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Abstract The geodesics of bound spherical orbits i.e. of
orbits performing Lense–Thirring precession, are obtained
in the case of the Λ term within the gravito-electromagnetic
formalism. It is shown that the presence of the Λ-term in
the equations of gravity leads to both relativistic and non-
relativistic corrections in the equations of motion. The con-
tribution of the Λ-term in the Lense–Thirring precession is
interpreted as an additional relativistic correction and the
gravito–gyromagnetic ratio is defined.

1 Introduction

The Lense–Thirring (LT) effect is one of essential predictions
of General Relativity (GR) [1,2] which enabled accurate
measurements in conditions of the Earth gravity by means of
laser ranging satellites; see [3–5] and the references therein.
The potential observability of LT precession is among the
features attributed to the accretion disks of galactic nuclei
and binary stars; see e.g. [6].

LT precession has been efficiently treated within the
gravito-electromagnetism (GEM) (or gravitomagnetism) for-
malism; see [7–11] and the references therein. This approach
will be used below, enabling us to reveal explicitly the con-
tributions of the relevant terms in the equations of motion.

We will be interested in the role of the Λ-term in the
LT effect. This issue has to be considered because of the
importance of a consideration of modified gravity models
for describing the observational data on dark energy and
dark matter. Namely, we will use the following metric for
the spherically symmetric solution of the field equations:

g00 = 1 − 2Gm

c2r
− Λr2

3
;

grr =
(

1 − 2Gm

c2r
− Λr2

3

)−1

, (1)
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known as the Schwarzschild–de Sitter metric [12]. This met-
ric arises also as the weak-field limit of GR in view of the
Newton theorem on the “sphere–point” equivalence [13–16].
Then the cosmological constant, Λ can be considered as a
fundamental constant [17], which is present in both relativis-
tic and non-relativistic equations of gravity. Within McCrea–
Milne cosmology it enables one to consider e.g. the observed
galactic flow in the vicinity of the Local Group [18,19].

The appearance of Λ in the above relations can be given a
clear group-theoretical background. Namely, for three differ-
ent vacuum solutions for GR equations the isometry groups
are defined depending on the sign of Λ, the stabilizer group
of the maximally symmetric Lorentzian 4D-geometries is
the Lorentz group O(1,3). Then, for all of these Lorentzian
geometries, the group O(1,3) of orthogonal transformations
defines a spherical symmetry in the Lorentzian sense at each
point; for details see [14].

The numerical value of Λ is too small i.e. Λ = 1.11 ×
10−52 m−2 [20] and certainly the possibility to observe/detect
the role of the Λ-term in Eq. (1) looks non-trivial for now,
as it previously had appeared so, but now directly observing
the black hole’s shadow in the center of M87 galaxy and of
the gravitational waves. Particularly, the gravitational lensing
can provide one of the possibilities to detect a discrepancy
between GR and Λ-gravity [21]. Up to now, different con-
straints for Λ are obtained [22–26], with no inconsistency
with the above-mentioned numerical value for the cosmo-
logical constant.

In this paper, for the first time we merge the LT effect,
GEM and Λ-gravity. We start with the geodesic equations in
a time-varying LT system based on [10,11], and then move
to the interpretation of the nature of additional the Λ-term
appeared in the LT precession in the context of GEM.

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-020-08560-0&domain=pdf
mailto:gurzadyan@yerphi.am


1011 Page 2 of 5 Eur. Phys. J. C (2020) 80 :1011

2 Spherical orbits

In the context of Λ-gravity, the metric of a time-depending
angular momentum of a central mass is given by following
relation:

ds2 = −c2
(

1 − 2
Φ

c2

)
dt2 − 4

c
(A · dx)dt

+
(

1 + 2
Φ

c2

)
δi jdx

idx j , (2)

where in analogy with standard GEM

Φ = GM

r
+ Λc2r2

6
, A = G

c

J(t) × x
r3 , (3)

are the gravitoelectric and gravitomagnetic potentials, respec-
tively. Meantime, r = |x| and J(t) is the linear time-
dependent angular momentum of a central mass,

J(t) = (J0 + J1t)ẑ.

Considering the geodesics duμ

dτ
+ Γ μ

ρσuρuσ = 0, we will
have

c2Γ 0
0μ = −Φ,μ,

c2Γ 0
i j = 2A(i, j) + δi jΦ,0,

c2Γ i
00 = −Φ,i − 2Ai,0,

c2Γ i
0 j = δi jΦ,0 + 2A[i, j],

c2Γ i
jk = δi jΦ,k + δikΦ, j − δ jkΦ,i .

From GEM point of view, the equation of motion can be
regarded as the equation of motion for a charge due to the
“Lorentz force”. It will take the following form:

dv
dt

+ GMx
r3 − Λc2x

3
=

(
GM

c2r3 − Λ

3

)
[4(x · v)v − v2x]

+2G

c2

J̇ × x
r3 − 2

c
v × B − 6GJ (t)

c4r5
[Ĵ · (x × v)](x · v)v,

(4)

where

B = ∇ × A = G(J0 + J1t)

cr5
(3zx − r2ẑ).

The equation of motion includes the linear post-Newtonian
contributions. However, in order to fully understand the
motion of the test particle we have to include the non-linear
gravitoelectric term 4G2M2

c2r4 x too.

In spherical coordinates (r, θ, φ) Eq. (4) will be written as

r̈ − r θ̇2 − r φ̇2 sin2 θ + GM

r2 − Λc2r

3

= GM

c2r2

(
4ṙ2 − v2 + 4GM

r

)

− Λr

3
(4ṙ2 − v2) + 2GJ (t)

c2r2 φ̇ sin2 θ, (5)

r θ̈ + 2ṙ θ̇ − r φ̇2 sin θ cos θ =
(

4GM

c2r
− 4Λr2

3

)
ṙ θ̇

− 4GJ (t)

c2r2 φ̇ sin θ cos θ, (6)

r φ̈ sin θ + 2ṙ φ̇ sin θ + 2r θ̇ φ̇ cos θ

=
(

4GM

c2r
− 4Λr2

3

)
ṙ φ̇ sin θ

+ 2G J̇

c2r2 sin θ − 2GJ (t)

c2r3 (ṙ sin θ − 2r θ̇ cos θ). (7)

Equation (7) can be rewritten as

d

dt

[
r2φ̇ sin2 θ − 2GJ (t)

c2r
sin2 θ

]

=
(

4GMr

c2 − 4Λr4

3

)
ṙ φ̇ sin2 θ. (8)

Consequently, we get the integral of the motion if the right-
hand side of Eq. (8) vanishes. Considering spherical orbits
(ϕ, ϑ, ρ), i.e. circular orbits with frame dragging, we obtain

ϕ̇ = C

sin2 ϑ
+ 2GJ (t)

c2ρ3 . (9)

Therefore, Eqs. (5) and (6) will be written as

ϑ̇2 + C2

sin2 ϑ
= GM

ρ3

(
1 − 3GM

c2ρ
− Λρ2

3

)

− 6GJ (t)

c2ρ3 C − Λc2

3

(
1 + GM

c2ρ
− Λρ2

3

)
,

(10)

ϑ̈ − C2 cos ϑ

sin3 ϑ
= 0. (11)

These equations will be compatible only if J̇ = 0. Thus by
setting J = J0, we define the positive constant Ω such that

Ω2 = GM

ρ3

(
1 − 3GM

c2ρ
− Λρ2

3

)

−6GJ0

c2ρ3 C − Λc2

3

(
1 + GM

c2ρ
− Λρ2

3

)
. (12)

It should be noticed that the incorporation of Λ in the equa-
tions of gravity, according to Eq. (1), changes/modifies the
notion of Ω which was introduced in [10]. Namely, as stated
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above we have both relativistic and non-relativistic correc-
tions, appearing due to the presence of the Λ term. First,
according to Eq. (1), the standard Newtonian dynamics is
written as

v2 = GM

r
− Λc2r2

3
. (13)

The second corrections are pure relativistic which can be
observed in Eq. (4). Indeed, in contrast to the left-hand side of
Eq. (4) the Λ

3 term on the right-hand side is a pure relativistic
effect and has no classical analogue.

In this sense, although we have newly modified the Ω

term, comparing to the results of [10] the nature of the solu-
tions do not change. Thus, for the motion in ϑ we get(

d cos ϑ

dt

)2

= (Ω2 − C2) − Ω2 cos2 ϑ. (14)

The above equation has a solution once Ω2 ≥ C2. Thus, we
have

cos ϑ = α sin(Ωt + β), C2 = Ω2(1 − α2), (15)

where β is a constant. Accordingly, in the same analogy with
[10], if we take C = Ω cos i , the solution of the Eq. (9) may
be written as

ϕ(t) = 2GJ0t

c2ρ3 + tan−1[cos i tan(Ωt + β)] + ϕ0, (16)

where ϕ0 is an integration constant and i is the inclination
angle.

As a result we can state that the above considered spheri-
cal orbits can be characterized as circular orbits in the post-
Newtonian gravitational field of Λ-gravity, which undergo
LT precession due to the presence of a constant angular
momentum of the source. Consequently, we can find the mod-
ified Keplerian frequency,

ωΛ = GM

r3 − Λc2

3
, (17)

and the frequency ω as follows:

Ω = ω − 3GJ0

c2ρ3 C, (18)

the form for ω is obtained from the relation Eq. (12)

ω = GM

ρ3

(
1 − 3GM

c2ρ
− Λρ2

3

)
− Λc2

3

(
1 + GM

c2ρ
− Λρ2

3

)
.

Thus, in comparison with the results of [10], the two def-
initions of the constants Ω and ω are changed accord-
ingly. Namely, for both of them we get relativistic and non-
relativistic corrections due to the presence of the Λ term.
However, since these corrections enter into the equations of
motion as a combination of constants, we can conclude that
apart from the numerical corrections, the nature of the anal-
ysis regarding the spherical orbits does not change.

3 Perturbed orbits

Turning to the perturbation analysis, we can state that in the
case of

J = J0 + J1t

the perturbation ( f (t), g(t), h(t)), which is written as

r = ρ(1 + f (t)), θ = ϑ + g(t), φ = ϕ + h(t), (19)

will lead to instability for the spherical orbits, causing inward
(when J1 cos i < 0) and outward (when J1 cos i > 0) spiral
orbits.

Considering the physics of orbital mechanics and the pos-
sible modifications of the pure Keplerian motion, it is essen-
tial to mention the relativistic shift of the precession, too.
Namely, it is a deviation from the precession predicted by
Newtonian gravity which occurs due to GR effects and is
equal to

ΔφGR = 6π
GM

c2a(1 − e2)
, (20)

where a and e are the semi-major axis and the eccentricity
of the orbit, respectively. Accordingly, if we consider the Λ-
term in the equations; besides ΔφGR we get an additional
shift

ΔφΛ = πc2Λa3

GM

√
1 − e2. (21)

It can be shown that this additional shift is of pure relativistic
origin and cannot be reduced to any non-relativistic effect
[22,27]. Moreover, in the absence of a central object of mass
M , the Λ-term in Eqs. (1) and (2) will have no effect on
the orbital precession, and, of course, for real astrophysical
systems ΔφΛ numerically is essentially smaller than ΔφGR.

Finally, it is worth mentioning that besides the above
derivation, we can have another relation where the right-hand
side of Eq. (8) vanishes generally,

r3
crit = 3GM

c2Λ
, (22)

which is the distance where the gravitational repulsion of
Λ-term in Eq. (1) completely balances the gravitational
attraction of the Newtonian term. It should be stressed that
although, in this case, the test particle located at rcrit does
not feel any force from the central object it cannot be consid-
ered as a free particle. Indeed, this is a unique feature in the
context of Λ-gravity. The reason lies in the fact that, while
the net force over the test particle with mass m vanishes, the
gravitational potential is non-zero i.e.

Φ = −GM

r
− Λc2r2

6
|rcrit = −Λc2r2

crit

2
,

F = −m∇Φ = −GMm

r2 + Λc2rm

3
|rcrit = 0. (23)
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4 GEM interpretation

In this section we intend to generalize the standard “GEM”
interpretation in such way that it incorporates the Λ term.
Namely, the GEM is an approach which tries to find an anal-
ogy between the Maxwell field equations and those of GR
written at a relevant approximation [7]. Thus, in the context
of Λ-gravity the GEM equations will be written as

∇ · E = 4πGρ − Λc2, (24)

∇ × E = −∂B
∂t

, (25)

∇ · B = 0, (26)

∇ × B = μJ + ∂E
∂t

, (27)

where the Λ-term in the first equation can be regarded as the
additional “vacuum density,” which is equal to −Λc2

4πG . Con-
sidering the fact that the vacuum density is just a combination
of constants, we can state that it will not change anything in
the continuity equation,

dρ

dt
+ ∇ · J = 0. (28)

Meantime, in the context of GEM the LT precession is inter-
preted as the Larmor precession which is written as

Ω = γB, (29)

where γ is the gyromagnetic ratio and B is the magnetic
field. Accordingly, for LT precession, the gravitomagnetic
field will be written as

B = GJ
c2r3 . (30)

By turning toΛ-gravity it can be shown that the LT precession
is written as

2GJ

c2r3 + ΛJ

3M
. (31)

Considering the fact that the gravitomagnetic field is pro-
duced by a gravito-current i.e. the rotation, it is not correct to
consider the ΛJ

3M as a correction to the magnetic field. Here
the key point is that the second term in Eq. (31) can be inter-
preted as the correction over the gravito–gyromagnetic ratio,

γ = 2

(
1 + MΛ

M

)
, (32)

where MΛ is the “effective mass” of the vacuum with a den-
sity Λc2

8πG . It can be checked that this correction is purely
relativistic in its nature. Namely, comparing Eqs. (1) and
(24), it becomes clear that while the presence of Λ in the
relativistic equations is regarded as the contribution of vac-
uum with density equal to Λc2

8πG , in the non-relativistic limit,
where we are dealing with gravitational force, this correction
changes to the notion of vacuum with density equal to −Λc2

4πG .

In other words, one can conclude that while the Λ term can
contribute to the gravitational potential as an additional term,
for those equations where instead of a potential we are deal-
ing with the notion of “gravitational fields” or “gravitational
force” the contribution of Λ becomes subtractive. Thus, by
checking the presence of the Λ term in Eq. (31) we can state
that this correction should be a relativistic correction with
no classical analogue. Considering Eq. (32) and continuing
the analogue in electromagnetism in the GEM spirit, we can
state that such a correction is similar to the electron’s g-factor
ge in the context of relativistic quantum mechanics,

ge = 2
(

1 + α

2π
+ · · ·

)
, α = 1

4πε

e2

h̄c
≈ 1

137
. (33)

However, the main difference between Eq. (32) and the above
relation is that, while in Eq. (33) the second term is constant,
MΛ

M is variable. Namely, its value becomes larger as the radius
increases. Moreover, it can be shown that at some distance
its contribution will be equal to the first term i.e.

r3 = 6GM

c2Λ
, (34)

which is twice rcrit in Eq. (22). Consequently, we can state
that at radii larger than r in Eq. (34) the dominant term such
causes the LT precession is the Λ term. However, it should
be recalled that even in such cases, the presence of a central
rotating body with mass M and angular momentum J is the
necessary condition. Indeed, this statement once again shows
that the nature of Λ-term is purely relativistic and confirms
the fact the in contrast to other similar precessions e.g. the
geodetic precession, for LT precession the rotation of the
central object is essential.

5 Conclusions

In this paper we studied the geodesics of spherical bound
orbits, i.e. circular orbits with frame dragging, in the con-
text of Λ-gravity within the gravito-electromagnetic formal-
ism. We have derived the equations in the same analogy with
the equations of motion for a charged particle experiencing
the Lorentz force. Consequently, we have shown that the
Λ-term enters both the relativistic and the non-relativistic
corrections to the original equations. Furthermore, by con-
sidering LT precession, we have given a new interpretation
of GEM within which the Λ is included. Namely, we have
shown that, from the GEM point of view, the additional Λ

term in LT can be regarded as a relativistic correction to the
gravito–gyromagnetic ratio.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: All data generated
or analysed during this study are included in this published article.]
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