
Eur. Phys. J. C (2021) 81:115
https://doi.org/10.1140/epjc/s10052-020-08783-1

Regular Article - Theoretical Physics

Euler–Heisenberg waves propagating in a magnetic background

Elda Guzman-Herreraa, Nora Bretonb

Departamento de Física, Centro de Investigación y de Estudios Avanzados del I. P. N., Apdo. 14-740 Mexico City, CDMX, Mexico

Received: 20 August 2020 / Accepted: 20 December 2020 / Published online: 3 February 2021
© The Author(s) 2021

Abstract We derive the Euler–Heisenberg solutions that
describe electromagnetic waves propagating through very
intense uniform magnetic or electric background, with the
effective metric approach. We first explore the case of a mag-
netic background: as a result of the interaction between the
wave and the background there is birefringence and a longi-
tudinal electric field component arises. The two phase veloc-
ities depend on the intensity of the external magnetic field
and on the polarization of the wave; phase velocities can
be slowed down up to the order of hundred thousandths for
fields B/Bcr << 1. The analogous study is done when the
wave propagates through a uniform electric field. We then
consider the situation when the background is in movement
by means of a Lorentz boost, modeling then a magnetized
flowing medium. We determined how this motion affects the
speed of propagation of the electromagnetic wave, in this
case the phase velocities depend on both the magnetic back-
ground and the direction and velocity of the boost.

1 Introduction

In the presence of intense electromagnetic fields quantum
electrodynamics (QED) predicts that vacuum has properties
of a material medium as a consequence of the electromag-
netic field self-interactions. When the electromagnetic field
strengths approach the critical fields Ecr ≈ m2

ec
3/(eh̄) ≈

1018 V/m or Bcr ≈ 109 T the impact of the external field on
quantum processes becomes significant.

The Euler–Heisenberg (EH) Lagrangian was derived from
QED principles by Heisenberg and Euler [1]. For a nice dis-
cussion on the history of the Euler–Heisenberg approach see
[2] and a pedagogical review can be found in [3]. By treating
the vacuum as a medium, EH effective action predicts non-
linear light interaction processes since it takes into account
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vacuum polarization to one loop, and is valid for electro-
magnetic fields that change slowly compared to the inverse
electron mass. The EH Lagrangian LEH(F,G) depends in
nonlinear way on the two Lorentz and gauge invariants of
the Faraday tensor Fμλ, F = FμλFμλ = 2(B2 − E2) and
G = F∗μλFμλ = −4 �B · �E , with the dual field F∗μλ =
1
2εμλαβFαβ ,

LEH(F,G) = − F

4
− 1

8π2

∫ ∞

0

×e−m2s
[
(es)2 Re[cosh(es

√
2(F + iG))]

Im[cosh(es
√

2(F + iG))]
−2

3
(es)2F − 1

]
ds

s3 . (1)

From this Lagrangian new nonlinear interactions can be
derived, which do not occur in the tree level Maxwell action;
among them are light-light interaction and pair production
from vacuum excited by an electromagnetic field. It has
been thoroughly investigated, and higher loop contributions
in strong fields have been calculated as well, see for instance
[4,5].

The Lagrangian (1) can be expanded into an asymptotic
series [6,7] whose first terms, of the order α2, are

LEK(F,G) = − F

4
+ μ

4

(
F2 + 7

4
G2

)
, (2)

where μ is the parameter of the EH theory that in terms of
the fine structure constant, α (c = 1, h = 1), is

μ = 2α2

45m4
e
; (3)

that in terms of the critical fields, is of the order μ ∼ α/B2
cr .

Actually (2) is the Euler–Kockel (EK) Lagrangian. Euler and
Kockel, two Heisenberg’s students, investigated on QED vac-
uum polarizations in the constant background limit, obtain-
ing the leading nonlinear correction in powers of the field
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strengths, presenting the Lagrangian (2) in 1935 [8]. To
describe the propagation of photons in an external field
in QED only this first correction is needed, i.e. the term
2α2(F2 + 7G2/4)/(45m4

e). The use of the first terms of this
expansion is justified if the dimensionless expansion param-
eter 4παh̄3|F |2/(m4

ec
5) is much smaller than unity [9]. This

is indeed the case even for strong magnetic fields, for instance
the magnetic fields in neutron stars that may be as large as
1012 Gauss [10], then processes like photon splitting and pair
conversion are expected to occur in the vicinity of neutron
stars [11].

We also note related work by Born and Infeld [12], who
obtained similar nonlinear corrections to Maxwell theory but
from a classical perspective. See [13] for a generalized Born–
Infeld electrodynamics. The linear electromagnetic Maxwell
theory is recovered if μ = 0, LMaxwell(F) = −F/4.

Vacuum polarization effects [14–16] have been studied
since the establishment of these Lagrangians and experimen-
tal efforts are currently in progress for measuring some of
these nonlinear effects, we mention just a few of them: Light
by light interactions can be studied using heavy-ion colli-
sions; the electromagnetic (EM) field strengths produced, for
example by a Pb nucleus would be up to 1025 V m−1, those
intense EM fields can be treated as a beam of quasi-real pho-
tons, and it has been measured light by light scattering in
Pb+ Pb collisions at the Large Hadron Collider [17]. Other
experimental evidences include the measurement of photon
splitting in strong magnetic fields [18] and the search for vac-
uum polarization with laser beams crossing magnetic fields
or the detection of vacuum birefringence with intense laser
pulses [19]. There is also the detection of QED vacuum non-
linearities using waveguides [20]. Vacuum pair production,
known as the Sauter–Schwinger effect [14], was a predic-
tion in the 1936 EH paper however the necessary electric
field strengths are not reached yet, since the corresponding
critical laser intensity is about Icr = 4.3×1029 W/cm2 [21].

The phase velocity of an electromagnetic wave travel-
ing through intense EM fields will be altered due to vac-
uum polarization. It is also well known the emergence of a
longitudinal field component, as well as the decrease of the
phase velocity [6,9,22]. Another effect that arises in strong
magnetic backgrounds is the birefringence [23]. In order to
attempt the detection of nonlinear electromagnetic effects
it is crucial to determine the velocity of propagation of the
electromagnetic wave in the intense EM background, and
the aim of our paper is to determine the phase velocities that
correspond to the birefringence as well as the electric field
longitudinal component in terms of the magnetic background
derived from the Euler–Kockel Lagrangian. Although these
effects have been the subject of many studies, our approach
is the framework of the effective metrics derived in nonlinear
electrodynamics for curved spaces.

Fig. 1 Plane wave electromagnetic fields with the electric component
γ Ew(ξ) arising in the ẑ direction, due to the nonlinear interaction. The
uniform magnetic field background is shown making a θ angle with the
z-axis.The magnitude of the fields is not on scale

The paper is organized as follows: In the next section the
equations derived from the Euler–Kockel Lagrangian (2) are
presented and the electromagnetic fields of the background
and the wave are introduced; then by means of the effective
metric approach we determine the birefringence and the two
effective metrics, whose null geodesics are the light trajec-
tories, determining then the corresponding phase velocities,
the polarizations and the dispersion relations; in the same
section we present the results when the background is a uni-
form electric field. In Sect. 3, by performing a Lorentz boost,
we consider the background in movement, determining the
velocity of the modeling medium and the changes that this
situation introduces in the phase velocities of the propaga-
tion. Finally, conclusions are presented in the last section.

2 The Euler–Heisenberg propagating wave

In this section we derive the solutions to the EK field equa-
tions. The nonlinear electrodynamics (NLED) field equations
derived from the EK Lagrangian (2), are

Fλμ;ν + Fνλ;μ + Fμν;λ = 0;
∂ν

[√−g
(LFF

μν + LGF∗μν
)] = 0, (4)

where LX denotes the derivative of L with respect to the
invariant X , dL/dX .

Due to the interaction between the wave and the back-
ground, it is known that the parallel mode of the propagat-
ing wave fails to be orthogonal to the wave vector �k [23],
because a longitudinal wave component arises in the pres-
ence of strong magnetic fields.

We shall consider an electromagnetic (EM) wave propa-
gating through a uniform magnetic background. The wave
fields are function of ξ = (z − vt), where v is the phase
velocity of the propagation in the ẑ direction; the electric
and magnetic fields of the propagating wave in terms of the
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electromagnetic potential aμ are proposed as

aμ(ξ) = (0, a(ξ), 0,−γ a(ξ)/v). (5)

We consider the arising electric component being γ a(ξ), and
the constant γ is to be determined by solving the nonlinear
electrodynamics (NLED) field Eq. (4). The propagating vec-
tor �k is along the z-direction, kμ = (ω, 0, 0, k), the wave
electric field is along the x-direction and the wave magnetic
field points to the y-direction. While for the uniform back-
ground Aμ

Aμ(ξ) = (0, 0, Bx z − Bzx, Byx) (6)

In Fig. 1 is shown the plane wave EM fields propagating
in the magnetic background; for convenience we locate the
magnetic background in the plane XZ, �B = B sin θ x̂ +
B cos θ ẑ = Bx x̂ + Bz ẑ.

The photon polarization tensor in a homogeneous elec-
tromagnetic background in the context of QED has been
addressed in [24], and in [25] was studied the case of a Born–
Infeld wave in a magnetic background. In the next subsection
we determine the phase velocities vi , i = 1, 2 and γ in the
effective metric approach.

2.1 Effective metric and phase velocities of light rays

It is well known that the intense EM fields can resemble
a curved spacetime, in the sense that light trajectories are
not straight lines but suffer deflection. Deviations from the
straight trajectories in vacuum are described in NLED by
the null trajectories of an effective metric. According to
this approach [26–28], the magnetic background distorts the
spacetime where the EM wave propagates and considering
the propagation as a perturbation, (i. e. the EM fields of the
propagating wave are much smaller than the background
fields) the effective metric is derived from the analysis of
the propagation of the discontinuities of the field or charac-
teristic surfaces (wavefronts). If kμ is a null vector normal
to the characteristic surface of the wave, the effective metric
gμν

eff is given by

g(i)μν
eff kμkν = 0, i = 1, 2. (7)

The (i) superscript corresponds to the two metrics that can
arise in NLED, where the phenomenon of birefringence can
occur. See [29] for a study on the Fresnel equation in non-
linear electrodynamics and [30] for a classification of the
effective metrics.

Equations (7) are actually the dispersion relations, that for
a wave number kμ = (ω, 0, 0, k) amount to

g(i)t t
eff ω2 − 2g(i)t z

eff ωk + g(i)zz
eff k2 = 0, (8)

vi =
(ω

k

)
i
= −g(i)t z

eff

g(i)t t
eff

±
√√√√

(
g(i)t z

eff

g(i)t t
eff

)2

−
(
g(i)zz

eff

g(i)t t
eff

)
,

i = 1, 2, (9)

where vi is the phase velocity of the propagation. The equa-
tions of the propagation of the field discontinuities in nonlin-
ear electrodynamics characterized by a Lagrangian L(F,G)

are given in [28] [Eqs. (16) in [28]]; in case of the EK
Lagrangian, LFG = 0 and the effective metrics (7) are given
by,

g(1)μν
eff = (LF − 2LGGF)ημν − 4LGGF

μ
λF

λν, (10)

g(2)μν
eff = LFημν − 4LFF F

μ
λF

λν, (11)

where ημν = diag[+1,−1,−1,−1] is the Minkowski met-
ric. In the Maxwell case L = −F/4,LF = −1/4, LFF =
0 and LG = 0, then both effective metrics become confor-
mal to the Minkowski metric, g(1)μν

eff = g(2)μν
eff = −ημν/4,

and the null geodesics coincide with the Minkowski ones.
The nonvanishing electromagnetic tensor components of the
magnetic background are Fxy = −Bz, Fxz = By = 0,

Fyz = −Bx , and F = 2B2, the corresponding phase veloc-
ities vi derived from the two effective metrics (10) and (11),
through Eq. (9) are

(v1)
2 = 1 − 14μB2

x

1 + 10μB2 ≈ 1 − 14μB2
x , (12)

(v2)
2 = 1 − 8μB2

x

1 − 4μB2 ≈ 1 − 8μB2
x , (13)

where the last line corresponds to the expressions up to
quadratic order in the background field.

The effective metric approach turns out to be equivalent to
a soft photon approximation. Splitting the total electromag-
netic field into the background field �B and the propagating
photon fμν ,

fμν = ∂μaν − ∂νaμ = (εμkν − ενkμ)e−ikx , (14)

with the vector potential aμ(k), the polarization εμ =
aμ/

√
aαaα , the wave vector kμ = (ω, 0, 0, k), and being

the phase kx = kαxα = −kξ . Keeping the linear approxi-
mation with respect to fμν in the equations of motion, leads
to an eigenvalue equation for the propagating modes [31,32]

Aμνεν = 0 (15)

where Aμν is given by

Aμν = c1F
μαFνβkαkβ + c2F

∗μαF∗νβkαkβ

+c3(δ
μνκ2 − kμkν), (16)

c1 = 1

2
LFF , c2 = 1

2
LGG , c3 = 1

2
LF , (17)

123



115 Page 4 of 8 Eur. Phys. J. C (2021) 81 :115

where κ = kαkα = ω2 − k2, kμ = (ω, 0, 0, k). Eq. (15)
is the light cone condition and its solutions are the dynam-
ically allowed polarization modes. Moreover, adopting the
temporal gauge ε0 = 0, then Eq. (15) splits into

A0iε0 = 0, Ai jε j = 0. (18)

For the case under study, the nonvanishing electromag-
netic tensor components of the magnetic background are
Fxy = −Bz, Fxz = By = 0, Fyz = −Bx , and their
dual F∗t x = −Bx , F∗t y = −By = 0, F∗t z = −Bz and
F = 2B2. Explicitly Eqs. (18) become

c2Bz Bxε1 + (c2B
2
z − c3)ε3 = 0, (19)

[c2ω
2B2

x − c3(ω
2 − k2)]ε1 + c2ω

2Bz Bxε3 = 0, (20)

[c1k
2B2

x − c3(ω
2 − k2)]ε2 = 0, (21)

The Eq. A0iε0 = 0 turns out to be the same than Eq.
(19). Note that in Eqs. (19) and (20) are coupled ε1 and ε3;
these equations define the parallel polarization tensor as ε‖ =
[0, a(ξ)/ka, 0,−γ a(ξ)/(ωa)] or ε‖ = [0, 1, 0,−γ /v] and
determine the arising electric component γ and a first dis-
persion relation as

γ = 14μBx Bz

1 − 4μB2 + 14μB2
z
v1 ≈ 14μBx Bz + O(B4), (22)

(ω

k

)2

(1)
= (v1)

2 = 1 − 14μB2
x

1 + 10μB2

≈ 1 − 14μB2
x + O(B4). (23)

The angle δ between the polarization ε‖ and the the prop-
agating vector �k, is

δ = arccot
(γ

v

)
= 14μBx Bz

1 − 4μB2 + 14μB2
z
. (24)

While Eq. (21) does not impose any condition on ε2 	= 0,
then we can set the transversal polarization mode as ε⊥ =
(0, 0, 1, 0), and the second dispersion relation is

(ω

k

)2

(2)
= (v2)

2 = 1 − 8μB2
x

1 − 4μB2 ≈ 1 − 8μB2
x + O(B4),

(25)

where B2 = B2
x + B2

z . Transversal and parallel are defined
with respect to the plane spanned by the magnetic field B and
the wave number �k, that is the plane X Z . Phase velocities are
in agreement with the ones derived from the effective metrics
given by (10) and (11).

As a consequence of the nonlinear interaction wave-
background there is a retarding term in vi that depends on the
background field; specifically the retarding term arises due
to the magnetic component that is perpendicular to the prop-
agating direction, Bx = B⊥, in such a way that if B⊥ = 0,
then the velocity is the one in vacuum.

The phase velocities vi, i = 1, 2 of the propagation
through the magnetic background, Eqs. (23), (25), are illus-
trated as a function of the dimensionless μB2 in Fig. 2. The
truncation we have used to describe the propagation of pho-
tons in an external field is indeed valid for strong magnetic
fields that may be as large as 1012 Gauss (10−1 Tesla), that
compared to the critic field Bcr ∼ 109 Tesla, gives us the
range of validity of our variable μB2 ∼ α(B/Bcr)

2, and
considering that B/Bcr ∼ 1/100, the range of validity is
μB2 ∈ [0, 10−6). In agreement to this range the slowing
down of the wave is on the hundred of thousandths. As shown
in Fig. 2 it would be very difficult to distinguish in an exper-
iment if birefringence occurs. The slowing down depends on
the relative magnitude of Bx and Bz ; if (Bx/B)2 < 0.5 the
slowing effect increases as the transversal magnetic compo-
nent Bx does; while if (Bz/B)2 < 0.5 the slowing effect

Fig. 2 The phase velocities v1, v2 are shown as a function of the
(dimensionless) magnetic background μB2, for four values of (Bx/B)2

(thick lines) and (Bz/B)2 (dashed lines). As μB2 increases v1,2 dimin-
ish. If μB2 = 0 the velocity is the one in vacuum, vi = c = 1. Note
that if (Bx/B)2 < 0.5 the slowing effect increases as the transver-

sal magnetic component Bx does; while if (Bz/B)2 < 0.5 the slow-
ing effect increases as the parallel magnetic component Bz does. If
( Bx
B )2 = (

Bz
B )2 = 1

2 , the corresponding velocities v1 and v2 are equal
(blue line)
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Fig. 3 It is plotted γ , the arising wave electric component in the prop-
agating direction, as a function of μB2 for different values of B2

z /B
2

increases as the parallel magnetic component Bz does. If
( Bx
B )2 = (

Bz
B )2 = 1

2 , the corresponding velocities v1 and v2

become the same. In Fig. 3 it is illustrated the factor γ of the
arising wave electric component in the propagating direction.

In order that v2 Eq. (25) be a real number, a lower bound
arises for the magnetic field B, μB2 ≤ 1/4, that in terms of
the critical magnetic field Bcr is μB2 ≈ α(B/Bcr )

2, since
(B/Bcr ) << 1 that value is never reached in this approxima-
tion. If μ = 0, that means the absence of vacuum polarization
then the light velocity in vacuum, v = c, is recovered.

2.2 The electric uniform background

In an analogous way to the previous subsection we now con-
sider an electric background. The propagation of an EM wave
through an intense uniform electric field is of interest [6] since
there is the prediction of vacuum electron-positron produc-
tion that has not yet been measured, however it might be
feasible in the near future, due to the high power reached
lately by lasers [33,34].

In this case the nonvanishing electromagnetic tensor com-
ponents for the electric background are Ftx = −Ex , Fty =
−Ey, Ftz = −Ez, and their dual F∗xy = Ez, F∗xz =
−Ey = 0, F∗yz = Ex , and F = −2E2 = −2(E2

x + E2
z ).

The resulting equations from (18) have the form of Eqs. (19)–
(21) interchanging c1 ↔ c2 and Bi ↔ Ei . Solving them we
get the following γ -component and the phase velocities

γ = 8μEx Ez

1 + 4μE2 + 8μE2
z
v1 ≈ 8μEx Ez, (26)

(ω

k

)2

(1)
= (v1)

2 = 1 − 14μE2
x

1 + 4μE2 ≈ 1 − 14μE2
x , (27)

(ω

k

)2

(2)
= (v2)

2 = 1 − 8μE2
x

1 + 12μE2 ≈ 1 − 8μE2
x . (28)

Phase velocities v1 and v2 can be derived as well from Eq.
(8). v1 and v2 are shown in Fig. 4; the plots are very similar
and for the shown scale there is not much qualitative differ-
ence. Analogous observations than for the magnetic back-
ground apply to the electric case.

3 The phase velocity of the EM wave in a flowing
magnetic background

Another interesting situation is when the background is not
still but moving with constant velocity; it can be considered
as a plasma model, for instance. Any effective metric can be
considered as a moving medium, as we show in what follows,
as long as the effective metric be nondiagonal. For the case
we have studied this means that the metric component geff

t z
be nonvanishing. This we achieve by performing a Lorentz
transformation on the NLED effective metric.

3.1 The effective metric as a Painlevé–Lemaitre–Gullstrand
(PLG) metric

Let us consider a completely general effective metric (non-
diagonal); to determine the phase velocity of the EM wave
β = v/c, we calculate the null geodesics of the effective met-
ric, by making zero the line element, ds2 = geff

μνdx
μdxν = 0,

ds2

dτ 2 = geff
μν

dxμ

dτ

dxν

dτ
= geff

μν ẋ
μ ẋν = 0. (29)

Considering Cartesian coordinates (t, x, y, z) and a light
trajectory for fixed x and y, (ẋ = 0 = ẏ), we obtain from
Eq. (29) a quadratic equation for the phase velocity along the
z-direction, β = dz/dt = ż/ṫ ; then solving for β = v/c we
obtain the phase velocity in terms of the metric components
of the effective metric,

β = dz

dt
= −geff

t z

geff
zz

±
√

(geff
t z )2 − geff

t t geff
zz

geff
zz

. (30)

This expression is in agreement with Eq. (9). The interpreta-
tion of the effective metric as a propagating medium can be
seen clearly by writing the effective metric geff

μν in the form
of the Painlevé–Lemaitre–Gullstrand (PLG) metric, that in
Cartesian coordinates (t̃, x̃, ỹ, z̃) for x̃ =const ỹ = const, is
given by

ds2 = −(c̃2 − V 2)dt̃2 − 2Vdz̃dt̃ + dz̃2, (31)

where V (t̃, z̃) represents the velocity of the propagating
medium and c̃(t̃, z̃) the velocity of the perturbation propa-
gating through such a medium [35]. Taking advantage of the

123



115 Page 6 of 8 Eur. Phys. J. C (2021) 81 :115

Fig. 4 The phase velocities vi versus μE2 are displayed. Veloci-
ties approach the ones in vacuum as μE2 �→ 0. Thick lines corre-
spond to different (Ex/E)2 and the dashed lines to (Ez/E)2. For the

electric uniform background v2 reaches lower values than v2. When
(Ex/E)2 = (Ez/E)2 = 1

2 the velocities are the same (thick line over-
laps dashed line)

constant curvature (scalar curvature is zero R = 0) of the
effective metric, by making a scale transformation on the
(t, z) coordinates we can write the effective metric Eq. (29)
in the PLG form (31). By re-scaling as

t �→
√
V 2 − β2

√
gtt

t̃, z �→ 1√
gzz

z̃, (32)

the effective metric in the (t̃, z̃) coordinates acquires the form,

ds̃2 = −
(
β2 − V 2

)
dt̃2 + 2geff

t z

√
V 2 − β2

geff
t t geff

zz

d z̃dt̃ + dz̃2,

(33)

comparing with (31), we identify the velocity of the pertur-
bation as c̃ = β and we determine the velocity of the medium
V as

V = ± −geff
t z β√

(geff
t z )2 − geff

t t geff
zz

. (34)

Note that if geff
t z = 0 then V = 0, i.e. the medium is static. By

performing a Lorentz boost of velocity βL in the z-direction
�z , on the effective metric, �zgeff�

T
z = g′

eff , we obtain a
nondiagonal metric, that we denote with a prime g′eff

μν . The
effect of the Lorentz transformation is of mixing the com-
ponents of the effective metric, in such a way that if the
effective metric is diagonal, the transformed one has nondi-
agonal components, i.e. g′eff

t z does not vanish. The original
(untransformed) effective metric is recovered when βL = 0.
Note as well that the velocity of the medium V is not the same
than the one of the Lorentz transformation βL . The relation-
ship between V and βL is given implicitly in Eq. (34), with
geff
μν �→ g′eff

μν .

3.2 The magnetic background Lorentz boosted

In this subsection we show how the phase velocity is affected
when a Lorentz boost is performed on the magnetic back-
ground.

Making a Lorentz transformation along the z-direction
changes the magnetic background and an electric field com-
ponent arises: such that now the nonvanishing electromag-
netic tensor components of the magnetic background are
Fty = −γLβL Bx , Fxy = −Bz, Fxz = By = 0, Fyz =
−γL Bx , and F = 2B2.

Calculating the phase velocities using the effective metrics
in Eqs. (10) and (11), through Eq. (9) the obtained expres-
sions are cumbersome but being consistent with the approx-
imation up to O(B2), they simplify to

vLT z
1 = 1 − 14μB2

x

(
1 + βL

1 − βL

)
+ O(B4), (35)

vLT z
2 = 1 − 8μB2

x

(
1 + βL

1 − βL

)
+ O(B4), (36)

where βL is the velocity of the Lorentz transformation
along z. The retarding term is enhanced due to the factor
(1 +βL)/(1 −βL), that is always greater than one, therefore
increasing the slowing down effect on the propagating wave.

Let us now try a Lorentz boost in the direction perpen-
dicular to the propagation of the wave. By transforming
the background with a Lorentz boost in the x-direction, the
magnetic background results as Fty = γLβL Bz, Fxy =
−γL Bz, Fxz = By = 0, Fyz = −Bx ,; in such a way that
the phase velocities using the effective metrics in Eqs. (10)
and (11), through Eqs. (9), just keeping terms up to O(B2),
are

vLT x
1 = 1 − 14μγ 2

L

[
B2
x + β2

L (B2
z − B2

x ) − 2βL Bx Bz

√
1 − β2

L

]
,

(37)

vLT x
2 = 1 − 8μγ 2

L

[
B2
x + β2

L (B2
z − B2

x ) − 2βL Bx Bz

√
1 − β2

L

]
,
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Fig. 5 The phase velocities for metric 1 are shown in three cases: v1
for the metric Eq. (10) (black) and then the corresponding to the Lorentz
boost along the z (grey) and x (blue) directions. The slowing down is
enhanced for the boost along the propagation direction

(38)

where βL is the velocity of the Lorentz transformation

along x-direction and γL = 1/

√
1 − β2

L . The effect of
the retarding term is enhanced and the relative magnitude
between the parallel and perpendicular components of the
magnetic field plays a rol as well. In Fig. 5 are illustrated
the velocities for metric 1 in three cases, v1 corresponding to
the metric Eq. (10) and then the ones with the Lorentz boost
along the z and x directions. The direction of the Lorentz
velocity is important: when βL is in the same direction than
the propagation, the braking of the wave is more effective
than if βL is perpendicular to the propagation. In the former
case the wave slows down with a magnetic background less
intense than for a still medium.

It deserves a further study the modeling of a moving
medium and specifically the precise relationship between
the medium and the velocity of the Lorentz tranformation.
For the case of the electric background we guess a similar
behaviour than the magnetic one when Lorentz boosted.

4 Conclusions

We present the solutions to the truncated Euler–Heisenberg
Lagrangian that represent an electromagnetic wave propa-
gating through an intense uniform magnetic or electric back-
ground; due to the wave-background interaction one electric
longitudinal component, γ Ew, arises affecting the polariza-
tion.. The constant γ depends on three parameters: the veloc-
ity of the propagation, the magnetic background and the EH
parameter γ (β, B, μ); if the magnetic field is such that there
is no component perpendicular or parallel to the propagating
direction, B⊥ = 0 or B‖ = 0 this effect does not occur and
γ = 0.

By means of the NLED effective metric approach [26,27,
31], we obtain there is birefringence and we determine the
two possible phase velocities of the propagating wave. For
intense magnetic background fields, but such that B/Bcr <<

1 the velocities of the propagation slow down, diminishing
to the order of hundred thousandths as B grows, this is illus-
trated in Fig. 2. The birefringence in the case of an electric
uniform background is calculated as well.

By performing a Lorentz boost on the effective metric we
model the situation of a flowing medium. By rescaling the
coordinates of the effective metric it acquires the form of a
PLG metric, where clearly can be identified the velocity of
the propagating medium and the velocity of the perturbation
through such a medium. We present as example the case of
Lorentz boosts parallel and perpendicular to the propagat-
ing direction. The effect of slowing down the wave is more
efficient for a parallel to the propagation Lorentz boost.

In summary we have analyzed the slowing down of an
electromagnetic propagating wave under the effect of a very
intense electromagnetic field background, in the context of
the truncated to one-loop Euler–Heisenberg theory, or the
Euler–Kockel Lagrangian, that takes into account in an effec-
tive way the vacuum polarization phenomenon. We used the
effective metric approach and showed it is equivalent to the
soft photon approximation. We find there is birefringence
in both cases the electric and the magnetic background, the
phase velocities of the propagation depend on its polariza-
tion.
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