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Abstract In this paper, we consider two different subjects:
the algebra of universal characters Sy ,(x,y) (a general-
ization of Schur functions) and the phase model of strongly
correlated bosons. We find that the two-site generalized phase
model can be realized in the algebra of universal characters,
and the entries in the monodromy matrix of the phase model
can be represented by the vertex operators Fl.i @ =1,2)
which generate universal characters. Meanwhile, we find that
these vertex operators can also be used to obtain the A-model
topological string partition function on C3.

1 Introduction

Symmetric functions were used to determine irreducible
characters of highest weight representations of the classi-
cal groups [1]. The universal character, as a generalization
of Schur function, describes the character of an irreducible
rational representation of GL(n) [2], which upgrades that
Schur function is the character of an irreducible polynomial
representation of G L (n). Symmetric functions also appear in
mathematical physics, especially in integrable models. The
group in the Kyoto school uses Schur functions in a remark-
able way to understand the KP and KdV hierarchies [3].
Tsuda defined the UC hierarchy which is a generalization
of KP hierarchy and obtained that the tau functions of UC
hierarchy can be realized in terms of the universal charac-
ters. He also proved that the UC hierarchy has relations with
Painlevé equations [4] by similar reductions. In this paper,
we consider two different subjects: the algebra of universal
characters and the phase model of strongly correlated bosons.

One purpose of this paper is to give the representation
of the two-site generalized phase model on the algebra of
universal characters Sy, 4] (X, ¥). The phase model, which is
the so-called crystal limit of the quantum group [5], is an
integrable model and can be solved in the formulism of the
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quantum inverse scattering method [6]. Our results will show
that the limit of the quantum inverse scattering method has
an interpretation in terms of the algebra of universal charac-
ters. The crucial elements in our discussion are vertex oper-
ators Fl.jE (z), (i =1, 2). The Fermions can be defined from
these vertex operators. In the special case . = ¢, the univer-
sal character Sj;, ,1(x, y) will be reduced to the Schur func-
tion S (x), and the correspondence between vertex operators
and fermions in this special case is a part of the well-known
Boson-Fermion correspondence.

The relation between the algebra of Schur functions and
the phase model is known from [7,8]. There is the follow-
ing isometry between states in the phase model and Schur
functions

M

Q) Ini)i > S(x), A=1m2m2
i=0
The actions of the entries in monodromy matrix 7 (#) on

Schur function are obtained from the truncated expansions
of the vertex operators

() = f®D, [(g) = B

where £(x, z) = Y~ x,2" and

= 1 1 d
axz axla Eaxz, 58)63,-“ ) ax; :8_
Xi

In this paper, we generalize vertex operators to the type
_ _A a -1

My (@) =% Ti(g) =t ),
_ 3z 5.z~

0 (z) = £ —0x.2) F;(Z) = £E0),

these vertex operators can generate universal characters and
fermions can be defined from them. We define the map from
the state in the two-site generalized phase model to the uni-
versal character by

M M>

1 2
R )" R R 1mi)i? > S y)
i=0 i=0
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with

A=1M2" 0 pu=1M2"
The actions of creation operators By (1) and B, (1), which are
entries in the monodromy matrix 7 () of the phase model, on
universal characters are determined by the truncated expan-
sions of I'; (z) and I', (z) respectively, and the annihilation
operators C1(u) and C,(u) (multiplied by a coefficient) are
adjoint to the operators B (u) and B (u), and determined by
the truncated expansions of I‘T(z) and F;‘ (z) respectively.
Another purpose of this paper is to discuss the relations
between the vertex operators I';” (z), F;" (z) i =1,2) and
the MacMahon functions. It is known that the A-model topo-
logical string partition function Z(IC”{’ on C3 can be written as

a Fermionic correlator involving the vertex operators I'* (z)
and "~ (z) with a particular specialization of the values of
7= qi1/2, qi3/2, qi5/2 -+ - In this paper, we will give that
chf;” can also be obtained from the vertex operators I';” (z)
and I‘i+ (z) (i = 1,2) with the same specialization of the
values of z.

The paper is organized as follows. In Sect. 2, we recall the
definition of universal character and its vertex operator real-
ization, then we give the actions of the vertex operators on
Si5.,01(X, y) which is helpful for our discussion. In Sect. 3, we
recall the phase model. In Sect. 4, we define the representa-
tion of the two-site generalized phase model on the algebra of
universal characters, and we find that the actions of the entries
in monodromy matrix on universal characters are obtained
from the truncated expansions of the vertex operators dis-
cussed in Sect. 2. In Sect. 5, we give that the MacMahon
function can be obtained from these vertex operators.

2 Universal characters and vertex operators

In this section, we review the definition of universal character
and its vertex operator realization as in papers [2,4], then
we review the definition of the UC hierarchy as in paper
[4]. We also give a new proposition in this section which is
helpful for the discussion in Sect. 4. Letx = (x1, x2, ...) and
y = (¥1, Y2, . ..). The operators 4, (x) are determined by the
generating function:

00 00
Z ha(x)Z" = eS(x,z)’ §(x,2) = anzn (D
n=1

n=0
and set i, (x) = 0 for n < 0. The operators %, (x) can be
explicitly written as
k1 ko kn
Z 'xl x2 e xn
TS h
K+ 2oy 11K K

hp(x) =

@ Springer

Note that A, (x) is the complete homogeneous symmetric
function of #1, 2, . .. if we replace ix; with the power sum
oo i
pi=2 1t Iz
For a pair of Young diagrams A = (A1, A2, ..., A;) and
u = (w1, u2, ..., ), the universal character Sy ) =
Sta,u](X, y) is a polynomial of variables x and y in C[x, y]
defined by the twisted Jacobi—Trudi formula [2]:

Sp (X, Y)

— det (hul’i+l+i_j (Y)a
My —i+j (%),

1<i<l )

! . A M

'+ 1<i<Ii+l I<i,j<It
(2)

Define the degree of each variables x,, y,, n = 1,2, ... by

degx, =n, degy,=—n

then Sy, ,1(x,y) is a homogeneous polynomial of degree

M| — ||, where |[A| = A1 + Ap + --- 4+ A is called the

weight of A. Note that S) (x) is a special case of the universal

character: S (x) = det(hy,—i+;j (X)) = Sp,0(X, y).
Introduce the following vertex operators

(= eS(X—?’y,z)7 F;r(z) — eé(éx,z’l), 3)
Iy () = 0 1f(g) = f G, @)
Define
XE(@) = 30 X;ie" = O T 5)
nez
vEeh =Y v = e EE 0.2, FEGy.2) (6)
nel

The operators X li satisfy the following Fermionic relations:
+ gt + oyt

Xi X5+ X5 X =0,
XX X =8

XX, + XX = divjo.

The same relations hold also for Yii, and X li and Yl.jE are
commutative. The operators X l+ andY l.+ are raising operators
for the universal characters such that

_ v+ +y+ +
o (% y) = X XY X (7)
where the Young diagrams A = (A1, Az, ..
(15 (25 ey ().

For an unknown function T = t(X,y), the bilinear rela-
tions [4]

LA and p =

> X[t® Xt = > Y T®YT=0 )
i+j=—1 i+j=—1

is called the UC hierarchy.
It turns out that t(x, y) equals

T(X,y) = 71 (X — dy)Ta(y — dy) - 1
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where 71 (x) and 72(x) are tau functions of KP hierarchy. In
special case, the universal character Sy ,(x,y) is also the
solution of UC hierarchy, and

Sput (%, ¥) = Sp(x — 3y) Sy — 0x) - 1. )

From this, we get the conclusion which is helpful for the
following discussion.

Proposition 2.1 The vertex operators in (3) and (4) act on
the universal characters Sy, (X, y) in the following way,

oo
= S (X, Y)

n=0

=2 Sy,

V>4
(e.¢]
D St (X ¥)
n=0

= Z S (xL ),

V>

I @ Sp . y)

(10)

Iy @ Spux,y) =
(11

where the multiplication of two Young diagram A and (n)
satisfies the Pieri formula [9,10], and A > p means that
the Young diagrams A and | are interlaced, in the sense of
Al > 1 > Ao > o > ---. The operators F?‘(z) and F;(z)
are adjoint to I'| (z) and "5 (z) respectively, that is,

o0
Z 2" Sty )1 (X, Y)

n=0

= Z Zlkl_lv‘s[v,u] (x,y),

A>v

o0
Z ZnS[A,/L/(n)](X, y)

n=0

= Z Zlﬂ'l_‘v‘S[)hv](X, y),

n>=v

I @) Sp X, y) =

12)

TS @S (%, y) =

(13)

where )/ L denotes a skew diagram.

3 Phase model

In this section, we review the definition of phase model as
in papers [7,8] and no new result is given. We begin with a
bosonic system based on the following algebra [7,8]
[N.¢]=—¢. [N.¢'1=0¢". [¢.¢"]=m (14)
where w = |0)(0] is the vacuum projection. The operator ¢
is one-sided isometry

o =1, o¢fp=1-n

This algebra can be represented in the Fock space F consist-
ing of n-particle states |n), the operators ¢, ¢' and N acting
as the phase operators and the number of particles operator,
respectively,

¢'iny =In+1), ¢n)=
¢10) =0, Nin) =nln),

In—1),

where |0) is the vacuum state, the special case n = 0 of the
n particle state.
Let the tensor product

(15)

be M + 1 copies of the Fock space. Denote by ¢;, ¢>iT , N; the
operators that act as ¢, ¢', N in (14), respectively, in the ith
space and identically in the other spaces.

The phase model is a model of a periodic chain with the
hamiltonian [11-13]

M

¢ di+1+ ¢id ,+1 Ni)- (16)
=0

l\)l'—‘

i

Define the operator of the total number of particles by

M
N=>"N.
i=0

Then the N-particle vectors in this space are of the form

where |n;); = (¢; D10);.,

M
Q) 1ni)i. N = Zn,, (17)
i=0

the numbers n; are called the occupation numbers of the state
17).

From [6], we know that the phase model is integrable.
Introduce the L-matrix

_ t
Li(u)=<;il fi), i=0.... M.

where u is a scalar parameter, here we treat u as ul with /
being the identity operator in F. For every i = 0,..., M,
the L-matrix satisfies the bilinear equation

R(u, v)(Li() ® Li(v)) = (Li(v) ® Li(@))R(u,v), (18)
where R-matrix R(u, v) is a4 x 4 matrix given by
fuwy 0 0 0
_ 0 g(v,u) 1 0
Ruvy={""¢ 0 gwuw 0 |
0 0 0 f(v,u)
(19)

@ Springer
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with
2

fo.u) = —— -
v,Uu) = .
M2—U2

v, uU) = .
g, u) PR

Define the monodromy matrix by
T(u) = Lyu)Lpy—1(u)--- Lo(u),

which gives the solution of the phase model. It also satisfies
the bilinear equation

R(u, v)(T(u) ® T(v)) = (T(v) ® T(u))R(u, V). (20)

Let

_(Aw) B(u)
T =t bw): .
we have

NBu)=Bu)(N+1), NCwu)=Cu)(N-1). (22)
Therefore, we call B(u) the creation operator and C(u) the
annihilation operator. The operators A(x) and D(u) do not
change the total number of particles.

Denote by |0); the vacuum vector in F; and by [0) =
®M,10);. Let

N
W, ....un) =[] Bwlo), (23)
i=l

which is a N particle state.
According to [7,8], there is the following isometry
between the states (17) and the Schur functions

M

Q) Inii = Six), a=1"12" (24)
i=0

and the operator B(u) acts on Schur functions as the oper-
ator of multiplication by u™ Hy (u?), where Hy (1) =
Z,i”zo t*hy is the truncated generating function of the com-
plete homogeneous symmetric functions /. Then the state
[W(uy,...,un)) has the following expansion

M
W ur, . oun)) =Y S, ... ux) Q) Ini)i,
s i=0
A= 1m2m (25)

In the following, we will generalize this work [7,8] to
realize the two-site generalized phase model in the algebra of
universal characters, and the entries in the monodromy matrix
can be obtained from the vertex operators which generate the
universal characters.

@ Springer

4 Two-site generalized phase model and universal
characters

In this section, we will give the representation of the two-site
generalized phase model on the algebra of universal char-
acters. All the results in this section are new. Now fix two
positive integers M1, M> and consider the tensor products

M My
FO=QRF" F2=RQF (26)
i=0 i=0

which £ and F® are M 41 and M;+1 copies of the Fock
space respectively. Denote by ¢i<l), ¢i<1)4f, Ni(l) the operators
that actas ¢, q&T , N in (14), respectively, in the ith space ]—'i(l)
and identically in the other spaces of F!) and in all spaces of
F@ and denote by ¢i(2), ¢l.( )T, N i(z) the operators that act as

#,¢", N, respectively, in the ith space .7-"1.(2) and identically
in the other spaces of ) and in all spaces of (. Let

F=rOQr? 27)

so that F is M + M + 2 copies of the Fock space. Denote
by |O)§") the vacuum vector in }'/(.’) withi =1, 2.
Define the operators ’

M M
1\71221\/[.(1), NQZZNIQ), and ]\A/=1\A/1+1(72.
(=0 i=0

The (N1, Na)-particle vectors in space F are of the form
M, M, M
1 2 .
®|ni>§)®®|mi>§)a with lezni,
i=0 i=0 i=0

M
N =Y mi, 28)
i=0

where

1 1 . 1 2 2 ) 2

i

Define the map j : F — CIx, y] by

M M

1@ 11)i” Q@) Imidi™) = Sps(x.y) (29)
i=0 i=0

with

A= 1M2m = mm (30)

In fact, this association is not quite unique: partitions A, u
themselves do not know about numbers ng and mq of parti-
cles. Nonetheless, if we fix the total numbers of particles Ny
and N, we can deduce ng = Ny —I(}) and mg = Ny —1(w),
where /(1) is the length of partition A, that is, the number of
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rows in A. Note that the correspondence (7) in [8] is a special
case of the map ; defined above.
The L-matrices are

1 L (Of
1 u : .
LE)(u)=( M ¢ ) i=0,...
¢1‘ u

Sl ,Of
2 u i .
LE)(M)=( @ % ) i=0,...
¢,’ u

and the monodromy matrix is
2 2 1 1
T(u) =Ly - L @LY ) L w).

Each L-matrix, as well as the monodromy matrix, satisfies
the bilinear equation again

R, v)(L ) ® L () = (L ) ® L ) R(u. v),
j=12
R, v)(Tw) ® T (v)) = (T (v) ® Tw) R, v), (B1)

with the same R-matrix in (19).

Let

Ti(u) = L) LY )+ L§" () (32)
_ (A B\ .
‘(ci(u) Di<u>)’ =he 53

The operators By (u) and B (u) are called the creation oper-
ators and Cy(u) and C,(u) the annihilation operators, in the
sense that they increase and decrease the total numbers of
particles

N:iCi(u) = Ci(u)(N; — 1)
(34)

NiBi(u) = B;i(w)(N; + 1),
for i =1,2.

The operators A; (1) and D;(u) (i = 1, 2) do not change the
total number of particles.

We call i th Fock space .7-'l.(j ) (j = 1, 2) the i-energy space.
Note that the correspondence (29) does not take into account
the numbers ng, mg of zero-energy particles, Therefore (29)
gives a representation of the positive-energy space

M M»>
F= ®‘7:i(1) ®®‘7:i(2)’
i=1 i=1

in the algebra of symmetric functions C[x,y], in fact in
its subspace Cp, m,[X, y] generated by universal characters
S(»., ) where the Young diagrams A have at most M7 columns
and p at most M, columns. From the definition of the twisted
Jacobi-Trudi formula, we can define this subspace by sup-
posing

hM"H(X) = hM1+2(X) =-..=0,
haty+1(Y) = haty12(y) = -~ = 0.

By the definition of N 1, ]\72, the space F has a decompo-
sition into (N, Np)-particle subspaces FNLN2 e

F= @ 7=

Ni,N2>0

P 7er” (35)

Ni,N2>0

Under the map (29), the subspace FN:N2 corresponds to
C%ll”lx,?z [x, y] which is spanned by universal characters Sy,
whose diagrams A lie in the Ni x M| box and u lie in the
Ny x M; box. That Young diagram A lies in the N x M box
means A has at most N rows and at most M columns.
Define the projection P : F — F by forgetting the zero
energy states, and define the operator B;(u) := PB;(u)P
for i = 1,2. Then B;(u) are operators acting on the space

F=cC M,.M,[X, y]. Since B;(u) are creation operators, then

Bi (1) sends (C%‘l’f& [x, y]to (CZIITAEI’ZNz [x, y] and B> (u) sends
(Cﬁ\v,lll”ll\"}z [x,y] to (CAN/III”I/\Z;'I[X, yl. In the following, we dis-

cuss the actions~0f Bi(u) on Cp,,m, (X, y]. Define Bi(u) by
Bi(w) = u="iB;(u) fori = 1,2. Then we can derive the
following proposition.

Proposition 4.1 In the space Cy, m,[X, Y],

By (u) = Hy, (x — dy, u?),
By(u) = Hy, (y — d, u?),

(36)
(37
where Hy(x,t) = Y }{_ot*hi(x), and hi(x) is defined in

(1), which in fact is the complete homogeneous symmetric
function.

To prove this proposition, we need the following lemma.

Lemma 4.2 For any Schur functions S, and complete sym-
metric function hy, we have

hi(y — 3x) S5, (X — dy) = Sy(x — dy)hg(y — x). (38)

Proof This holds since y, — %3)@, and x,,;, — %Bym are com-
mutative. O

The proof of Proposition 4.1.

Proof We know that
Spru1 (%, ¥) = Si(x = ) S (y — dx) - 1,

and in [7,8]

M M
B) @) Ini)i = Y uhiS,, 2=112"

i=0 k=0

@ Springer
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Here the mapping sign j is omitted at the left of the equation
and we will do the same in the following. Hence,

M M»>
By Q) i)y Q) ) lmi)?
i=0 i=0
M M
= (Bmu) (%) |n,->§”) QR Imi)?
i=0 i=0

M,
= > uhp(x = dy)Sp(x — By) Sy — dx) - 1,
k=0
and

My M>
By Q) Ini)g” Q) ) lmi)?
i=0 i=0
M, M,
=)’ Q) (Bzw) (% |m,->,@>
i=0 i=0

M,
= Sp(x — dy) (Z W iy — 0x) Su(y — Sx)> -1

k=0
M
=Y uP iy — 30 Su(x = 8y) S, (y — 3x) - 1.
k=0

O

Note that the truncated generating function H,(x,?) =
Yo t*hi(x) can also be regarded as the full generating
function H(x,t) = Z,fio %y (x) under the specialization:
Hy (X, 1) = H(X, 1)|n,,1(x)=hps2(x)=...=0- Then we get the
following corollary.

Corollary 4.3 In the M|, M, — oo limit, the actions of
the creation operators l§1 (u) and Bz(u) on the space F
correspond to the multiplications of H(x — 5y, u?) and
H(y — dx, u%) on the space C[x, y] respectively.

Define

N
Wy (i, ... un)) =[] Ba(uj)Bi(u))|0) (39)

Jj=1
then we obtain the following proposition.

Proposition 4.4 The expansion of the (N, N)-particle vec-
tor (39) in terms of basis vector (28) is given by the formula

Dy up, ... un))
=@y un) MM G ) Su L uR)
A
M M»>
1 2
& ni);” & & i)
i=0 i=0
=@y un) MM TG uy) Su L uR)

Al
St (X, Y)

@ Springer

where the sum is over Young diagrams A with at most N rows
and at most M| columns, Young diagrams u with at most N
rows and at most M> columns.

Proof The operators By (u) and By (u) are commutative.

N
[T 81w = - up)™ 3 8503 ... u3) S (x — dy)
A

j=1
(40)
N ~
[1 B2 = Gy cun) ™" S, . uq)Suly = %)
j=1 "
41
then we have
Dy (i, ..., un))
= (uy--uy) MM Z S)L(u%, R M%V)Sﬂ(u%, R u%,)
AL
Si(x — ) Sy — dy) - 1
=@y -un) M S f uy) Su L uR)
Al
Sp X, Y). (42)

By the restrictions on A and p, we obtain the conclusion. O

Recall that
(AW B

T“”‘(C(u) D(u))
_ (M@ B\ (A Bi(w)
= AUOSO S (@(u) Dz(M)) (cl(u) Dl<u))

then
B(u) = Ax(u)B1(u) + Ba(u) D1 (u).

The matrix entries of 7;(u),i = 1,2 are related by the
following formulas:

Biw) = udi)¢y", Ciw) =u"'g{" AT w ™),
Di(u) = ¢ Al ™)

Let A;(u) = PA;w)P, C;(u) = PCi(w)P, Di(u) =
P D;(u)P, where P is the projection 7 — F, then we have

Lemma 4.5 The operators A;(u), B;w), Ci(u), D;(u),
(i = 1, 2) are related by the following formulas

Ai ) = u™ " Bi(w), Ci(w) = Bl ™), Di(u) = uBf ™).

Since By (1) = u=M Hy, (x — 5y, u?), we obtain the fol-
lowing lemma.

Lemma 4.6 Let C (1) = u=MCi(u), we have

Ci(u) = Hy;, (x — dy, u™%) = Hyj (x,u™)



Eur. Phys. J. C (2019) 79:953

Page 70f 9 953

where Hy; (x.1) = Y 3t (i ™ %), and hie ™ (x) is the
adjoint to the operator of multiplication by hk (x).

Define B(u) = P B(u) P, we have

B(u) = By(u)(u™" By (w) + uBB{ (™))
= u™ ™ Hy, (y — 95, u) ™"~ Hyy, (x = 0y, u?)
+uM T Hy (x = By, u™).

We write Hy, (X — Sy, u?) by Hj (u?) for short. From the
bilinear equation (20), we have

Mi+1 —Mi—1 -
wy "y M H1L(M12)H1(u%)
Mi+1 —M;—1
=uy M L o W) Hi ()
uy — ’42
“My—1 Mi+1
— i " 2l+ 7 Hl(ul)Hl (uy )
uy — 2
Recall that

N
Wy @i, un)) =[] B@))0).

Then by calculation, we get

Proposition 4.7 The operators ul_lBl (uy)+uy B-lr (u]_1 )and
u;lBl (1) —i—uzl?;r (u;l) are commutative, which tells us that
the coefficients, in the expansion |V (uy, ..., uy)) in terms
of basis vector (28), are symmetric functions of variables

2 2
U, ooy Uny

Since

]—[B(umo

j=1

:]2

Bauy) (7' Biuy) +u;Bjw;H) 10)
1

~.
I

||:]2

520 1‘[ (47 Br ) + Bl ;) 10)
and

N ~
[[Bop=ur-un)™ > " Suui. ... uz)Suly — dx)
j=1 ©

where 1 is a Young diagram with at most N rows and at

most M> columns. Hence, in the following, we consider the
expansion of [T, (u; ' Bi(u;) +u;B{ (u;"))[0).

Proposition 4.8 Letki, k- -- , ki beintheset{l1,2,..., N}
and satisfy ki < ko < -+ < k;. We denote uy uy, - - - uy; by
u(ky for short. Then we have

N
[T (47 'Brjy +u;B{w;h) 10)

j=1

= (ug- MN)M'HZ Z (ugey) >~
<115

k! kl

where

H (uf,) -

——L—Hiup) - Hi(ug) - 1

CHy () 1= S, up)Si(x
A

—dy) - 1.
Proof One can prove it by inductions. O

From the discussion above, we get the expansion of

[Wn (Ui, ..., uy)).
Proposition 4.9 The N-particle vector |Wy(uy, ..., un))
can be written as
Wy Gupeuy)) = (g ouy) MM
x Z Z (u ) 2M1—2 1_[
i=0kp,..., j#ki u _”k
X ZS)‘(M/(I ..... u,%)
A
2 2
X Sl‘«(ul ..... uN)S[)L,IL](X’ y)

where A is a Young diagram with at most i rows and M,
columns, and n a Young diagram with at most N rows and
M columns.

In a special case, we have Sp, g)(X,y) = Sy (x). Let My =
Vjs

N
(Wn @, .. un)) = [ ] Bi))I0)

N
= @ uy) M [ Biwpio)

j=1
2
= ZS)"(MI”"’
A

uy) S (x)
which is the same as in [7,8].

5 Vertex operators and topological strings on C3

The A-model topological string partition function on C? is
given by the MacMahon function

00
Ztop

o =Mq) = 1'[(1 o (43)

Z P(n)q".
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It is related to the topological vertex and P(n) counts the
number of plane partition whose total boxes number equals
n. Itis known that the generating function of plane partitions
can be written as a fermionic correlator involving the standard
vertex operators

It =™ T (2) = PO (44)

with a particular specialization of the values of z =
gEV2, B2 ¥R

In the following, we will give that Zé;p can also be
obtained from vertex operators Fl.i(t), i = 1,2. We first
give the relations between vertex operators T‘iﬂE t),i =1,2
and operators l’;’i (u) and éi (n).

Proposition 5.1 Inthe M, My — oo limit, operators Bl- (u)
and C;(u) have the following vertex operator representations

By(u) = £ = 12, (45)
Cr(u) = F @™ = (2, (46)
By = F ) =TS (), (47)
Cou) = £ =T5 ), (48)

where the vertex operators Fl.i(t), i = 1,2 are defined in (3)
and (4).

To obtain the form of Zf&p written by a fermionic correla-
tor involving vertex operators I”ii(t), i = 1,2, we need the
following lemma.

Lemma 5.2 The following relation holds
oo
O I rs @ Hri@™ 10 =0 —q¢"". “9)
m=1 n>1

Proof Since
I (w) = W) €@y w)
;) = 0D =602

and

eEOD EXW) (] _ 7)o 5K o6 Bx.2)

then we get
Iy @ (w) =0 —zw) : Ty (@I (w) :

where the normal order is defined as usual. Using this formula
step by step, we get the conclusion. O

Then we obtain the following result.

@ Springer

Proposition 5.3 The A-model topological string partition
function on C3 (the MacMahon function) equals

o
Z(tcoﬁap — <O| l_[ F;*(q—m+1/2)l—wl+(q—m+l/2)
m=1

x [T 2@ "5y @m0 (50)

m=1

Proof Since

I @I (w) = ﬁrﬂw)r,*(z), i=12,

—w/

+ — j + .o . .
I @U; (w) =TIl @), i,j=12i#]
Then the right hand side of (50) equals

1 1
I =gm" (A —q")"

©Of [T rs @ "»ri @m0

m=1

By the Lemma 5.2, we get the conclusion. O
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