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Abstract We investigate the possibilities of reconstructing
the cosmic equation of state (EoS) for high redshift. In order
to obtain general results, we use two model-independent
approaches. The first reconstructs the EoS using comoving
distance and the second makes use of the Hubble parameter
data. To implement the first method, we use a recent set of
Gamma-Ray Bursts (GRBs) measures. To implement the sec-
ond method, we generate simulated data using the Sandage–
Loeb (SL) effect; for the fiducial model, we use the �CDM
model. In both cases, the statistical analysis is conducted
through the Gaussian processes (non-parametric). In gen-
eral, we demonstrate that this methodology for reconstruct-
ing the EoS using a non-parametric method plus a model-
independent approach works appropriately due to the fea-
sibility of calculation and the ease of introducing a priori
information (H0 and �m0). In the near future, following this
methodology with a higher number of high quality data will
help obtain strong restrictions for the EoS.

1 Introduction

The accelerated expansion of the universe is one of the
biggest problems of cosmology today. Initially, it was asso-
ciated with a cosmological constant or vacuum energy
and, subsequently, models with scalar fields (also known
as quintessence models) were evoked. Other possibilities
include modified gravitation, extra dimensions, and so on.
For a recent review, see references [1–3].

On the other hand, among the different cosmological
observables, the cosmic equation of state (EoS) is of funda-
mental importance, as it carries the kinematic and dynamic
information of a given cosmological model. The reconstruc-
tion of these observables has been widely considered in the
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literature using different types of cosmological data, such as
the following: Supernovae Ia, cosmic background radiation,
clusters of galaxies, baryon acoustic oscillations (BAO),
Hubble parameter data, f σ8, and so on. Additionally, dif-
ferent statistical reconstruction techniques have been used
[4–10].

Nevertheless, the reconstruction of this observable has not
been considered for high redshift, in principle, due to the
lack of data for any redshift greater than 2.0. However, this
question is currently changing and we can consider the recon-
struction of the EoS (w(z)) for high redshifts. Understanding
in detail how w(z) evolves as a function of time is fundamen-
tal to know the nature of dark energy. For instance, to answer
the question if the accelerated expansion is consistent with a
local inhomogeneous effect or if the accelerated expansion
is a phase of the evolution of the whole universe, we must to
know in detail the form of the EoS.

In this paper we reconstruct w(z) using two model-
independent approaches proposed in the literature [11–14].
Specifically, these approximations are given by equations (6)
and (17). The reconstruction of the EoS is not completely
independent of the model because we need to assume explicit
values of �m0 and H0. In general, there is no way, in cosmol-
ogy, to determine the EoS in a completely model-independent
way. However, the choice of an adequate statistical method
can help to enhance the model-independent approach. In that
regard, we use the method of the Gaussian process as a sta-
tistical method, which is a non-parametric method and does
not require knowing a specific parametric form of the EoS.
This statistical approach allows us to get closer to the ideal
of a reconstruction that is completely independent from the
model.

If the EoS can be determined with high precision, then
we can discriminate between different types of cosmological
models. However, in the present paper, due to the quality and
quantity of the current data, we do not get strong constraints to
discriminate between models. Nevertheless, we prove that it
is possible to use measured and simulated data to reconstruct
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w(z) for high redshift. The main message of the article is that,
even with the inconclusive estimates with the current data,
our proposed methodology may be very useful for future data
provided by some ongoing projects, such as the Euclid or the
LSST among others.1

Our paper is organized as follows. In Sect. 2, we present
the two reconstruction methods of the EoS and the Gaus-
sian processes. Section 3 is devoted to our results and in the
Sect. 4, we present the conclusions of our study.

2 Reconstruction of equation of state

We use two methods to reconstruct the EoS: the first method
makes use of distance measurements from Gamma-Ray
Bursts (GRBs) and the second uses simulated data of the Hub-
ble parameter generated by the Sandage–Loeb (SL) effect. In
this manner, we can form a reconstruction based on observed
data and another on simulated data. Both methods allow to
reconstruct the EoS using the model-independent approach.
Below, we explain in detail each of the methods.

2.1 The distance modulus of GRBs

In this case, we are going to reconstruct the EoS using the
distance module measures derived from the GRBs. Much
research has been conducted to establish GRBs as standard
candles, since there is not only one method to standardize
GRBs, for example, the distance calibrations GRBs usually
make use of some of the empirical luminosity correlations,
such as, τlag − L , V − L or Ep − Eiso relations, among
others.2 Nevertheless, the different publications show that
the constraints, on the cosmological parameters, using GRBs
data are compatible with the results of supernovae Ia, which
are currently the best standard candles. For a review of the
current status of the standardization methods and details of
the empirical relations, see references [15–17].

Recently, Demianski et al. [18] constructed a sample of
GRBs using the luminosity distance of supernovae Ia to cali-
brate the correlation between the peak photon energy, Ep , and
the isotropic equivalent radiated energy, Eiso, of the GRBs
(this is Ep − Eiso relation) and, consequently, construct a
Hubble diagram of GRBs. The results of Demianski et al.
[18] shows that the Ep−Eiso correlation does not have a sig-
nificant dependence on redshift and, therefore, these GRBs
data, in principle, can be used as a cosmological tool. How-

1 Information about the project Euclid, see the web page: https://www.
euclid-ec.org/ and on the LSST: https://www.lsst.org/.
2 The τlag − L is a correlation between spectrum lag and isotropic peak
luminosity. The V − L is a correlation between time variability and
isotropic peak luminosity and the Ep−Eiso represents a tight correlation
between the peak energy of spectrum and isotropic equivalent energy.

ever, this does not close the controversy, but we use these data
because our goal here is not to do one research on observa-
tional constraints of precision on cosmological observables,
rather to test a reconstruction methodology of w(z) for high
redshift. We use this calibrated sample for our analysis. The
GRBs sample that we use consists of 162 measurements and
covers a redshift interval between 0.03 ≤ z ≤ 9.3 [18].

The theoretical distance module for the GRBs can be
defined as follows:

μth(z, θ) = 25 + 5logDL(z, θ), (1)

where θ represents the parameters of a given cosmological
model and DL represents the dimensionless luminosity dis-
tance. However, for our calculations, it is more convenient to
rewrite this equation to determine the dimensionless comov-
ing distance as follows3:

Dc = 10
μth−25

5

1 + z
. (2)

In the above equation, we have used the fact that when the
tricurvature is flat, the comoving distance is related to the
luminosity distance by the relation: DL = (1 + z)Dc, and
the comoving distance as a function of the Hubble parameter
is defined by the following expression:

Dc = c

H0

∫ z

0

dx

h(x, θ)
, (3)

where h(z, θ) is the dimensionless Hubble parameter, H(z)
H0

.
In our case, it is given explicitly by:

h2(z,�m0,�k) =
{
�m0(1 + z)3 + �k(1 + z)2

+ (1 − �m0 − �k) exp

[
3
∫ z

0

1 + w(z′)
1 + z′

dz′
]}

, (4)

where �m0 and �k represent the matter density parameter
and curvature respectively. In this paper, we assume that
�k = 0, which matches the results of the Planck satellite
[6,7]. To derive from the previous equation, an expression
for EoS, is useful the definition [14,19,21],

Dc = 1√−�k
sin

(√−�k

∫ z

0
dz′ H0

H(z′)

)
, (5)

where we have included the term curvature. Therefore, we
can use this equation above together with the equation of
h(z) to derive the equation of state as a function of Dc [11]:

w(z)

= 2(1+z)(1+�k D2
c )D

′′
c −[(1+z)2�k D′2

c +2(1+z)�k DcD′
c−3(1+�k D2

c )]D′
c

3(1+z)2[�k+(1+z)�m ]D′2
c −(1+�k D2

c )D
′
c

(6)

3 The units of the equation two are given in Mpc.
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Observing the previous equation, we can see that if we
have observational data of the comoving distance and a
method to reconstruct the derivatives of these data, then we
can reconstruct the EoS directly from the observational data,
except that we have to assume values for �m0 and �k . This
is a characteristic that always occurs when the EOS is recon-
structed.

2.2 The Sandage–Loeb effect: simulation of the hubble
parameter

In addition to the data of the GRBs, we use simulated data
through the Sandage–Loeb effect (SL). The SL effect is a
purely geometric measurement of the expansion rate of the
universe. It can detect a change in the redshift of the source
in the spectra of the Lyman-α forest of distant quasars in the
range of 2≤z≤5, also know as the “redshift desert”. Initially,
this effect was proposed by Sandage [22] in 1962. However,
using the technology of the time, a temporary interval of
the order of 107 years was required to obtain an appreciable
change in the redshift. Nevertheless, a reanalysis of the effect
made by Loeb [23] relaunched the interest in this effect. Loeb
argues that by using measurements from the Lyman-α forest
of high-redshift quasars and with high-spectroscopic resolu-
tion associated with a 10-m class telescope, it would be pos-
sible to directly detect cosmic acceleration using time mea-
surements of the order of 101 years. Currently, the CODEX
(COsmic Dynamics and EXo-earth experiment) [24], which
is an optical high spectral resolution instrument and proposed
for the European Extremely Large Telescope (E-ELT), can
possibly detect this effect.

On the other hand, the effect of the atmosphere on exper-
iments such as CODEX is strong and this is the reason why
the measurements are planned to be obtained in the “redshift
desert”.4 As we are interested in reconstructing the equation
of state at high redshift, we are going to use the CODEX
prescriptions to simulate our data.

We can calculate the expected variation of the redshift of
a chosen extragalactic source with time. If we assume that
the source does not have any peculiar velocity, and so any
peculiar acceleration, then it has a fixed comoving coordi-
nate. In a homogenous and isotropic universe with a FLRW
metric, consider that a source emits an electromagnetic wave
during an interval (ts, ts + �ts) and this wave is received by
an observer during an interval (t0, t0 + �t0), then we can
write [26]:

4 Another possibility is to observe the sign of neutral hydrogen (HI) of
galaxies in two different epochs. This experiment has been proposed
for the SKA (Square Kilometre Array). In particular, the effect of the
atmosphere is negligible on measures of the sign of the neutral hydrogen.
This allows the SKA to make measurements for z < 1.65 [25].

∫ t0

ts

dt

a(t)
=

∫ t0+�t0

ts+�ts

dt

a(t)
. (7)

If we consider that �ts , �t0 << ts, t0, for example, for a
typical light signal have an interval 10−14s, then the above
expression leads to

�t0
a(t0)

≈ �ts
a(ts)

. (8)

Considering that the redshift of the observed source is
defined as z(t0) = λ0−λs

λs
, we can arrive at the well-known

expression z(t0) + 1 = a(t0)
a(ts)

. Thus, the source redshift
changes for this interval of time can be written as

�zs = zs(t0 + �t0) − zs(t0)≡a(t0 + �t0)

a(ts + �ts)
− a(t0)

a(ts)
. (9)

Expanding the first ratio on the right side of the equation
above and considering only the first expansion order, we
obtain:

�zs =
[
ȧ(t0) − ȧ(ts)

a(ts)

]
�t0, (10)

where the dot represents the time derivative. Thus, this equa-
tion can be rewritten as

�zs = [H0(1 + zs(t0)) − H(ts)] �t0. (11)

It is more convenient to express the redshift variation as a
spectroscopic velocity shift as

�v ≡ c�zs
1 + zs

= −H0�t0c

[
1 − h(z)

1 + z

]
, (12)

where as previously, h(z) = H(z)
H0

. Therefore, if we can mea-
sure �zs or equivalently �v, then we can obtain a measure
estimate of the Hubble parameter.

For a simulation of the Hubble parameter data using the
SL effect, we used the �CDM model as the fiducial model,

h(z)=
√

�m0(1+z)3+�r0(1+z)4+(1−�m0 − �r0),

(13)

where we have included a radiation component �r0 and
assume the values H0 = 70 km/s/Mpc and �t0 = 101 years.

The next step was to calculate the σ�v . To estimate the
error, we use the prescription indicated by the collaboration
CODEX [24], which establishes that the accuracy with which
you can determine �v from the Lyman-α forest can be writ-
ten as

σ�v = 1.35

(
S/N

2370

)−1 (
NQSO

30

)1/2 (
1 + zQSO

5

) f cm

s
,

(14)

where S/N is the signal-to-noise ratio defined per 0.0125 Ȧ
pixel. NQSO is the number of observed quasars, zQSO repre-
sents their redshifts, f = −1.7 in the interval 2 < z < 4 and
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f = −0.9 for z > 4. The chosen number of quasars were 30
and the S/N = 3000.

To determine the Hubble parameter, we must invert the
equation to the spectroscopic velocity shift

H(z) =
[
H0 − �v

c�t0

]
(1 + z). (15)

Since error propagation allows us to determine the uncer-
tainty of H(z) as

σH = (1 + z)

√
(

σ�v

c�t0
)2 + σ 2

H0
(16)

Therefore, as our simulated data are the Hubble parameter
data, we need an expression that allows us to reconstruct the
EoS, w(z), directly from this observable. For such a case, it
is possible to derive one expression directly from equation
(4) as [13,20]

w(z) = 2(1 + z)hh′ − 3h2 + �k(1 + z)2

3[h2 − �m0(1 + z)3 − �k(1 + z)2] . (17)

Again, it is interesting to note that this equation, as well as
the previous equation for w, requires an external knowledge
of the values of the �m0 and �k parameters and also in this
case, by equation above, of the parameter H0.

2.3 Gaussian processes

To perform the reconstruction of the equation of state, we use
the non-parametric method of Gaussian processes, which is
particularly important because it does not assume a specific
model of the EoS. A Gaussian process can be written as:

f (x) ∼ GP (μ(x), k(x, x̃)) , (18)

where the value of f when evaluated at a point x is a Gaussian
random variable with mean μ(x). Additionally, the value of
the function f at the point x is not independent of the value
of the function f at some other point nearby x̃ , but is related
by the covariance function k(x, x̃). If consider observational
data (xi , yi ) and assuming that the errors are gaussian and
that yi = f (xi ) ± σi , where σi are the 1σ error bars and
i = 1, . . . , N . We can to reconstruct the function f at chosen
points. This function is denoted by f ∗. This reconstruction
can be done through the joint distribution between f ∗ and yi .
For details of the exact expressions see the reference [28]. In
general, this reconstructed function has a reconstructed mean
given by,

f̄ ∗(x) =
N∑

i, j=1

k(x, xi )(M
−1)i, j ( f (x j ) − μ(z)) (19)

in our reconstruction we chosen as prior mean function μ(z)
a constant value and for the standard deviation:

σ(x) = k(x, x) −
N∑

i, j=1

k(x, xi )(M
−1)i, j k(x j , x) (20)

where Mi j = k(xi , x j )+ci j and ci j represents the covariance
of the input data.

For our calculations, we assume the exponential function
as a covariance function which is given by

k(x, x̃) = σ 2
f exp

(
− (x − x̃)2

2
2

)
, (21)

where σ f and 
 are called hyperparameters which are deter-
mined by maximizing the log marginal likelihood [27],

ln = −1

2

∑
[ f (xi ) − μ(xi )](M−1)i, j [ f (x j ) − μ(x j )]

−1

2
ln |M | − 1

2
N ln 2π, (22)

where M represent the determinant of Mi j . It is important
to note that instead of optimizing these hyperparameters,
they can be marginalized by using, for example, the MCMC
method. However, a simple method of testing the validity of
the optimization process is to vary the initial value of the
hyperparameters and see if the values obtained change sig-
nificantly. We have done this process and we determine that
our hyperparameters do not change significantly. Therefore,
we are confident in using the optimization process. On the
other hand, the MCMC method should be used to obtain high
precision restrictions associated with high quality data.

Additionally, this method allows to reconstruct the deriva-
tive of the data. To implement this method, we use the public
package GaPP [28]. For details on the statistical method, ref-
erence [27] may be useful and for applications in cosmology,
consider reference [13].

2.4 Methodology

In an illustrative way, our methodology is summarized in
Fig. 1. Initially, we begin with observational data or simulated
data. These data are analyzed using a non-parametric statisti-
cal method. As a result of this statistical analysis, we obtain,
as in our case, the comoving distance Dc and its derivatives
D′
c and D′′

c and the Hubble parameter h and its derivative h′.
Then, we use a model-independent approach to reconstruct
the EoS. To estimate the errors of the reconstruction, we use
the Monte Carlo method.

This methodology is quite general because we can assume
other non-parametric methods in addition to the Gaussian
process method, such as the principle component analysis
[29–32] or, as in reference [33], a non-parametric method that
consists of a combination of the Loess and Simex methods.
Analogously, another model-independent approach can be
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Fig. 1 Schematic summary of
the methodology used

Fig. 2 On the left-hand plot, we shown the 162 data of the GRBs for the comoving distance. In the other plots, we show the reconstruction of this
observable and its derivatives

assumed. For instance, we can assume a consistency test of
the �CDM [11] or we can use the cosmographic parameters
[26]. To estimate reconstruction errors, an alternative to the
Monte Carlo method is the method of resampling, such as
the jackknife method [34], among others.

3 Results

In Fig. 2, we see the results of the reconstruction of the
comoving distance and its derivatives using the GRBs data,
following the methodology presented in Sect. 2. The central
blue line represents the average reconstruction value, which
is reconstructed with 1σ . In Fig. 3, we see the complete recon-
struction of the EoS. To reconstruct the function w(z) we
follow the prescriptions of Sect. 2.3 of the reference [28].
The values and errors of the w(z) function are determined
by Monte Carlo sampling. In each calculation the functions
Dc,D′

c,D
′′
c , etc, are drawn from a normal multivariate dis-

tribution. This distribution has as components of the mean
vector the functions (Dc, D′

c, D
′′
c ) and (h, h′) reconstructed

using GP. As covariance matrix the reconstructed covariances
between the functions and their derivatives cov(Dc, D′

c, D
′′
c )

and cov(h, h′) using the GaPP. We perform around 100,000
chains at each redshift point where the functions were recon-
structed and assume a specific value of �m0. As observed,
the errors increase significantly for high redshifts, especially
for values z > 2.0. The central blue line represents the aver-
age reconstruction value. In Fig. 4, we present the effects of
changing the value of �m0. We see that the effect is very
small. What we can emphasize is that in all the cases, for
high redshift, we observe a tendency of the average value of
w(z) for a universe dominated by matter.

In general terms, we can say that the EoS reconstructed
with one and two sigmas shows a fairly large error propa-
gation and it does not allow us to distinguish between cos-
mological models. However, we have proved that even with
large error propagation, it is possible to reconstruct the EoS.
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Fig. 3 The cosmic equation of
state using the reconstructed
data of the comoving distance
by the model-independent
approach is provided by Eq. (6).
The calculation of uncertainty is
determined by Monte Carlo.
The reconstruction is done for
the intervals: 0.03 ≤ z ≤ 9.3.
We can see that for redshift
greater than z > 3, the errors
increase noticeably. The
dependence on the value of the
parameter �m0 for high redshift
are covered by the large errors.
We use �m0 = 0.315 ± 0.007
[6,7] and flatness

Fig. 4 We show the dependency of the reconstruction of the state equation with the value of �m0. This dependence is evident for minor redshifts
that are depicted in the 3 figures. In the left, �m0 = 0.200; in the centre, �m0 = 0.275 and; to the right, �m0 = 0.400

This same methodology could be used when the number and
quality of the GRBs data increases considerably.

In Fig. 5, we can see the result of applying the method-
ology of the section II.B. We presented the simulated data
for the function h(z) and its derivative h′(z) in a redshift
between 2 − 5 using the Gaussian processes. The simulated
errors are relatively small when compared to the result of
the GRBs. For example, compare the vertical scale between
Fig. 3. and the reconstruction shown in the lower right sec-
tion of Fig. 5. Although they are not real data, we hope that
future data will follow this trend and that robust constraints
on the observables can be determined.

On the other hand, given that the SL effect depends on
the assumed value of H0, we considered the dependence
of changing this value in the reconstruction of w(z). Since
the errors are still large, the effect of H0 on the EoS is
quite negligible. We used the values of H0 = 73.24 ± 1.74
km/s/Mpc as measured for Supernovae Ia [35,36] and the
value H0 = 67.51±0.64 km/s/Mpc as extracted from Planck
2015 TT, TE, EE + lowP + lensing data [6,7].

4 Conclusions

We performed a reconstruction of the EoS using Gaussian
processes with GRBs data as well as a model-independent
approach. The analysis was carried out by considering dif-
ferent values of the �m0, which covers the current observa-
tion limits. Moreover, we also use the SL effect to simulate
the Hubble parameter data in the so-called “redshift desert”
using the flat �CDM model as a fiducial method with values:
�m0 = 0.275 and H0 = 70 km/s/Mpc. The reconstruction
using the simulated data is significantly better (lower prop-
agation of uncertainty) than those determined by the GRBs
data. However, these measures are strongly dependent on the
underlying model.

The fact that our reconstruction is independent of the
assumed cosmological model allows us to observe that in
general terms, the form of the reconstruction of w(z) must
be associated with a continuous function and good behavior,
without sudden jumps. Further, it can be seen that the EoS
for high redshift is compatible with a phase dominated by
matter (as expected by theory). However, with the current
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Fig. 5 In the top, we can see the simulated data using the Sandage–Loeb effect and the reconstruction of h(z) using the Gaussian process. In the
bottom, we see the reconstruction of the first derivative h′(z) and the forecasted constraints for the cosmic equation of state with �m0 = 0.315±0.007
[6,7]

data, it is not possible to specify exactly where this happens,
i.e., where w(z) = 0, due to the uncertainty.

In general, to perform a reconstruction of cosmological
observables for high redshift, it is necessary to improve the
conjunction between statistical methods and cosmology. In
this study, we have presented specific cases. However, other
combinations of statistical methods along with independent
approximations can be studied. A good calibration of this
methodology will allow us to use future data to reconstruct
the EoS for high redshifts with robustness and high precision,
which will help discriminate between competitive cosmolog-
ical models.
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