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Abstract In this paper, the dilepton electromagnetic decays
χcJ (1P) → J/ψe+e− and χcJ (1P) → Jψμ+μ−, where
χcJ denotes χc0, χc1 and χc2, are calculated systemati-
cally in the improved Bethe–Salpeter method. The numerical
results of decay widths and the invariant mass distributions
of the final lepton pairs are given. The comparison is made
with the recently measured experimental data of BESIII.
It is shown that for the cases including e+e−, the gauge
invariance is decisive and should be considered carefully.
For the processes of χcJ (1P) → J/ψe+e−, the branch-
ing fraction are: B[χc0(1P) → J/ψe+e−] = 1.06+0.16

−0.18 ×
10−4, B[χc1(1P) → J/ψe+e−] = 2.88+0.50

−0.53 × 10−3, and

B[χc2(1P) → J/ψe+e−] = 1.74+0.22
−0.21 × 10−3. The calcu-

lated branching fractions of χcJ (1P) → J/ψμ+μ− chan-
nels are: B[χc0(1P) → J/ψμ+μ−] = 3.80+0.59

−0.64 × 10−6,

B[χc1(1P) → J/ψμ+μ−] = 2.04+0.36
−0.38 × 10−4, and

B[χc2(1P) → J/ψμ+μ−] = 1.66+0.19
−0.19 × 10−4.

1 Introduction

The dilepton electromagnetic (EM) decays, M → M f �
+�−,

where M and M f are initial and final mesons, respectively,
are of significance in revealing the structure of hadronic states
and the mechanisms of the interactions between hadrons and
electromagnetic field [1–3]. As the EM decays are much
cleaner than hadronic decays, dilepton EM decay proces-
sions have been well studied in the light quark sector for
years [4]. In Ref. [5], the dilepton decays of unflavored light
mesons ρ, ω, φ, η, η′, π0, f0 and a0 are calculated to give the
dilepton spectra, which can be used to provide references for
experimental searches of such decays. However, there is still
little study of such decays in the charm and bottom sectors.
Recently, both BESIII [6,7] and LHCb [8] have observed

Xuan-He Wang and Yue Jiang contributed equally to this work.

a e-mail: thwang@hit.edu.cn

the dilepton EM decays of χcJ and ψ(3686), where χcJ

refers to χc0, χc1 and χc2. By analysing the cascade decays
of ψ(3686) → χcJ e+e−, χcJ → J/ψγ and ψ(3686) →
χcJγ , χcJ → J/ψe+e−, the BESIII Collaboration mea-
sured the branching fractions of χcJ → J/ψe+e−, which
are (1.51±0.30±0.13)×10−4, (3.73±0.09±0.25)×10−3,
(2.48 ± 0.08 ± 0.16) ± 10−3 [6]. This has been gradually
bringing more attention on such decays.

The partial width of dilepton EM decays can be obtained
with the transition form factors of charmonia, which can be
calculated from QCD models. Similar to the form factors,
the partial width is Q-dependent, where Q is the invariant
mass of the final leptons. Based on this, the spectra of invari-
ant mass could be derived, which can provide more infor-
mation of the process and the inner structure of charmonia
involved. Meanwhile, the calculation of dilepton EM decays
are deeply related to radiative decays. When we take the
limit Q = 0, the transition form factors of this two elec-
tromagnetic decays should share the same value, which are
constrained by the Ward identity. In our previous researches,
the radiative decay channels have been well calculated for
multiple charm mesons, like χc1, X (3872) [9], Bc [10], etc.
In Ref. [9], the radiative decay channels were calculated for
χc1(2P) as a charmonium candidate of X (3872), which has
been confirmed to be a P-wave charmonium by PDG.

The P-wave triplet states χcJ are mainly produced by
the radiative decay of ψ(3686) [4]. Unlike 1−− charmo-
nium J/ψ and ψ(3686), χcJ are rarely produced directly
in the e+e− collisions. For charmonia below the DD̄ thresh-
old, like ψ(3686) and χcJ (1P), the electromagnetic decay
modes become important. However, as the charmonia dis-
covered next to J/ψ and ψ(3686), the decays of χcJ (1P)

are relatively less learned. Thus, theoretical calculations of
the EM decays of χcJ (1P) based on QCD model may pro-
vide more information of the inner structure and mechanism
of charmonia. In this paper, we use the improved Bethe–
Salpeter (BS) method [11,12] to calculate the transition
amplitude. Recently, the relativistic correction within this
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formalism is also presented [13,14]. This method is widely
applied to the calculation of heavy meson physics [15,16].
The triplet states χcJ (1P) are under the DD̄ threshold and
have no OZI-allowed hadronic decays. Thus, EM decays,
especially the radiative process has rather large contribution.
In Ref. [17], the ratios between the branching fractions of
χcJ → J/ψ�+�− processes and the corresponding radia-
tive decay channels are calculated by assuming the virtual
photons are on-shell, making the transition form factors con-
stant in the calculation. Here we will not use this assumption,
but calculate the decay widths and branching fractions of the
dilepton EM decay processes with the full range form factors
and hope to provide more comparable results.

This paper is organized as follows. In Sect. 2, we present
the theoretical formalism based on improved BS method and
give the form of the invariant amplitude and partial width. In
Sect. 3, we present the numerical results and make compari-
son with the experimental data. Finally, we give the conclu-
sions are provided Sect. 4. Some details of the Salpeter wave
functions are presented in the “Appendix”.

2 The formalism

Considering the Feymann diagram Fig. 1, the invariant ampli-
tude of χcJ → J/ψ�+�− can be written as:

M = ieq
Q2 ū�−γμv�+〈J/ψ |γ μ|χcJ 〉, (1)

where we have defined the invariant mass Q = √
(P2 + P3)2,

with P2 and P3 being the momenta of the final negative-
charged and positive-charged lepton, respectively; eq =
2

3
e (eq̄ = −2

3
e) is the charge of the charm quark (anti-

quark). Within Mandelstam formalism, the hadronic matrix
element can be expressed as an overlapping integral over the
Salpeter wave functions of the initial and final mesons [9]:

〈J/ψ |γ μ|χcJ 〉

=
∫

d3q⊥
(2π)3 Tr

{
/P

M
ϕ̄

′++
Pf

(q⊥ + 1

2
Pf ⊥)γ μϕ++

P (q⊥)

− ϕ
′++
Pf

(q⊥ − 1

2
Pf ⊥)

/P

M
ϕ++
P (q⊥)γ μ

}
, (2)

where ϕ++ and ϕ
′++ are the positive energy parts of Salpeter

wave functions of the initial and final heavy mesons, respec-
tively; P is the momentum of the initial meson; Pf ⊥ ≡
Pf − P·Pf

P2 P with Pf being the final meson momentum;
M is the mass of the initial meson. q⊥ has the definition

qμ
⊥ = qμ − (P · q)

M2 Pμ, (3)

where q is the relative momentum between the quark and
anti-quark in the initial meson, more specifically,q = 1

2 (p1−
p2) with p1 and p2 being the momenta of quark and anti-
quark of the initial meson, respectively.

The basic method to derive the explicit wave functions is
to take the instantaneous approximation to simplify the orig-
inal BS equation. This could reduce a four-dimensional BS
equation to three-dimensional solvable Salpeter equations.
Furthermore, as the negative energy part of the wave function
in the Salpeter equations has a rather small contribution [18],
only the positive energy part is included in our calculation.
The explicit form of wave functions involved in our calcu-
lation are directly given in the “Appendix”. For interested
readers, more detailed processes of deriving the functions as
well as solving the instantaneous BS equation can be found
in our previous papers [19–21].

The hadronic matrix element is reduced to several form
factors after finishing the overlap integrals. Here we give
the final forms of the hadronic matrix elements representing
the cases of 0++ → 1−−, 1++ → 1−− and 2++ → 1−−
respectively.

(a) (b)

Fig. 1 The dilepton Feynman diagrams for the χcJ → J/ψ�+�− transition
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〈
J/ψ | γ μ | χc0

〉 = Pμ(P · ε f )t1 + Pμ
f (P · ε f )t2 + ε

μ
f t3,

〈
J/ψ | γ μ | χc1

〉 = εμξαβε1ξ PαPfβ(P · ε f )s1

+ Pμεξναβε1ξ ε f ν PαPfβs2

+ Pμ
f εξναβε1ξ ε f ν PαPfβs3

+ εμξναε1ξ ε f νPαs4,
〈
J/ψ | γ μ | χc2

〉 = Pμ(P · ε f )P
ξ
f P

ν
f εξνu1

+ PμPξ
f ε

ν
f εξνu2

+ Pμ
f (P · ε f )P

ξ
f P

ν
f εξνu3

+ Pμ
f P

ξ
f ε

ν
f εξνu4

+ ε
μ
f P

ξ
f P

ν
f εξνu5 + Pf ξ ε

μξ (P · ε f )u6

+ ε f ξ ε
μξu7.

(4)

Here, ti , si and ui are form factors. The polarization tensor of
χc2 is represented by εξν . ε1 and ε f denote the polarization
vectors of χc1 and J/ψ , respectively. Note that in Eq. (4), the
form factors are not independent. Due to the Ward identity

(Pμ − Pμ
f )〈J/ψ | γμ | χcJ 〉

∣∣∣
Q=0

= 0, they are related by

the following constraint conditions:

t3 = −1

2
(M2 − M2

f )(t1 + t2),

s4 = −1

2
(M2 − M2

f )(s1 + s2),

u7 = 1

2
(M2 − M2

f )(u2 + u4).

(5)

After using the constraint conditions to replace t3, s4 and
u7, the hadronic matrix are parameterized with the left form
factors.

Summed up over the polarization, the squared amplitude
becomes

∑
|M|2 = 4

9

(4π)2α2

Q2 lμνh
μν. (6)

The leptonic and hadronic tensor lμν and hμν takes the fol-
lowing forms:

lμν = −Q2

2
gμν + 4(Pμ

2 Pν
3 + Pν

2 Pμ
3 ),

hμν =
∑

〈J/ψ | γ μ | χcJ 〉〈χcJ | γ ν† | J/ψ〉,
= y1P

μPν +y2(P
μPν

f +Pν Pν
f )+y3P

μ
f P

ν
f +y4g

μν,

(7)

where yi are functions that depend on the invariant mass
Q. The explicit form of yi are derived by summing up the
polarization vector(tensor) using following formulae:

∑

λ

ε
μ

(λ)ε
ν
(λ) = gμν

⊥ ,

∑

λ

ε
μν

(λ)ε
ρσ

(λ) = 1

2
(gμσ

⊥ gνρ
⊥ + gμρ

⊥ gνσ⊥ ) − 1

3
gμν
⊥ gρσ

⊥ ,

(8)

where gμν
⊥ = PμPν

M2 − gμν is defined. Here we give yi for

the χc0 → J/ψ�+�− case as an example:

y1 = (M2 + M2
f − Q2)2t2

1

4M2
f

− M2
f t1t2,

y2 = − (M2 − M2
f )(M

2 + M2
f − Q2)t2

1

4M2
f

+ (M−M2
f )t

2
2

2
− Q2(M2 + 3M2

f + Q2)t1t2

4M2
f

,

y3 = (M−M2
f )

2t2
1

4M2
f

+
[
(Q2 − 2M2

f )
2

4M2
f

− M2
]
t2
2

− (M2 − M2
f )(2M

2
f − Q2)t1t2

2M2
f

,

y4 = − (M2 − M2
f )

2

4
(t1 + t2)2.

(9)

The decay width of a three-body process is given by

� = 1

2M

∫
d3Pf

(2π)32E f

d3P2

(2π)32E2

d3P3

(2π)32E3
(2π)4δ(4)(P − Pf − P2 − P3)|M|2. (10)

The invariant mass spectra of final leptons has the form:

d�

dQ
= 1

256π3M3

1

Q

√
λ(M2, M2

f , Q
2)λ(Q2, M2

2 , M2
3 )

∫
d cos θ |M|2, (11)

where θ is the angle between the final lepton and the meson
in the center of mass of the lepton pair. λ has the form:

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2xz. (12)

3 Numerical results and discussions

In previous papers, we have solved the corresponding full
Salpeter equations for different mesons. In Ref. [22], we fixed
the parameters in the model by fitting the mass spectra of
charmonia and bottomonia. In this paper, we use the same
parameter values as those in Ref. [22]. The masses of mesons
involved are listed as follows:
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Fig. 2 The invariant mass
spectra for the decays
χcJ → J/ψe+e−. The
experimental data for the decays
χc1,2 → J/ψe+e− is shown in
d and e, where the histograms
are for the signal Monte-Carlo
(MC) simulation

(a) (b)

(c) (d)

(e)

MJ/ψ = 3.097 GeV, Mχc0 = 3.415 GeV,

Mχc1 = 3.511 GeV, Mχc2 = 3.556 GeV.
(13)

By fitting the mass spectra of charmonia, the mass of con-
stituent charm quarks are set to mi = 1.62 GeV in our calcu-
lation. The mass spectra of lepton pair of χcJ → J/ψe+e−
processes are shown in Fig. 2. The horizontal axis repre-

sents the invariant mass Q ≡
√
P2

2 + P2
3 , and the verti-

cal axis represents the partial width. For each calculated
spectrum, a peak occurs near the lower limit of invariant

mass Q ≡
√
P2

2 + P2
3 = 2me, similar to the spectra given

by BESIII, whose vertical axis represents the number of
events instead. This could be understood from Eq. (6), where
the squared amplitude is proportion to 1/Q4, causing it to
increase rapidly at the lower limit. Besides, since the mass
of electron is four orders of magnitudes smaller than those
of the charmonia, the distribution of decay width gets a large
contribution when the invariant mass is small enough. This
indicates that the value of the form factors near the Q = 2me

can bring large contribution to the results in our calculation.
Thus, it is necessary to increase the accuracy of the calculated
form factors at this range. At the range where the invariant
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Table 1 The decay widths and
branching fractions of dilepton
EM decays of χcJ with e+e− as
final leptons

Decay mode �(keV) B (×10−3) BEXP (×10−3)

χc0 → J/ψe+e− 1.14+0.17
−0.19 0.106+0.016

−0.018 0.151±0.030 ± 0.013 [6]

χc1 → J/ψe+e− 2.42+0.42
−0.44 2.88+0.50

−0.53 3.73±0.09 ± 0.25 [6]

χc2 → J/ψe+e− 3.42+0.43
−0.40 1.74+0.22

−0.21 2.48±0.08 ± 0.16 [6]

Fig. 3 The invariant mass
spectra for the decays
χcJ → J/ψμ+μ−. The
experimental data for the decays
χc1,2 → J/ψμ+μ− is shown in
d, e and f, where the histograms
are for the signal MC simulation

(a) (b)

(c) (d)

(e) (f)

mass become larger, the curve flattens as the effect from phase
space becomes dominant.

In Table 1, our numerical results of decay widths and
branching fractions are given. The uncertainties are achieved

by varying the (anti-)quark masses and parameters in the
interaction potential by ±10%.According to our numeri-
cal results, the χc2 → Jψe+e− process has the largest
decay width while the χc0 → Jψe+e− process has the
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Table 2 The decay widths and
branching fractions of dilepton
EM decays of χcJ with μ+μ−
as final leptons

Decay mode �(keV) B (×10−4) BEXP (×10−4)

χc0 → J/ψμ+μ− (4.10+0.64
−0.69) × 10−2 (3.80+0.59

−0.64) × 10−2 < 0.2 [7]

χc1 → J/ψμ+μ− 0.171+0.031
−0.032 2.04+0.36

−0.38 2.51±0.18 ± 0.20 [7]

χc2 → J/ψμ+μ− 0.327+0.037
−0.037 1.66+0.19

−0.19 2.33±0.18 ± 0.29 [7]

Table 3 The ratios of branching
fractions of χcJ → J/ψμ+μ−
and χcJ → J/ψe+e−

Decay mode This work BESIII [7] Luchisky [17]

B[χc0 → J/ψμ+μ−]
B[χc0 → J/ψe+e−] (×10−2) 3.60+0.01

−0.01 < 14 2.72

B[χc1 → J/ψμ+μ−]
B[χc1 → J/ψe+e−] (×10−2) 7.08+0.03

−0.02 6.73 ± 0.51 ± 0.50 5.93

B[χc2 → J/ψμ+μ−]
B[χc2 → J/ψe+e−] (×10−2) 9.54+0.06

−0.08 9.40 ± 0.79 ± 1.15 7.36

smallest. Meanwhile, the calculated branching fractions of
χc0,1 → J/ψe+e− processes are consistent with the exper-
imental data in the given uncertainties, while the calculated
result of χc2 → J/ψe+e− is comparable.

In Fig. 3, the invariant mass spectra of the muon pairs are
shown along with the results of BESIII [7] and LHCb [8].
The axes of spectra given by BESIII represent number of
events while the axis of the spectrum given by LHCb rep-
resents partial width. The curves given by LHCb are results
of simulation, which uses the model described in Ref. [5].
Our results are consistent with the experimental data qualita-
tively. Clearly, as the mass of a muon is much larger than that
of an electron, the peaks appeared at about 0.25 GeV in the
muon spectra are not so sharp. Compared to the experimen-
tal data, our muon spectra shares the same lower and upper
limit of invariant mass, while our peak are slightly lower than
the spectra given by LHCb. Our results of decay widths and
branching fractions for the χcJ → J/ψμ+μ− process are
shown in Table 2. The experimental branching fractions given
by BESIII [7] are also listed to make comparison. For the pro-
cess of χc0 → J/ψμ+μ−, the experiment has only given the
upper limit of branching fraction. Our calculated result stays
within the given limits. The results of χc1 → J/ψμ+μ−
also consist with those of the experiments. Though the cen-
tral value of χc2 → J/ψμ+μ− process is slightly smaller, it
is still consistent with the experimental data after the uncer-
tainties being considered.

Furthermore, the ratios between branching fractions are
given in Table 3. The theoretical uncertainties have been
reduced. The central values of our results of χc1,2 are
slightly larger than those of the experimental data provided
by BESIII, while our result of χc0 is under the upper limit
of experimental data. Generally, the branching fractions of
χcJ → J/ψμ+μ− are about one order of magnitude smaller
than that of χcJ → J/ψe+e−. In Ref. [17], the same pro-
cesses are calculated with a relation between dilepton decays
and radiative decays. The relation was given by Ref. [5],

in which the transition form factors was derived based on
the Vector Meson Dominance (VMD) model within the con-
straints from quark counting rules. Generally, their results
are relatively smaller to the central values of experimental
data given by BESIII.

4 Summary

In this work, the dilepton EM decays between χcJ and J/ψ
is studied with the improved Bethe–Salpeter method. Our
results were compared with the recent BESIII experiments,
the distribution of χc1,2 → J/ψ�+�− are consistent with
the experimental spectra qualitatively, showing the suitabil-
ity of our method. For the process of χc0,1 → J/ψe+e− and
χcJ → J/ψμ+μ−, our calculated branching fractions con-
sist with experiments under the given uncertainties, while the
result of χc2 → J/ψe+e− channel is comparable. Further-
more, the ratios of branching fractions are given to reduce the-
oretical uncertainties. The ratios have given good agreements
with the experimental data of BESIII. So far, the explicit data
of the involved channels has only been measured by BESIII,
further comparison could be made with more experiment in
the future.
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Appendix: Bethe–Salpeter wave function

In the previous section, we have discussed how to derive the
invariant amplitude and decay width. But to get the numerical
results of a specific decay channel, the explicit Salpeter wave
functions of the mesons involved are necessary.

For the 0+ (3P0) state, the positive energy part of the wave
function takes the form [19]:

ϕ++
0+ (q⊥) = A1(q⊥) + /P

M
A2(q⊥) + /q⊥

M
A3(q⊥)

+ /P/q⊥
M2 A4(q⊥), (14)

where

A1 = (ω1 + ω2)q2⊥
2(m1ω2 + m2ω1)

[
fa1 + m1 + m2

ω1 + ω2
fa2

]
,

A2 = (m1 − m2)q2⊥
2(m1ω2 + m2ω1)

[
fa1 + m1 + m2

ω1 + ω2
fa2

]
,

A3 = M

2

[
fa1 + m1 + m2

ω1 + ω2
fa2

]
,

A4 = M

2

[ ω1 + ω2

m1 + m2
fa1 + fa2

]
. (15)

In our expressions above, P and M denote the momentum
and mass of the meson, while q denotes the relative momenta
of the quarks. m1 (m2) and ω1 (ω2) denotes the mass and
energy of the constituent quark (anti-quark), respectively.
Note that we have m1 = m2 for the charmonia. These rep-
resentation are used likewise in our expressions below. fai
(i = 1, 2) are the radial wave functions, which are obtained
by solving the Salpeter equations of the 0+ state.

For the 1++ (3P1) state, the positive energy part of the
wave function is [19]:

ϕ++
1++(q⊥) = iεμναβ

Pν

M
qα⊥ε

β
1 γ μ

×
[
B1(q⊥) + /P

M
B2(q⊥) + /q⊥

M
B3(q⊥)

+ /P/q⊥
M2 B4(q⊥)

]
, (16)

where

B1 = 1

2

[
fb1 + ω1 + ω2

m1 + m2
fb2

]
,

B2 = −1

2

[m1 + m2

ω1 + ω2
fb1 + fb2

]
,

B3 = M(ω1 − ω2)

m1ω2 + m2ω1
B1,

B4 = − M(m1 + m2)

m1ω2 + m2ω1
B1. (17)

fbi (i = 1, 2) are the radial wave functions obtained by
solving the Salpeter equations of the 1++ state.

The positive energy part of the wave function of the 2+
(2P3) state is written as [20]:

ϕ++
2+ = εμνq

μ
⊥q

ν⊥
[
C1(q⊥)

+ /P

M
C2(q⊥) + /q⊥

M
C3(q⊥) + /P/q⊥

M2 C4(q⊥)

]
,

+ Mεμνγ
μqν⊥

[
C5(q⊥) + /P

M
C6(q⊥) + /q⊥

M
C7(q⊥)

+ /P/q⊥
M2 C8(q⊥)

]
, (18)

where

C1 = 1

2M(m1ω2 + m2ω1)

[
(ω1 + ω2)q

2⊥ fc3

+ (m1 + m2)q
2⊥ fc4 + 2M2ω2 fc5 − 2M2m2 fc6

]
,

C2 = 1

2M(m1ω2 + m2ω1)

[
(m1 − m2)q

2⊥ fc3

+ (ω1 − ω2)q
2⊥ fc4 + 2M2m2 fc5 − 2M2ω2 fc6

]
,

C3 = 1

2

[
fc3 + m1 + m2

ω1 + ω2
fc4 − 2M2

m1ω2 + m2ω1
fc6

]
,

C4 = 1

2

[
ω1 + ω2

m1 + m2
fc3 + fc4 − 2M2

m1ω2 + m2ω1
fc5

]
,

C5 = 1

2

[
fc5 − ω1 + ω2

m1 + m2
fc6

]
,

C6 = 1

2

[
− m1 + m2

ω1 + ω2
fc5 + fc6

]
,

C7 = M

2

ω1 − ω2

m1ω2 + m2ω1

[
fc5 − ω1 + ω2

m1 + m2
fc6

]
,

C8 = M

2

m1 + m2

m1ω2 + m2ω1

[
− fc5 + ω1 + ω2

m1 + m2
fc6

]
. (19)

fci (i = 3, 4, 5, 6) are the radial wave functions of the 2++
state.

The positive energy part of the wave function of the 1−
(3S1) state has the form [21]:

ϕ++
1− (q ′⊥) = (q ′⊥ · ε f )

[
D1(q

′⊥) + /P f

M f
D2(q

′⊥)
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+ /q ′
⊥

M f
D3(q

′⊥) + /P f /q ′
⊥

M2
f

D4(q
′⊥)

]

+ M f /ε f

[
D5(q

′⊥) + /P f

M f
D6(q

′⊥)

+ /q ′
⊥

M f
D7(q

′⊥) + /P f /q ′
⊥

M2
f

D8(q
′⊥)

]
, (20)

where

D1 = 1

2M f (m1ω2 + m2ω1)

[
(ω1 + ω2)q

′2⊥ fd3

+ (m1 + m2)q
′2⊥ fd4 + 2M2

f (ω2 fd5 − m2 fd6)
]
,

D2 = 1

2M f (m1ω2 + m2ω1)

[
(m1 − m2)q

′2⊥ fd3

+ (ω1 − ω2q
′2⊥ fd4 − 2M2

f (m2 fd5 − ω2 fd6)
]
,

D3 = 1

2

[
fd3 + m1 + m2

ω1 + ω2
fd4 − 2M2

f

m1ω2 + m2ω1
fd6

]
,

D4 = 1

2

[
ω1 + ω2

m1 + m2
fd3 + fd4 − 2M2

f

m1ω2 + m2ω1
fd5

]
,

D5 = 1

2

[
fd5 − ω1 + ω2

m1 + m2
fd6

]
,

D6 = 1

2

[
− m1 + m2

ω1 + ω2
fd5 + fd6

]
,

D7 = M f

2

ω1 − ω2

m1ω2 + m2ω1

[
fd5 − ω1 + ω2

m1 + m2
fd6

]
,

D8 = M f

2

m1 + m2

m1ω2 + m2ω1

[
− fd5 + ω1 + ω2

m1 + m2
fd6

]
. (21)

fdi (i = 3, 4, 5, 6) denotes the radial wave functions of the
1− state.

In our expression above, the definition ωi =
√
m2

i − q2
i⊥

(ωi =
√
m2

i − q ′2
i⊥ in the wave functions of the final meson

J/ψ) is used.

References

1. L.G. Landsberg, Phys. Rep. 128, 301 (1985)
2. J. Fu, H.-B. Li, X. Qin, M.-Z. Yang, Mod. Phys. Lett. A 27, 1250223

(2012). arXiv:1111.4055 [hep-ph]
3. H.-B. Li, T. Luo, Phys. Lett. B 686, 249 (2010). arXiv:0911.2067

[hep-ph]
4. M. Tanabashi et al., (Particle Data Group), Phys. Rev. D 98, 030001

(2018)
5. A. Faessler, C. Fuchs, M.I. Krivoruchenko, Phys. Rev. C61, 035206

(2000). arXiv:nucl-th/9904024 [nucl-th]
6. M. Ablikim et al., (BESIII), Phys. Rev. Lett. 118, 221802 (2017).

arXiv:1701.05404 [hep-ex]
7. M. Ablikim et al., (BESIII), Phys. Rev. D 99, 051101 (2019).

arXiv:1901.06627 [hep-ex]
8. R. Aaij et al., (LHCb). Phys. Rev. Lett. 119, 221801 (2017).

arXiv:1709.04247 [hep-ex]
9. T.-H. Wang, G.-L. Wang, Phys. Lett. B 697, 233 (2011).

arXiv:1006.3363 [hep-ph]
10. W.-L. Ju, T. Wang, Y. Jiang, H. Yuan, G.-L. Wang, https://doi.

org/10.1088/0954-3899/43/4/045004, arXiv:1511.03805 [hep-
ph] (2015)

11. E.E. Salpeter, H.A. Bethe, Phys. Rev. 84, 1232 (1951)
12. E.E. Salpeter, Phys. Rev. 87, 328 (1952)
13. C.S. Kim, G.-L. Wang, Phys. Lett. B 584, 285 (2004) (erratum:

Phys. Lett. B 634, 564, 2006). arXiv:hep-ph/0309162 [hep-ph]
14. T. Wang, G.-L. Wang, H.-F. Fu, W.-L. Ju, JHEP 07, 120 (2013).

arXiv:1305.1067 [hep-ph]
15. X.-Z. Tan, T. Wang, Y. Jiang, S.-C. Li, Q. Li, G.-L. Wang, C.-H.

Chang, Eur. Phys. J. C 78, 583 (2018). arXiv:1802.01276 [hep-ph]
16. Z.-K. Geng, T. Wang, Y. Jiang, G. Li, X.-Z. Tan, G.-L. Wang, Phys.

Rev. D 99, 013006 (2019). arXiv:1809.02968 [hep-ph]
17. A.V. Luchinsky, Mod. Phys. Lett. A 33, 1850001 (2017).

arXiv:1709.02444 [hep-ph]
18. Z.-H. Wang, G.-L. Wang, C.-H. Chang, J. Phys. G 39, 015009

(2012). arXiv:1107.0474 [hep-ph]
19. G.-L. Wang, Phys. Lett. B 650, 15 (2007). arXiv:0705.2621 [hep-

ph]
20. G.-L. Wang, Phys. Lett. B 674, 172 (2009). arXiv:0904.1604 [hep-

ph]
21. G.-L. Wang, Phys. Lett. B 633, 492 (2006).

arXiv:math-ph/0512009 [math-ph]
22. C. Chang, G. Wang, Sci. China Phys. Mech. Astron. 53, 2005

(2010). arXiv:1003.3827 [hep-ph]

123

http://arxiv.org/abs/1111.4055
http://arxiv.org/abs/0911.2067
http://arxiv.org/abs/nucl-th/9904024
http://arxiv.org/abs/1701.05404
http://arxiv.org/abs/1901.06627
http://arxiv.org/abs/1709.04247
http://arxiv.org/abs/1006.3363
https://doi.org/10.1088/0954-3899/43/4/045004
https://doi.org/10.1088/0954-3899/43/4/045004
http://arxiv.org/abs/1511.03805
http://arxiv.org/abs/hep-ph/0309162
http://arxiv.org/abs/1305.1067
http://arxiv.org/abs/1802.01276
http://arxiv.org/abs/1809.02968
http://arxiv.org/abs/1709.02444
http://arxiv.org/abs/1107.0474
http://arxiv.org/abs/0705.2621
http://arxiv.org/abs/0904.1604
http://arxiv.org/abs/math-ph/0512009
http://arxiv.org/abs/1003.3827

	Study of the dilepton electromagnetic decays of χcJ(1P)
	Abstract 
	1 Introduction
	2 The formalism
	3 Numerical results and discussions
	4 Summary
	Acknowledgements
	Appendix: Bethe–Salpeter wave function
	References




