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Abstract The study of planar channeling of high-energy
negatively charged particles in bent crystals was carried
out. The value of the critical radius of planar channeling
in the Doyle–Turner approximation for the atomic potential
is determined. The dependence of the maximum angle at
which a given fraction of beam particles could be deflected
by means of planar channeling in a bent crystal on the particle
energy was found. We identified the ideal parameters for the
exploitation of planar channeling for negatively charged par-
ticle beam deflection by planar channeling in a bent crystal
at current and future high-energy accelerators, e.g., SLAC,
MAMI, ILC or muon colliders.

1 Introduction

When a high-energy charged particle moves in a crystal at
a small angle to one of the main crystalline axes or planes,
its trajectory is determined mainly by the field of continuous
potential of the crystalline atomic strings or planes [1]. In a
bent crystal, such motion in the field of bent atomis strings or
bent atomic planes makes it possible to deflect charged parti-
cles from their initial direction of motion. The possibility of
using a bent crystal to deflect high-energy charged particles
was first proposed in Refs. [2] and [3]. In these works, the
deflection of particles that move in a bent crystal in the pla-
nar channeling mode was proposed [1]. It was assumed that
if charged particles move in a potential well formed by the
adjacent atomic planes of a bent crystal, these particles will
deflect, following the bending of crystalline atomic planes.
An illustration of planar channeling in a bent crystal is shown
in Fig. 1. In this figure solid line shows the potential energy of
an electron in the field of bent atomic planes. The interplanar
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distance is indicated as dp. If the orthogonal energy of the
particle E⊥ [1] is less than the height of the potential barrier
between the planes, the particle channels in a bent crystal (this
case is illustrated by a dotted line). Otherwise, if the orthog-
onal energy of the particle exceeds the height of the potential
barrier between the planes, the particle is above-barrier and is
not captured in the planar channeling mode (this case is illus-
trated by a dash-dotted line). Experimentally, this deflection
mechanism for positively charged particles was confirmed
in Ref. [4]. For positively charged particles, the potential
well formed by the neighboring atomic planes of the crys-
tal, lies between the planes, while for the negatively charged
particles the position of the center of potential well coincides
with the position of the atomic plane. For this reason dechan-
neling caused by incoherent scattering of charged particles
(which occurs primarily because of the thermal vibrations
of the atoms of the crystals and scattering by the electron
subsystem of atoms) is more intense for negatively charged
particles than for positively charged ones. This is why planar
channeling in a bent crystal is more effective for positively
charged particles.

Experimental confirmation of the possibility of using pla-
nar channeling in a bent crystal to deflect negatively charged
particles was obtained in Ref. [5]. The deflection efficiency
in that experiment was approximately 30%. In recent years, a
number of experiments have been carried out to study the pla-
nar channeling of negatively charged particles in bent crys-
tals [6–10]. These experiments demonstrated the deflection
of a part of the electron beam in different energy ranges of
particles from 855 MeV to 150 GeV.

In this paper, we carry out a theoretical analysis of planar
channeling of negatively charged particles in a bent crys-
tal, discuss the optimal crystal parameters for observing the
deflection of negatively charged particles and analyze the
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Fig. 1 An illustration of interplanar potential in a bent crystal. Dotted
line corresponds to planar channeling, while dash-dotted line corre-
sponds to above-barrier motion

energy dependence of the efficiency of high-energy nega-
tively charged particle beam deflection by planar channel-
ing in a bent crystal. This analysis is important because
bent crystals can be applied for extraction or collimation of
high-energy negatively charged particle beams on existing
and future accelerators, e.g., SLAC, MAMI, ILC or muon
colliders.

2 Calculations in parabolic approximation of planar
potential

In the article [11], on the basis of an analytical calculation and
a numerical simulation of high-energy negatively charged
particle motion in a bent crystal, planar channeling in a bent
crystal was studied. Namely, the dependence of the deflection
efficiency on the radius of crystal curvature was analyzed. It
was shown that if one wants to deflect a given part of the beam
particles there exists an optimal radius of crystal curvature at
which this given fraction will be deflected on the maximum
angle. This radius of curvature was called the optimal radius
of crystal curvature Ropt. For analytical calculations in the
article [11] the parabolic approximation of planar potential
was used:

Up(x) = −U0

d2
p

[
(2x + dp)

2 H(−x(dp + x))

+ (2x − dp)
2 H(x(dp − x))

]
, (1)

|x | ≤ dp/2, where dp is the distance between neighboring
atomic planes, U0 is the potential well depth and H(ζ ) is the
Heaviside step function [12] which equals to 1 for ζ > 0, to

0 for ζ < 0 and to 1
2 for ζ = 0. In [10] it was shown that

such a simple parabolic approximation gives almost the same
result for estimating the fraction of negatively charged par-
ticles, that becomes under-barrier when the beam impinges
on a crystal, as a more complex and realistic Doyle–Turner
approximation [13].

This simple model of planar potential gave a possibility
to obtain an analytical expression for the maximum angle
up to which a given fraction of beam particles f remains
underbarrier and thus could be deflected by means of planar
channeling in a bent crystal with radius of curvature R:

α f = θ2
c

2ξ2 R
(

erf−1
(

f
1−√

Rc/R

))2 , (2)

where θc is the critical angle for planar channeling [1], Rc

is the critical radius of planar channeling and erf−1(ζ ) is
the inverse error function, ξ is defined as follows: if ϑ is
the angle between the crystal planes and momentum of the
particle, and ϑ0 is the standard deviation of the distribution
of ϑ angles of beam particles at the given thickness of the
crystal l, then ϑ0 = ξ

√
l.

If we want to study the dependence of α f and Ropt from the

kinetic energy of particles E we should notice that Rc = Edp
4U0

,

θc =
√

2U0
E

(
1 − Rc

R

)
[14] and by analogy with multiple

scattering in amorphous medium we will assume that ξ ∝
1/E . Now if we introduce a variable ρ = R/Rc, we will be
able to write (2) as

α f = U0

Eξ2 Rc

(
1 − ρ−1

)2

ρ
(

erf−1
(

f
1−ρ−1/2

))2 . (3)

As Rc ∝ E and ξ ∝ 1/E , the first factor in (3) does not
depend on E .

The optimal radius of curvature which corresponds to the
max

(
α f

)
can be found by solving the equation

dα f

d R

∣∣∣∣
ρ=ρopt

= 0. (4)

This means that the value of ρopt in parabolic approximation
of planar potential does not depend on E and so Ropt ∝ E .

3 Simulation in Doyle–Turner approximation of planar
potential

The model of parabolic potential of atomic planes is useful for
analytical calculations, however this model does not take into
account a number of properties of real inter-planar potential.
Now we will find the dependence of α f and Ropt on the
kinetic energy of particles in more realistic Doyle–Turner
approximation of planar potential. In this approximation the
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potential energy of a particle with a charge, that equals to the
charge of an electron, in the field of an atomic string could
be written as

Ustr(ρ) = −8π2h̄2

med

4∑
k=1

αk

βk + B
e
− 4π2ρ2

βk+B , (5)

where me is an electron mass, d is the distance between neigh-
boring atoms in the atomic string, αk and βk are coefficients
found in [13] for a large number of elements, B = 8π2〈rT

2〉
and rT is the rms atomic thermal vibration amplitude in one
direction (rT ≈ 0.075 Å for Si at 293 K), ρ = √

x2 + y2 is
the distance from the atomic string. After averaging of (5)
over y one can obtain the potential energy of a particle with
a charge, that equals to the charge of an electron, in the field
of an atomic plane as

Upl(x) = −4π
3
2 h̄2

medds

4∑
k=1

αk√
βk + B

e
− 4π2x2

βk+B , (6)

where ds is the distance between neighboring atomic strings
in the atomic plane.

To obtain the potential of atomic planes in a crystal in the
Doyle–Turner approximation one must sum up potentials of
atomic planes (6). Since Upl(x) in Eq. (6) decreases rapidly
with increasing distance from the atomic plane, only a limited
number of neighboring atomic planes determine the value of
the potential at the selected point inside the crystal. This fact
gives us a possibility to sum the potentials of atomic planes
analytically and find the potential energy of a high-energy
charged particle with a charge that equals to the charge of an
electron as

Up(x) =
∞∑

n=−∞
Upl(x − xn), (7)

where points xn correspond to the location of atomic planes.
After summation one can obtain

Up(x) = − 2π h̄2

meddsdp

4∑
k=1

αkθ3

(
π

x

dp
, e

− βk +B

4d2
p

)
, (8)

where θ3(u, q) = ∑∞
n=−∞ qn2

e2nui is the Jacobi theta func-
tion of the third kind [15], i2 = −1.

Equation (8) was found in assumption that atomic planes
are equidistant. This is correct for (100) and (110) atomic
planes of Si crystal. For (111) atomic planes, if we consider
one of them, the distance to right neighboring plane is not
the same as distance to left neighboring plane. If we denote
the distance between odd atomic planes (that is equal to the
distance between even atomic planes) as dp2 and the distance
between two nearest planes as dp1, potential energy of a high-
energy charged particle with a charge that equals to the charge

Table 1 Maximum values of the plane potential derivative

Plane U ′
p(x0) (eV/Å) U0(eV ) 4U0/dp (eV/Å)

(100) 39.5225 11.7894 34.7340

(110) 57.3313 21.3573 44.4934

(111) 66.8021 28.3173 48.1676

of an electron in the field of (111) planes of Si crystal can be
written as

Up(x) = − 2π h̄2

meddsdp2

4∑
k=1

αk

[
θ3

(
π

x

dp2
, e

− βk+B

4d2
p2

)

+ θ3

(
π

x − dp1

dp2
, e

− βk +B

4d2
p2

)]
. (9)

In a bent crystal, however, particle moves in the so-called
effective potential [16]:

Ueff(x) = Up(x) + Ex/R. (10)

Let us find the critical radius of curvature of the crystal in the
Doyle–Turner approximation of planar potential. The crit-
ical radius of curvature of the crystal means the radius at
which potential wells in effective potential (10) disappear.
This means that at R = Rc the derivative of Ueff(x) is non-
negative. So, to find Rc one must find the point x0 at which
the second derivative of Ueff(x) is equal to zero and solve an
equation

dUeff(x)

dx

∣∣∣
x=x0

= 0. (11)

And thus we obtain

Rc = E

|U ′
p(x0)| . (12)

In Table 1 we calculated in the Doyle–Turner approxima-
tion of planar potential values of U ′

p(x0) and the potential
well depth U0 in a straight crystal for three main planar ori-
entations of a Si crystal. For (111) orientation calculations
were done for a deeper potential well.

Now we can compare Rc obtained in parabolic (Rc = Edp
4U0

)
and Doyle–Turner approximation of planar potential. To do
this in Table 1 we calculated values of 4U0

dp
for three main

planar orientations of a Si crystal. Comparison between val-
ues of U ′

p(x0) and 4U0/dp show that for all three main pla-
nar orientations of a Si crystal parabolic approximation gives
overestimated values for the critical radius of curvature of the
crystal. The difference in values of Rc increases linearly with
increasing energy. In Fig. 2 we show the difference in values
of the critical radius of curvature calculated in parabolic and
Doyle–Turner approximation of planar potential on exam-
ple of (110) atomic planes of a Si crystal. One can see that
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Fig. 2 The dependence of the critical radius of curvature of the crystal
on particle energy in parabolic and Doyle–Turner approximation of
planar potential

although at low energies the difference is small, it grows
linearly with increasing particle energy and at an energy of
2 TeV, the difference reaches 1 m.

Unfortunately, the expression (8) is too complex to obtain
the dependence of α f and Ropt on particle energy analyti-
cally, as we did in the previous section for parabolic poten-
tial. However, this dependence could be found with a help of
numerical simulation. We carried out a numerical simulation
of π−-mesons motion in a bent Si crystal. The simulation was
carried out for particles with energy from 10 GeV to 10 TeV.
The simulation code was the same as in Refs. [17,18]. The
code computes the trajectory of a high-energy charged par-
ticle in the field of continuous atomic string potential in the
Doyle–Turner approximation through numerical integration
of the equation of motion. It takes into account the incoherent
scattering caused by thermal vibrations of atoms and scatter-
ing on electrons. Other kinds of incoherent scattering were
not taken into account considering the small crystal thick-
ness. In the simulation the crystal was oriented in such a way
that impinging particles were moving in bent (110) planar
channels.

For each considered particle energy value we simulated
propagation of the beam of 105 particles through the crystal of
a given radius of curvature R. The initial angular divergence
of the beam was equal to zero. For each particle we calculated
the thickness of the crystal at which particle dechanneled.
This gave us a possibility to find maximum deflection angle
α f on which the given fraction f of beam particles remains
underbarrier and thus can be deflected by a bent crystal with
the given R. Then we were changing the radius of curvature of
the crystal and repeated simulation. Thanks to this procedure,
we were able to find the dependence of α f on R. The example

 0

 20

 40

 60

 80

 100

 120

 140

 160

 180

 0  10  20  30  40  50  60  70

 [
ra

d]

R / Rc

Fig. 3 The dependence of the maximum deflection angle α f on which
the given fraction f = 0.1 of beam particles can be deflected by a bent
crystal on the radius of curvature of the crystal
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Fig. 4 The dependence of the maximum angle by which the fraction
of particles f = 0.1 can be deflected on the particle energy. The black
solid curve shows the dependence of the critical angle of the planar
channeling on the particle energy

of such dependence is shown in Fig. 3 for E = 300 GeV and
f = 0.1. In this figure one can see a well-defined maximum
at R/Rc ∈ (6, 7) which coincides with the results obtained
in [11].

After repeating the procedure described in the previous
paragraph, we obtained the values of the max α f and Ropt

for a number of particle energies in the range from 10 GeV
to 10 TeV. The values of max α f obtained by simulation are
shown in Fig. 4 by black dots for f = 0.1. Red dashed curve
shows a fit of simulated points by function g(x) = Axm .
For the obtained simulation results A ≈ 165μrad and
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Fig. 5 The dependence of the ratio of the optimal radius of curvature
to the critical radius of planar channeling on the particle energy for
f = 0.1

m ≈ − 0.076. It can be seen that the approximating curve
very accurately describes the distribution of points obtained
by simulation. The black solid curve in the figure shows the
dependence of the critical angle of the planar channeling on
the particle energy. It can be seen that the maximum deflec-
tion angle, by which 10% of the particles of a beam of neg-
atively charged particles can be deflected using planar chan-
neling, is many times higher than the critical angle of planar
channeling.

In Fig. 5 we depicted the dependence of the ratio of the
optimal radius of curvature to the critical radius of planar
channeling on the particle energy for f = 0.1. Simulation
results are shown by black points, while the mean value
〈Ropt/Rc〉 ≈ 6.7 is shown by red dashed line. Simulation
results are in a coincidence with theoretical results obtained
in [11]. It can be seen that the ratio of the optimal radius of
curvature to the critical radius of planar channeling is inde-
pendent of the particle energy. Taking into account formula
(12), we conclude that the optimal radius of planar channel-
ing increases linearly with increasing particle energy.

In Fig. 6 we shown the dependence of max α f on the
particle energy for f = 0.1 in double logarithmic scale.
As in Fig. 4 black dots show simulation results, while the
red dashed line shows a fit of simulated points by function
g(x) = Axm (the values of the fitting parameters are indi-
cated above). The black solid line in the figure shows the
dependence of the critical angle of the planar channeling on
the particle energy. The fact that the points obtained by sim-
ulation on a double logarithmic scale fit on a straight line
shows that max α f depends on the particle energy according
to a power law.
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Fig. 6 The dependence of the maximum angle by which the fraction
of particles f = 0.1 can be deflected on the particle energy on a double
logarithmic scale. The black solid line shows the dependence of the
critical angle of the planar channeling on the particle energy
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Fig. 7 The dependence of the maximum angle by which the given
fraction of particles can be deflected on f for E = 300 GeV. The line
shows the value of the critical angle of planar channeling

It is important to note that, in accordance with formula (3),
the value of α f substantially depends on the fraction of beam
particles that must be deflected by a bent crystal. In Fig. 7 we
shown this dependence for E = 300 GeV. Simulation results
are depicted by dots, while line shows the value of the critical
angle of planar channeling. One can see that with a decrease
in f the max α f is growing rapidly. However, it should be
noted that planar channeling makes it possible to deflect only
a smaller part of the beam of negatively charged particles.
And the smaller this part, the more it can be deflected.
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4 Conclusions

In summary, an investigation on the mechanism of planar
channeling of high-energy negatively charged particles in
bent crystals was carried out. The consideration showed that
there is a maximum in the dependence of the deflection from
the radius of curvature of the crystal. This maximum corre-
sponds to the optimal radius of planar channeling. It was
shown that this optimal radius grows linearly with increas-
ing energy. It was also shown that maximum deflection angle
max α f on which the given fraction f of beam particles
can be deflected by a bent crystal decreases with increas-
ing energy according to a power law. Moreover, the analy-
sis of the dependence of max α f on parameter f shown that
max α f grows rapidly with a decrease in f . The study showed
that planar channeling in a bent crystal makes it possible to
deflect part of the beam of negatively charged by angles that
significantly exceed the critical angle of planar channeling.
It was shown that only a smaller part of the beam particles
can be deflected at a large angle.
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