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Abstract We introduce and study a quantum channel that
arises from the structure of the vacuum state of Dirac fields
propagating in a Garfinkle–Horowitz–Strominger (GHS)
dilation black hole spacetime. We put forward the concept
of quantum information divergence, which is a new measure
for relativistic parameter estimation. We employ quantum
metrology to estimate the amplitude and relative phase of a
Dirac field state using the quantum Fisher information and
information divergence. The decoherence of quantum parameter estimation is studied through the evolution of the Bloch
vector for arbitrary initial states subjected to the quantum
channel and external noises. We find that the quantum information divergence decreases more than the quantum Fisher
information as a function of the radiation temperature. Due to
the Pauli exclusion principle and Dirac statistics, the estimation precision will gradually decrease to a non-zero value. In
order to study the decoherence in the dilation black hole, we
obtain the monotonic decrease of quantum coherence when
an initial field evolves from the highly correlated state to the
current cosmic background. The external noises can further
suppress the decoherence effect from the black hole.

1 Introduction
In recent years, the concepts developed in statistical mechanics and quantum foundations have been used to understand
quantum effects of spacetime [1–4]. The ideas of quantum
information theory such as quantum entanglement shed new
light on some well known effects including Unruh acceleration effects [5,6], Gibbons–Hawking effects [7,8], and
Hawking radiation from the black hole [9,10]. It is interesting that the spacetime with a horizon can prevent an observer
from having access to the full quantum state of the field. It can
a e-mail:

result in the information loss in curved spacetime [11,12]. In
some proposals [13–17], curved spacetime can be simulated
by a system of coupled atoms and quantum fields. Quantum
parameter estimation in these simulated experiments can be
exploited to study quantum effects of black holes. The combination of relativity and quantum measurement can contribute
to the development of relativistic quantum metrology [18–
25]. In some previous works [19–24], relativistic effects on
quantum parameter estimation have been computed using the
quantum Fisher and skew information [26–28]. Meanwhile,
it is worth noticing that information divergence or relative
entropy [29–31] can be used for the discrimination of quantum states.
Enlightened by that, we put forward the concept of quantum information divergence to evaluate quantum parameter
in the relativistic condition. Moreover, we use the theory
of open quantum systems to characterize the vacuum structure for Dirac field mode in the GHS dilation black hole.
The quantum Fisher information and information divergence
can be used to evaluate the amplitude and relative phase of
Dirac particle. In this case, one observer freely falls toward
the GHS dilation black hole and then hovers near the event
horizon. The detector of the observer can detect Dirac particle.
The paper is organized as follows. In Sect. 2, the vacuum
structure for Dirac fields in the GHS dilation black hole is
characterized by the quantum channel with dilation parameters. We define quantum information divergence in order to
quantify the parameter estimation in Sect. 3. We also investigate the dynamical behavior of quantum parameter estimation and quantum coherence. In Sect. 4, we analyze the
relation of quantum coherence and quantum parameter estimation. The impacts of another external noises are taken into
account.
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2 Quantum channel of the vacuum structure for Dirac
fields in the GHS dilation black hole
In GHS dilation black hole [32], the thermal Fermi–Dirac
distribution of particles with the Hawking temperature T =
1
8π(M−D) has been computed [7,9]. The presence of such
radiation is known as the Hawking effect. The cosmological
parameters M and D are related to the mass of black hole
and dilation field. With respect to the Dirac vacuum field in
GHS dilation black hole, we choose the global coordinates
(t, r, θ, φ) to express the spherically symmetric line element
of the GHS black hole as [33–35],




r − 2M
r − 2M −1 2
dt 2 +
dr
ds 2 = −
r − 2D
r − 2D
+r (r − 2D)(dθ 2 + sin2 θ dφ 2 ),

(1)

where the natural units h̄ = G = c = κ B = 1 are used. The
μ
Dirac equation has the expression of γ α ea (∂μ + μ )ψ = 0
μ
[33]. Here, γ α is the Dirac matrix, ea corresponds to the
μ
inverse of the tetrad ea and μ denotes the spin connection
coefficient. By solving the Dirac equation, we can obtain the
positive frequency outgoing solutions outside region I and
inside region I I of the event horizon, ψkι+ = e∓iωu where
ι = (I, I I ) represents two regions, k denotes a variable that
labels the field mode,  is a 4-component Dirac spinor and
ω is a monochromatic frequency of the Dirac field. u =
t − 2(M − D) ln[(r − 2M)/(2M − 2D)] is the retarded time.
To describe the causal structure of the GHS dilation black
hole, we plot the Carter–Penrose diagrams for this spacetimes
in Fig. 1. This black hole has the singularity r = 2D. The
event horizon is given by r = 2M. The diagram contains two
regions I and I I that are causally disconnected.
By using the complete orthogonal basis ψkι± , we quantize
the Dirac field as
 
ι−
(2)
dk(a kι ψkι+ + bι∗
ψout =
k ψ k ),
ι=I,I I

Fig. 1 The Penrose diagrams for the GHS dilation black hole can be
illustrated
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where a kι and bι∗
k correspond to the fermion annihilation
and antifermion creation operators respectively. The generalized Kruskal coordinates are utilized to obtain another kind
of complete orthogonal basis for the positive energy mode
I I−
, χkI I + =
as χkI + = e2(M−D)π ω ψkI + + e−2(M−D)π ω ψ−k
I−
e−2(M−D)π ω ψ−k
+ e2(M−D)π ω ψkI I + .
Considering them as new bases, we can expand the Dirac
fields in the Kruskal coordinates
 
1
dk √
ψout =
2 cosh[4(M − D)π ω]
ι=I,I I
×(cιk χkι+ + dkι∗ χkι− ),

(3)

where cιk and dkι∗ correspond to the fermion annihilation and
antifermion creation operators acting on the Kruskal vacuum. The Eqs. 2 and 3 correspond to the decomposition of
the Dirac fields in GHS dilation and Kruskal modes respectively. By using the appropriate Bogoliubov transformation
between two different sets of coordinates, each annihilation
operator cιk can be expanded by the spacetime operators as
ω

ω

1

1

ckI = (e− T + 1)− 2 a kI − (e T + 1)− 2 bkI I ∗ where T denotes
the radiation temperature [36,37]. The mode of ground state
in the GHS dilation coordinates is considered as a two-mode
squeezed state in Kruskal coordinates. Therefore, the vacuum
and only excited state of the particle can be written as
ω

ω

−
−
−2
T
|1+
|0+ = (e− T + 1)− 2 |0−
I |0 I I + (e + 1)
I |1 I I ,
−
|1+ = |1+
I |0 I I ,

1

1

(4)

−
where |n+
I and |n I I represent the orthonormal basis for the
outside region I and inside region I I of the event horizon
respectively. The superscripts on the kets {+, −} denote the
particle and antiparticle. In the following context, the notation of |n±
I,I I is simplified as |n I,I I .
Since the exterior region I is causally disconnected from
the interior region I I of the corresponding spacetime, we can
obtain the physical accessible part I by tracing over the state
of the interior region I I . The whole process can be described
by a quantum channel [38,39]. According to the dynamics
of open quantum system, the state of the open system will
change as a consequence of its internal dynamics and of the
interaction with the environment. The inevitable coupling to
the environment can result in quantum decoherence which
is similar to the loss of information in the spacetimes with a
horizon. The state change of the open system over time t is
called a dynamical map or quantum channel. The map can be
expressed by ρ(0) → ρ(t) = V (t) · ρ(0) where ρ(0) is an
initial state and ρ(t) is the evolved state. In general, the mathematical expression of V (t) can be
written in the form†of the
(t).
local operators, V (t) · ρ(0) = α,β Wα,β (t)ρ(0)Wα,β

For an arbitrary qubit state ρ(0) = j,k=0,1  jk | j k|, we

can rewrite the map as V (t) · ρ(0) =
j,k ε(| j k|) jk .

†
Here, the operator ε(| j k|) = α,β Wα,β (t)| j k|Wα,β
(t).
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In regard to GHS dilation black hole, the dynamical map is
defined as the Unruh channel,
ω

ω

ε U (|0 0|) = (e− T + 1)−1 |0 I 0| + (e T + 1)−1 |1 I 1|
ω

1

ω

1

εU (|0 1|) = (e− T + 1)− 2 |0 I 1|
ε U (|1 0|) = (e− T + 1)− 2 |1 I 0|
εU (|1 1|) = |1 I 1|,

(5)

where the partial trace over the state of the interior region is
carried out.
For an arbitrary qubit state, the density matrix of the state
ρ can be expressed by the vector in four-dimensional space
as
ρ=

3
1
ζμ σμ ,
2

(6)

μ=0

where ζμ = tr (ρσμ ), (μ = 0, 1, 2, 3) are four components of the state vector. σ0 is the identity operator I and
σi (i = 1, 2, 3) denote the three Pauli operators. By means
of the quantum channel, we describe the map from the initial state vector X = (1, ζ (0) ) to the evolved state vector
Y = (1, ζ ) as,

 T 
1
10
,
(7)
Y = U · X =
λ 
ζ (0)
where the vector 0T = (0, 0, 0) and ζ is the Bloch vector
of state. The quantum channel εU (·) determines the column
σ
vector λ with λ j ( j = 1, 2, 3) = Tr[ 2j · ε U (I)]. And another
3 × 3 acting matrix  has the components which satisfy
σi
i j (i, j = 1, 2, 3) = Tr[ 2 · ε U (σ j )]. The Bloch vector of
the evolved state can be obtained by ζ = λ +  · ζ (0) .
Using Eqs. (5) and (6), the 4 × 4 mathematical mapping
matrix U for a Unruh channel can be written as
⎛

1
ω
⎜
⎜
0
(e− T
U = ⎜
⎜
0
⎝
ω
−(e T + 1)−1

0
1
+ 1)− 2

0
0

ω
(e− T

0

0

0

0

1
+ 1)− 2

0

ω

0

(e− T + 1)−1

⎞

⎟
⎟
⎟,
⎟
⎠

(8)
where the mapping matrix is completely determined by the
radiation temperature of the Unruh channel. In this way, we
can have physical access to the state of the Dirac qubit by the
mapping matrix of state vector.

3 Quantum parameter estimation in the formalism of
Bloch vector
In the analogue experimental realization [15], the parameter estimation of quantum fields can play an important role
in the study of relativistic effects. Quantum metrology has
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become a powerful tool for some tasks such as state discrimination [40,41] and tomography [19]. Our aim is to study the
quantum effects of dilation black holes from the viewpoint
of relativistic quantum metrology.
As is well known, quantum Fisher information can provide a tight bound for the precision of parameter estimation. The definition of quantum Fisher information is closely
related to the Bures distance for the discrimination of two
neighboring states ρ(θ ) and  = ρ(θ + θ ). Here θ is the
estimated parameter and θ denotes the parameter variation.
According to reference [40], the expression of Bures distance
is given by DB2 (ρ, ) = 2[1 − f (ρ, )] where f (ρ, ) =
√ √
ρ  is the fidelity of two quantum states. In the
Tr
second-order approximation of θ , the relation between
quantum Fisher information and Bures distance is written as
(θ )2
Fθ ,
(9)
4
where Fθ is the quantum Fisher information. It can be defined
by the symmetric logarithmic derivative operator [42,43],
i.e., Fθ = Tr(ρ L 2 ) = Tr(∂θ ρ L). The symmetric logarithmic derivative L is a Hermitian operator determined by
∂
(·). In the
∂θ ρ = 21 [ρ L + Lρ] where the notation ∂θ (·) = ∂θ
simplest case of a pure state ρ = |ψ ψ|, Fp = 2Tr[(∂θ ρ)2 ].

In the eigenstate space of ρ = m pm |ψm  ψm |, quantum
Fisher information can be rewritten as,

pm Fp (|ψm )
Fθ = F c + 4
DB2 (ρ, ) =

−8


m =n

m

pm pn
| ψn |∂θ ψm |2 ,
pm + pn

(10)


2
where the first term Fc = m (∂θppmm ) is the classical Fisher
information.
With the idea of the divergence of parameter distribution,
Kullback–Leibler distance is also introduced to distinguish
two neighboring states [44]. The definition is DKL (ρ, ) =
Tr[ρ(log ρ − log )]. In the Taylor expansion of θ to
the second order which is log ρ(θ ) − log ρ(θ + θ ) ≈
−(∂θ log ρ)θ − 21 (∂θ2 log ρ)(θ )2 , we then apply this to
the definition of DKL

 
1 2
2
,
DKL = Tr ρ −(∂θ log ρ)θ − (∂θ log ρ)(θ )
2
(11)

where log ρ can be expressed by its eigenstates as m log
pm |ψm  ψm |.
 1
∂θ log ρ =
∂θ pm |ψm  ψm |
pm
m

log pm |∂θ ψm  ψm |
+
m

+



log pm |ψm  ∂θ ψm |,

(12)

m
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where ψm |∂θ ψm  + ∂θ ψm |ψm  = ∂θ ψm |ψm  = 0 and

m pm = 1.
Then, the expression of Eq. (11) can be rewritten as


(θ )2  pm
log pm ∂θ ψm |∂θ ψm  − | ψm |∂θ ψm |2
2
2
m

2

(θ )   (∂θ pm )2
+
−2
pn log pm | ψn |∂θ ψm |2 ,
2
pm
m

DKL =

m =n

(13)
where the relation of ∂θ2 ψm |ψm  = ∂θ2 ψm |ψm + ψm |∂θ2 ψi 
+ 2 ∂θ ψm |∂θ ψm  = 0 is used.
Similar to Eq. (9), we can define a quantity G(θ ) to express
the Kullback–Leibler distance
DKL (ρ, ) =

(θ )2
Gθ ,
2

(14)

where Gθ is referred to as quantum information divergence.
The expression of Gθ can be given by
1
pm log pm Fp (|ψm )
Gθ = Fc +
2 m

pn log pm | ψn |∂θ ψm |2 ,
(15)
−2
m =n

Fθ = |∂θ ζ |2 +

(16)

where ζ denotes the Bloch vector of a Dirac qubit.
We consider a Unruh channel acting on a Dirac field qubit
with an initial state |ψ = cos α2 |1+eiβ sin α2 |0. α ∈ [0, π )
and β ∈ [0, 2π ) represent the amplitude and phase parameter
of the Dirac field respectively. Here we use the coordinates of
the GHS dilation black hole to represent the vacuum state |0
and excited one |1. In a sense, cos2 α2 and sin2 α2 correspond
to the survival probabilities of the vacuum state and excited

123

one during the evolution of the dilation black hole. According
to Eq. (5), we find that there is the oscillation probability
between the vacuum state and excited one in the physical
accessible part I . The process of the oscillation can give rise
to the relative phase β. The Bloch vector of the initial state is

T
expressed as ζ (0) = cos β sin α, sin β sin α, cos α . Using
Eq. (16), we can obtain the quantum parameter estimation
about α and β as
Fα = cos2 r,
Fβ = cos2 r sin2 α,
 2

|ζ | − sin2 r sin2 α
1 + |ζ | sin2 r sin2 α
log
Gα = Fα
,
+
|ζ |3
1 − |ζ |
|ζ |2
Fβ
1 + |ζ |
log
,
(17)
Gβ =
|ζ |
1 − |ζ |
where |ζ | = 1 − cos2 r sin2 r (1 + cos α)2 and cos r =
ω
1
(e− T +1)− 2 . In the following analysis, we exploit the vector
form of quantum parameter estimation to study the decoherence.

4 Decoherence without and with external noises

where the second term results from the quantum Fisher information of all pure states |ψm  and the third term results
from the mixture of all eigenstates. In a sense, Eqs. (14) and
(15) can provide an evidence that there is the close relationship between quantum Fisher information and information
divergence. For a pure state, Gθ = ∞ and Fθ = 1. And
Gθ = Fθ = 0 for complete mixed states. As we know, the
evolved state of an open quantum system will be mixed if
the quantum noise channel acts on an arbitrary initial state.
Therefore, quantum information divergence G can be used to
estimate the parameter for a general mixed state of an open
system.
In the formalism of state vector, we can rewrite Fθ and Gθ
as
(ζ · ∂θ ζ )2
1 − |ζ |2
2
1 + |ζ | (∂θ |ζ |)2
|∂θ ζ | − (∂θ |ζ |)2
log
+
Gθ =
,
|ζ |
1 − |ζ | 1 − |ζ |2

(2019) 79:974

The dynamics of the Dirac field state in GHS dilation black
hole can be governed by the Unruh channel with the radiation
temperature T . The change of Gα can be plotted as a function of radiation temperature T in Fig. 2. According to Eq.
(17), Fα is independent of the initial Dirac field state and only
determined by the radiation temperature of the curved spacetime. Different from Fα , the quantum information divergence
Gα decreases from the infinity value to a fixed value. In Fig. 2,
we illustrate the asymmetric behavior of the quantum information divergence with respect to α. From Fig. 3, we can see
that both of estimation values are monotonically decreased
to non-zero steady values with the increase of temperature. It
results from the Pauli exclusion principle and Fermi statistics
of Dirac fields.
Meanwhile, the estimation precision of parameter β can
also be performed by the measures of Fβ and Gβ . From Eq.
(17), we can see that quantum Fisher information Fβ is symmetric about α. The maximum value of Fβ is obtained when
the maximally coherent initial state with α = π/2 is chosen. Gα is plotted as a function of α and T in Fig. 4. Similar to quantum Fisher information, the maximum value of
Gα arrives at α = π/2. This phenomenon can demonstrate
that quantum information divergence is considered as another
efficient measure for quantum parameter estimation.
To explain the mechanism of the decoherence, we further
calculate the quantum coherence of the Dirac field in the
Unruh-channel spacetime. The relative entropy of coherence
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Fig. 2 The quantum parameter estimation with respect to α is evaluated by Gα as a function of radiation temperature T when the frequency
of Dirac field ω = 1 is chosen

Fig. 3 The decoherence of Fα and Gα is illustrated by the black line
and red dash line respectively. The parameters of α = π/4 and ω = 1
are chosen

[45] is introduced as C(ρ) = S(ρdiag ) − S(ρ) where the von
Neumann entropy S(ρ) = −Tr[ρ log(ρ)] and ρdiag denotes
the state which is obtained from ρ by deleting all off-diagonal
elements. For any Dirac qubit, quantum coherence is written
as
C(ρ) = 1 + |ζ | log |ζ |,

(18)

where ζ is the Bloch vector.
When the initial state |ψ = cos α2 |1 + eiβ sin α2 |0 is
chosen, the changes of quantum coherence is numerically
illustrated in Fig. 5. It is clearly shown that quantum coherence keeps a high value at the early stage and then decays
gradually to a non-zero steady value. The behaviour of quantum coherence is related to the transition of quantum effects
of Dirac fields. The increase in the radiation temperature can
give rise to the transition from a high correlated state to a
mixed steady state with less coherence. This decoherence

974

Fig. 4 The quantum parameter estimation with respect to β is evaluated by Gβ as a function of the amplitude α and radiation temperature
T when the frequency of Dirac field ω = 1 is chosen

phenomenon of quantum coherence is very similar to that of
quantum parameter estimation.
Additionally, it is interesting to analyze the effects of
external noises on a Dirac qubit in the Unruh channel. Under
the influence of ambient effects and cosmological radiation,
the behavior of quantum parameter estimation can contribute
to the deep understanding of quantum effects of spacetime.
For this purpose, we consider two typical kinds of noises
which are described by an amplitude damping channel (AD)
and phase damping channel (PD) [46]. Here, we exploit the
quantum channel to construct the evolution of Dirac state
with external noises.
In general, when a series of quantum channels {εi , i =
1, 2, . . . , N } sequentially act on an initial state ρ (0) , the
evolved state ρ can be governed by ρ = ε N ·ε N −1 · · · ε 1 (ρ (0) ).
For the simplification of the expression, we assume the notaN ε = ε ·ε
tion i=1
i
N
N −1 · · · ε 1 . If each channel is expressed
in the form of mapping matrix i , the state vector during the
evolution can be obtained by
N
Y = i=1
i · X,

(19)

where the product of these mapping matrices can be
expressed by a total mapping matrix tot as
N
i =
tot = i=1

 1
λtot

0T 
.
 tot

(20)

Thus, the total evolution process is equivalent to the total
mapping
matrix with the effective vector λtot = λ N +
 N  N
N
j=2 k= j  k λ j−1 and acting matrix  tot = i=1  i .
The Bloch vector of the evolved state can be obtained by
ζ = λtot +  tot · ζ (0) .
In the simplest case of N = 2, an open Dirac qubit are
subjected to the Unruh channel U and other noisy channel
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(2)

Gβ = Fβ

(1 − p)2
1 + |ζ (2) |
log
,
|ζ (2) |
1 − |ζ (2) |

(2019) 79:974

(23)

where Fβ is the quantum Fisher information for the Unruh
channel without external noises. From the above analytical
results, it is found out that the estimation precision can be
further suppressed by the external noises.

5 Discussion

Fig. 5 The decoherence of quantum coherence C and quantum Fisher
information Fα are illustrated by the black line and red dash line respectively. The parameters of α = π/2 and ω = 1 are chosen

of AD , PD . In both cases, the mapping matrices can be
obtained by
⎛

(1)



(2)

1
0
0
√
0
1 − p cos r
0
√
0
0
1 − p cos r
(1 − p) cos2 r − 1
0
0
(1 −
⎛
⎞
1
0
0
0
⎜ 0
(1 − p) cos r
0
0 ⎟
⎟,
= ⎜
⎝ 0
0
(1 − p) cos r 0 ⎠
− sin2 r
0
0
cos2 r
⎜
= ⎜
⎝

(1)

⎞
0
⎟
0
⎟,
⎠
0
2
p) cos r

(21)

(2)

where
for the amplitude damping case and
for
the phase damping one. The parameter p ∈ [0, 1) denotes
the decaying coefficient from the environmental noise. p =
0 represents the Unruh channel without any noise. In both
of cases, the Bloch vectors ζ (i) for the Dirac state can be
calculated as
⎞
⎛
√
1 − p cos r cos β sin α
√
⎠,
ζ (1) = ⎝
1 − p cos r sin β sin α
2
2
2
(1 − p) cos r cos α − p cos r − sin r
⎞
⎛
(1 − p) cos r cos β sin α
ζ (2) = ⎝ (1 − p) cos r sin β sin α ⎠ ,
(22)
cos2 r cos α − sin2 r
which can be used to evaluate the quantum parameter estimation according to Eq. (16). For example, quantum parameter
estimation with respect to β are obtained by means of two
measures,
(1)

Fβ = (1 − p)Fβ ,
(2)

Fβ = (1 − p)2 Fβ ,
(1)

Gβ = Fβ

123

(1 − p)
1 + |ζ (1) |
log
,
|ζ (1) |
1 − |ζ (1) |

We exploit the theory of quantum channels to study the structure of the vacuum state of Dirac fields propagating in a
GHS dilation black hole spacetime. We introduce the concept
of quantum information divergence for relativistic parameter estimation. We use the quantum Fisher information and
information divergence to estimate the amplitude and relative phase of the Dirac field state. The precision of estimating
the phase parameter can decrease with the radiation temperature. The external noise from the amplitude damping channel
and phase damping channel can suppress the decoherence of
quantum parameter estimation.
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