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Abstract We study the 7T deformation of the chiral
bosons and show the equivalence between the chiral bosons
of opposite chiralities and the scalar fields at the Hamiltonian
level under the deformation. We also derive the deformed
Lagrangian of more generic theories which contain an arbi-
trary number of chiral bosons to all orders. By using these
results, we derive the TT deformed boundary action of the
AdS3 gravity theory in the Chern—Simons formulation. We
compute the deformed one-loop torus partition function,
which satisfies the 7' T flow equation up to the one-loop order.
Finally, we calculate the deformed stress—energy tensor of a
solution describing a BTZ black hole in the boundary the-
ory, which coincides with the boundary stress—energy tensor
derived from the BTZ black hole with a finite cutoff.

1 Introduction

The deformation by the 7T operator [1] has drawn much
attention, because of its solvability and the relation with
gravity theory. Although the T'T deformation is an irrelevant
deformation, it is possible to derive the deformed Lagrangian,
finite size spectrum and the S-matrix from the ones of the
original theory [2—4], which does not require the integrabil-
ity in many cases. Based on the finite size spectrum, one
could compute the torus partition function of the T'T defor-
mation [5-7], which is still modular invariant but not confor-
mal invariant. The 7T deformation is related to the gravity
theory in several aspects. On the one hand, the deformed
theory can be interpreted as the original theory coupled to
a topological gravity [5,8,9]. More concretely, one finds a
one-to-one map between the equations of motion (EOM)
in the deformed theories and those of the original theories
[10,11], which enables one to derive the all-order deformed
Lagrangians [12]. On the other hand, the two-dimensional
TT deformed holographic CFT is proposed to correspond
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to the gravity theory with a finite cutoff under the Dirich-
let boundary condition, where the cutoff is explicitly related
to the deformation parameter [13]. More discussions on the
holography under the 7T deformation can be found in [14—
20]. See also [21] for an interesting review and related top-
ics.

The T'T deformation of the two-dimensional scalar theory
has been well studied. In particular, the all-order deformed
action of the N massless free bosons has the form of
the Nambu—Goto action in the static gauge of N + 2-
dimension [4]. The deformation of a scalar with an arbi-
trary potential was shown in [4,22] and more examples
of Lagrangians of TT deformed theories was presented in
[23]. In this paper, we study the chiral bosons, which are
interesting in many aspects such as string theory and con-
densed matter. Even though the chiral bosons are not man-
ifestly Lorentz invariant, the sum of a left and a right chi-
ral bosons reproduces the scalar theory [24,25]. The TT
deformed action of a general system of chiral bosons, scalars
and fermions was studied in [26], where the first-order
action for chiral bosons and canonical stress—energy ten-
sor were used. We are interested here in the Floreanini—
Jackiw action [27] and the covariant stress—energy ten-
SOr.

A remarkable connection between chiral Wess—Zumino—
Witten (WZW) models and Chern—Simons theories was
established in [28-30]. In particular, the AdS3 Einstein grav-
ity theory can be reformulated as a SL(2, R) x SL(2, R)
Chern—Simons theory [31]. Much attention has been paid
to the exact boundary action [32-35], due to its connec-
tion with two-dimensional conformal field theory [36]. The
AdS3; Chern—Simons action can be reduced to two chi-
ral SL(2, R) Wess—Zumino—Witten (WZW) models on the
boundary, and the AdS3; boundary condition implements cer-
tain constraints on the chiral WZW model [32]. In [35], the
exact boundary action was shown to be a quantum field theory
of reparametrizations, which analogous to the Schwarzian
action of the nearly AdS, gravity. Moreover, the torus parti-
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tion is one-loop exact and shows a shift in the central charge
of 13. The present work aims to study the 7' T deformation of
the boundary action. We derive the 7T deformed Lagrangian
of generic chiral boson theories by explicitly solving the flow
equation. Then we focus on the 7T deformed action of the
constrained chiral WZW model associated with the AdS;
Chern—Simons theory. We will see how the exact bound-
ary action and the one-loop torus partition function change
under the 7T deformation. We also calculate the deformed
stress—energy tensor of the boundary theory for the BTZ
black hole, and compare it with the boundary stress—energy
tensor derived from the BTZ black hole with a finite cutoff.
Our results provide a concrete realization of the 7T defor-
mation on the boundary of the Chern—Simons AdS3 gravity
and may shed light on the holography dual of the deforma-
tion.

This paper is organized as follows. In Sect. 2, we present
the TT deformed Lagrangian of chiral boson theories. We
show the equivalence between the sum of two chiral bosons
of opposite chiralities and a massless free non-chiral scalar
under the T T deformation at the Hamiltonian level. In Sect. 3,
we review the relation between the AdS3 Chern—Simons the-
ory and the sum of two constrained SL(2, R) chiral WZW
model of opposite chiralities, and derive the corresponding
deformed Lagrangian. We then compute the one-loop torus
TT deformed partition function, which is found to satisfy
the flow equations of 7T deformation in all-order of defor-
mation parameter up to one-loop level. We also compute the
deformed stress—energy tensor for a solution describing a
BTZ black hole in the deformed field theory and compare
it with the boundary stress—energy tensor of the BTZ black
hole at a finite cutoff. Section 4 is devoted to conclusions
and discussions. In Appendix A, we consider the JJ and
TJ deformation of the chiral bosons. In Appendix B, we
study the solutions to the EOMs of TT deformed WZW
models.

2 TT deformed Lagrangian of chiral bosons

In this section, we will study the TT deformation of chiral
bosons. The Floreanini—Jackiw action [27] of a left-moving
chiral boson is

1
Siett = / &g (310 — D pid). (1)

As a warm-up, we will first consider the simple case of two
chiral bosons of opposite chiralities and solve the flow equa-
tion induced by the 7T deformation. More complicated the-
ories of chiral bosons will also be considered, which will be
useful in the study of the AdS; Chern—Simons theory.

@ Springer

2.1 Two chiral bosons of opposite chiralities

Let us begin with the undeformed Lagrangian of a left and a
right chiral boson

So = f Lo, ®)
1 Ef o
Ly=— 7\ T0P%¢ + —00hd¢ + 9i$0sd
E(9
B p008 3)
Eg 0 0 5

where E¢ is the zweibein and the metric is g, = E;E , +
E, E. We couple the zweibein to the fields such that the
undeformed action is invariant under the transformation
8¢ = €599,
8¢ =€ 9p,
+_ 0 + +q 0
SE, =€ 0E, + Ejouey.

- 0 - — 6
BEM = 6_39EM + E,0u€”,

“

where ei are coordinate dependent transformation param-

eters. The translation symmetry generated by constant ei
enables us to define the stress—energy tensor as

T

TH = — —FE.
v detE(SEl/} v

&)

In this paper we focus on T'T deformation in flat spacetime,
so E ;:‘ can be set to be constants after deriving the stress—
energy tensor. When E l’;‘ are constants the conserved law can
be written as 9, ™" =o0.

The T'T deformation of a two-dimensional field theory is
induced by the T'T operator which is defined as minus the
determinant of the stress—energy tensor. Concretely, the 7T
deformed Lagrangian £, is the solution to the flow equation

L
a—; — det Edet Ty, ©6)

with the initial condition (3). Here XA is the deformation
parameter and 7) is the deformed stress—energy tensor of
the deformed theory. We can solve the equation by making a
perturbative expansion in small A and then guessing the exact
solution. Skipping the boring details, the solution is given by

1 o
L, = 5 (0193%¢ — 91 $dp¢P)

By EY + EfED) (30309 — 906369)
AESE,

det E

+2A

(-0, @)
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with

S— |1— (Bgpdp¢p + 39¢>30¢) ot (30¢3e¢_— g p0e$)> 52
E, Ef 4E,2E;?
(3)

The deformed theory still has the conservation laws 9, ( Th), =
0, which corresponds to the symmetries

2E; E; — 13699 — d¢p )

3¢ = €109 + €00

2EfE; S ’
)
2E;E; + M30pdd — d0hpdph)
8¢ = €109¢ — €00 )
¢ = €100 — €0p 2E;E98
(10)

where ¢; are constant parameters. We also consider the J J
and 7' J deformation and the results are shown in Appendix A.

2.2 Equivalence to the TT deformation of a non-chiral free
scalar

In the undeformed theory, the sum of a left moving chiral
boson and a right moving chiral boson is equivalent to a free
massless scalar [24,37]. We now show that the equivalence
still holds under 7’7 deformation.

We now restrict our attention to flat spacetime so we can
set E;" = Ef = E; = —E; = 1/+/2after solving the flow
equation. Therefore the Lagrangian (7) becomes

1 - - 1
L) = 5(3r¢>39¢ — 0¢0pp) + Z(S -1, (11)

with

S= \/1 — 2(09¢ 399 + dppdgd)A + (39 Pded — Do s $)?22,
(12)

The stress—energy tensor of the deformed theory becomes

(THh, = (

from which we obtain the corresponding energy and momen-
tum

1
H, = | do—|1
* f n(

- \/1 — 2399309 + 0p$Ipd)2. + (3P — 39¢399d_5)2)»2),
(14)

% (39¢60¢ 90 P)
(69¢39¢ PP S—1 n (amam 39§20 $)*).
s T s

(13)

1 -
Py = /d9§(30¢39¢ — 0gPdp ). (15)

The Hamiltonian density of the system can be written as

H = %(1 — 182 + 72 + 16(n2 — 7%2)2)\2),
(16)

where m = %89(15 and 7 = —%Bgd_) are the canonical
momenta of the fields.
Let us turn to the TT deformed free massless non-chiral

scalar. The Lagrangian is given by [4]

1
e = (VT4 220000 — dapiop) —1). (17
The associated Hamiltonian density is
pealar — L(1 - \/(1 — 233p02)(1 — 2,\7[2)) (18)

2)1 )
where the canonical moment of ¢ is defined as

0
3% (19)

Ty, = .
Y VT 210000 — 069D9)
One can check that the Hamiltonian densities (16) and (18)

are equivalent via the relation

1 _
9g=—@+¢), 7 =201 +7).

V2

The TT deformed Lorentz invariant free massless scalar

is related to the undeformed model via a field dependent

coordinate transformation [10,11]. To obtain a solution to
the deformed theory, one can start with a solution

FED +gGE),

where ¥* = 6 + 7, to the equation of motion of the unde-
formed model

(20)

o(,0) = 21)

(07 —92)9 = 0. 22)
Then one need to solve the equations
- A
t =i+ E(G(x ) — F(&T)),
0 =0+ E(G(JE_) + F(E1), (23)

to express T in terms of ¢ and 0, where the derivatives of
F and G are the components of stress—energy tensor in the
specific classical solution

F'(x) =2f'(0) f'(x), G'(x) =2g'(x)g' (x).

A solution to the equation of motion of the deformed model
is then given by

p(t,0) = f(XT(1,0)) + g(¥(1,0)).

(24)

(25)
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Let us return to the chiral boson model. Though we have
not found a coordinate transformation which maps the equa-
tions of motion of the model (11) directly to those of the
undeformed model, one can check that

$(1.0) =h(t) +~V2fE(1,0)),

G, 0) = h(t) +v2g(F(1,6)), (26)
is a solution to the equations (_)f motion. Here ¢, 6 are still
related to X & by (23). A(¢) and h(t) are arbitrary functions of

t. We show this in a more general case in Appendix B. The
energy and momentum corresponding to the solution (26) are

FGEH? =g GE)? —drnf/(3h)2g/ ()2

o 1= 402 f/(E)7g () ’
@27)
_ G —g'G@)?
p= [ 29

We now put the deformed model on a circle of length L.
Then the fields should be periodic in coordinate 6. We take
periodicities of f and g to be L and consider the solutions
with the following form

¢ = f(n)XT(1,0) + gm(W)X~(1,0)), (29)

where we introduce n(A) and m (L) such that the periodicity
of ¢ is L in coordinate 6. It is not difficult to show that
f(t, L) —1(t,0)=APy, x(t L)—x(t,0)=—1H,. (30)

Then we have

L L

"= oy "W I m r py
3D

Using Egs. (23)and F(L)—F(0) = Hyo+ Py, G(L)—G(0) =
Hy — Py, we get
— HyL + HyL = P)L ¥ P, L — AH> + AP =0.  (32)

Finally we get

L— \/LZ — 4HoL) + 4P
H, =
o

. PL= Py, (33)

which is a classical version of the general quantum spec-
trum in [3,4]. The significance of the sign of the deformation
parameter A is well-known in the literature. When A > 0, the
deformed energy can become complex if H is large. This
regime of A is related to holography. For A < 0 the deformed
energy spectrum is real and there are Hagedorn growth of
density of states [38].

@ Springer

2.3 General theory of chiral bosons

To solve the flow equation, the field contents and details of the
potentials are not important. We can study the 77 deformed
Lagrangian of more general model of chiral bosons with the
initial translational invariant Lagrangian

Ly =C E’+K+E7K+E+V
L Y Y
+E; Vo +EfWy + EfW_, (34)

where K1, W4 and V. are the functions of the fields. We
require that the equations of motion are consistent with the
conservation of the stress—energy tensor defined by (5). We
can again solve the flow equation (6) using a perturbative
approach. The all-order solution can be written as

EjEf + E[E}

L, =C+ — " O (K_—K)
' EjE; "
1 (EJE; - .
oo | =5=Ec det ES +det E —2detE |, (35)
2 EJE,
with
Ef = EXf ¥2V4, Ef = Ef 7AW+, (36)

S A4ES?E;? — AMK- + K)ESEja+ (K- — K4)%2
B AESE, '
(37)

As a particular example, we consider a generalized chiral
bosons theory

1 Ef . E; -
Lo=3|Fw— FF% — Fo + FFee

2 % 0
— Ef V() — E; V(9), (38)
Fuo =G ()du¢1006s, 1,7 =1,2,...,N, (39)
Fu =G (@)oud;dud;. I.J=1.2,....N, (40)

where G and G are non-degenerate matrices. The T'T defor-
mation of the chiral boson theory (38) is therefore

1 _ -
L) = 5(Fio = Fio) = Ey V = ESV

 (Ej Ef + EfEf + MEJV — E; V) (Foo — Fup)

4ESE,
detE — ME; V+EIV
AEMEVAE V) oy, 1)
21
with
F, F, Fpog — Fpp)?
S— 1§ 997+ +00)A+( 9 - (jra) 52 @)
E, E] 4E;2ES?
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One can also add an arbitrary number of Weyl-Majorana
fermions to the theory (38). The undeformed Lagrangian is

Lo=1(r E’+F Fot L
0= 5|1 E; 66 10 E, 66
— Eg V() — Eg V(9) (43)
+ Buny (B0 — Ef o)y
— Bun v (E7 09 — E; 9y,
where v and ¥ are Weyl-Majorana left and right fermions
respectively. The deformed theory is then given by (41) with

C= % (Fio — Fi9) . Ky = Fgo., K_ = Fpp,
Vi=V@) + Buny™a g, (44)
Vo= V() — BunyMo, "

Wi = Buny "oy, W = —BunyM oy

This action differs from the one obtained in [26] using the
canonical stress—energy tensor. It was argued in [26] that
there should be a field redefinition which would make the
TT deformed action driven by the canonical stress—energy
tensor coincide with the one driven by the covariant stress—
energy tensor. It would be interesting to find such a field
redefinition explicitly.

3 T'T deformation and Chern-Simons gravity

The three-dimensional Einstein gravity theory with a nega-
tive cosmological constant can be reformulated as a Chern—
Simons action with a gauge group SL(2, R) x SL(2, R) [31].
It was shown in [32] that the Chern—Simons action is equiv-
alent to two copies of constrained SL(2,R) chiral WZW
models of opposite chiralities on the boundary, which can
be combined into a non-chiral Liouville field theory. The
chiral description is more convenient to deal with the zero
modes and leads to geometric actions associated with coad-
joint orbits of the Virasoro group [34,35]. In this section, we
will focus on the 7T deformed action of the constrained chi-
ral WZW model. Since the original Lagrangian is a special
case of (38), we can get the all-order TT deformation of the
boundary action using the results in the previous section.!

3.1 AdS3 Chern—Simons theory

Let us recall the connection between AdS3 gravity and the
chiral WZW model derived in [32]. The AdS3 Einstein grav-

1 See also [39] for the T T-deformation of the classical Liouville field
theory.

ity with metric

d 2
ds? = —(r% + Dde® + r2d0* + ——, 45)
r2+1
can be reformulated as the Chern—Simons action [35]
S = S[A] — S[A] + Shay.
S[A] k/ me( IAAZ+A F)
= —— r{ — — s
2 0 (46)
S / dx? E " Tr(A3) T (A ))
= —_—— x — J—
bdy = E
where k = 4% and we couple the boundary terms to the

boundary zweibein E¢. We will take E;" = E(j =E, =
—-E =1/ V2. The gauge fields A and A are expressed by
using the SL(2) generators and related with the bulk dreibein
¢“ and the bulk spin connection

A—A=2, A+A=20. (47)

In this action, A = Aodt—i—/iidx" and A = Agdt+ A;dx’ are
separated into the temporal and spatial parts. The boundary

conditions of the gauge fields are fixedtobe A_ = A;—Ag =
Oand A_ = A, + Ag = 0, which are chosen to match the
asymptotics of the AdSs geometry

A I+ + 007 o™
\/_rE“‘dx +or™H —3Q-E 10072

i_ (-5 +00¢™) —«/—rE dx +00™h
B o™ —IQ+E+00H )

(48)

where €2 is the boundary spin connection. For simplicity, we
consider 2 = 0 in this paper. The boundary term Spqy is
necessary for a consistency variation principle.

Since the spatial field strength F is flat, one can parametrize

the A and A as
A=g'de, A=z ldg, (49)

where d is the spatial exterior derivative. g and g are elements
of SL(2) and can be written in the Gauss parameterization:

(526,
=(0 (T

The gauge fields can be written as

(50)

@ Springer
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- A3 A~
A:g ldg=<A+_A3)
[ —€*WdF +dy —e**V2dF +2Vdg +dV
o e*PdF ePWdF — dg ’

- A
1 4=
A dg=<A+-A3)

g
( ePWdF —dj

(e —e*dF
T\ PV F —2Wdg — dV —e*PWdF +dp )
(5D
The action (46) thus can be evaluated as
k
sz—/ Px LNV (52)
T JoM

where LXVZW has the form of Eq. (38) with E,+ = E; =
E, =—E; =1/4/2and

Fro = 39399 + > 99 F O, W,

Fio = 3,009 @ + €209 F0,V,

Foo = AJA) + AF Ay,

Foo = A3A3+ ATA;. V=V=0.

(53)

The fields in the expression of g and g are not independent.
The boundary condition (3.1) imposes the constrains

Ay =A} =0, Af —V2Ejr=0, A; +v2E;r=0
(54)

on the AdS boundary. The constrains can be expressed as

2
oo | o %F
39F’ 2}’39F’

ZF
2rdgF’

(55)
6"5 = L_, \il =
o F

By using the conditions (55), we could express the action S
in terms of F and F, which we parameterize as
o -

F =tan —, F =tan
2

[NSRRSN]

(56)

where ¢ and ¢3 are elements of Diff (§ 1 )/PSL(2,R) and we
get two copies of the Alekseev—Shatashvili quantization of
coadjoint orbit Diff (§')/PSL(2, R) of the Virasoro group
[40]. If we parameterize F' and F as

F:tan@, F = tan —, (57)
2 2

witha # n,n € Z, we get the orbit Diff (S')/ U (1). See [41]
for further discussion.

@ Springer

3.2 TT deformation of the boundary action

With the solution (41) to the flow equation induced by the 7T
deformation at hand, we are now ready to get the all-order 7T
deformation of the boundary action. Simply plugging (53)
into (41), we obtain a T'T deformed WZW model denoted
by [,AWZW? However, the action (52) is constrained. It is
a non-trivial question whether the constrains are deformed
by the T'T. To treat the constraints carefully, we introduce
Lagrange multipliers in the undeformed action:

LVEV = pWIW 4343 — a3 A3 — ay (A — V2E]T)
_5_(,40_ + «/EEG_V). (58)

Here we keep E ;t unfixed which is necessary when we apply
the solution (41). The terms with coefficient E gf can be view

as potentials. By using (41) again with V = —+/2ra, and
V = /2ra_, we find the deformed constrained Lagrangian

1 _ 1
cWZW
r — ~(Fo— F —(S—-1)—
)L 2( 10 t9)+2k(5 ) — a4

L r+rS  ri(Fy — Fpg)
X (A(9 i a— >

_ - r+rS  ri(Fgy — 14:99)
_ala _
— a3A3 — (331&3, (59)

where F,, are given in (53) and we have set ElJr = E; =

E, = —E = 1/+/2. The constraints A; = A; = 0 are
solved by
—2(/78 _ —2@8 >
v= Y g P (60)
g F g F

Plugging A3 = fig = 0 into the rest two constraints, we get
Af =r+rAf, Ay =—r+riAy, (61)

which are similar to (5.16) in [42]. The explicit expressions
are

A ~) < ~\2 =02 =
p—l—m@p 5+300p)” —2pdyp) =0,

(62)
51— (s + 3B ) — 2p82p) = 0
p 4p3(ps+ (% p) pdgp) =0,
where
_ D 1 1 -
2w P20 P o (F0), §=—{F.0)
9 F 3 F 2 2
(63)

2 In principle A should be rescaled to keep the flow equation invariant
due to the coefficient £/ in front of the action. But for convenience
we are not going to rescale X here.
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s and § are halves of the Schwarzian derivatives defined by

Bf 3 (%S g
0y =" — |2 . 64
{f.0} % f ( ) (64)

2\ o f

Suppose the solution p and p satisfying (62) is known, we
then substitute this solution to the EKWZW and obtain the
all-order 7T deformed Lagrangian

£CWZW B s N K F// 3F/F// . 1?//
T 2p ' 2p 4AF " 8F? ' 4F
B 3I§/F// 3 (p/)2 B p//
8}?/2 8p3 4p2

3pp P

B 3]5p/ LI 3(13/)2 ﬁ//
8p?

4p  8pF  4pr 8p2 4P

(65)

where the overdot and prime denote the derivative with
respect to ¢ and 6 respectively. The deformed stress—energy
tensor is given by

1
(Th = — p=p P =2pp+p+p*+p-2 |- (66)
T\~ D +p-D
Using the parameterization
F:tan%, F:tan%. (67)
2 2
We have
o® 397 . ap? D 3§72 ag?
s = - , §=—= ——= ,
200 49?4 200 497 4
(68)

where f denotes the nth derivative of f with respect to 6.
We also define

3(;/4'5// ()((;(5/
492 4

i ¥

4 29/

3¢'5/¢//
4¢/2

B (]'5”

u_2¢/

(69)

Dropping total derivatives, the Lagrangian can be written as

s s u u 3([)’)2 p’  3pp
T 2p 2p 2 2 8p3 4p?  8p?
5 3(n 2 =1 3 ==/ =1
+ 24 (’;) L A ) (70)
4p ~ 8p 4p 8p=  4p

where p and p are determined by s and s through the con-
straints (62).

Though the constraints (62) are difficult to solve to all
orders in A, we can solve p and p in the first few orders of
small A

4
p=1425+ 2 (—sg—%>+0(x)3, 71)
g//
p=1+Ars+ A2 (—s5—3)+0m3, (72)
which leads to
2 2 2F  4F? ' QF  4AF?
1 )
+ §A2(4§s" + 8525 + 85’5 + 357 — 355
— 255 + 455" + 655" + 8552
+ 6ss” + 35”2 + 355" +255) + 0O(\3). (73)

When A = 0, this reproduces the original Lagrangian. The
first order term s5 is nothing but the 7T operator of the
undeformed action.

At the end of this subsection, let us comment on the
deformed constrains (61) and their relation with finite cut-
off AdS. Since (55) is derived from the boundary condition
(3.1) of gauge fields (or metric), it is natural to guess that
the boundary condition will also be transformed non-trivially
under the 7T deformation. Let us suppose the new boundary
is at r = r, with a large enough r.. If we identify rf)» =1,
(61) leads to Zeét = r¢, which is consistency with the met-
ric (45) at finite cutoff »r = r.. In Sect. 3.4, we will check
the identification rfk = 1 in more details by calculating the
boundary stress—energy tensor.

3.3 One-loop torus partition function

The partition function in the undeformed theory was obtained
and shown to be one-loop exact in [35]. We now compute
the one-loop torus partition function in the deformed theory.
Let us Wick-rotate to the Euclidean time ¢+ = —iy and put
the boundary theory on a torus of complex structure t. The
Euclidean action is Sg = —iS. On the torus, the coordinate
7z = 0+iyhastheidentifications z ~ z+2m andz ~ z+27t.
We first focus on the Diff(Sl)/PSL(Z, R) case. The fields
¢ and ¢ satisfy the boundary condition

fO+2m,y) = f,y) +2m,

(74)
f@,y) = f(@+2nRe(r), y + 27Im(7)).

We consider the saddle point of the Euclidean Lagrangian

1

Po=po= =,

2y (75)

- ‘[1
do=¢o=0——y,
1)

@ Springer
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where 71 and 1, are real and imaginary part of T respectively
and we will use
VA+T -1

V=

instead of A to avoid square root.
Expanding ¢ and ¢ in fluctuations around the saddle

(76)

¢ =do+38p, ¢ =g+, (77)

the fluctuations of p and p depend on 8¢ and 8¢ via the
constraints. We have

p=po+tpitp+--, p=po+pr+pr+--- (78)

where pj (p1) and p; (p2) are linear and quadratic terms in
the fluctuation fields 8¢ and 8¢ respectively. We then expand
the Lagrangian and the constraints around the saddle, and
express every term by using 8¢ and 8¢. On the torus, the
fluctuation fields 8¢ and 8¢ can be expand as

d¢p = E €m,n fm,ns 5¢_’ = § €m,n fm.ns (79)
m,n m,n
n#—1,0,1 n#—1,0,1

where we have set the zero modes to zero and the functions

1 .my . 7]
Somn=—expli—+in|0——y])], (80)
2 1) (%)
satisfy
/2 dzxfml,nlfmz,nz = T20m,,~m20n1,—n> - (81)
T
Then p; and p; are solved by
pr=Y_ au((1=2y)@n* = Demn + ém.n) fnn-
k0,1
Pr="2 au((1=29)@n = Démn +enn) v
n;érf’lrfo,l
(82)
where
iy — Dn (n® —1)
=73 (=2yn2+y +n2—1)(=2yn2 +y +n?)’
(33)

Finally, the quadratic action is given by

T YT _ €_m.—
- ?SE = 7(27'[)2 + Z (fm,nv Em,n)Mm,n (E—Z:—Z> s

m,n
n#—1,0,1

(84)

where M,, , is a2 X 2 matrix

@ Springer

nn?—1)

Minn = 2 5 2

16 (20 — D+ 1)* (x —n2( — )

Apn(t, 2)  Bua(ti, 2) )
X ’ ’ R 85
<Bm,n(rlv ) _Am,n(flv —12) 85

with x = % = —- and
Am,n(flv 1'2)

= 2ix(m*n* — D(x — D* — x)(m + intox — nty)

—n(n* — D?ox(x* — 12, (86)
By n (11, 12)
= —n(n®> — Dox(* — D@*(x — D> — x> — 1.
(87)

The determinant of M,, , is

det M, ,,
_ n2(n? = 1)2x%(m —intax —nty) (m + intax — nty)
- 2 2
64 (n>(x — D+ 1)" (x —n*(x — 1)

(88)

Then following the procedure in [35], we obtain the classical
partition function

C = 6k, (89)

JA+1-1
Z. = exp (ZHCTZ—E—)L) ,

and the one-loop torus partition function

Z (2 (c(«/)\+1—1)4r 13 ))
I1—loop = €Xp | 2T T2

6M 12VA+1
2

o0

. (90)

1
X | | . . (2
s 1 —expQ2rmin(r; +i m))

Note that the partition function is not modular invariant even
in the undeformed theory. The spectrum should become com-
plex when A > 0. In this case the one-loop torus partition
function should be understood as an analytic continuation
from the regime of A < 0. The singularity at A = —1 is
related to the Hagedorn divergence. It is easy to check that
the classical partition satisfies the flow equation on the torus

(7]
nC
6
2PV P R -1
_ <Z(af2 +07)+ 500 -7 )ak) Z.,

0hZc

oD
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while the one-loop partition function satisfies the flow equa-
tion up to the one-loop

1 1 v .5 2
———alefloop = C_ZC (Z(arz + atl)

. 6
A _ _
+5 00 -7 l)ak) Zi-100p + O(C7Y), 92)

where the first term on the right hand side is order O (C). The
one-loop torus function satisfy the flow equation up to the one
loop order O(C?). This suggests that the 77T deformed par-
tition function should not be one-loop exact as in the unde-
formed theory. It is worth to note that the flow equations
(91) and (92) are satisfied for all order in A, which provide
evidence for our all-order 77T deformed Lagrangian.

One can also compute the partition function of the
Diff(S")/U (1) case, where

ap - ag

F_tanT, F_tan7, 93)
with o # n,n € Z. One can repeat the same steps and finally
get

c(Valr+1-1) =
Z1—loop = €xXp | 2712 3 + PN U]
2

X

(94)

= 1
[1— ———
et 1 —expQmin(ty +1i TA—H))

3.4 TT deformation and BTZ black hole

Following the same procedure in Sect. 3.1, one can describe
the BTZ black hole in the formalism of the Chern—Simons
theory. In this subsection, we compute the stress—energy ten-
sor of the TT deformed boundary theory of the BTZ back-
ground. For simplicity, we will focus on the classical solution
of the BTZ Chern—Simons theory. We also compare the asso-
ciated stress—energy tensor with the “boundary stress—energy
tensor” of the BTZ gravity with a finite cutoff.
The BTZ black hole is described by the metric

ds* = — f2(rdi* + f72(r)dr? + r’(d6 — o (r)dr)?,
2 2
f2r)y=r*—8GM + ]6r , a)(r)=4f;—2]. (95)

To describe the BTZ black hole in the Chern—Simons for-
mulation, it is convenient to define

B b2 _ b2 Y _p2 2
4G 4G
_ /(1 — 22h2)(1 — 72b%)

> (96)

Then the metric can be written as

dz?> 1 _ _
ds® = Ziz + (1= P2Nd6 + (1 + B2y
x((1 —b*z2)d6 — (1 + b*z)d1). (97)

The associated classical gauge fields are

A(()) _ < 021_; _Zb2(d9 +dl)>

2~ 1(d6 +dr) £
- S 7N do —dr)
a0 _( _ = 2
<zb2(d0 —drt) L ’ %)

and the group elements are

—/b/zsin(bx™)
“n(bx ) Vb/z cos(bx™)

f b sm(hx )
_® _ ﬁcos( xX7) — NG ©9)

Vb/zsin(bx™) C(isfg;b;g) 7

where A© = (g©@)=1gg©® and A® = (5©@)~1g5© The
BTZ metric leads to same boundary condition (3.1) of gauge
fields at boundary. In the same way as in Sect. 3.1, we could
derive the boundary action and the constrains of the BTZ
black hole, which have the same form as (52) and (55) respec-
tively. However, instead of (56), the fields in the BTZ black
hole are

cos(bx*)

2©® —

=tan(b(® + 1)), F =tan(b(0 —1)), (100)

which provides the orbit Diff (S1)/ U (1). To describe an BTZ
black hole, we require b> < 0 and b> < 0. When b = b €
(0, 1/2) we have a conical defect rather than a BTZ black
hole. See [35] for more discussions.

In Appendix B, we show that the solutions to the EOM of
the deformed theory can be obtained from the ones of original
theory. The deformed solution associated with g© and g©
is
Oz (101)

g =89GN bs,. 8=3"GC s,

where

. xt 4+ M;ix’ X+ Abiﬂ
X' =—=—, = 555>
1 — b2b32 1 — b2b2A2
, SR =522 20 (02 5 1+ b2 - B2 — 1
o 2D ’
- \/AZ 2)% 420 (b2 +B2) + 1 — b2 + B2 — |
2b
(102)

Here we introduce b, and by, such that the boundary condition

arctan Fle =27 —27b, arctan F|9 =27 — 27, (103)

@ Springer
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are undeformed. The deformed stress—energy tensor in terms
of the classical solution is

kool
T = — s
72— 22522

7.0 0 i 9

x (_ZkbAgA _‘bz'\ b ‘2bkz_ b)‘z ‘2) ’

b2 — p? —20B2D} + b2 + B
1-S -
B 1 ( ( . ) bZS_ b2 )
=c 2 721 s ,
827G \b" —b" 3 (1 +S - ab—b2+1 A(b+5)2+l>
(104)

where
S=1+20 (b2 +52) + 22 (b2 - B2) (105)

In the following of this subsection, we compare (104) with
the boundary stress—energy tensor of the BTZ black hole at a
cutoff surface r = r. [43] in our convention. Here we mainly
follow the derivation in [14]. The boundary stress—energy
tensor is define as

1
Tij = 15 Kij — Kgij + 8ij), (106)

where g;; is the boundary metric and K;; the extrinsic cur-
vature. On a surface at a finite radial location

1
b2+ b*+rk - \/r;‘ +2(02 +bNr2 + B2 - b2\
> 2= s

2b2D2
(107)
we have
. (b2z§+1¥52z§+1) [)2 _ b2 108
8ij = . p2-1)(R22-1) | °
b2 _ b2 ( Zc Z§ < )
B o VP — % 0
ii = —20;&iilz . = c _ s
1 281]12—>2, 0 Zl%_bzbzzg
(109)
from which we find
Ti< = —L_
J 4G — 4z22b%b*G
(22D + 0+ B b? — b?
b? — b? 25200 — b* —b* )
(110)

@ Springer

We define basis vectors

2o/ (0222 — 1) (5222 — 1)

o= 1 — b2b2z4 ’
3 (2 — B2
- ZC ( ) - , (111)
(1 - p2b224) /(222 — 1) (b%22 — 1)
vl = |0, L , (112)

J©222 1) (%2 - 1)

where v is a unit vector normal to a constant ¢ slice of the
boundary and v; is a unit vector normal to vg. In the new
basis {v;}, the stress—energy tensor becomes
Tl = @ _
T 4G (1222 —1) (222 - 1)
202h%z2 — b2 — b2
X

b? — b?
2645420304 b? 22 =307 b 2l + 607 b2 22 b b | .

2 L2
b™—b b2p2z4—1
(113)
or
1
Th=—
7 4Gr?
(rf(l—sc) b* — b’
X 2 2 2 r2S, r2s s
b*=b" 1 (_ obhr? T G T ! +S">
(114)
Se =12\ Jrd 4202 + B2 + 62 — P2, (115)

which matches (104) up to a factor under the identification
rCZA = 1. Asin[13,14], to compare with the energy obtained
on the QFT side one should multiply the energy by the cir-
cumference of the circle L = 2mr. to get a dimensionless
“proper energy”

L 2

£=—
2 0

J2oaT9do = 27r>TY. (116)
When r, is large, we have £ = 27 M + O(rc_l).

The same result can be derived in the Chern—Simons for-
mulation. We assume that the boundary term on a finite cutoff
surface has the same form as that at infinity

1 |
Lody = —ZTr(AgAg) - ZTr(AgAg). (117)

The boundary conditions consistent with the variational prin-

ciple are
Aj=A5=0, Af ="', Ag =\ (118)

To obtain the boundary stress—energy tensor we need to insert
back the zweibein. The zweibein on the cutoff surface are
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1 _ )
Et = —((1 = b%75)do + (1 + b*z>)dr),

. ﬂ(( z9)dO + (1 4+ b°z°)dt)
E; = i(a — b222)d6 — (1 + b*2P)dr). (119)

V2

Therefore the on-shell boundary term should be interpreted
as

(AP AD)

1 ﬁEi—l—zAl(oH_
Lpgy = —

4 ~/§E9++zf§é0)+
— (())_
_NV2E AT 20 0
V2E; — A0 0T
_ N (YREF 2B, V2E 420
2\V2Ef +2202  V2E; +z2b?

(120)

Then we get the boundary stress—energy tensor,

; k1 0 Lpq
T =—= A o gt
J apA 'EX—E;
J 7 detE / IE;
_ f 1 22252122 +b2 +l;2 ) b2 _ I;Z )
T w2 — 24202 b? — b2 2220%b* — b —b* )

(121)

which equals (110) up to a factor.

4 Conclusions and discussions

In this paper, we have studied the 77 deformation of chi-
ral bosons. In particular, the TT deformation of two chi-
ral bosons of opposite chiralities is equivalent to that of
a non-chiral free scalar theory at the Hamiltonian level.
Furthermore, we have obtained the all-order TT deformed
Lagrangian of more general theories which contain an arbi-
trary number of chiral bosons with potentials. Based on these
results, we study the 7' T deformation of the boundary theory
in Chern—Simons AdS3 gravity which is a constrained chiral
WZW model. We have derived the all-order 77 deformed
Lagrangian and computed the one-loop torus partition func-
tion of the deformed theory, which satisfies the flow equa-
tion of general TT torus partition function up to one-loop
order. Our result suggests that the one-loop torus partition
function is not one-loop exact under the 77 deformation,
which is unlike the situation in the undeformed theory [35].
Moreover, we have computed the stress—energy tensor of the
solution associated with a BTZ black hole in the deformed
theory, which matches the boundary stress—energy tensor of
the BTZ black hole at a finite radial location on the bulk side.

Let us comment on future research directions. It would be
interesting to start with the Chern—Simons theory describ-
ing the AdS; gravity with a finite cutoff to derive the 7T
deformed boundary action. This will help us to realize the

holography under 7T deformation more explicitly. More-
over, the original exact boundary action of Chern—Simons
AdSj gravity can be applied to compute the four-point func-
tions in the light-light and heavy-light limit [35]. Recently,
many studies have been devoted to the correlators in general
TT deformed CFTs [44-48]. It would be interesting to com-
pute correlators in our deformed model and compare them
with these results. It would also be interesting to generalize
our analysis to higher spin theories of gravity formulated in
terms of SL(N, R) Chern—Simons theory [49].
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Appendix A: JJ and TJ deformation of two chiral
bosons

In this Appendix, we consider the JJ and T'J deformation
of the chiral bosons.

A.1 JJ deformation

Consider the Lagrangian of two chiral bosons of opposite
chiralities

! - - - —
Lo =5 (490 — dd¢ — 0,$dod — Ddd$) . (122)

To define currents J and J, we couple the chiral bosons to
gauge fields

1
Lo = 3 (0/909p — 099 — (Ag — A;) (2090 + Ag))
1 o o _ _ o
+ 3 (=0 p0od — 09Pdad — (Ag + A) (209 + Ap)) .

(123)
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We define the currents as

;oL - L
Jl:ﬁ’ Jl:ﬁ' (124)
In the undeformed theory
¥ Ji = la,A9 - la@At, % Jh = lagﬁt - la,Ae.
2 2 2 2
(125)

When A and A are closed, J and J are conserved. The JJ
operator in the deformed theory is defined as

I =207 =271 7. (126)
Solving the flow equation

L) -
—Z =JD),. 127

a (Jr 127
We get

4199”1 + 39$°1 + B9 pdpp(1 + 1%))
Ly =Ly —
(1 —22)2
- - AtAg - AQA;
- <Atae¢ — A, 390 + f>

1
Ly = 5 (—0: g + ppg )

1 - - - - - _ - _
+5 (—0:9B6¢ — dopdod — (Ao + A1)(2804 + Ap))
L EJQES + E) = 2(Ag + A))

22

A.2 TJ deformation

We couple the left chiral boson to the zweibein and the left
chiral boson to a gauge field

1 E"
t
Lo = ) <—3z¢39¢ + E—;39¢39¢)

1 - - S _ - - -
+5 (—9:P06¢ — 0P — (Ap + A1) (206 + Ap)) -

(130)
We define the currents as
T! = oL Ji= 0L (131)
TU9ET T Al

The T J operator in the deformed theory is defined as

A

A - - 2 - Ag ) ) A _ A@
x| J1+ F(Ae +2009) + —5 (0 + 7) ) — 09" — 1 — — (% + 7) .

I
0 E9

(TI)x =2TL, J) —2JiTY,. (132)
Solving the flow equation
aL; -
—= = (TJ);. 133
M (T D), (133)
We get
(134)
Eq

)\,2 - - AtAg — AQAt
— 7 Ao — Ardp + —
2 WL Gl YR
A2 (a2 =5) o
——— (Ap09® + Ag0p )
(3> —1)
A(AT+3) .
— ————5 (A + Apdp¢). (128)
(32— 1)
Finally setting A = A = 0, we get
4A(BpPh + I > + dpPdpp(1 + A2))
L, =Ly —
(1 —a2)2
= Lo — 4hgpdgd — 422 (99> + d9d>) + O(12).
(129)

@ Springer

Finally we set Eg' —1=E" —1=A =0and obtain

1 L o
L = 5 (9:9B6¢ — dopdpp — 3P — Do Pdh)

2 (\/x2 (9962 — 99¢2) + 206pA + 1 — dpp — 1)
2 '

+
(135)

Appendix B: TT deformed chiral WZW model

We consider the sum of a left and a right chiral WZW model

S = S_[g] + S+2], (136)
with
k 2 —1\/
Sal) = o ( f )
q:é / Tr(g 'dg n g 'dg A gldg)> : (137)
B
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where g and g are group elements of group G and G respec-
tively. We define

Ai=g '%g A=z las. (138)
The equations of motions are
d_Ap=0,A9 =0. (139)

Consider the TT deformed chiral WZW model

1 P 1
TSA = E/dzx ((tr(AgA,) —tr(ApAy) + X(S — 1))

1
+2 / (tr(g_ldg Agldg ngldg)
B
—u(@ g A g dg AgTdD)), (140)

with

S= \/1 —2(tr(AgAg) + tr(AgAg))A + (tr(AgAg) — tr(AgAg))2A2.

(141)
The equations of motions are
1 — A(tr(AgAg) — tr(AgA
89( (tr(AgAg) — tr(Ag 9))A9>—BIA9=O,
S
(142)
1+ A(tr(AgAg) — tr(AgAg)) - _
89( + A(tr(AgAg) — tr(Ag 9))A9>—|—8IA9=0.
S
(143)
When A = 0, a solution to the equation of motion is
g=hMgo(x"), g=h1go(x"). (144)

We introduce a new set of coordinate (7, §) and define a field
dependent coordinate transformation with the Jacobian

a5t 950 F~2§A _ ngg)» F~2§A n Fézék 1
(145)
where
Fis =gy D900 gy D00, (146)
Fop =tr(gy ' (F)320(F )&y (F)d520(F 7)), (147)
IF=0+1. (148)

Then the solution

8(1,0) = h(t)go(x~ (1, 0)).
(149)

8(1,0) = h(t)go (¥ (1, 0)),

satisfies the equation of motion for the deformed theory.
Using

der — AF5505-
9 49, =2 —2T667E (150)
1 =22 F5Fg5
B3 — AF5:0z
dp — 8, =2 2T607E (151)
1= 22 Fyg Fgg
1 — AF3;
Ag =gy G g00(F ) —— 24—, (152)
1= 22 Fy5F3
Ag = g(;l(r)aégo(r)%, (153)
1 =A% Fg5Fg5
1 — A(tr(AgAg) — tr(AgAg))
Ag
S
1+ AF;;
—1 ozt ~+ 69
=gy (NI —=—=, (154)
1 — 32 Fy5Fg5
1 — A(tr(Ag Ag) — tr(ApAg))
Ag
S
1+ AF;;
5= ()0~ 30 (3~ 66
=g, ()& ) ———= (155)
1= 22Fg5Fg

one can check that (142) and (143) are satisfied. One should
also consider boundary condition so in general go and go
should depend on A.
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