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Abstract We study the thermodynamic properties of asym-
metric quark matter and large mass quark stars within
the confined-isospin-density-dependent-quark-mass model.
We find that the quark matter symmetry energy should be
very large in order to describe the recent discovered heavy
compact stars PSR J0348+0432 (2.01 ± 0.04M�), MSP
J0740+6620 (2.14 ±0.10

0.09 M� of 68.3% credibility interval
and 2.14 ±0.20

0.18 M� of 95.4% credibility interval) and PSR
J2215+5135 (2.27±0.10

0.09M�) as QSs. The tidal deformabil-
ity �1.4 of the QSs is also investigated in this work, and the
result indicates that �1.4 may depend on the isospin effects
and the strength / orientation distribution of the magnetic
fields inside the quark stars.

1 Introduction

Neutron stars (NSs) provide the astrophysical testing base
to obtain the thermodynamic properties of strongly interact-
ing matter at large baryon density and low (or even zero)
temperature [1–4]. From lots of theoretical studies, NSs
could be converted to hybrid stars or strange quark stars
(QSs), and the possible existence of QSs is still one of the
most important fields for modern nuclear physics and astro-
physics [5–11]. These stars are usually made up of decon-
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fined absolutely stable u, d and s quarks with leptons in
β−equilibrium condition, which is defined as strange quark
matter (SQM) [7,8,12–16], and the thermodynamic proper-
ties of SQM is of great significance in determining the infor-
mation of star mass and radius. Recently, the large star mass
of PSR J1614-2230 has been precisely measured as 1.97 ±
0.04 M� [17] by using Shapiro delay, while a new heavier
pulsar PSR J0348+0432 with a mass of 2.01±0.04 M� [18]
was discovered in 2013. By fitting the radial velocity lines
and the three-band light curves in the irradiated compact stars
model, a more massive compact star PSR J 2215+5135 has
been detected, whose star mass is 2.27+0.17

−0.15 M� [19]. In
Ref. [20], the MSR J0740+6620 (2.14 ±0.10

0.09 M� with 68.3%
credibility interval and 2.14±0.20

0.18 M� with 95.4% credibility
interval) is considered as the most massive precisely observed
pulsar by using the data of relativistic Shapiro delay with the
Green Bank Telescope. The heavy star observations above
may put new strict constraints on the equation of state (EOS)
and the isospin effects of the strong interactions in nuclear
matter inside the compact stars. Since the EOS of strange
quark matter is usually not stiff due to the addition of s quark
and the asymptotic freedom feature of QCD at large baryon
density region, most of quark matter models predict relatively
smaller maximum mass of QSs. The large star mass from PSR
J1614-2230, PSR J0348+0432, and PSR J2215+5135 could
rule out lots of conventional phenomenological models for
quark matter, whereas there exist some other models which
can still provide heavy quark stars [21–30]. These models
indicate that the isospin interaction in star matter should be
strong enough in order to describe two solar mass compact
stars as QSs.

In recent works, the gravitational wave (GW) signal
GW170817 from a binary compact star system has been
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directly detected and declared by the LIGO-Virgo collabo-
ration [31]. Lots of constraints on the thermodynamic prop-
erties of the strong interaction matter in compact stars have
been calculated based on the observation [32–41]. In Ref.
[31], the LIGO-Virgo collaboration focuses on the tidal
deformability of the compact stars (which can also constrain
the equation of state (EOS) of strongly interacting matter
in stars) and sets an upper limit as �1.4 < 800 for the
low-spin priors of the 1.4 solar mass pulsars. In subsequent
works [34,38,39,42–46], new constraints on the properties
of the symmetry energy and equation of state for nuclear
matter have been proposed. In the work [47], the new limita-
tions for �̃ was calculated as (0, 630) for large spin pulsar,
300+420

−230 by considering the largest posterior density inter-

val, and �1.4 = 190+390
−120 by using the �m5 linear expansion

around 1.4 M� [34,48]. For hybrid stars and quark stars, the
GW observation of tidal deformability can also be proved to
constrain the properties of the EOS, and the results indicate
that GW170817 might have the possibility of producing from
the binary quark hybrid star merger [37,49,50].

In Refs. [51–53], large magnetic field strength of B ∼
1014 G has been calculated at the surface of compact stars,
and the magnetic field strength may reach as large as B =
1018 G∼1020 G in the core of magnetars [54–56]. The O(3)

symmetry can be broken in such large magnetic fields, and
the pressure density of the strongly interacting matter inside
the magnetars then becomes anisotropic [55–59]. However,
whether introducing the strong magnetic fields into the cal-
culations of the quark star physics can enhance or reduce
the maximum star mass is still controversial in many works
[60–71]. In the present work, we investigate the properties
of the quark stars by using the density-dependent magnetic
field profile [60,61,72] and two extreme cases for the mag-
netic field orientation distribution inside the quark stars in
order to find out the relation between the maximum mass of
magnetized QSs and the tidal deformability of the magnetars
(�1.4) under strong magnetic fields.

2 The confined isospin- and density-dependent mass
model

There exist large number of phenomenological models to cal-
culate the properties of SQM, [9–11,73–101]. In this work,
we use the confined isospin- and density-dependent mass
(CIDDM) model [102–104] to explore the the properties of
the tidal deformability and the quark star matter. The equiv-
alent quark mass for CIDDM model is expressed as

mq = mq0 + D

nB
z

− τqδDI n
α
Be

−βnB , (1)

where we define the bare quark mass as mq0, z is the scaling
parameter of quark mass, D is determined by stability condi-

tion for SQM, nB means the baryon number density defined
by nB = (nu+nd+ns)/3, and DI , α and β can be adjusted to
determine the isospin-dependent strong interaction in quark
matter. The isospin asymmetry is defined as δ = 3 nd−nu

nd+nu
and

τq is the isospin quantum number for quarks [105–108].
Since the isovector properties of quark matter are of signif-

icance to explore the EOS of SQM and understand the isospin
properties of quark stars, quark matter symmetry energy are
proposed to obtain the isospin effects inside the asymmet-
ric quark matter [44,45,104]. Large quark matter symmetry
energy can greatly reduce difference between the fraction of
u and d quarks, which can further influence the equation of
state of the star matter. The quark matter symmetry energy
Eq. (2) at zero temperature can be expressed as

Esym(nB, ns) = 1

2!
∂2E(nB, δ, ns)

∂δ2

∣
∣
∣
∣
δ=0

, (2)

where E is the energy per baryon number for isospin asym-
metric quark matter, and one can obtain a similar definition of
the symmetry energy for nuclear matter in Refs. [109–111].

The energy density of quark matter at zero temperature
can be written as

ε = − P +
∑

j=u,d,s,e

n jμ j , (3)

where μ stands for the chemical potential for quarks, and the
pressure of SQM at zero temperature can be given by

P = −
∑

j=u,d,s,e

gi
48π2

[

νi

√

νi 2 + mi
2(2ν2

i − 3m2
i )

+ 3m4
i arcsinh

(
νi

mi

) ]

+
∑

i, j=u,d,s,e

ni n j
∂m j

∂nB

∂nB

∂ni
f

(
ν j

m j

)

+
∑

i, j=u,d,s,e

ni n j
∂m j

∂δ

∂δ

∂ni
f

(
ν j

m j

)

, (4)

where f (x) = 3
2x3

[

x
√

(x2 + 1) + ln (x + √
x2 + 1)

]

and

νi is the Fermi momentum of the i-th particle.
For strange quark matter under strong magnetic fields, the

spatial O(3) symmetry will be broken. In the mean time the
pressure becomes anisotropic and then splits into the trans-
verse pressure P⊥ (perpendicular to B) and the longitudinal
pressure P‖ (parallel to B). The anisotropic pressures for the
magnetized fermion system can be calculated as [55,56]

P⊥ =
∑

i

μi ni − Etot + B2 − MB, (5)

P‖ =
∑

i

μi ni − Etot , (6)

where M is the system magnetization, and one can find that
the longitudinal pressure P‖ can satisfy the Hugenholtz-Van
Hove (HVH) theorem [112].
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Fig. 1 Symmetry energy as functions of baryon number density with
DI-85, DI-245 and DI-400

To see more details about the CIDDM model, the readers
are referred to Refs. [72,102].

3 Results and discussions

3.1 Equation of state under constant magnetic fields

In this work, the bare mass of quarks and leptons we
set is mu0 = md0 = 5.5 MeV, ms0 = 80 MeV,
me = 0.511 MeV and mμ = 105.7 MeV. The param-
eter sets we used are: (1) DI-85 with DI = 85, D =
22.922 MeV fm3z and z = 1.8, (2) DI-245 with DI =
245, D = 17.797 MeV fm3z and z = 1.8, and (3) DI-
400 with DI = 400, D = 15.96 MeV fm3z and z = 1.8.
In order to simulate the similar density dependence of the
free fermi gas symmetry energy [102], we use α = 0.7 and
β = 0.1 fm3 in all the three cases. The parameter D for
DI-80, DI-245 and DI-400 is adjusted to satisfy the abso-
lute stability of strange quark matter. As we will show later,
the first parameter set is able to describe the PSR J0348+
0432 with the mass of 2.01 ± 0.04M� [18] as QSs within
CIDDM model [102], while the second parameter set can
be used to describe the recently discovered massive pulsar
MSR J0740+6620 (2.14±0.10

0.09 M� of 68.3% credibility inter-
val and 2.14 ±0.20

0.18 M� of 95.4% credibility interval) [20] as
QSs. Using the third parameter set, we can describe PSR
J2215+5135 with the mass of 2.27±0.10

0.09M� [19] as QSs in
Fig. 3.

From Fig. 1, we calculate the symmetry energy as func-
tions of baryon density with DI-85, DI-245 and DI-400. One
can find that the symmetry energy increases sharply (espe-
cially for DI-400) with the increment of the baryon number
density for each parameter set, and one can also see that the

Fig. 2 Energy per baryon number as functions of baryon density

value of the symmetry energy considerably increases with DI

in Fig. 1 at a certain baryon number density (the values of the
quark matter symmetry energy with DI-85, DI-245 and DI-
400 are calculated as 70.8 MeV, 352.6 MeV and 883.8 MeV
at nB = 1.5 fm−3). For the parameter adjustment, the isospin
dependence intensity parameters DI listed are the minimum
DI value we searched for so as to support the three mas-
sive compact star cases above as QSs, and this result implies
that large quark star mass may put strong constraints on the
isovector properties of strange quark matter.

In Fig. 2, we investigate the properties of the equation of
state for strange quark matter with DI-85, DI-245 and DI-400
at B = 0, 2 × 1018 G and 3 × 1018 G. We should first point
out that all the parameter sets in Fig. 2 can guarantee the
the absolutely stable condition of strange quark matter from
Farhi and Jaffe [9]. One can find in Fig. 2 that the minimum
value of the energy per baryon number becomes smaller when
DI increases, while the energy per baryon increases with the
constant magnetic field B. From the numerical results we can
provide that the baryon density at the minimum energy per
baryon number is exactly the density of zero-pressure point,
which is consistent with the thermodynamic self-consistency.
We also note that the zero-pressure point density decreases
with the increment of DI , while the zero-pressure point den-
sity increases when the magnetic field increases. The pressure
for SQM at zero magnetic field increases from 289.9 MeV to
298.9 MeV with DI increasing from 85 to 400, which indi-
cates that the stiffness of the EOS increases with the isospin-
dependence intensity parameter DI , which implies that large
isospin effects can significantly influence the EOS of strange
quark matter.

In Fig. 3, we calculate the mass and radius at different
central density of QSs at zero magnetic field with DI-85, DI-
245 and DI-400. Using the results of the EOS of SQM in
Fig. 2, one can describe the large-mass pulsar PSR J0348+
0432 with the mass of 2.01±0.04M� [18] as QSs within
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Fig. 3 Mass-radius relation at zero magnetic fields

Fig. 4 Maximum mass of QSs using different orientation distributions
of the magnetic fields inside the quark star as a function of B0 with the
fast B-profile with DI-245

CIDDM model [102] with DI-85. Since the EOS of SQM
becomes stiffer with DI (the isospin effect), we can also
obtain the recently precisely discovered heaviest compact
star MSR J0740+6620 as QSs with DI-245. As DI increasing
to DI = 400, the isospin effect gets larger and the maximum
mass of the quark star with DI-400 increases to 2.27 solar
mass, which is able to describe PSR J2215+5135. The tidal
deformability at 1.4 M� (�1.4) for DI-85, DI-245 and DI-
400 is calculated as 241.6, 345.9 and 408.89, which indicates
that we can describe all the three large mass compact stars
as quark stars at zero temperature by considering the already
mentioned constraints of the tidal deformability �1.4 < 800
and �1.4 = 190+390

−120. This result indicates that both the maxi-
mum mass and �1.4 of QSs increase when the isospin interac-
tion intensity parameter DI increases within CIDDM model
at zero temperature and zero magnetic field.

Fig. 5 �1.4 of static QSs using the transverse and radial orientations
of the magnetic fields as a function of B0 with the fast B-profile with
DI-245

3.2 Quark stars under density dependent magnetic fields

Since strong magnetic field strength has been estimated as
B ≈ 1014 G at the surface of compact stars, we use the
density-dependent magnetic field profile [60–65,72] inside
the QSs in the present work in order to provide the magnetic
field strength distribution inside the stars (the magnetic fields
strength is generally believed to be weak at surface and strong
in the core).

B = Bsur f + B0[1 − exp (−β0(nB/n0)
γ )]. (7)

Here we use the “fast-B” profile from the Ref. [72]: the
parameter Bsur f = 1015G stands for the magnetic field at
the star surface, n0 = 0.16 fm−3 means the normal density
of the nuclear matter, B0 is a free magnetic field parameter,
and β0 = 0.001 and γ = 3 are two dimensionless parameters
which are used to provide a strong density dependent mag-
netic field strength distribution from core to the surface. In
Ref. [72], due to the lack of the empirical information about
the magnetic field orientation distribution of magnetars, the
authors has assumed two extremely special magnetic field
orientation distribution cases: one is defined as the “radial ori-
entation” case, which is assumed as that the magnetic fields
inside the star are along the radial direction, while the other
is considered as “transverse orientation”, which is assumed
as that the magnetic fields are perpendicular to the radius but
oriented randomly in the plane that is perpendicular to the
radius. Using the two cases of the orientation distribution of
B, one can consider the pressure density inside the quark
stars being spherically symmetric.

Then employing this two extreme orientation cases of
B, one can use Tolman-Oppenheimer-Volkoff (TOV) equa-
tions [113] to calculate the mass-radius relation of magnetars.
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In Fig. 4, we calculate the maximum mass of QSs using
the transverse and radial orientations cases as a function of
B0 with the fast B-profile with DI-245. One can see from
Fig. 4 that the maximum mass of static QSs with the radial
(transverse) orientation is 2.14 solar mass at zero magnetic
fields and then decreases (increases) to 2.03 M� (2.23 M�)
at B0 = 7 × 1018 G. The normalized mass asymmetry δm =

M⊥−M||
(M⊥+M||)/2 is calculated as 9.4% at B0 = 7 × 1018 G. One
can obtain that the maximum mass of quark stars will be
influenced obviously by the magnetic field orientation cases
when the magnetic field B0 becomes larger than 1018 G.
The result implies that the two extreme cases can also set the
star-mass-region (as the upper and lower limits of the region)
which may contain all the cases of the maximum mass of stars
considering other nonspherical orientation distribution with
the corresponding magnetic field strength.

As we have mentioned, the observation of tidal effects in
binary compact star system can provide significant informa-
tion about the thermodynamic properties and EOS inside the
star matter because of the tidal deformation being determined
by the internal structure of the compact stars. In Fig. 5, we
calculate the tidal deformability at 1.4 solar mass (�1.4) as
functions of B0 with the fast B-profile within CIDDM model
with DI-245. One can find the tidal deformability increases
with B0 with the transverse orientation case while decreasing
with the magnetic field with the radial orientation case. And
the value of �1.4 of QSs with the radial (transverse) orien-
tation is 345.9 at zero magnetic fields and can further reach
304.7 (402.1) at B0 = 7 × 1018 G, which obviously satis-
fies the constraints in tidal deformability �1.4 < 800 and
�1.4 = 190+390

−120. These results show that the tidal deforma-
bility of the magnetars (�1.4) increases / decreases with the
magnetic fields when the magnetic field orientation is consid-
ered as transverse / radial orientation inside the QSs, which
implies that the tidal deformability of the magnetars (�1.4)
may also depend on not only the isospin interaction strength
inside the star matter but also the strength and the orientation
distribution of the magnetic fields inside the QSs.

We also study the high-density limit of the EOS within
CIDDM model in Fig. 6. Shown in the left panel of Fig. 6 is
the ratio of the pressure with DI-245 to the pressure for the
free fermi gas at zero magnetic field as a function of baryon
density, and one can find that the ratio nearly reaches 1 at very
large baryon density. For the right panel in Fig. 6, we calculate
the sound velocity square within DI-245 at zero magnetic
field as a function of the energy density within CIDDM, and
one can also see that the sound velocity square decreases to
1/3 when the energy density increases to 10,000 MeV. The
results indicate that the quark-quark interactions among the
quark matter within CIDDM model almost decrease to zero at
large baryon density and high energy density, which satisfies
the feature of the asymptotic freedom for quarks.

Fig. 6 Left panel: The ratio of the pressure with DI-245 to the pressure
for free fermi gas at zero magnetic field as a function of baryon density.
Right panel: the sound velocity square within DI-245 at zero magnetic
field as a function of the energy density within CIDDM

4 Conclusions

In this work, we have studied the properties of SQM and
QSs within the CIDDM model. The quark matter symme-
try energy and the stability of SQM have been explored.
We found that the stiffness of the EOS of SQM increases
with the isospin effect intensity parameter DI within CIDDM
model, and the quark matter symmetry energy should be large
enough so as to describe the recent discovered heavy com-
pact stars (PSR J0348+ 0432, MSR J0740+6620 and PSR
J2215+5135) as QSs. The calculation results also indicate
that both the maximum mass and �1.4 of QSs increase when
the isospin dependence in the equivalent quark mass becomes
stronger within CIDDM model at zero temperature and zero
magnetic field.

We have furthered studied the maximum mass of magne-
tars within the CIDDM model by using the density-dependent
magnetic field inside the stars. We have found that the maxi-
mum mass of static QSs increases with B0 for the transverse
orientation case while decreasing with B0 for the radial ori-
entation, and the tidal deformability of the magnetars (�1.4)
increases / decreases with the magnetic fields when the mag-
netic field orientation is considered as transverse / radial ori-
entation inside the QSs.

Therefore, our results have shown that considering isospin
dependence in equivalent quark mass within CIDDM model
can significantly influence the values of quark matter sym-
metry energy, properties of the equation of state in SQM,
and the maximum mass and the tidal deformability of static
QSs. The maximum mass of magnetized QSs and the tidal
deformability of the magnetars (�1.4) may depend on both
the strength distribution and the orientation of the magnetic
fields inside the QSs.
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