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Abstract We show that the weak equivalence principle
(WEP) is violated for a quantum particle in a gravitational
wave (GW) background, in the sense that extra mass informa-
tion can be extracted in the presence of the GW. We quantify
the degree of violation with the Fisher information of mass.
This provides a precise characterisation of WEP violation
by quantum systems in a GW, that should be useful in for-
malising other works that have argued for such violations
heuristically.

1 Introduction

The WEP states that point particles in free-fall will follow
trajectories that are independent of their mass. This princi-
ple underpins classical gravitational theory. In the context of
classical theory the WEP is well defined; in quantum the-
ory however, the WEP is ill-defined. This is because under
the Heisenberg’s uncertainty principle, point particles and
trajectories are ambiguous concepts. The problem is further
highlighted when one compares the classical action of a par-
ticle with mass m in a gravitational field with the quantum
action of a wavefunction ψ of a massive spinless particle.
The classical action is

SC = −mc
∫

ds , (1)

where ds2 = gμνdxμdxν . As m appears simply as a multi-
plicative factor, it does not feature in the equations of motion.
This is consistent with the WEP. In comparison, the quantum
action is

SQ = − h̄2

2m

∫ √
g
(
gμνDμΦ†DνΦ+m2c2

h̄2 Φ†Φ
)
d4x , (2)
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where Dμ is the covariant derivative in curved space-time. In
this case m simply is not a multiplicative factor, and features
in the Klein–Gordon equation.

In this background, there have been suggestions that
the properties of quantum fluids (superconductors, superflu-
ids, quantum Hall fluids, Bose–Einstein condensates) may
enhance the interaction with GW, leading to superfluids as
a medium for gravitational antennae [1–7], superconducting
circuits as GW detectors [8], transducers [9,10] and mir-
rors [11–13]. These idea have not been met without contro-
versy [14–16]. The reason for this is that many of these ideas
heuristically apply the notion that quantum particles violate
the WEP. This motivates us to provide a more rigorous char-
acterisation of the WEP for quantum particles in GWs.

The WEP’s notion that free-falling trajectories should be
independent of mass, can be reformulated as the statement
that the Fisher information of a free-falling object is invari-
ant with mass [17]. In this information-theoretic framework,
violation of the WEP means that one may extract informa-
tion about an object’s mass in free-fall. This information-
theoretic formulation of the WEP has the advantage that it is
extendable to quantum objects in an unambiguous manner.
Specifically, the Fisher information gives the amount of infor-
mation that an observable random variable provides about an
unknown parameter. In our case, the random variable is the
position of the particle x, and the unknown parameter is its
mass m. For a particle with wave function ψ(x, t), the Fisher
information is

Fx (m) =
∫

dx|ψ(x, t)|2[∂m log |ψ(x, t)|2]2 . (3)

In the absence of gravity, observation of the position
of the particle can betray information about its mass. For
example, a free Gaussian wave packet spreads with variance
σ 2(t) = σ 2(0) + h̄t/2m; one may extract information about
its mass by monitoring its position. Formulation of the WEP
in terms of Fisher information states that the presence of
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a gravitational field should not produce more information
about the mass of a particle, i.e. Fx (m) = Fx (m)free, where
F free
x (m) is the Fisher information in the absence of a gravi-

tational field.
In Sect. 2 we look at quantum particles in static uni-

form gravitational field. In particular we will investigate the
time evolution of Gaussian wavepackets in the Schwarzschild
metric, and their related mass Fisher information. We will
show how the wavepacket follows the WEP in a static uni-
form field. In Sect. 3 we will derive the time evolution of
Gaussian wavepackets in a GW background, and investi-
gate their mass Fisher information. We will show how the
wavepacket violates the WEP in the time-dependent uniform
field.

2 Static uniform gravitational field

We investigate whether extra mass information can be
extracted from a Gaussian wavepacket in a Schwarsczhild
field. We begin with the Dirac equation in curved space-
time, which describes a spin-1/2 particle of rest mass m in a
gravitational field,

i h̄γ aeμ
a (∂μ − Γμ)ψ = mcψ . (4)

The spacetime metric gμν can be related at every point to a
tangent Minkowski space ηab via tetrads eaμ, gμν = eaμe

b
νηab.

The tetrads obey the orthogonality conditions eaμe
ν
a =

δν
μ, eaμe

μ
b = δab . We use the convention that Latin indices rep-

resent components in the tetrad frame. The spinorial affine
connection Γμ = i

4e
a
ν (∂μeνb + Γ ν

μσ e
σb)σab, where Γ ν

μσ is

the affine connection and σab ≡ i
2 [γa, γb] are the generators

of the Lorentz group. γa are gamma matrices defining the
Clifford algebra {γa, γb} = −2ηab, with spacetime metric
signature (−,+,+,+). We use the Einstein summation con-
vention where repeated indices (μ, ν, σ, a, b = {0, 1, 2, 3})
are summed.

We will consider the Schwarzschild metric in isotopic
coordinates (x0 ≡ ct),

ds2 = V 2(dx0)2 − W 2(dx · dx) , (5)

where (r ≡ √
x · x)

V =
(

1 − GM

2c2r

)(
1 − GM

2c2r

)−1
, (6)

W =
(

1 + GM

2c2r

)2
. (7)

Under this metric Eq. (4) can be written in the familiar
Schrödinger picture i h̄∂tψ = Hψ , where (α ≡ γ 0γ , β ≡
γ 0, p ≡ −i h̄∇, F ≡ V/W , and indices i, .., n = {1, 2, 3}
[18]

H = βmc2V + c

2
[(α · p)F − F(α · p)] . (8)

A means by which to write down the non-relativistic limit
of the Dirac Hamiltonian with relativistic correction terms
is provided by the Foldy–Wouthuysen (FW) transformation
[19]. The FW transformation is a unitary transformation
which separates the upper and lower spinor components. In
the FW representation, the Hamiltonian and all operators are
block-diagonal (diagonal in two spinors). There are two vari-
ants of the FW transformation known as the standard FW
(SFW) [19] and exact FW (EFW) [18,20–22] transforma-
tions. We will use here the EFW transformation, which is
efficient and correct at low-orders, and adequate for our pur-
poses. For higher-order corrections one should use the more
involved SFW, as the EFW may produce spurious results at
higher-orders, in some instances [23].

Central to the EFW transformation is the property that
when H anti-commutes with J ≡ iγ 5β, {H, J } = 0,
under the unitary transformation U = U2U1, where (Λ ≡
H/

√
H2)

U1 = 1√
2
(1 + JΛ), U2 = 1√

2
(1 + β J ) , (9)

the transformed Hamiltonian is even (even terms do not mix
the upper and lower spinor components, odd terms do),

UHU+ = 1

2
β(

√
H2 + β

√
H2β) + 1

2
(
√
H2 − β

√
H2β)J

= {
√
H2}evenβ + {

√
H2}odd J . (10)

Note that as β is an even operator and J is an odd operator,
Eq. (10) is an even expression which does not mix the positive
and negative energy states.

Our Hamiltonian satisfies the EFW anti-commutation
property. Using the identity αiα j = iεi jkσkI2 + δi j I4, the
perturbative expansion of

√
H2 yields to first order,

H ≈ mc2V + 1

4m
(W−1 p2F + Fp2W−1) . (11)

Note that
√
H2 = {√H2}even = HI2 contains only even

terms, and therefore {√H2}odd = 0 in Eq. (10).
Taking the weak-limit gravitational field limit so that,

V ≈ 1 − GM

c2r
, W ≈ 1 + GM

c2r
, (12)

we get (g ≡ −GMr/r3)

H = mc2 + p2

2m
+ mg · x . (13)

The Dirac equation in curved spacetime will also give
rise to a spin-gravity coupling term (− h̄

2cσ · g), which we
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neglected beginning at Eq. (11). Here we will simply look at
the mass Fisher information of a Gaussian wavepacket in a
gravitational field to first order. We leave the consideration
of higher-order spin-gravity coupling terms in further work.

The evolution of a quantum particle is governed by the
time-evolution operator U = e−i Ht . Taking the Baker-
Campbell-Hausdorff expansion of U to second-order, the
time-evolution operator in a Schwarzschild field is (h̄ = 1)
[17]

U ≈ exp
( imt3

3
g2

)
exp

( i t3

6m
∇g · ∇∇ − gt2

2
· ∇

)

exp
(

− imtg · x
)
Ufree ,

(14)

whereUfree = exp(−imc2t) exp(−i tΔ/2m) is the free time-
evolution operator in the absence of any gravitational field.
Note that the exp(−imc2t) term only acts as a constant
phase factor in the non-relativistic limit, and therefore can
be ignored.

As our gravitational field is spherically symmetric, we can
reduce our problem to one spatial dimension in the radial
direction. We consider a Gaussian wave packet,

ψ(x, 0) =
( 2

π

)1/4
e−r2

, (15)

as this is most amenable to comparison with a classical par-
ticle. For probe particles travelling over small distances, it is
usual to take the terrestrial gravitational field as uniform. In
the uniform gravitational case,

U = exp
( imt3

3
g2

)
exp

(
− gt2

2
· ∇

)

exp
(

− imtg · x
)
Ufree .

(16)

Using the fact that the momentum operator is a translation
operator in the conjugate position space, the time evolution
of the wave function [ψ(x, t) = Uψ(x, 0)] is

ψg(x, t) = exp
( imt3

3
g2

)
exp

(
− imtg · x

)

ψfree(x − gt2

2
, t) ,

(17)

where ψfree(x, t) = Ufreeψ(x, 0) is the free wave function in
the absence of a gravitational field. The uniform gravitational
field induces a mass-dependent phase factor in Eq. (17). This
mass-dependent phase factor however, is not present in the
probability distribution, |ψg(x, t)|2 = |ψfree(x−gt2/2, t)|2.
Therefore, by a change of variable (u = x − gt2/2), we see
that the uniform gravitational field does not produce any extra
mass information, i.e.

Fg
x (m) =

∫
du|ψfree(u, t)|2[∂m log |ψfree(u, t)|2]2

= F free
x (m) .

(18)

The expected position of the wave packet in a uniform
gravitational field is

〈xg〉 =
∫ ∞

−∞
ψg(x, t)∗xψg(x, t)dx = gt2

2
. (19)

This is the geodesic of a freely-falling classical particle with
no initial momentum in a uniform gravitational field g. As
with the classical case, the expected trajectory of the quan-
tum particle is independent of its mass, in alignment with
the WEP, and our finding that there is no more mass Fisher
information generated in the presence of a static uniform
gravitational field.

3 Time-dependent uniform gravitational field

The metric for a generally polarised linear plane GW is

ds2 = −c2dt2+dz2+(1−2v)dx2+(1+2v)dy2−2udxdy ,

(20)

where u = u(t − z) and v = v(t − z) are functions which
describe a wave propagating in the z-direction. We will con-
sider the case of a circularly polarised GW travelling along
the z-direction, i.e. v = f = f0 cos(kz − ωt) and u = i f .
Under this metric, Eq. (4) can be written in the familiar
Schrödinger picture as [24,25]

H = βmc2 + cα j (δij + T i
j )pi , (21)

with

T =
⎛
⎝ v −u 0

−u −v 0
0 0 0

⎞
⎠ . (22)

Applying an EFW (or SFW) transformation, as in the pre-
vious static uniform gravitational field case, and ignoring
higher-order terms, one arrives at [26]

HGW = 1

2m
(δi j + 2T i j )pi p j + mc2. (23)

We would like to know how a Gaussian wave packet
behaves in a GW background. We will consider the wave
packet located at z = 0, in one spatial dimension x , without
loss of generality in our conclusions [27],

ψ(x, 0) =
( 2

π

)1/4
e−(x−x0)2

. (24)

We apply the unitary transformation operator U =
exp[−i/h̄

∫
HGW(t)dt] to Eq. (24) to get the time-evolution
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of a wave packet in a GW background. Specifically, we
Fourier transform the wave packet [Eq. (24)] into momen-

tum space, ψ(k, 0) =
(

1
2π

)1/4
e−k2/4e−ikx0 . This allows us

to easily write down the time-evolution of the wave pack in
momentum space,

ψgw(k, t) = e−i/h̄
∫
HGW(t)dtψ(k, 0)

=
( 1

2π

)1/4
e−i h̄k2[t+ f0 sin(ωt)/ω]/2me−k2/4e−ikx0 .

(25)

where we have used the fact that HGW in one dimension
is HGW = 1+ f0 cos ωt

2m p2 . We Fourier transform back into
position space to arrive at

ψgw(x, t) =
( 2

π

)1/4 e−(x−x0)2/b

√
b

(26)

where

b ≡ 1 + 2i h̄

m
[t + f0 sin(ωt)/ω] . (27)

From Eq. (26), the expected position of the wave packet
in a GW background is

〈xgw〉 = x0 . (28)

In other words, the particle is expected to remain at rest in the
co-ordinate system of Eq. (20). This actually is not surprising
as this is also what happens in the classical case. In the clas-
sical case, the presence of a GW is measured in the change of
the proper distance between two particles. However, unlike
the classical case, the presence of the GW will generate mass
information. From Eq. (26), we numerically calculate the
mass Fisher information [Eq. (3)] of the particle in the GW,
and compare it to the free case. To reveal the effects of the
GW, f0 and m are set to unity (and h̄ = 1). More realistic
values are discussed later. Figure 1 plots the difference in the
mass Fisher information in a GW background from the free
case, showing that in general it is different from zero. This
means that one can extract mass information of the particle
from the GW, in violation of the WEP, in stark contrast to the
static uniform gravitational field of the previous section, i.e.

Fgw
x (m) 
= F free

x (m) . (29)

As a GW can betray the mass of a quantum particle, it is
tantalising to ask whether one could use this fact to detect the
presence of a GW. As a simple case study, let us consider a
particle detector that is at rest in the local co-ordinate system,
measuring the probability of a particle being at position x0.

Fig. 1 The difference in the mass Fisher information in a GW back-
ground from the free case, over time. As the difference can be non-zero,
one can extract mass information of the particle from the GW, in viola-
tion of the WEP

At time t0, we place a particle at x0. In the absence of the GW,
the probability of detecting the particle always decreases as
the wave function spreads according to Schrödinger’s equa-
tion, as shown by the dotted line in Fig. 2. In the presence
of the GW, the behaviour of the particle is distinctly differ-
ent; in particular the probability of detecting the particle at
x0 can increase, as shown by the solid line in Fig. 2. There-
fore, in principle one could simply look for these charac-
teristic increases in the probability of particle detection as
signatures of a GW. In practice however, these characteristic
increases in the probability of detection is restrictively small
for known GW sources. For example, let’s consider a rubid-
ium atom (m = 1.4 × 10−25 kg) in a GW generated by the
PSR B1913+16 binary pulse system, which has an amplitude
of f0 = 10−14 on Earth and frequency ω = 2.4×10−4 [26].
To detect this GW one would require a probability detec-
tion resolution of 10−29. With such a small change in the
probability distribution, it is unlikely that observing a single
quantum particle in this manner, can betray the presence of a
GW. Some possible avenues for further investigation beyond
single particles is provided below.

4 Outlook

We have shown that quantum particles violate the WEP in a
GW background, in the sense that extra mass information can
be extracted in the presence of the GW. We have quantified
the degree of violation with the mass Fisher information. We
estimated that by observing a single quantum particle, it is
unlikely that this violation could be used as a means of GW
detection. This however does not preclude more sophisticated
setups in utilising quantum WEP violation for GW detection,
such as ensembles of interacting particles [28], high preci-
sion measurements with quantum metrology [29], or other
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Fig. 2 The probability of detecting a particle (at x = 0) always
decreases over time for a free particle in the absence of a GW (dot-
ted line). In comparison, the probability of detecting the same particle
can increase in the presence of the GW (solid line)

novel setups: of note are works that propose that WEP vio-
lating Cooper pairs in superconductors may give rise to GW
detectors [1–8], transducers [9,10], and mirrors [11–13]. In
these works it is conjectured that the delocalised Cooper pairs
behave differently from the localised ion cores of the super-
conductor in the presence of a GW, due to the larger degree
of WEP violation in the former. Our work offers an approach
that may be able to prove this conjecture.
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