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Abstract Hawking radiation is one of the most intriguing
and elusive predictions of quantum field theory in curved
spacetime. Previous works simulating Hawking radiation
have been mostly based on Unruh’s scenario, where the
propagation of quantum field in classical gravitational back-
ground is mimicked. Here, guided by the duality between
black holes in Jackiw-Teitelboim (JT) dilaton gravity and
solitons in sine-Gordon (SG) field theory, we propose the
use of a superconducting circuit for investigating analogue
Hawking radiation. 1+1 dimensional black holes can be real-
ized as solitons of the SG equation of superconducting phase.
It is found despite the absence of field theoretic dynamical
modes, the analogue Hawking radiation is emitted in terms
of the quantum soliton evaporation as a result of quantum
perturbation of the black hole metric. Our theoretical pro-
posal could not only facilitate the observation of relativistic
quantum effects in lab, but also contribute to experimentally
exploring the quantum mechanics of solitons, especially to
the deep relationship between such mechanics and black hole
physics.

1 Introduction

Hawking radiation is particle creation stimulated by quan-
tum vacuum fluctuations in the black hole background [1,2],
revealing the deep link between gravity and thermodynam-
ics [3], as well as quantum mechanics. Observation of Hawk-
ing radiation could not only facilitate the exploration of the
still-unknown laws of quantum gravity, but also plays a very
important role in addressing the black hole information loss
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paradox [4,5]. However, demonstrating Hawking radiation
is probably extremely difficult through direct astrophysi-
cal black hole observations, since typical stellar size black
holes are cold and are far away from us. To render the rel-
evant physics accessible to an experimental investigation,
Unruh [6] first pointed out that sound waves in a convergent
fluid flow behaves the same as quantum field in a classical
gravitational field. He thus predicted that a thermal spectrum
of sound waves should be given out from the sonic horizon
in transsonic fluid flow, provided that the incoming acous-
tic modes are in vacuum state. This is the analogue Hawking
radiation. Note that initial thermal noise could affect the ther-
mal nature of radiation spectrum, and the relevant issues have
been investigated by D. E. Bruschi et al. [7]. Recently, a lot
of “analogous gravity” experiments have been proposed to
observe the analogue Hawking radiation [8–17]; see Ref. [18]
for an extensive review and a comprehensive list of refer-
ences.

On the other hand, there is a duality between black holes
in JT dilaton gravity and solitons in SG field theory [19].
Unlike the previous derivation of Hawking radiation, in this
theory the JT black holes emit the thermal radiation in terms
of quantum soliton evaporation as a result of the perturba-
tion of black hole metric [20]. Besides, they still exhibit the
usual thermodynamic properties even without the field the-
oretic dynamical modes [21]. Therefore, this theory might
provide us a new perspective to shed light on the field theory
origin of black holes and the dynamical source of black hole
entropy [19,21].

Previous papers focused either on the duality between
black holes in JT dilaton gravity and solitons in SG field
theory, or only on the physics of SG field theory in some spe-
cial systems, such as DNA-promoter dynamics [22]. There
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are few proposals involving the experiments with fantastic
controllability and scalability to demonstrate these physics,
especially to further explore their deep connection. In this
paper, we theoretically provide an experimental proposal—a
superconducting electrical circuit configuration—to recon-
sider the relevant elements together. Particularly, we pay our
attention to the realization of 1 + 1 dimensional black holes
as solitons of the SG equation of superconducting phase.
The analogue Hawking radiation is demonstrated in terms of
the quantum soliton evaporation. Our theoretical study fills
the gap of analogue gravity, which is based on the duality
between solitons in SG field theory and black holes in JT
dilaton gravity theory. Furthermore, it provides a new exper-
imental tool to manifest this duality and learn the physics of
SG field theory.

Note that our scenario is based on the well established cir-
cuit quantum electrodynamics (cQED) technology [23,24].
It is of the fantastic controllability and scalability, and thus
could offer a natural arena for testing fundamentals of quan-
tum mechanics and implementing quantum field theory con-
cepts [25]. Moreover, our proposed setup is quite similar
to the superconducting coplanar waveguide (CPW) [26,27]
and the direct-current superconducting quantum interference
devices (SQUID) array transmission line [28,29] (see more
details below), which have already been constructed experi-
mentally with parameters near those required in our proposed
setup to observe the Hawking effect [28–31]. Our theoretical
proposal therefore can in principle be achievable within the
current cQED technology.

Our paper is constructed as following: in Sect. 2 we simply
review the duality between black holes in JT dilaton gravity
and solitons in SG field theory. In Sect. 3 we introduce our
proposed setup and study how to simulate the SG equation
with superconducting phase. Sections 4 and 5 are respectively
devoted to the investigation of Hawking radiation in SG field
theory and the possible experimental implementation of our
proposal. Conclusions and discussions are given in Sect. 6.

2 Sine-Gordon soliton black hole

It has long been known that the solutions of the SG equa-
tion, ∂2

t φ − ∂2
xφ + m2 sin φ = 0, determine Rieman-

nian geometries with constant negative curvature −2m2

[32]. The line-element corresponding to this manifold is,
ds2 = sin2

(
φ/2

)
dt2 + cos2

(
φ/2

)
dx2, where the angle φ

describes the embedding of the manifold into a three dimen-
sional Euclidean space [32]. Its corresponding Lorentzian
geometries with line-element ds2 = − sin2

(
φ/2

)
dτ 2 +

cos2
(
φ/2

)
dξ2 have negative constant curvature if and only if

∂2φ

∂τ 2 + ∂2φ

∂ξ2 = sin φ, (1)

where a Wick rotation t → i t following Ref. [19] and
the new variables τ = mt and ξ = mx have been
used. Note that for the JT gravity with action IJT[ψ, g] =

1
2G

∫
M2

dx2√|g|ψ(R + 2m2) in this Lorentzian geometries,
Eq. (1) actually provides a sufficient condition to deter-
mine that the equation of motion of Ricci scalar satisfies
R = −2m2, i.e., that spacetime M2 has a Lorentzian met-
ric gμν with constant negative curvature −2m2. Therefore,
according to this interesting relation the duality between
black holes in JT dilaton gravity and solitons in SG field
theory has been built [19]. It allows us to realize the constant
negative curvature two dimensional black holes as solitons
of the SG equation.

As an example, we shall now demonstrate that the 1-
soliton solution of the elliptic SG equation (1) determines
a black hole metric. The 1-soliton solution of the elliptic SG
equation can be written as

φ(τ, ξ) = 4 arctan exp[±γ (ξ − βsτ)],
where γ = (1 + β2

s )
−1/2, and the constant βs is a “spectral

parameter” satisfying 0 < βs < 1. The solution with the
“+” sign in the exponent is the 1-soliton solution, while the
opposite sign is the anti-soliton solution. Substituting this
solution into the Lorentzian line-element above, following
Ref. [19] we can obtain the Schwarzschild form,

ds2 = (β2
s − r2)dT 2 − (β2

s − r2)−1dr2. (2)

Here the definitions dT = dτ −βs
tanh2 ρ

γ (sech2 ρ−β2
s tanh2 ρ)

dρ and

r = 1
γ

sech ρ ≥ 0 with ρ = γ (ξ − βsτ) have been used.
This metric describes a JT black hole with event horizon
at rH = βs . It is actually a dimensionally truncated three
dimensional BTZ black hole [33–35].

3 Sine-Gordon equation in superconducting circuit

We theoretically propose a setup shown in Fig. 1 to realize JT
black holes as solitons of SG euquation. Note that our con-
figuration is similar to the CPW in Refs. [26,27], however, in
our configuration each capacitor is parallel with an identical
SQUID. It is the added SQUIDs that can provide a nonlinear
potential to the Lagrangian of fluxes in the CPW, which plays
a very crucial role in the simulation of black hole.

In this work, each SQUID consists of two identical paral-
lel Josephson junctions (JJs). Besides, the geometric size of
SQUID loop is assumed to be small enough such that its self-
inductance is negligible compared to its kinetic inductance.
In this case, each SQUID can be referred to as an effective
JJ with a junction capacitance CJ and a tunable Josephson

energy EJ(�
J
ext) = 2EJ cos

(
π

�J
ext

�0

)
[27]. Here �0 = h/2e

is the magnetic flux quantum, EJ = �0 Ic
2π

is the Josephson
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Fig. 1 Circuit diagram for a coplanar waveguide-like transmission
line. The inductance for each inductor and the capacitance for each
capacitor are assumed to be L0 and C0, respectively. Each SQUID ele-
ment consists of two identical tunnel Josephson junctions with critical
current Ic and capacitance 1

2CJ. The length of all the cells is the constant
a. The circuit is characterized by the dynamical fluxes �n

energy, and �J
ext = BAS is the flux dropping through the

SQUID loop with the effective area AS and the applied mag-
netic field B.

With the quantum-network theory [36], the Lagrangian
corresponding to our circuit configuration reads

L =
N∑

n=1

[
1

2
C0

(
�̇n

)2 − (�n+1 − �n)
2

2L0
+ 1

2
CJ

(
�̇n

)2

+EJ(�
J
ext) cos

(
2π

�n

�0

)]
, (3)

where �n is the dynamical fluxes of the n-th node. We
restrict ourselves to the macroscopic SQUID junctions in
the phase regime, i.e., when the Josephson energy is so big
compared to the charging energy, EJ(�

J
ext) � (2e)2/2CJ,

and oscillations in the phase across the SQUID could satisfy
�n
�0

� 1. The small amplitude condition allows us to study
the Lagrangian above by linearizing the Josephson cosine
terms. In this regard, let us note we have expanded the cosine
terms in (3) up to the second order in �2

n to investigate the
analog cosmological particle creation [37]. However, here
we will learn the whole nonlinear terms without any approx-
imation. It is these cosine terms that produce a sine term
for the Klien-Gordon equation of the superconducting phase
(shown in (4)), which plays a key role in the analog of black
hole. In addition, we assume that the wavelength λ for the
flux is much longer than the dimensions of a single unit cell
of the chain, i.e., a/λ � 1. Under this assumption the above
Lagrangian (3) can be considered in the continuum approx-
imation, i.e., �n − �n−1 ≈ a ∂�

∂ x + o(a2) to the first order

of (a/λ), written as L = C
2

∫
dx

[(
∂�
∂ t

)2

− a2

L0C

(
∂�
∂ x

)2

+
EJ(�

J
ext)

C cos

(
2π�
�0

)]
, with C = C0 + CJ. Through varia-

tion with respect to φ = 2π
�0

� and its derivative, we find
the superconducting phase φ satisfies 1 + 1 dimensional SG
equation,

∂2φ

∂ t2 − c2 ∂2φ

∂ x2 + m2 sin φ = 0. (4)

Here c = a/
√
L0C is the velocity of propagation, which

in practice is well below the vacuum speed of light c0. And

m =
√

4π2EJ(�
J
ext)/C�2

0 can be considered as the effective
mass. For simplification, hereafter we will assume c = 1
similar to the conventional natural units.

As discussed above, the solutions of the SG equation
(4) determine Riemannian geometries with constant nega-
tive curvature −2m2. Adopting coordinates transformation
τ = mt , ξ = mx , and t → i t [19], one can realize the JT
black holes as solitons of SG equation in our setup. Thus, it
allows us to understand the mechanics of solitons and espe-
cially the duality between JT gravity and SG soliton from the
perspective of experiment.

4 Hawking radiation

Due to the vacuum fluctuation near black hole horizon, vir-
tual particle pairs are constantly created. The negative-energy
particles fall into the black hole, reducing the black hole
energy, while the particles with positive energy can go far
away to the infinite, known as the Hawking radiation. The
radiation spectrum is proportional to the particle occupation
number in thermal equilibrium, but subject to different sta-
tistical distributions depending on what kinds of emitted par-
ticles.

For a quantum scalar field in the background of black hole
with the metric shown in Eq. (2), we can solve its equation
of motion and calculate the spontaneous Hawking radiation
with the quantum field theory in curved spacetime [38,39].
It is found the thermal Hawking radiation spectrum is

〈N̂�〉 = 〈0K|b̂†
�b̂�|0K〉 =

[
exp

(
2π�

βs

)
− 1

]−1

. (5)

Here b̂� is the annihilation operator for Boulware vacuum,
which is singular at the horizon and measured by observers
remaining at a constant distance from the black hole. |0K〉
is the Kruskal vacuum that is regular on the horizon, and
corresponds to true physical vacuum in the presence of the
black hole [39]. The thermal radiation means that seen from
the remote observer, the Kruskal vacuum is not vacuum any-
more. That is to say, particles are emitted from black hole.

In our proposal, we can obtain the analogue Hawking radi-
ation in the SG field theory by analyzing the weak perturba-
tion of field [40], i.e., by assuming φ 
 φs + φ1. Here φs

describes the classical solution to Eq. (1), and φ1 � φs is the
perturbation which satisfies, [∂2

τ + ∂2
ξ ]φ1 − cos(φs)φ1 = 0,

to the first order of φ1. Following Ref. [20], we can obtain
the same result as that shown in (5). Let us note that for
the soliton black hole case, the analogue Hawking radiation
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actually behaves as quantum soliton evaporation, which has
been obtained even without the interaction with a massless
scalar field. It means that JT black holes exhibit the usual ther-
modynamic properties, including black hole entropy, despite
the absence of field theoretic dynamical modes in the theory.
Therefore, the deep relation between JT black holes and SG
solitons might shed light on the field theory origin of black
holes and the dynamical source of black hole entropy.

Let us note that our proposal actually performs in the
Eculidean spacetime. In this case, the propagator of quan-
tum field is of the same characteristic of thermal Green func-
tion [41,42], i.e., it is periodic with the period being the
inverse of temperature of thermal bath. We can rewrite the
Schwarzschild metric in Eq. (2) in the Kruskal coordinates,

ds2 = (βs + r)2(dT 2 − dR2), (6)

where T = β−1
s

(βs−r
βs+r

)1/2 sinh(βsT ) and R = −β−1
s(βs−r

βs+r

)1/2 cosh(βsT ). With the Wick rotation T → −iT ′,
the analytic continuation of time to imaginary axis is given
by iT = β−1

s

(βs−r
βs+r

)1/2 sin(βsT ′) and R = −β−1
s

(βs−r
βs+r

)1/2

cos(βsT ′). Then the Lorentzian Kruskal metric becomes
the Euclidean one, ds2 = −(βs + r)2(dT 2 + dR2). The
imaginary time T ′ is a periodic coordinate with period
Tp = 2π/βs , as well as any continuous functions defined
on this manifold. Therefore, the propagator of quantum
field for the Lorentzian metric case, G(r, T ), is also a peri-
odic function of T ′ with period 2π/βs , provided that it
is defined as the analytic continuation of propagator for
Euclidean case [41,42]. Note that this behavior is character-
istic of what are known as “thermal Green’s functions”, i.e.,
G th(r, T ) = G th(r, T + iTp). Thus, from the perspective of
the observer it will seem as if he were in a bath of blackbody
radiation at the temperature TH = 1/Tp = βs/2π .

The Hawking temperature TH = βs/2π depends on the
velocity of soliton, βs . This dependence of the Hawking radi-
ations on the translation velocity is peculiar of soliton dynam-
ics [43], and it is related to the structure of the spectral param-
eter in the inverse scattering transform [44,45]. In addition,
the elliptic SG soliton moves with the velocity βs , and thus
the frequency � seen by an observer at rest with respect to
the soliton should contain a Doppler shift [20]. As a conse-
quence of that, the Hawking temperature in the laboratory
frame reads

TH = βs

2π

√
1 − βs

1 + βs
, (7)

which can be reduced to TH 
 βs
2π

(1 − βs) in the small βs

limit.

(a)

(b)

Fig. 2 a The temperature of analogue Hawking radiation observed in
comoving frame (red solid line) and in laboratory frame (blue solid line);
b the radiation spectrum of Eq. (5) as a function of particle frequency
seen from the comoving frame. Note that the radiation spectrum seen
from the laboratory, which is not shown, just has very slightly quantitive
difference

5 Experimental implementation

To realize the proposed experiment, we import a signal φs

plus a linear weak perturbation φ1 � φs into our setup. The
signal φs behaves as SG soliton and plays the role of black
hole, while φ1 can be considered as a quantum perturbation
of the black hole metric and induce the analogue Hawking
radiation that we aim to observe [20]. The soliton veloc-
ity βs can be set by preparation of the signal and must not
be higher than the unbiased transmission line propagation
velocity c. Therefore, the Hawking radiation should satisfy
TH ≤ c/2π in the comoving frame, and the radiation power
is given by [10,46,47], dE/dT = π

12h̄ (kbTH)2. In order to
observe the quantum fluctuation, i.e., the analogue Hawking
radiation, a frequency-tunable, single-shot photon detection
at the end of the transmission line should be prepared. For
example, we may choose a superconducting phase qubit as
the detector and detect the microwave photon based on the
recently proposed technologies [48–51]. As discussed above,
in our proposal we consider the relevant physics of analogue
gravity in Eculidean space, which is related to the Lorentzian
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one through the Wick rotation. Actually, the propagator of the
perturbation φ1, which equivalently plays the role of quan-
tum field in the analogue gravity, is periodic with period
Tp = 2π/βs = 1/TH . The period is exactly the inverse of
expected Hawking temperature. Therefore, the period of the
propagator of φ1 can be measured to characterize the ana-
logue Hawking effect.

In the black hole evaporation process, each radiation par-
ticle is actually entangled with a negative-energy partner
particle, which falls into the black hole and hence reduces
the black hole energy [52]. This entanglement verifies the
quantum natures of the Hawking radiation. It plays a very
important role to evidence that the detected thermal parti-
cles are from the emission of black hole, rather than other
irrelevant processes, such as ambient emission. In experi-
ment, the coincidence detection could give us an access to
such entanglement. Usually, correlation functions or some
inequalities [11,13,30,53–57] are used to qualitatively mea-
sure the quantum correlations of generated pairs. Note that
correlations functions of the quantum SG model have been
computed recently [58].

We will choose the relevant parameters for each element
similar to Refs. [10,26–31] and estimate the analogue Hawk-
ing radiation in our configuration. For the JJ, we assume its
critical current and effective junction capacitance are respec-
tively Ic = 2 μA and CJ = 1.2 fF, and the plasma frequency

is thus ωs = 2π

√
EJ/�2

0CJ 
 2.25 × 1012 Hz. Besides, the
capacitance to ground is chosen as C0 = 0.8 fF, the induc-
tance and the length of the single unit cell of our setup are
respectively assumed to be L0 = 0.01 nH and a = 6 μm. In
this case, the propagation velocity is c 
 0.14c0 where c0

is the velocity of light in the vacuum. In Fig. 2, we plot the
Hawking temperature and the spectrum of Hawking radia-
tion. It is shown that the effective temperature is proportional
to the velocity of the soliton, and the number of created par-
ticle decreases as the increase of the particle frequency. Let
us note that the temperature could be as high as a few mK,
which can be a factor of 10 larger than the ambient tem-
perature set by a dilution refrigerator. Therefore, this effect
should be visible above the background noise.

Let us see how the unavoidable input thermal noise affects
the detection of analogue Hawking radiation. We assume the
temperature of the initial thermal noise is TN, then we can
obtain the radiation spectrum,

〈N̂�〉TN = 1

2

[
coth

(
π�

βs

)
coth

(
�

2TN

)
− 1

]
. (8)

Note that this radiation spectrum reduces to the initial ther-
mal spectrum for TH = βs/2π = 0, while it goes back to the
familiar case in Eq. (5) when starting from the initial vac-
uum, i.e., TN = 0 case. Therefore, the radiation spectrum
is thermal only provided that the initial input state of quan-

(a)

(b)

Fig. 3 a The radiation spectrum of Eq. (8) as a function of particle
frequency seen from the comoving frame; b the entanglement of cre-
ated particles in the presence of thermal noise as a function of particle
frequency seen from the comoving frame

tum field modes is vacuum. In Fig. 3, we plot the analogue
Hawking radiation spectrum and the entanglement of cre-
ated particles in the presence of thermal noise. It is shown
that in the presence of thermal noise the radiation spectrum
deviates from the thermal case shown in Eq. (5), especially
for low energy modes. Furthermore, non-zero temperature
suppresses the entanglement of created particles. The entan-
glement is the criterion to judge whether the detected thermal
particles are from the emission of black hole, or from other
ambient emission, therefore, the input thermal noise might
make the detection of analogue Hawking radiation more dif-
ficult. To effectively demonstrate the analogue Hawking radi-
ation in the presence of thermal noise, we need to suppress
the initial thermal noise as much as possible, thus keep the
radiation spectrum thermal as expected in theory.

The relevant parameters and pulse shapes above were cho-
sen as an example that our setup is theoretically feasible,
which should not be considered as the only available config-
uration. In fact, it is possible to improve and optimize these
values in terms of both performance and fabrication of this
proposal. On the other hand, properly engineering the trans-
mission line could effectively reduce the background noise
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from the unwanted coupling and hence make the detection
of analogue Hawking radiation more effective.

6 Conclusions and discussions

In summary, we have provided a recipe to build up a quantum
simulator of black hole physics based on superconducting cir-
cuit. In our proposed setup, the superconducting phase satis-
fies the SG equation. Therefore, due to the duality between
black holes in JT dilaton gravity and solitons in SG field
theory, the solutions of the SG equation can be used to real-
ize the constant curvature two dimensional black holes. Our
theoretical results showed that the proposed device works in
the quantum region and allows us to observe the analogue
Hawking radiation in terms of quantum soliton evaporation.

Let us note that Nation et al. [10] first proposed the use
of a superconducting transmission line formed from an array
of direct-current SQUID for investigating analogue Hawking
radiation. In their scenario, an additional conducting line is
required to produce a spacetime varying external flux bias.
This external flux can induce a spacetime changing velocity
of propagation in the transmission line, thus leading to an
effective metric with a horizon. The current pulse dispersion
in the bias line is unavoidable and thus results in a decrease
in Hawking temperature. Besides, the capacitive coupling
to the bias line can spuriously generate photons, which are
noise and may make the detection of Hawking radiation more
difficult. In contrast, our setup here is similar to the proposed
configuration in Ref. [10], but without needing the additional
bias line that provides an external flux necessary to modify
the SQUID array propagation velocity. Thus, in our scenario
fewer dissipation and fewer noise will be introduced in the
detection of analogue Hawking radiation.

It is speculated that the black hole entropy may be given
by the number of ways of preparing quantum SG states
with fixed total energy and soliton number Q = 1 [19,59].
The proposed scenario thus might help us understand the
physics of black hole entropy. In addition, our analysis can
be extended to a more general case, i.e., constructing SG
coordinates for a black hole with N-soliton [59], and cos-
mological analog [60]. It therefore facilitates the analogue
gravity and understanding of quantum mechanics of soli-
tons, as well as the deep relation between dilaton gravity and
SG field theory. It is interesting to point out that the effec-
tive mass m in Eq. (4) actually can be adjusted by means of a
suitable strongly inhomogeneous external magnetic flux bias
along a waveguide-like transmission line, and thus is time-
and space-dependent. Due to this property, our current setup
allows us to investigate a diverse range of areas of physics,
such as a nonuniform Josephson junction and DNA-promoter
dynamics, which could be described by the SG model with
a variable mass [61].
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