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Abstract Using the most general form of the interpolating
current for baryons, the strong electric and magnetic cou-
pling constants of light vector mesons p and K* with doubly
heavy baryons are computed within the light-cone sum rules.
We consider 2- and 3-particle distribution amplitudes of the
aforementioned vector mesons. The obtained results can be
useful in the analysis of experimental data on the properties
of doubly heavy baryons conducted at LHC.

1 Introduction

The quark model has been very predictive in studying the
properties of hadrons [1]. Many baryon states predicted by
the quark model have already been observed experimentally.

The spectroscopy of doubly heavy baryons has been exten-
sively investigated in many theoretical works. It has been
studied in the framework of different approaches such as the
Hamilton method [2], the hypercentral method [3], the lattice
QCD [4,5], the QCD sum rules [6—12], the Bethe-Salpeter
equation [13], and in an extended chromomagnetic model
[14].

At the present time, only the &, state is observed in
experiments. This state was first observed by SELEX Col-
laboration in Z.. — A.K 7T and pDT K~ reactions with
the mass 3518.7 = 1.7 MeV [15,16]. In 2017, the doubly
heavy E1 " was discovered by LHCb Collaboration with
the measured mass of 3621.24 & 0.65 & 0.31 MeV [17].
The LHCb Collaboration also measured the lifetime of this

state: T = 0.256+0'024 £ 0.014 ps [18]. This discovery is

—0.022
stimulated by many theoretical works for a deeper under-
standing of the properties of these baryons via studying their
electromagnetic, weak, and strong decays. The weak decays
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of the doubly heavy baryons have been studied within vari-
ous approaches such as the light-front approach [19,20], the
QCD sum rules approach [21], the light-cone QCD sum rules
[22,23], the quark model [24], and the covariant light-front
quark model [25].

The radiative transitions of doubly heavy baryons in the
framework of different approaches such as relativized quark
model [26], in the chiral perturbation theory [27], in the light-
cone QCD sum rules [28] are comprehensively studied. The
strong coupling constant of light pseudoscalar mesons with
doubly heavy baryons within the light-cone QCD sum rules
are studied in [29,30].

In this work, we study the strong coupling constants of
doubly heavy baryons with vector mesons p and K* within
the framework of the light-cone sum rules (LCSR). These
coupling constants can play an important role in the descrip-
tion of doubly heavy baryons in terms of one boson exchange
potential models.

This paper is organized as follows. In Sect. 2, we derive
the LCSR for the electric- and magnetic-type strong coupling
constants of doubly heavy baryons with vector mesons p and
K*, as well as present the details of the calculations. Section
3 is devoted to the numerical analysis of the sum rules for the
said coupling constants. Section 4 contains our conclusion.

2 Light-cone sum rules for vector meson-baryon
coupling constants

For determining the strong coupling constants of doubly

heavy baryons with light vector mesons, we introduce the
following correlation function:

=i / d*x €7 (V (@) T (n(x)i(0)}]0) (1)

where V(g) is a vector meson with momentum ¢ and 7
denotes the interpolating current of the corresponding dou-
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bly heavy baryon. By the virtue of the SU (3) classification,
there exist two types of interpolating currents, which are sym-
metric or antisymmetric under the exchange of two heavy
quarks. Only when the two heavy quarks are different, we
have the antisymmetric current. The most general forms of
the interpolating currents, both symmetric and antisymmet-
ric, for doubly heavy baryons with J = 1/2 can be written
as

1 abc : al pi L€ ¢
) = N ey [ Algh A0 + (0 <+ )] @)

i=1

and

2
1 X .
(A) _ = _abc aT 4i A/ i ¢
n W= ety [2 (e at0") abg

+(Q“Tf\_’iqb)AéQ’”—( “Taig") 4507 @

where a, b, and c are color indices, T is the transposition,
and

Al=C, Al=Cys, Al=ys, Al=pI &)

where f is an arbitrary parameter and C is the charge conju-
gation operator.

The main philosophy of the light-cone sum rules (LCSR)
is the computation of the correlation function in two differ-
ent domains. It can be calculated in terms of the hadrons,
as well as in the deep Euclidean region p> — —oo and
(p + q)*> — —oo by using the operator product expan-
sion (OPE) over twist. Afterwards, the corresponding double
Borel transformation with respect to the variables —p? and
—(p + q)? is performed to suppress the contributions from
higher states and the continuum as well as to enhance the con-
tributions by the ground state. Finally, matching the results,
the desired sum rules is obtained.

We start the construction of the sum rules by considering
the phenomenological part of the correlation function. To this
end, we insert a complete set of intermediate states with the
same quantum numbers as the interpolating currents. After
isolating the ground-state baryons, we obtain

(0ln|B2(p2))(B2(p2)V(q)|B1(p1))(Bi1(p1)n]0)
(p3 —m%,)(pt —m3)
+higher states @)

where mp, and mp, are the masses of the initial and final
doubly heavy baryons, respectively. The matrix elements in
Eq. (5) are defined as follows:

(Oln|Bi(pi)) = Ap;u(pi) (6)
(B2(p2) V(@) B1(p1))

= u(p2) (fqu - le—

onwg” | u et (7
P ,wq) (p1) (7

@ Springer

where the A p, are the residues, f and f, are the relevant
coupling constants of the doubly heavy baryons with the cor-
responding vector meson, ¢, and g,, are the 4-polarization
and 4-momentum of the vector meson, and u is the Dirac
spinor for the baryon which is normalized as uu = 2m.

Using Egs. (6) and (7) in (5), we obtain the following for
the physical part of the correlation function:

AB AB
7Pys — 1= e (py +mp,)
(Pr—mi)(p3—my) P
I
X (fqu - fZMU;qu) (p, +mp,)
1 2
AB AB,

(P = m3) [(p+ a2 = m3, |

x [prg(fi+ ) +2E - p)ph
~+other structures] (8)

where we have set p; = p + ¢ and p» = p.

On the other hand, the correlation function is calculated
from the QCD side by using the OPE over twist. After apply-
ing the Wick theorem, from (1), we get the following results:

1 . AN . . .
eSS = Ee“b‘e“ ble /d4x e'tP Z(All)aﬂ(Alz)py
ij
X&)y (Aarp (V@) |[ 55 Stis

+(Q < Q) — S S5 4 — (0 © Q/)] a5a%

0
©)
[7(AA) _ éeabcea’b’c’/d4x Jipx Z(Ai])aﬂ(f\é)py
ij
XAy A (V@IASTY 5 S5,
25y SGup 050 = 25y SS pp 1570
A5 S k5, g
5T Sy S~ 25T, S Y aa Sy
B S Sy + aBALS G St 10)  (10)

1 NN, . . .

H(SA) — eabcEa b'c fd4x oiPx (Al) (Al)

E : Vaplan)py
V12 i

X(Aé)y/p/ (A{)v/ﬂ/ (V(‘m - Zq;qg,slé‘}ﬂy/S‘é‘;ﬂ/

. v ’ Y, /
+2q;q3/5m /Sléa/’gﬂ/ +ngg’SCQL’yy’S‘éb(lx’B/

Qay
b =b' cac’ ca’ b =b" cac’ ca’
~9p90S0ay S0y T ApdarSQ'ay Soyp
—q5aL S St 10) (11)

where S is the heavy quark propagator. In these expressions,
the superscripts (SS), (AA), and (SA) denote the symmetry
property of the currents 7 and 7, and we have defined A; =
yoA,Tyo. The heavy quark propagator in the presence of an
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external background field in the coordinate space is given by

ad sz(va—x )X K](va—x )

QCY,I3 47.[ ( /_x )2 /__xz 5

(0%
gs /ld [iKl(mQ\/—xz)
— u| —m—m—m——-
T6x2"¢ 0 v —x?2

X (@03 +uosc ) + Komov/—Done |

/
x84

/

A
XG(H)AT(T)QG (12)

where Ggf? is the gluon field strength tensor, the A" are the
Gell-Mann matrices, and the K; (m g+ —x2) are the modi-
fied Bessel functions of the second kind. Using the Fiertz
identities, namely

_y 1 -
9435 — — 55 MDepd™ 131iq] (13)
and
b3} G — L )aplq Gy q] (14)

16 2

one can see that the following matrix elements appear in the
calculation:

(V(g,©)13Tiq10) and (V(q,)|gIiGql0) 15)

{I7} is the full set of Dirac matrices, i.e.

=1, In=y, I3=yYa,
. 1
Iy =iyyys, Is= E%ﬁ (16)

Now if we insert Egs. (12)—(16) into Egs. (9)—(11), do cal-
culations for the QCD part of the correlation function, and
perform a double Borel transformation over variables — p?
and —(p + ¢)? and equating the coefficients of the relevant
structures from both parts, we obtain the desired sum rules for
them. Our numerical analysis shows that the coefficients of
the structures p#¢¢ and (¢ - p) p exhibit the best convergence
for the OPE series. For this reason, we choose the coefficients
of these structures in our analysis. The analytical expressions
of the coefficients of these structures are quite lengthy and
therefore we present them in Appendix A.

As an example, we present the complete steps of calcula-
tions for one term, and the remaining ones are presented in
Appendix B. Let us consider the term

/ du / oy oty Kitmoy—x?) K;mov=x?)

= =i W

7)

where f(u) is a generic 2-particle DA of the vector meson.
Now we use the integral representation of the Bessel function,

namely

Ki(mov/—x*) l/“d Ly (18)
( /_x )l 2 0 tl+1

Then we introduce two new variables a and b as a := ZmTQ

and b = zmQ/. If we now do a Wick rotation, x° — ixOE,

2

and switch to the Euclid spacetime, —x~ — x,zg, and perform

the integration over d*x E, We obtain

l lbj 1
4(2mQ) <2mQ/>f/ /d“/ b

x fuw)e~ E/(a-i-b)e— Q/a—mQ//b (19)

where kg := pg + uggp. Now, let us insert the identity
f dp §(p—a—b) = 1, make a scale transformationa — p«a,
b — pp, and perform the integration over § to obtain

. 2
i1§—7T./du/oodoz/d,o e_k%/ppi+j_3
4 (2mg) 2mg) 0

2

2
I T )
i—1 i—1 @ T
o' (1 —a) e

a)/p
S (20)

Then, by writing out

k% = pr(l —it) —m%y > — it) + i(pe + qp)* 1)

and making use of the formula Ve~ WPk = 8(# — o) to
perform the Borel transformations over the variables p% and
(pe + qr)? and integrating over u and p, we get

i 167 (M2)i+ig=my /202 ¢ 1
4 (2I/I1Q)i(2mQ/)j 2
~ _(i sz )/Mz
x/ doa o' N1 —a)/~le (22)
0
Now let
2 2
m m;,

Equating this to sg in order to perform the continuum sub-
traction, we find the bounds of «. As a result, we obtain

i 1672 (Mz)i+je—m%,/2M2f 1
4 (2mg) 2mg) 2
a . ' ( Q+12 )/M2
X / da o'~ 1(1 —a)/le (24)
o—
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Table 1 The values of the input

. Parameter Value Parameter Value Parameter Value Parameter Value
parameters entering the sum
rules. All the masses and decay ) "1 Gev) 0137 m, 0770  msz, 372[8] Az 0.16 [8]
constants are in units of GeV “« “«
me 1.4 o 0.216 mg,, 9.96 [8] Az 0.44 [8]
mp 4.7 pT 0.165 ms,, 6.72 [8] gy, 0.28 [8]
mg 0.892 mg 6.79 [8] Ag 0.30 [8]
[+ 0.220 mao,. 3.73 (8] A 0.18 [8]
fEL 0.185  mg,, 99781  Ag, 0.45 [8]
me,, 6.75 [8] A2, 0.29 [8]
me; 6.80 [8] )\.Qé 0.31 [8]

which can be more conveniently rewritten as

i 1672 (Mz)i+je—m%,/2M2f 1
4 2mo)i 2my)I 2

S0 . .
X / ds e~/ /da o 11— )/t
(mQ—i-mQ/)2

2 2
m m+,
x8<s——Q——Q> (25)
o 1l -«
where we have
a4 = i s+ m2 — m2
== 2 0 o’
:I:\/(s + sz — sz,)2 — 4sm2Q> (26)
and we have defined
1 1 1
27

— = — 4+ —
2 2 2
M2 M2 M2

Since in our case the mass of the initial and final baryons are
practically the same, we take M? = M22. The 1/2 inside f is
indeed given by u( which is defined as
M} 1

= - (28)

uy = —5——5>
T MM 2

Performing similar calculations for the remaining integrals
and matching the two representations of the correlation func-
tion for the relevant coupling constants, we get the following
sum rules:

2 2
1 MgV
(b rerreki @9
1 2
1 m%, ITI%/
i+ fa= P en? gy, (30)
1 2

3 Numerical analysis

In this section, we numerically analyze the LCSR for the
electric-, f1, and magnetic-type, fi + f», strong coupling

@ Springer

constants of the vector meson p and K* with the doubly
heavy baryons Zcc, Epp, Epe, E)0 e 2oy $2pe, and 2,
by using Package X [31]. The LCSR for the coupling con-
stants f] and f1 + f> contain certain input parameters such as
quark masses, the masses and decay constants of the vector
mesons p and K*, and the masses and residues of the afore-
mentioned doubly heavy baryons. Some of these parameters
are presented in Table 1. Other input parameters are present
in the vector meson DAs of different twists. The complete
list of these DAs together with the most recent values of the
input parameters are given in Appendix C.

In addition to the above-mentioned input parameters, the
LCSR also includes three auxiliary parameters, namely the
Borel mass parameter, M 2 the continuum threshold, 50, and
the arbitrary parameter, 8, which appear in the expression for
the interpolating current. Physically measurable quantities
should be independent of these parameters. Thus, we need to
find the working regions of these auxiliary parameters such
that the LCSR is reliable. The lower bound of the Borel mass
parameter is obtained by requiring the contributions from the
highest-twist terms should be considerably smaller than the
contributions from the lowest-twist terms. The upper bound
of M? can be determined by demanding that the continuum
contribution should not be too large. Meantime, the contin-
uum threshold, sy, is obtained by requiring that the two-point
sum rules reproduce a 10% accuracy of the mass of doubly
heavy baryons. These conditions lead to the values of M?>
and sg summarized in Table 2 for the channels considered.

Our analysis reveals that the twist-4 term contributions in
the aforementioned domains of M? at the indicated values
of 5o are smaller than 15% and higher states contribute 30%
at maximum for all the considered channels. As an illustra-
tion, we present the M2 dependence of f; + f> and f; for
EccEccp at fixed values of sg and B in Figs. 1 and 2. Once
we determine the working regions of M2 and s, we need to
find the working region of the auxiliary parameter, 8. To this
end, we investigate the strong coupling constant f; + f as
a function of cos 6, where we have defined 6 via 8 = tan6.
As an example, we give the dependence of the coupling con-
stants f1 + f> and fi for B..E.cp and &) 5] p at fixed
values of M? and so in Figs. 3, 4, 5 and 6, respectively.



Eur. Phys. J. C (2020) 80:976

Page 5 of 14 976

Table 2 The working region of the parameters M and s for the chan-
nels considered in our work

Channel M? (GeV?) /50 (GeV)
SS
Eee = Eeep 3<M?<6 4.6
Epp — Eppp 10<M?<15 10.9
Qpp — EppK* 10<M?<15 10.9
R¢c = BecK* 3<M?<6 4.6
2pe — EpcK 6<M?<9 7.5
AA
g, — 8 .p 6<M><9 7.5
2, — 5] K* 6<M?<9 75
SA
B} .~ Epep 6<M*<9 7.5
2], — EpK* 6<M?<9 7.5

90

5= —1—
70 F .- E
60 | - E
50 f R E
40 f ]
30 F E
20 ‘ ‘ ‘

ZecZeep)]
\
\
\

fit fa

M? (GeV?)

Fig. 1 The dependence of the coupling constant fi + f> for E¢c Eccp
on M? for the shown values of 8 and at 850 = 4.6 GeV

|
—
o

ZeeEeeh)
I
U W N
o O O O

fi |

|
=)
S

|
-
S

|
®©
S

M? (GeV?)

Fig. 2 The dependence of the coupling constant fj for Z..Z..p on
M? for the shown values of B and at /50 = 4.6 GeV

In these figures, one can see that the coupling constants do
not practically change when | cos 8| varies between 0.6 and
1. Our numerical analysis for the strong coupling constants
of doubly heavy baryons with vectors mesons leads to the
results presented in Table 3. The uncertainties are due to the
variation of the parameters M 2 50, and the errors in the values
of the input parameters.

From Table 3, we deduce the following conclusions:

= M2 =3 GV — |y

g 400 a2 =g Gev? - |y 3
UL 300 || M2 =5 GeV? y ]
0 M? =6 GeV?

fitfa [

cosf

Fig. 3 The dependence of the coupling constant f| + f> for E¢c Eccp
on cos 6 for the shown values of M2 and at V50 = 4.6 GeV

ol
|
ot
o

=ce=ce

=100 F[ M%?=3 GeV?Z — |
m, M>=4GeV? - |\
<= =150 F| M2 =5 GeV?
M? =6 GeV?
~200 ‘
-1 05 0

cos

Fig. 4 The dependence of the coupling constant f for Z..E..p on
cos 6 for the shown values of M2 and at V50 = 4.6 GeV

500

M? =6 GeV? — j
400 F| a2 = 7 Gev? - )
300 £| M? =8 GeV? 1
2 _ 2
o00 | M2 =9 GeV

100 F

hefl

/

Zbebe

fitfa

cos 0

Fig. 5 The dependence of the coupling constant fi + f> for &, &} p
on cos 6 for the shown values of M2 and at \/55 = 7.5 GeV

0 T
. -10 E
S
W20 f . \ E
-8 MT=6 GeVZ —
H =830 a2 — 7 Gev? - | E
= _40 B| M? =8 GeV? E

M? =9 GeV?
—50 I L
-1 -0.5 0 0.5 1

cos 0

Fig. 6 The dependence of the coupling constant fi for 5} &} p on
cos 6 for the shown values of M? and at /5o = 7.5 GeV

(a) The SU (3) symmetry for the SS and AA cases works
very well. The violation of the SU (3) symmetry is about
10% at maximum.

(b) In the SA case, SU(3) symmetry works very well for
electric strong coupling, f1, but considerably violated
for the coupling f1 4+ f> (about 50%).

4 Conclusion

The experimental discovery of the Z.. baryon opened a new
research area in theoretical studies for understanding the

@ Springer
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Table 3 The numerical values for the strong coupling constants

Channel fi+ f il
SS
Eee > Eeep 32.53 +2.30 —25.32 +£8.49
Epp — Eppp 23.66 +2.89 —7.69 +2.31
2p — EppK* 22.55+2.63 —8.30 £2.74
Qe > EK* 28.36 +£1.83 —23.64 £9.85
2pe = EpcK* 8.23 £ 0.77 —3.74 £ 1.37
AA
B - =lp ~37.62 4 6.48 ~0.40 £0.12
Q) — & K* ~37.98 +6.75 ~0.40 +0.14
SA
) - Spep 1.50 +0.31 —0.97 +0.30
Q) — EpK* 220+ 0.40 ~1.00 +0.36

properties of doubly heavy baryons by analyzing their weak,
electromagnetic, and strong decays. In the present work,
within the framework of the LCSR method, we estimate the
electric and magnetic couplings of light vector mesons p and
K* with doubly heavy baryons of spin 1/2. In our analy-
sis, we have used the general form of the interpolating cur-
rents in symmetric and antisymmetric forms with respect to
the exchange of two heavy quarks. We obtained that in the
case of symmetric-antisymmetric (SA) currents, couplings
are affirmed to be smaller than the SS and AA cases. This
circumstance can be explained by the fact that in the SA case,
there are strong cancellations between the leading terms.
Moreover, we obtained that our results for the considered
couplings constants for the cases of S§ and AA are in a good
agreement with the SU (3) symmetry results and its violation
is about 10% at maximum. For the SA case, for the electric
coupling, the SU (3) symmetry violation is small (about 5%),
but for magnetic coupling, its violation is about 50%.

Our final remark is that these results can be helpful in stud-
ies of the properties of doubly heavy baryons in experiments
conducted at LHCb.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: All the existing
numerical data have been included in the manuscript and there is no
other data regarding this work.]
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Appendix A: Analytical expressions of the correlation
functions for the considered structures

In this section, we present the analytic expression of the cor-
relation functions for the cases of SS, AA, and SA currents
for the structures p¢q and (¢ - p) p:

I = 1/096M* ) imomo N*(—(—1+ B2 f7

x(B(mg +mg)myG[S(ay, a3),0,2]

+9(mo +mo)ImyG[S(ay, @3), 1, 1]

—3momy (iG[S(a1, a3), 0, 2]

+fEmy GITP (a1, 3), 1, 1]

—GIT (@1, @3). 1, 1] = 261 (ar, e3)u, 1, 1]

+2017 (@1, a3, 1, 1]

+m} (Gl Ha 2, T (@1, a3)], 1, 1]

—2G[uHgl2, TP (@1, a3)], 1. 1]

~Go[Ha12. T, (a1, e3)], 1, 1]

26 (M2, T, (a1, @3], 1, 11)))

—m gy (224moZ[p3 (u), 1,2]

+my (3iG[S(a1, @3), 0, 2]

+my GfEGITY @1, a3), 1,11 - GITP (@1, a3), 1, 1]

261 (a1, ex)u, 1,11+ 2617 (a1, as)u, 1,1]

+m} (Gl Ha 2, T, (@1, a3)], 1, 1]

—2G[uMgl2, TP (@1, a3)], 1, 1]

~Go[Hal2, T (@, a3)], 1, 1]

126 (M2, T, (@1, a3)], 1, 11)

+14mo Dol (u), 1,2]))))

+frimy 31+ B6 + B)(mg +mg)

xG[Dgl1, Ay, a3)], 1,2]

—6(1+ B(6+ B))(mg +mg)

xGluDgl1, A1, a3)], 1, 2]

=3B+ B2 +3B)moG[Dgl1, V(a1, a3)], 1, 2]

+mg (=33 + B2+ 38))

GIDg[1, V(1. a3)], 1, 2]

—28imo((—1 + B’ Ty (u), 1, 1]

—(1+ B’ Talyrs (), 2, 21)))) (31
aFve = —1/©96M*z*)imomgmy N?

xBi(=1+ O mo +mgIm3,

X (6G[Ha 1. T (@1, ¢3)],0.2]

+2(G[Hgl1, T (a1, a3)], 1, 1]

—GHa[1, T, (a1, @3)1.0,2]

+GIHGI1, TP (ar, @), 1, 1]

+GIHGI, T, (a1, @3)1,0,2]
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+4GIHGI1, T (@1, 3)1,0, 2]
+2G[Ha(1, T, (a1, @3)1. 0, 2]
+GIHG, T (r, a3)1, 1, 1])

+3m3y Ga[Ha[3, T (1, @3)1, 0, 2])

—2fy BB+ B2 +3B)(mg +mgIm3,
xG[A(ar, @3), 1,2]

=33+ B2 +3B)(mg +moI)my GV(ay, @3). 1,2]
+6(3 + B2 +3p))

(mo +mg)Imy GV (a1, a3)u, 1,2]
—14momo (163 + B2+ 3PB))

T(p) ). 2, 2] + m} (—8(~1 + p)?
xI[H[2, ¢35 )], 1, 1]+ 4(=1 + B)?
TIHI2, $) @)1, 1, 11+ 4(—1 + B)?
XZIHI2, ¥y )], 1, 11+ G + B2 +38))
Tolp) ). 2,21 — 45 + B2 + 5B))
x(2T[HI2, ¢35 ()], 2, 2]

+TIHI2, $) )1, 2, 21 + TolHI2, ¥l (01, 2, 21))))

(AA)theo
nfl +/2

= (1/(576M*n*)ymom o (1 + )

x foi(3(5+ B)(mg +mg)my

xG[S(a1, @3),0,2] — 3(5+ B)(mg +mg)
myG[S(ar, a3), 1,114+ (1 4+ 58)

x(=3i(mg +mg)ImyG[S(ai, 3),0,2]
—3f$(mQ + mQ/)m%,

x (G (@1, @3), 1,11 = G, (@1, 3), 1, 1]
261 (@1, a3)u, 1, 1]

(32)

26170 (@1, ), 1, 11+ m} (GalHe 12, T, (@1, @3)], 1, 1]

—2G[uHgl2, TV (@1 a3)], 1, 1]

~GolHal2, T (@, a3)], 1, 1]

26 (M2, T, (a1, @3)], 1, 11)
—1dmom o (16Z[h5(u), 1, 2]

+my Dolgg ), 1,2)))

+2fymy (6((1+ B+ B*ymo — Bmg)
xG[Dgl1, Alay, a3)], 1,2]

+3(mg + B6+ Pimg — (—1 + p)’mg)
xGuDg[1, Alar, a3)], 1,2]

=3(1+ B+ B)moGIDe1, V(ay, e3)]. 1, 2]
+my (3(1 + BHGIDGI1, V(e a3)], 1,2] — 14i
mo((—=1+ B)(11 + 138)

xI[Y5 ), 1, 1]

—(13 4 B0 + 13B) T2 (Y3 (), 2, 21))))

e = (1/(576M* 7 *)mgm o

xmy 3(—=1+ B)Y(fi)2(mg +mgImy (2(5+ B)
xG[Hgll, T (a1, 23)],0,2]
—2(5+ B)(GIHGI1, T (@1, a3)], 1, 1]

(33)

—GHa[1, T, (a1, @3)1. 0, 2]
+GIHGIL T, (a1, @3)1. 1, 1])
—2(1 +58)G[Ha[1, T, (@1, @3)1,0, 2]
+12(1 + BGIHGIL, T (@1, @3)1,0, 2]
265+ BGIMHGIL TP (@1, a3)], 1, 1]
+(1+5)m3
xGao[Hg[3. T (a1, @3)1, 0, 2])
+2ify B(=1+ B)>(mg +mgIm}
xGlA(ar, 03), 1,2] = 3(—1 + B)*
x(mg +mgImy GV (a1, a3), 1,2]
+6(—1+ B)*(mg + mg)my GV (a1, as)u, 1,2]
—14momy (16(—1 + B)>
XTI ), 2, 21 + m% (—=8(—1 + B)(13 + 11p)
xI[HI2, ¢35 )], 1, 11+ 4(=1 + B)
x(13 4+ HBIIHI2, p)w)], 1, 1]
—S2ITHI2, ) )], 1, 1]+ 482 + 118)
XIIHI2, ¥ )], 1, 1]+ (=1 + B)* Tl ¢} (), 2, 2]
—60(—2T5[H[2, 5 ()], 2, 2]
+[HI2, ¢) )], 2, 2]
FI[HI2, ¥y )], 2,2]) — 1282+ 58)
X (2D[HI2, ¢5 )], 2, 2] + To[HI2, ¢} ()], 2, 2]
+T[HI2, ¥ )], 2, 2D))

aEdRe = (1/32v3M% 7 )mg
x(mg —mg)momyN
X (2fv (—2BG[Dg1, Alar, @3)]. 1,2]
+2(1 + B+ )GUDGI1, Alar, a3)], 1,2]
+(1 + BHGIDG[1, Ve, a3)]. 1, 2]
+3(1 + B)*GluDgl1, V(ay, a3)], 1, 2])
+(=1+ B) fy (—2iBG[S (1, @3). 0, 2]
=2i(1+2B8)G[S(ay, @3), 1, 1]
—20[S (@1, @3).0.2] = (=1 4 §)
(GIS (a1, @3), 1, 11— 2G[S (a1, a3)u, 1, 1)
+fFimy (1 +38)GIT,Y (@1, @3), 0,2]
+(1 438G (@1, a3), 1, 1]
G (@1, @3),0,2] - GIT, (@1, @3), 1, 1]
3617 (@1, @3),0,2]
261 (@1, @3), 1. 11 = 3617, (a1, 3), 0, 2]
—BGIIT, (1, 23),0,2]
3G (@1, a3), 1, 1] — G (@1, @3), 0, 2]
+GIT P (@1, ¢3).0,2])
26177 (@1, @3), 1, 1+ 4G (ar, aa)u, 1, 1]
4G T (@1, a3u, 1, 1))
+ 1T im3 (G + B)GalHal2, TP (@1, @3)1. 0, 2]
—2G:[Hg2, TP (@1, a3)], 1, 1]

(34)
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+4G M2, TP (@1, a3)], 1, 1]

~(B+ B)GalHal2. T (a1, ¢3)1. 0, 2]

+2(G92(Ho 2, TV (o1, 03], 1, 1]

—2G:[uH6 2. T, (er, )], 1, 1)) (35)
mEPR = —(1/96v/3M*7*)mg

xmomyN@G(—1+ ﬂ)(fg)z(mQ — mQ/)m%,

x((4+88)GMa1. T (1, @3)1. 0, 2]

+2Q2BGHG(1, T (a1, a3)], 1, 1]

128G Ha[1, TV (@1, @3)1. 0, 2]

+26G[Hal1, T (@1, a3)], 1, 1]

—2G[Ha[1, T, (@1. ¢3)], 0, 2]

+3GIHaI1, T, (@1, a3)], 1, 1]

+BGIHGIL, T, (@1, a3)], 1, 1]

—6G[uHGI1, T, (@1, a3)], 1, 1]

—28G[uHgI1, T, (@1, a3)], 1, 1]

+2G[Hal1, T (a1, @3)1. 0, 2]

+26G[HaI1, T (@1, @3)1,0, 2]

+4G[HaI1, T, (@1, 3)], 0, 2]

+4BG[Ha(1, T, (@1, @3)], 0, 2]

—3G[HaI1, T (@1, a3)], 1, 1]

+BGIHaIL, T, (@1, a3)], 1, 1]

23+ B)GuHG, T, (a1, a3)1, 1, 1])

+my, 22 + B)G2[Ha[3. T (a1, @3)1, 0, 2]

~GB+ B)(GalHI3, T (a1, e3)], 1, 1]

—2G:[uHg[3. T (a1, @3)], 1, 11)))

+2ify B(=1+ B)*(mg —mg)

xm% GLA(1, a3), 1, 2] + 18(1 + B)?

x(mg —mgImyGlA(1, a3)u, 1,2]

—3mom3 (=1 + B)?

xGV (a1, 03), 1,21 — 8(1 + B + B%)

GV(a1, a3)u, 1,2]) + mgy (3m3,

x (=14 B)*G[V(a1, a3), 1,2]

—8(1 + B+ BHGV(a1, a3)u, 1,2])

+14(1 + Bmo(16Z[p) (), 2, 2]

+m (Lol g} (), 2,2]

+24(-2T,[H[2. ¢3 ()], 2, 2]

+T[HI2, ¢) ()], 2, 2]

+T[HI2, ¥y (0], 2, 2D)))) (36)
In Egs. (31)-(36), N is the normalization factor which is
equal to % (1) for different (identical) heavy quark flavors;
moreover, we have suppressed the second argument, oy =
1 — a1 — a3, in the 3-particle distribution amplitudes for the

sake of convenience, and defined the following integrals and
operators:

@ Springer

I f(u), i, j]:= fdu/d4x S PTDIR K F () (3T)

Dlfw).i, jl:= f du f d*x ' PTDYK K f (u)x*

(38)
Tl f(u),i, j]:= /du/d4x e PTHDY KK f (u)x*
(39)
oty wF@.i.jti= [ du [ Da,
x / dhxe! PHETU)DY K K () F (o) (40)
Gl Fiiv 1= [ du [ D
x f d*xe! PHETUS)D g K f () F () x? (41)
GulfwF@.i.j1i= [ du [ D,
x / d4x el PHTUDD X g K F () F (o) (42)

Hln, fw)] = i”/u dvn-~-/v3 dvzfv2 dvy f(v) (43)
0 0 0

Heln, Flp)] == (—iu)"/ ’ da”
0

(3) (2

e [ aa
0 0
Flar, 1 —ay —af”, aiV) (44)

8 n

DIn, f)] := <—i8—> Sfw) 45)
u

Dgln, F(o;)] :i= (l—i> F(a) (46)
U o3

where we have introduced the short-hand notation

Ki(mov/—x?%) Kj(mg~/—x?)
Kji=—"1—2* "/ g =S °7 47
N N “

Appendix B: Distribution amplitudes for vector mesons

In this section, we collect the matrix elements (V (g, €)|g (x)
I;¢(0)]0) and (V (g, &)|g (x)T; G ,,q(0)|0) and the relevant
distribution amplitudes for vector mesons together with the
most recent values for the DA parameters involved [32-35].
Up to twist-4 accuracy, the matrix elements (V (g, €)|g(x)
I'q(0)|0) and (V(q, ¢)|g(x)I"G ,,q(0)|0) are given as fol-
lows:
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(V(g. ©)141(x)7.q2(0)]0)
A 1 -
_ fvmv{ & Xq“ / du e'ta-x
q- 0

r 8)L'X
¢(u> (M—quq.x)

6‘)“-)6 2
2 "(q 02"

[d) () +

x/ du e”“”qb (u) —
0

[ [yl + o 26t ) (48)

(V(g,&)q1(x)yuy592(0)]0)

1 1
= — e gung frmy /0 du v (49)

(V(g. ©)lq1(x)01vq2(0)|0)
= _if&-{(el);_ﬂh - 51);%4)

1 T
><f0 du e~ ¢2( )+ ¢>4 (M)j|

X
7)2(‘1;va - QVX;L)

+(q-x
1 =
X/o du "t ¢ (u>—7¢2 ) — '/ff ‘”)]

i
+5(8ﬁxv 8ﬁxﬂ)%‘;
1 -
x/ du /™4 [wi‘(u)f¢2l(u)]} (50)
0

(V(g, ©)1q1(x)0ap8s G uv (ux)q2(0)|0)

A
2 €

= fI'm X 1 Loy 1
=IhvmvasTx %‘Zug,su 4p918av — dadv8p, T 4pdvEapn

foai e 1) T ()

+ i (dash gk — duehgh, + apeiugs,)

X/Dai ei(o”'*"%)q‘x?’lm)(ai)

+f$m%/ (quségév - qﬂsfl}gév - qvgégéu + q”‘g?’giﬂ)
footi ei(”“+“a3)q‘x7'2(4)(ai)

fvv
q-

X/'DO(,‘ ei(oq+uot3)q<x7—3(4)(ai)

(%q,ugﬁxv - Qﬁqitg Xy — ‘Mqﬂ‘gxu + qﬁ%)géxu)

fvmv
el

x / Da; @4 T D (g 51)
Vg, ©)1q1(x)gs G v (ux)q2(0)[0)
= —ifymy(ehqy — ehqu) / Day o/ @15 () (52)
(V(q, M1G1(x)gsG v (x)y52(0)]0)

= —ifTmy(ehay — g / Day 109 S ) (53)

+ qaquf Xp _4;‘5‘1/15 Xa _‘IotLIvE XB +qﬂQv3 xa)

(V(g, ©)1g1 ()85 G v (ux) 70 ¥5q2(0)|0)

= fvqua(ef;qv —sﬁuqﬂ)/Du[ ol 1HU)TX gy 54)

(V(g, &)1q1(x)gsG v (ux)ivaq2(0)10)

= fymvaa(elqy — hqu) f Da ¢! 1T (o) (55)

where G,w = %EMWﬁG"‘ﬂ is the dual gluon field strength
tensor and [ Do; = [da; dardazd(l — ap — ar — a3).
Now we list the DAs.

2-particle twist-2 DAs:

- 3/2 3/2
$) ) = 6i(1+a]C;* (&) +a) O3 (E)u (56)
32 32
3 () = 6i(1 +ai-C* (&) + ay C©;* E)u (57)

2-particle twist-3 DAs:

) (u) = 382 + Gaf&(—1+36%)/2

H((1568)/2 — (A /4E(=3 + 582)

+(Bay£*(—3 +56%))/2

+(5w3 (3 — 3082 +356%)) /8 — B fy (mg, — mgy)

x&(2 +9a) £2a) (11 — 30iu)

+(1+6a) +3al) In@) + (1 + 6al — 3!y In@w) /@I my)

+3fy (mgy +mgy)(1+ 8al & +3al (7 — 30iu)

+(1 +6a) +3al)e

ln(ﬁ) — (1 +6a) —3a])E @)/ @ fFmy) (58)
vlw = 61 + €& @i /3 + i) 13)

—(C32 1) /20 + €7 () (ay /6 + (5wt /18))

Xt — (3fv(mq1 —mgy)

><(u(9a + IOa 5)14 + (1 + 6a + 3a )u

x In(@) — (1+ 6a) —3al)

s In(u)))/(fiy my)

+G fy(mg, + qu)(ﬁu(l +2al& +3a)(7 - 5iu))

+( +6a“

+3al)ii In(@)
3a”)uln(u)))/(fvmv) (59)
v w) = 6i(1+ €2 )l /3 + 20ic)) /9)
+C3 @) (=2l + 74
+C32 (&) (a) /6 + (5wl /12 — (
+(102]) /9 — (6 £ (mg, — qu)(u@a1 + 1043 &)u
+(1 + 6ay + 3ai )i In(id)
—(1+6ay —3ai)uln@)/(fymy) + (6 fy (mg, +mg,)
X (2 + 3a1-€ + 2a5 (11 — 10iu))
+(1 4 6a3 + 3a)an@) + (1 + 6a3- — 3ai)
xuln@))/(fymy) (60)
$3-(u) = (3al&3)/2+ 3(1 + £2)) /4
+(5c) — (152716
+(1530)/8)8 (=3 + 562)

+d +6a
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+(9ad)/112 + (1500) /32

—(1504)/64)(3 — 3082 +356%) + (—1 + 36%)((B3a)) /7

+5¢1) = G mgy = mgy)

(26 + 2a3-£(11 — 20iu) + 9ai- (1 — 2iiu)

+(1 + 6ay + 3ai") In(a)

—(1 +6a3 — 3ai") In(u)))/ Q2 fymy)

+ B (mg, +mg,) 2 + 9ai-&

+2a3 (11 — 30iu) + (1 + 6ay + 3ai-) In(@)

+(1 + 6a3 — 3ai) In(u))/ 2 fymy) (61)
2-particle twist-4 DAs:

Y =1+ G ©)((—9a))/5

—0i)/3 = (16))/3) + €} (€)(9al) /5 + 12))
+C3%(€)(=56) + 100

+(6fv (mg, —mg,) (& + (ai (-1 +3&%))/2

+(5k3 (—1 4 3£%))/2

+(ayE(=3 + 56))/2 + (SwrE(=3 + 56%)) /6

— (A3 (3 — 3087 +356%))/16)) /(fymy)
+C,2(€)((—27a) /28 — (150}) /8

—(15a0)/16 + (5¢))/4)

+C,2(€)(—1 — 2ab) /7 + @02d) /3)
—(200”2@)4 )/3 (62)
) ) = (6ii L (mg, — mg)(—(CY/*(€)((82a1) /5 + 10k5)
) (a5 + (123 /54)
Jr(zcm(fg)x3 )/135+ €1/ ()

X (=2/315 + a3 /5 — wr/21) 4+ 20C;'* (£)(10/189
+ay /3 — w3 /21w /(fymy)
60 (mgy +mgy) (23 + 16a3)
+(10C7%(€) (—ai-
+i3))/3 — (€32 (©)23)/10
+C32E)(=a5 + (Goi) /MW /(fymy)
+30ﬁ2(C5/2(S)((17a )/50
/s +@iy/s) + @ ©0a) 7+ o) /6
~”>/4+§ /9))/10 + (4(1 +al /21
+(103)/9))/5)u’ +30ﬁ2(c5/2(5)((20 )/3
—80))/15) + 20¢))/9)u® + (] (mg, — mg,)
X (=23 — 108a3- — 54ai- + 5u®) In(i)
— (=23 — 108a5 + S4ai- 4 5i%) In()))/(fymy)
+Q4£L (mgy +mg,) (1 + 6ay
+3ai)ia? In(@) + (1 + 6ay — 3aj-)u?

@ Springer

X In@))/(fymy) +4(a] — @0e))/3)((11
—382)/8 — (2 — i)ii> In(id) + (2 — w)u’ In(u))
+80y) (11— 36%)/8

—(2 — i’ In@@i) + 2 — wu In(u))

—80@) (@(21 — 136%)u)/8 + (10 — 15i
+6i°) ln(u) + u3(10 - 15u + 6u?) In(u))

+2(=2a) + 30l — (142 /3 (@21
—13&2)u)/8 + 1> (10 — 15i + 6ii%)
x In(it) + u> (10 — 15u + 6u>) In(u)) (63)

Vi) = 1+ ) (=3a1) /5 + 12c)
HCIP @D 3+ € E) (=303 /7
—(5wi)/4) + C3* () ((Bai) /5

— 33 /3+5((=6 —65)/2+ 61

HO5) + (fv (mg, +mg,)B(1 + 6ab)

_5K3 — 12K4

+3alcl? @) + 501 @)@l — 34

+(3x )/2) + (15C, " (€)

Qo — @) /4 +5C,% () (=3a) + 4]y /(FEmy)
1/2

E)(—1+ (3az)/T— 105" + ")

—(6ufv(mq1 — qu)(9a1 + 10a2$)

xu)/(fymy) + (6fv(mq1 — mg,)

(—((1 +6a +3a Yuln(u))

+(1 + 6a) —3al)

xuIn))/(fy my) + (6 fy (mg, +mg,)

(1 + 6a) + 3a))ii In(ir)

+(1 + 6a) —3al)

xuIn()))/(fymy) (64)

T2(©)23)/1575+ 652 (©)

¢ (u) = 30a>(2/5 + (4ay)/35 — (4C
x((3aj) /35 4 wy /60)
CP(E)((Bai) /25 + k3 /3 — 13 /45 + (765 /30
—(392 )/20 — 6 /15 + 6i-/5)
+(4H /3 = 8L /3
+(—af + 53 — 20¢5) (@& (=11 + 382 u) /2 + 42 — it)
— 42 — ) In(u)) + ((=36a3)/11
—(252((0™"))/55 — (140((Q)))/ 11
203 ) (—(@(=21 + 138%)u) /8 + &> (10 — 150 + 6it%)
In(i) 4 u® (10 — 151 + 6u%) x In(x)) (65)

xii> In(it)

3-particle twist-3 DAs:

Sar. a3) = 30053 (((=3(ef
+(1 — o —a3)))/2+ (1 — a3)az) ¥y
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(=61 (1 — a1 — a3) + (1 — @3)e3) i

+(1 — a3) g — (=1 + 201 4+ a3)(((=3 + 5a3)655)/2

+a3fi +65) (66)
S(ar, a3) = 3003 (((=3(af + (1 — ay — @3)?))/2

+(1 = az)a3) s + (—6ai (1 — a1 — a3)

+(1 — a3)az) i

+(1 — a3)¥y — (@1 — 3) (=3 + 503)05) /2 + e36;

+63)) (67)
V(ar, az) = 3600 (1 — o) — a3)a3

() + (=34 Taz)rh) /2 + (=1 + 201 + az)0l)  (68)
Ay, a3) = 3600 (1 —a) — a3)a§((—1 + 201 + a3))~»!

F((=3 + Tam)aly 2 + ¢ (69)
T (a1, a3) = 3600 (1 — a1 — @3)a3 (k3

+((=3 4 Ta3)r3)/2 + (=1 4 20 + @3)07) (70)
3-particle twist-4 DAs:

T, (@1, a3) = 12001 (1 — oy — @3)

xa3((—1 + 201 + a3)$7 + By

+(=1+ 3a3)¢3) (71)
T, (@1, a3) = —3003 (— (=1 + 201 + e3)

(=3 +5a3)¥3) /2 + a3 ¥i" + Y1)

F(=3(af + (1 —ay —@3)?)/2

+(1 — a3)a3)05

(=601 (1 — o —a3) + (1 — a3)a3)fi-

+(1 — a3)6y) (72)
T (e, a3) = — 12001 (1 — 1 — e3)a3((—1 + 30t3)
br + (=1 + 201 + @3)i- + ) (73)

T (@1, a3) = 3003 (—((~1 + 201 + 3)
X(((=3 + 5a3) ) /2 + a3¥it + ¥H)) + (—=3(e?
+(1— a1 —3)?)/2+ (1 — a3)e)
05" + (=61 (1 — a1 —a3) + (1 — @3)a3)6i-
+(1 - a3)63) (74)

where we have replaced «p = 1 — a1 — a3 before the integra-
tion and we take & = u since the second quark is at the point
x = 0. The C)'"(x) are the Gegenbauer polynomials. The ¢
and ¢ indicate the quark components of the vector meson.
The p meson has both light quarks, hence mgy, = mgy, = 0.
The K* meson has one strange quark and one light quark,
thus my, = m, butmgy, = 0. The derived DA parameters are
given as follows:

Yo = (75)
Vo =4 (76)
0 = —(1/6)k3- — (1/3)ki (77)

0 = —(1/6)k3 + (1/3)ki (78)
¢y = (1/6)5 + (1/3)k" (79)
by = (1/6)kc3- — (1/3)«i (80)
o1 = (9/44)ay + (1/8)w3 + (63/220)((0V))
—(119/44)(( Q) (81)
o1 = —(9/44)az + (1/8)wy

—(63/220)((Q")) — (35/44)((Q?)) (82)
Uit = 3/44)ay + (1/12)w5 + (49/110)((QD))
—(7/22)((0)) + (1/3)((0D)) (83)

Ui = —3/40)as + (1/12)wx
—(49/110) (@) + (7/22)((0®))

+(7/3)((Q)) (84)
Y5 = —(3/22)ay — (1/12)w3 + (28/55)((0D))
+(T7/1D QD) + (14/3)((0®)) (85)
V3 = (3/22)ay — (1/12)wy — (28/55)((0"))
—(7/1D{QD)) + (14/3)((0®))) (86)
6] = —(7/10)a)¢) (87)
6) = (7/5)a]¢) (88)
¥y =—(1/20)a,¢, (89)
i = —(21/10)gj ait (90)
o = (21/10)¢}ait 1)
03 = (21/5)¢5ai (92)
b5 = —(21/5)¢ af (93)
¢y = —(21/20)¢3ait (94)
((0M)) = —(10/3)55 (95)
(%)) = —¢f (96)
(09 =0 97)

The numerical values for the DA parameters are given in
Table 4.

The light quark masses are taken to be zero, namely m, =
mg = 0, and the mass of the strange quark at © = 1 GeV is
taken to be my = 0.137 GeV.

Appendix C: Details of calculations in the theoretical part

In this section, we present the integrals required in the the-
oretical analysis. In what follows, f(u) and F(«;) denote
generic 2- and 3-particle DAs, respectively, and we let K; :=
Ki(moN—x2) /(v —x2) and K; =
Kjmo~—x2)/(v—x2)/.
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Table 4 The numerical values for the parameters in the DAs for vector mesons p and K*. The renormalization scale is © = 1 GeV

Parameter P K* Parameter p K* Parameter 0 K* Parameter 0 K*
fviGevl 0216 0220 dl 0 003 ¢ 0030 0023 z) 0.07 0.02
fI1Gevl 0165 0185 ai 0 004 i 0 0.035 &) —003  —002
my [GeV] 0770 0892  a) 015 011 &l —009  —0.07 ot —008  —0.05
ay 0.14 010 0 0 e —-0.08  —0.05
ol 0.15 0.10 ) 0 —0.025
Al 0 -~ 0008 g 0 0.013
K 0 0.003
wy 0.55 0.30
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