ∈ R. (130)

Note that all the coefficients c0, c1, c2, d0, d1 are not indepen-
dent. The Gribov–Stingl form actually has four independent
parameters, since one of them is eliminated by the rescal-
ing. This number of independent parameters agrees with
that of the pole part of the propagator with a pair of com-
plex conjugate poles characterized by the four parameters
v,w, Re(Z), Im(Z).

For instance, the correspondence between two sets of
parameters is given as

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

c0
c2

= v2 + w2,

c1
c2

= 2v,

d0
c2

= 2(v Re[Z ] + w Im[Z ]),
d1
c2

= 2 Re(Z),

(131)

5 If we apply the definition of the spectral function ρ given in Eq. (118)
to the Gribov–Stingl propagator (130), we obtain the identically van-
ishing spectral function, since the Gribov–Stingl propagator does not
have the branch cut on the real k2 axis across which there is a discon-
tinuity: ρ(k2) := 1

π
Im D(k2 + iε) = 1

2iπ [D(k2 + iε) − D(k2 − iε)]
for k2 ∈ R. Therefore, the Gribov–Stingl propagator has only the pole
part and does not have the continuous cut part.

which has the inverse relation

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

v = 1
2
c1
c2

,

w =
√

c0
c2

− v2 =
√

c0
c2

−
(

1
2
c1
c2

)2
,

Re[Z ] = 1
2
d1
c2

,

Im[Z ] = 1
w

(
1
2
d0
c2

− 1
2
d1
c2

v
)

=
1
2
d0
c2

− 1
4
d1
c2

c1
c2√

c0
c2

−
(

1
2
c1
c2

)2
.

(132)

For v + iw to be a complex number (namely, w to be a
real number), the parameters of the Gribov–Stingl form must
satisfy the restriction

c0

c2
−
(

1

2

c1

c2

)2

> 0 ⇔ c2
1

4c0c2
< 1. (133)

Assuming this condition, we can obtain the closed form for
the pole part of the Schwinger function

�p(t) =
∫ ∞

−∞
dkE
2π

eikE t
[

Z

k2
E + (v + iw)

+ Z∗

k2
E + (v − iw)

]
.

(134)

Indeed, the contribution from one of the poles is exactly eval-
uated as

∫ ∞

−∞
dkE
2π

eikE t
Z

k2
E + (v + iw)

= i Res

[
eikE t

Z

(kE − α)(kE + α)

]∣∣∣∣
kE=±α

= ieiα|t | Z
2α

= i exp
[
−tr1/2eiϕ − iϕ

] Z

i2r1/2

= Z

2r1/2 exp
[
−tr1/2 cos ϕ

]

× exp
[
−i tr1/2 sin ϕ − iϕ

]
, (135)

where we have defined

α2 = −(v + iw) = −
√

v2 + w2eiθ = −reiθ

⇒ α = (v2 + w2)1/4eiθ/2+iπ/2 = ir1/2eiϕ,

r =
√

v2 + w2 , θ = arctan
w

v
, ϕ = θ

2
= 1

2
arctan

w

v
,

(136)

where α must be located on the upper half plane of the com-
plex kE plane. Therefore, the pole part of the Schwinger
function coming from a pair of complex conjugate poles is
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exactly obtained as [38]

�p(t) =
√

Re(Z)2 + Im(Z)2

(v2 + w2)1/4 exp[−t (v2 + w2)1/4 cos ϕ]
× cos[t (v2 + w2)1/4 sin ϕ + ϕ − δ],

ϕ:=1

2
arctan

w

v
, δ:= arctan

Im(Z)

Re(Z)
. (137)

At t = 0, �p(0) has the value,

�p(0) =
√

Re(Z)2 + Im(Z)2

(v2 + w2)1/4 cos(ϕ − δ). (138)

We find that �p(t) is oscillating between positive and neg-
ative values, although the absolute value |�p(t)| becomes
smaller for larger t > 0.6

On the other hand, the cut part �c(t) of the Schwinger
function is estimated using the integral representation (124):

�c(t) =
∫ ∞

0
dσ 2ρ(σ 2)

1

2
√

σ 2
e−√

σ 2|t |. (140)

This representation is an exact relation between the spectral
function and the cut part of the Schwinger function, which
holds irrespective of the existence or non-existence of com-
plex poles.

At least to one-loop order in the massive Yang–Mills
model, the spectral function ρ(σ 2) takes the negative value
ρ(σ 2) < 0 for all σ 2 > 0:

ρ(σ 2) < 0 for ∀ σ 2 > 0, (141)

as demonstrated numerically in Fig. 17 (at the physical point)
in this paper and shown analytically for any value of the
parameters g and M in [30]. According to (140), therefore,
the cut part �c(t) of the Schwinger function takes negative
value for any value of t ,

�c(t) < 0 for ∀ t ≥ 0, (142)

although �c(t) takes smaller and smaller negative value for
larger and larger t > 0.

Moreover, the negative spectral function (141) yields the
existence of one pair of complex conjugate poles or two real
poles in the Euclidean region as shown in [30]. According to

6 The pole part of the Schwinger function becomes positive only when
the poles become real ones w = 0 (or ϕ = 0)

�GS
p (t) = | Re(Z)|√|v| exp[−t

√|v|]. (139)

(137), therefore, the pole part �p(t) of the Schwinger func-
tion due to a pair of complex conjugate poles takes negative
value for a certain value of t :

�p(t) < 0 for ∃ t ≥ 0. (143)

Thus, the Schwinger function �(t) obtained as a sum of
two parts, �(t) = �p(t) + �c(t) has necessarily negative
value at a certain value of t ,

�(t) = �c(t) + �p(t) < 0 for ∃ t ≥ 0. (144)

Thus we complete the analytical proof that the reflection pos-
itivity is always violated irrespective of the choice of the
parameters g and M in the massive Yang–Mills model to
one-loop order.

In particular, the propagator of the Gribov type is a special
case corresponding to c1 = 0 and d0 = 0

D̃G(p) = d1

c2

p2
E

c0
c2

+ p4
E

, (145)

which has a pair of pure imaginary poles

v = 0, ±iw, w =
√
c0

c2
, (146)

with the real-valued residue

Re(Z) = 1

2

d1

c2
, Im(Z) = 0. (147)

The pole part of the Schwinger function for the propagator
of the Gribov type (145) is given by

�G
p (t) = d1

2c2r1/2 e
− r1/2√

2
t
cos

(
r1/2

√
2
t + π

4

)

= Z√|w|e
−

√|w|√
2
t
cos

(√|w|√
2

t + π

4

)
, (148)

where we have used ϕ = π
4 and r1/2 = (c0/c2)

1/4 = √|w|.

5.4 Fitting of the pole part at the physical point

The general analysis given in the above can be substanti-
ated by choosing the physical point for the parameters of the
massive Yang–Mills model. We have obtained the pole part
of the gluon propagator, as demonstrated in Fig. 18. This
pole part Dp(k2) is obtained by the difference Dp(k2) =
D(k2) − Dc(k2) from the propagator D(k2) once the cut
part Dc(k2) of the propagator is specified according to (120)
from the imaginary part of the propagator on the positive
real axis through the spectral function ρ(k2). We have fitted
the resulting pole part Dp(k2) of the gluon propagator to the
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Fig. 20 The comparison between the pole part of the gluon propagator
(red dotted line) and the fit to the Gribov–Stingl form (blue solid line),
at the physical values of the parameters λ = 0.32, M2/μ2 = 0.206

Gribov–Stingl form. Figure 20 is the result of fitting of the
pole part of the gluon propagator to the Gribov–Stingl form at
the physical point of the parameters. Here we have introduced
dimensionless versions of the parameters ĉ0, ĉ1, ĉ2, d̂0, d̂1

for c0, c1, c2, d0, d1 and squared momentum s for k2, which
are scaled by appropriate powers of the gluon mass M to
make the dimensionless Gribov–Stingl form

d̂0 + d̂1s

ĉ0 + ĉ1s + ĉ2s2 . (149)

The fitting parameters are determined as [93]

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ĉ0 = 1.7678 ± 3 × 10−5,

ĉ1 = 0.73006 ± 5 × 10−5,

ĉ2 = 0.32505 ± 8 × 10−5,

d̂0 = 1.4268 ± 3 × 10−5,

d̂1 = 0.2512 ± 1 × 10−4,

(150)

which is subject to the restriction (133)

ĉ2
1

4ĉ0ĉ2
= 0.2319 ± 1 × 10−4. (151)

This result is translated into the complex pole and the residue
of the gluon propagator

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

v̂ = 1.123 ± 4 × 10−4,

ŵ = 2.044 ± 2 × 10−4,

Re[Z ] = 0.3863 ± 2 × 10−4,

Im[Z ] = 0.8615 ± 2 × 10−4

. (152)

It is ensured that this data reproduces the location of the poles
given in Fig. 16. We find that the fitting errors are very small
and to good accuracy the pole part of the gluon propagator
is identical to the Gribov–Stingl form. This result strongly

Fig. 21 The comparison between the pole part of the Schwinger func-
tion calculated from the spectral function (blue solid line) and the
Schwinger function calculated from the Gribov–Stingl fit (red dotted
line), at the physical values of the parameters λ = 0.32, M2/μ2 =
0.206

suggests that the pole part of the gluon propagator indeed
stems from a pair of complex conjugate poles. For the other
argument for understanding the Gribov–Stingl form, see [38].

The pole part of the Schwinger function can be calculated
according to (137) once all the parameters of the Gribov–
Stingl form are determined. If our analysis of the complex
structure of the propagator is correct, the result should agree
with the pole part of the Schwinger function given in Fig. 19.
In fact, Fig. 21 shows excellent agreement between pole part
of the Schwinger function obtained from the spectral func-
tion and the expression (137) with the parameters obtained
through the fit of the gluon propagator to the Gribov–Stingl
form. This result supports the validity of our arguments.

Thus we have shown that the gluon propagator consists of
the pole part due to a pair of complex conjugate poles and
the cut part due to the branch cut on the positive real axis, in
agreement with the generalized spectral representation (120).
This is also the case for the associated Schwinger function.
In this way we can conclude that the reflection positivity is
violated in the massive Yang–Mills model at the physical
point.7

5.5 Parameter dependence other than the physical point

We investigate the gluon propagator and the associated
Schwinger function at choices of the parameters other than
the physical point.

7 Notice that the existence of complex poles in the momentum represen-
tation of the two-point function does not necessarily violate spacelike
commutativity. For instance, it was shown by Nakanishi [113] that the
existence of complex pole is compatible with spacelike commutativ-
ity in a complex scalar field theory with indefinite metric. Notice that
this theory is manifestly Lorentz covariant in a finite duration of time,
against the title of the paper.
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Fig. 22 The same plots for the gluon propagator in the Euclidean
region as those in Fig. 18 for the choice of parameters with a smaller
coupling constant, λ = 0.1, M2/μ2 = 0.206

5.5.1 Smaller gauge coupling

For smaller value of the coupling constant
λ := Ng2/(4π)2 = 0.1 with the physical value for M , we
obtain the gluon propagator in Fig. 22 and the Schwinger
function in Fig. 23. The cut part is relatively large and has
the opposite sign to the pole part to cause cancellation. The
fall-off of both parts of the Schwinger function is slow for
smaller value of the coupling constant. Therefore, the large
t behavior of the Schwinger function must be investigated to
see the violation of positivity due to the cancellation between
two parts for this choice of parameters other than the physical
point which can be identified with an effective model of the
pure Yang–Mills theory.

5.5.2 Smaller gluon mass

For smaller value of the gluon mass at M2/μ2 = 0.02, we
obtain the gluon propagator in Fig. 24 and the Schwinger
function in Fig. 25. The cut part is relatively rather small.
Therefore, violation of reflection positivity largely comes
from the pole part.

Fig. 23 The same plots for the gluon Schwinger function in the
Euclidean region as those in Fig. 19 for the choice of parameters with
a smaller coupling constant, λ = 0.1, M2/μ2 = 0.206

We find that the cut parts Dc and �c of the gluon propa-
gator and the Schwinger function are always negative. This
result reconfirms in a numerical way that the spectral function
is negative irrespective of the choice of the parameters. Thus,
the reflection positivity is always violated for any choice of
the parameters.

6 Conclusion and discussion

We have examined the mass-deformed Yang–Mills theory
or the massive Yang–Mills model in the covariant Landau
gauge with two parameters, the coupling constant g and the
mass parameter M , in order to reproduce the confining decou-
pling solution of the pure Yang–Mills theory. By choosing
appropriate values for a set of two parameters g and M , we
have shown that the massive Yang–Mills model well repro-
duces simultaneously the gluon and ghost propagators of the
decoupling solution obtained by the numerical simulations
on the lattice (at least) in the low-momentum region. Such a
choice of the parameters is called the physical point for the
Yang–Mills theory.

Then we have shown that the reflection positivity is vio-
lated in the massive Yang–Mills model at the physical point of
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Fig. 24 The same plots for the gluon propagator in the Euclidean
region as those in Fig. 18 for the choice of parameters with a smaller
mass, λ = 0.32, M2/μ2 = 0.02

the parameters by observing the negativity of the Schwinger
function which is obtained in a numerical way as the Fourier
transform of the gluon propagator.

The violation of reflection positivity was also confirmed
by examining the complex structure of the complex-valued
gluon propagator obtained by performing the analytic con-
tinuation of the Euclidean propagator to the entire complex
squared momentum plane. We have verified that the violation
of reflection positivity in the Euclidean region detected by
the Schwinger function associated with the Euclidean gluon
propagator is a consequence of the complex structure of the
complex-valued gluon propagator: (1) the negativity of the
spectral function obtained from the discontinuity of the gluon
propagator across the branch cut on the positive real axis on
the complex squared momentum plane, (2) the existence of
a pair of complex conjugate poles in the gluon propagator.
At the physical point, the contribution from the cut part to
the gluon propagator in the Euclidean region is relatively
small compared with that from the pole part. Therefore, the
propagator in the Euclidean region is well approximated by
the contribution from a pair of complex conjugate poles in
the complex region, which implies that the propagator in
the Euclidean region is well described by the Gribov–Stingl

Fig. 25 The same plots for the gluon Schwinger function in the
Euclidean region as those in Fig. 18 for the choice of parameters with
a smaller mass, λ = 0.32, M2/μ2 = 0.02

form, in agreement with the lattice result [35–37]. The viola-
tion of reflection positivity is regarded as a necessary condi-
tion for gluon confinement. Therefore, our results of reflec-
tion positivity violation at the physical point of the massive
Yang–Mills model support strongly gluon confinement in the
Yang–Mills theory.

We have regarded the massive Yang–Mills model at the
physical point as the low-energy effective model of the
pure Yang–Mills theory. However, the massive Yang–Mills
model with the parameters g and M other than the physi-
cal point has another meaning. We have discussed that the
massive Yang–Mills model in the covariant Landau gauge
has the gauge-invariant extension, which is identified with
the complementary gauge-scalar model with a radially fixed
fundamental scalar field which is subject to an appropri-
ate reduction condition. In other words, the gauge-scalar
model with a radially fixed fundamental scalar field subject
to the reduction condition can be gauge-fixed to becomes the
massive Yang–Mills model in the covariant Landau gauge.
The gauge-invariant extension of a non-gauge theory is per-
formed through the gauge-independent description of the
BEH mechanism [20] without relying on the spontaneous
symmetry breaking which was first proposed for the adjoint
scalar field [18,19].
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Therefore, the Yang–Mills theory in the confinement
phase characterized by the decoupling solution is identified
with the massive Yang–Mills model with the physical point
of the parameters g and M . This physical point of the mas-
sive Yang–Mills model represents a point in the parameter
space of the complementary gauge-scalar model obtained
as a gauge-invariant extension of the massive Yang–Mills
model. Thus, the violation of reflection positivity in the mas-
sive Yang–Mills model for any value of the parameters g
and M is consistent with the Fradkin–Shenker continuity in
the sense that the massive Yang–Mills model describes both
confinement-like and Higgs-like regions in the single con-
finement phase of the complementary gauge-scalar model.
Our result seems to be consistent with the other approaches
[14,95,96].

Let us make comments on the sum rule for the spectral
function called the superconvergence relation [97,98],

∫ ∞

0
dσ 2ρ(σ 2) = 0. (153)

It is obvious that this sum rule cannot be satisfied for the
negative spectral function. In [30], remarkably, the general-
ized sum rule for the spectral function has been derived in
the presence of a pair of complex conjugate poles

2 Re Z +
∫ ∞

0
dσ 2ρ(σ 2) = 0, (154)

provided that the propagator has the asymptotic behavior

lim
|k2|→∞

k2D(k2) = 0, (155)

in the region far from the origin of the complex k2 plane. In
fact, it is shown that the gluon propagator fulfills this con-
dition in Yang–Mills theories in the Landau gauge due to
the asymptotic freedom and the negativity of the anomalous
dimension [97,98]. The assumption (155) is enough to obtain

Z = − 1

2π i

∫ ∞

−∞
dx D(x + iε), x = Re k2. (156)

The real part of (156) leads to a generalized sum rule for the
spectral function (154) by taking into account the relation
(118):

Im D(x + iε) =
{

0 (x < 0)

πρ(x) (x > 0)
, (157)

while the imaginary part leads to another relation,

2 Im Z = 1

π

∫ ∞

−∞
dk2 ReD(k2 + iε). (158)

Therefore, the usual superconvergence relation (153) does
not hold unless the residue of the complex pole is pure imag-
inary Re Z = 0. The preliminary results for the massive
Yang–Mills model to one-loop order at the physical point
are [93]

Re Z = 0.386322, Im Z = 0.861514,∫ ∞

0
dσ 2ρ(σ 2) = −0.694533 < 0,

1

π

∫ ∞

−∞
dk2 ReD(k2 + iε) = 1.74006 > 0, (159)

which leads to

2 Re Z +
∫ ∞

0
dσ 2ρ(σ 2) = 0.0781108,

2 Im Z − 1

π

∫ ∞

−∞
dk2 ReD(k2 + iε) = −0.0170369.

(160)

It will be interesting to examine whether the generalized sum
rule holds or not, and to what extent it is satisfied beyond one-
loop level when the gluon propagator has a pair of complex
conjugate poles.

Moreover, it is desirable to extend the results obtained
in this paper to a finite temperature to see whether or
not the reflection positivity violated in the low-temperature
confinement phase is recovered in the high-temperature
deconfinement phase even in the pure Yang–Mills theory.
Then we can ask whether or not the transition detected by
the positivity violation/restoration agrees with the confine-
ment/deconfinement transition detected by the Polyakov loop
average. It is also interesting to examine how the relevant
complex structure changes depending on the temperature.
These issues will be discussed in subsequent papers.

Finally, we give some comments on the obstructions stem-
ming from the presence of complex poles in the gluon prop-
agator to the formal field theoretic issues such as loss of
locality. In local QFT, it is recognized that any 2-point cor-
relation function is an analytic function in the cut complex
p2(squared momentum)-plane with singularities along the
time-like (positive) real axis only. The assumptions to estab-
lish this analytic property are [83,84]: Lorentz covariance
(covariance under space-time translations), the spectrum
condition, local (or space-like) commutativity, and unique-
ness and cyclicity of the vacuum. For any other singularity
structure of 2-point correlations, at least one of these assump-
tions must be violated.

In order to consider this issue in the Yang–Mills theory,
we can take into account the observation [97–99] that the
correlation functions of the Yang–Mills field vanish in the
limit p2 → ∞ in all directions of the complex p2-plane due
to the ultraviolet asymptotic freedom of the Yang–Mills the-
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ory. However, non-trivial entire functions with that property
do not exist. Therefore, they must have singularities some-
where. Usually, the singularities are supposed to exist on the
positive real p2 axis. However, this does not deny the exis-
tence of complex conjugate poles discussed in this paper. See
also [99] and section 2.5 and 5.4 of [100] for the review.

Indeed, the existence of complex poles does not only play
a crucial role in the violation of the reflection positivity but
also breaks the spectral representation, which is a fundamen-
tal implication of local field theories. In the standard point
of view, e.g., from the Jost–Lehmann–Dyson (JLD) repre-
sentation [101,102], complex poles must violate the local
spacelike commutativity.

One might claim that the non-locality of the Yang–Mills
theory in a gauge-fixed picture is rather “natural” due to the
Gribov–Singer obstruction, see [103–107]. The problem of
locality is discussed in [108,109], in which they assert that
complex poles describe short-lived excitations, and the local-
ity is broken in the level of propagators, but the corresponding
S-matrix remains causal. However, their way of reconstruct-
ing the Minkowskian propagator from the Euclidean prop-
agator is questionable. By a straightforward reconstruction
of the analytic continuation in the complex time plane, the
resulted Minkowskian propagator differs from the previous
one [108] and predicts the Lee–Wick type propagator [110].
In fact, without the positive definiteness of the state space and
the spectral condition, which are not guaranteed for confined
degrees of freedom, complex spectra can appear. The Lee–
Wick type theories can yield complex poles without the loss
of the spacelike commutativity, see, e.g. [113] as the simplest
example for the propagator with complex poles. Notice that
the complex spectra enable a theory to evade the restriction
of the axiomatic or analytic theorems like the JLD represen-
tation because it deviates from the framework of tempered
distributions. In this scenario, complex poles are not an indi-
cation of the non-locality but just a reflection of unphysical
degrees of freedom, such as timelike photons. This issue will
be further discussed elsewhere.

Another important issue to be addressed in the presence
of the complex poles in the gluon propagator is to answer the
question how the correlation function of color singlet com-
posite operators can have the real poles, since such composite
states must be observed. This issue was investigated in [106]
and [107]. It is further argued in [108] that complex singu-
larities with time-like real part might be acceptable for the
propagators of unphysical colored fields, by the reason that
such singularities might conspire to cancel with singularities
or zeros in other unphysical correlation functions so as to
be absent from physical amplitudes. This will give rise to an
infinite hierarchy of constraints on such unphysical singular-
ities in arbitrary high n-point functions. An example of such
compensating singularities are those in the non-perturbative
expansion scheme, see [108,109] and sections 2.5 and 5.4 of

[100]. More serious discussion on the related issues will be
given in future works.
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Appendix A: Recursive construction of the
gauge-invariant transverse field

In this section, we derive the recurrence relation for obtaining
the power-series solution of the reduction condition which is
equivalent to the transverse condition,

∂μA
h[A ]
μ = 0. (A1)

First, we expand h[A ] into the power series in the gauge
field A ,

h[A ] = 1 + h(1) + h(2) + · · · , (A2)

h−1[A ] = 1 + (h−1)(1) + (h−1)(2) + · · · , (A3)

where the superscript (k) denotes k-th term in the power
series. Note that (h−1)(k) = (h(k))† because h−1 = h†. Then
the k-th term of A h

μ = hAμh† − ig−1∂μhh† is given by

(A h
μ )(k) =

k−1∑
l=0

h(l)Aμh
(k−l−1)† − ig−1

k∑
l=0

∂μh
(l)h(l−k)†

= − ig−1∂μh
(k)
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+
k−1∑
l=0

[
h(l)Aμh

(k−l−1)† − ig−1∂μh
(l)h(k−l)†

]
.

(A4)

By substituting (A4) into (A1) we obtain the recurrence rela-
tion as

ig−1h(k) = ∂μ

∂2

k−1∑
l=0

[
h(l)Aμh

(k−l−1)† − ig−1∂μh
(l)h(k−l)†

]
.

(A5)

By using this recurrence relation, we can derive several
features of A h

μ . First, we show that A h
μ can be written as

A h
μ =

(
δμν − ∂μ∂ν

∂2

)
�ν. (A6)

This is shown as follows. Indeed, by substituting the recur-
rence relation (A5) into (A4), we obtain

A h(k)
μ =

(
δμν − ∂μ∂ν

∂2

)
F (k)

ν , (A7)

where we have defined

F (k)
μ :=

k−1∑
l=0

[
h(l)Aμh

(k−l−1)† − ig−1∂μh
(l)h(k−l)†

]
. (A8)

By taking into account the fact that F (k)
μ is not Hermitian, the

k-th term of �μ in (A6) can be written as

�(k)
μ = 1

2

(
F (k)

μ + F†(k)
μ

)
. (A9)

Next, we show that Ah
μ is gauge invariant by using (A5).

Now let the gauge transformation of A by V be

Aμ → VAμV
−1 + ig−1V ∂μV

−1. (A10)

We observe that A h
μ is indeed gauge invariant if the gauge

transformation of h obeys

h → hV−1, (A11)

whose infinitesimal form for V = e−ig is given by

δh = −igh. (A12)

In the following, we show that (A12) holds order by order.
Note that because δAμ = ∂μ − ig[Aμ,], δh(k) con-

tains k-th term and (k−1)-th term of power series of δh. For
this reason, we separate δh(k) into two parts as

δh(k) = δh(k)
− + δh(k)= (A13)

where δh(k)
− has the order of k − 1 and δh(k)= has the order of

k. Therefore, the k-th order term of (A12) is written as

ig−1δh(k)= + ig−1δh(k+1)
− = h(k). (A14)

This relation is shown to hold with mathematical induction
as follows. For k = 0, it follows from (A5) that

ig−1h(1) = ∂μ

∂2 Aμ. (A15)

By taking the variation under the gauge transformation, we
obtain

ig−1δh(1)
− = . (A16)

Thus we have shown (A14) holds for k = 0. Next, suppose
that (A14) holds for k − 1. Then we proceed to show that it
holds for k. By taking variation of (A5) for k + 1 under the
gauge transformation we obtain

ig−1δh(k+1)
−

= ∂μ

∂2

k∑
l=0

(
δh(l)

− Aμ

(
h(k−l))† + h(l)Aμ

(
δh(k−l)

−
)†

+ h(l)∂μ
(
h(k−l))†

−ig−1∂μδh(l)
−
(
h(k−l+1)

)† − ig−1∂μh
(l)(δh(k−l+1)

−
)†
)

= ∂μ

∂2

[
h(k)∂μ − ig−1∂μh

(k)(δh(1)
−
)†

+
k−1∑
l=0

(
h(l)∂μ

(
h(k−l))† − ig−1∂μh

(l)(δh(k−l+1)
−

)†
)

+
k∑

l=0

(
δh(l)

− Aμ

(
h(k−l))† + h(l)Aμ

(
δh(k−l)

−
)†

−ig−1∂μδh(l)
−
(
h(k−l+1)

)†
)]

= h(k) + ∂μ

∂2

k−1∑
l=0

(
h(l)∂μ

(
h(k−l))†

− ig−1∂μh
(l)(δh(k−l+1)

−
)†

+δh(l+1)
− Aμ

(
h(k−l−1)

)† + h(l)Aμ

(
δh(k−l)

−
)†

−ig−1∂μδh(l+1)
−

(
h(k−l))†

������������������

)
. (A17)

By taking the variation of (A5) for k we obtain

ig−1δh(k)=

= ∂μ

∂2

k−1∑
l=0

(
δh(l)= Aμ

(
h(k−l−1)

)† + h(l)Aμ

(
δh(k−l−1)=

)†
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− igh(l)[Aμ,](h(k−l−1))†

−ig−1∂μδh(l)=
(
h(k−l)

)†

�����������������

− ig−1∂μh
(l)
(
δh(k−l)=

)†
)

.

(A18)

By summing up the underlined part, double-underlined part,
wavy-lined part and broken-lined part respectively, we obtain

= −igh(l)Aμ(h(k−l−1))†, (A19)

= igh(l)Aμ(h(k−l−1))†, (A20)

���
= ∂μ(h(l))(h(k−l))†, (A21)

= −∂μh
(l)(h(k−l))†, (A22)

where we have used the assumption of induction. The sum
of (A19) and (A20) cancels the third term in the parentheses
of (A18). The sum of (A21) and (A22) cancels the first term
in the parentheses of (A17). Therefore (A14) is satisfied for
k. Thus we have shown that A h is invariant under a gauge
transformation.

Appendix B: Solving the reduction condition in another
way

By using the massive vector field mode Wμ (17), the reduc-
tion condition reads

χ(x) = χ A(x)TA = ∂μWμ(x) − ig[Aμ(x),Wμ(x)]
= ∂μAμ(x) − ig−1∂μ(	̂(x)∂μ	̂(x)†)

− [Aμ(x), 	̂(x)∂μ	̂(x)†]. (B1)

For the scalar field 	̂(x), we introduce the Lie algebra G -
valued field θ(x) as

	̂(x) = e−igθ(x) ∈ G, θ(x) := θ A(x)TA ∈ G . (B2)

In the following, we solve the reduction condition by express-
ing the scalar field 	̂(x) as a power series in the gauge field
Aμ. The Lie algebra form of the pure gauge reads

	̂∂μ	̂† =
(

1 − igθ − 1

2
g2θθ

)
∂μ

(
1 + igθ − 1

2
g2θθ

)
+ O(θ3)

=
(

1 − igθ − 1

2
g2θθ

)(
ig∂μθ − 1

2
g2∂μθθ − 1

2
g2θ∂μθ

)

+ O(θ3)

= ig∂μθ − 1

2
g2∂μθθ − 1

2
g2θ∂μθ + g2θ∂μθ + O(θ3)

= ig∂μθ − 1

2
g2∂μθθ + 1

2
g2θ∂μθ + O(θ3),

= ig∂μθ + 1

2
g2[θ, ∂μθ] + O(θ3). (B3)

The more general expression is given as

	̂(x)∂μ	̂(x)† = −
∞∑
n=0

(−ig)n+1

(n + 1)! [Ad θ(x)]n∂μθ(x),

Ad X (Y ) := [X,Y ]. (B4)

By substituting this result into the reduction condition χ = 0,
we have

0 = ∂μAμ − ig−1∂μ(	̂∂μ	̂†) − [Aμ, 	̂∂μ	̂†]
= ∂μAμ − ig−1∂μ(ig∂μθ + 1

2
g2[θ, ∂μθ ])

−
[
Aμ, ig∂μθ + 1

2
g2[θ, ∂μθ ]

]
+ O(θ3)

= ∂μAμ + ∂μ∂μθ − 1

2
ig[θ, ∂μ∂μθ ] − ig[Aμ, ∂μθ ] + O(θ3).

(B5)

This is recast into

∂2θ = − ∂ · A + 1

2
ig[θ, ∂2θ ] + ig[Aμ, ∂μθ ] + O(θ3),

(B6)

which yields

θ = − 1

∂2 ∂ · A + 1

2
ig

1

∂2 [θ, ∂2θ ] + ig
1

∂2 [Aμ, ∂μθ ] + O(θ3).

(B7)

Substituting recursively for θ , we obtain a power series,

θ(x) = − 1

∂2 ∂ · A (x) + 1

2
ig

1

∂2

[
1

∂2 ∂ · A (x), ∂ · A (x)

]

− ig
1

∂2

[
Aμ(x), ∂μ

1

∂2 ∂ · A (x)

]
+ O(A 3). (B8)

The massive vector field mode Wμ (17) is written as

Wμ =Aμ(x) − ig−1	̂(x)∂μ	̂(x)†.

=Aμ + ∂μθ − i
1

2
g[θ, ∂μθ ] + O(θ3)

=A T
μ + 1

2
ig

1

∂2 ∂μ

[
∂ · A
∂2 , ∂ · A

]

− ig
1

∂2 ∂μ

[
Aλ, ∂λ

∂ · A
∂2

]

− i
1

2
g

[
∂ · A
∂2 , ∂μ

∂ · A
∂2

]
+ O(A 3), (B9)

where we have defined the transverse field A T
μ in the lowest

order term linear in A as

A T
μ := Aμ − ∂μ

∂ · A
∂2 . (B10)

123



84 Page 32 of 33 Eur. Phys. J. C (2020) 80 :84

Notice that Wμ agrees with Aμ in the Landau gauge ∂ ·A =
0.

Thus, by substituting W of (B9) into (16), the term Skin

reads

S∗
kin[A ] =

∫
dDx M2tr(WμWμ)

=
∫

dDx M2tr

{
A T

μ A T
μ

+ igA T
μ ∂μ

1

∂2

[
∂ · A
∂2 , ∂ · A

]

− 2igA T
μ ∂μ

1

∂2

[
Aλ, ∂λ

∂ · A
∂2

]

− igA T
μ

[
∂ · A
∂2 , ∂μ

∂ · A
∂2

]}
+ O(A 4).

(B11)

By performing integration by parts and taking into account
the transversality ∂μA T

μ = 0, the action S∗
kin takes the form,

S∗
kin[A ] =

∫
dDx M2tr

{
A T

μ A T
μ − igA T

μ

[
∂ · A
∂2 , ∂μ

∂ · A
∂2

]}

+ O(A 4). (B12)

This indeed agrees with the expression (37).
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