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Abstract We investigate spherically symmetric solutions
in string theory. Such solutions depend on three parame-
ters, one of which corresponds to the asymptotic mass while
the other two are the dilaton and two-form field ampli-
tudes, respectively. If the two-form field amplitude is non-
vanishing, then this solution represents a trajectory of a sin-
gular and null hypersurface. If the dilaton and two-form field
amplitudes are non-vanishing but very close to zero, then
the solution is asymptotically the same as the Schwarzschild
solution, while only the near horizon geometry will be radi-
cally changed. If the dilaton field diverges toward the weak
coupling regime, this demonstrates a firewall-like solution.
If the dilaton field diverges toward the strong coupling limit,
then as we consider quantum effects, this spacetime will
emit too strong Hawking radiation to preserve semi-classical
spacetime. However, if one considers a junction between the
solution and the flat spacetime interior, this can allow a stable
star-like solution with reasonable semi-classical properties.
We discuss possible implications of these causal structures
and connections with the information loss problem.
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1 Introduction

The information loss problem is one of the key unresolved
problems in the quantum theory of gravity [1,2]. There have
been various approaches to resolving the paradox. We may
classify the possible ideas as follows.

• 1. Information loss. After black hole evaporation, unitar-
ity is violated [2]. However, this idea is not consistent
with the AdS/CFT correspondence [3]; also, there exists
a debate as to whether or not the violation of unitarity
causes a serious problem [4,5].

• 2.Hawking radiation carries information. If one assumes
that general relativity and semi-classical quantum field
theory are still valid [6], then there appears an inconsis-
tency [7–9]. Hence, if one still assumes that Hawking
radiation carries information, this means that the gen-
eral relativity must be severely modified around the hori-
zon scale, or the so-called firewall should appear [10,11].
Such a violation of general relativity can be naked and
there is no principle to control the firewall [12–14].

• 3. Information is retainedby remnants.This covers a wide
range of possibilities, including Planck scale remnants,
the baby universe scenario, and so on [15]. This idea has
several problems with entropy [16,17] and there is no
argument to show that the remnant picture can be applied
to very generic circumstances.
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• 4. Effective loss of information. It is possible to suggest
that information is not carried by Hawking radiation nor
stored in remnants, but unitarity is still preserved when
we consider the entire wave function of the universe [18].
This idea requires tunneling from gravitational collapse
to a trivial geometry [19–21]. This can be applied to
generic systems [22,23], but one needs to check whether
or not this really preserves unitarity.

The most preferred idea among string theorists is perhaps
the second one. There have been proposals to overcome the
violation of general relativity [24], but these have also faced
criticism [25,26]. Unless there exists a way to explain the
physical origin of the firewall constructively, the discussion
about the firewall remains speculative.

In this context, we propose a model inspired by string the-
ory. We consider a model that includes gravity, the dilaton
field, and the Kalb–Ramond field [27]. This is motivated not
only by traditional string theory but also the recent discus-
sions in the context of double field theory [28–33]. It was
already known that there exists a trivial Schwarzschild solu-
tion. One can also construct a non-trivial dilaton and Kalb–
Ramond field combination, but the solution becomes singu-
lar. This is the reason why many people did not consider this
solution seriously for several decades. On the other hand, if
we consider double field theory, the singular solution can be
interpreted as a vacuum solution of the fundamental action
[34,35]. In addition to this, we will revisit the solution and
check whether it can work as a kind of firewall. If this is the
case, then it can be a very natural way to construct a firewall
within the framework of string theory.1

This paper is organized as follows. In Sect. 2, we revisit the
non-trivial solution with the dilaton and the Kalb–Ramond
field. In Sect. 3, we discuss details on the causal structures of
the solution. We will find that there are two branches of solu-
tions, one corresponding to the strong coupling limit and the
other corresponding to the weak coupling limit. In Sect. 4,
we discuss more on the former case: by considering a star-
like interior, one interprets this as a regular star-like solution
without a singularity. In Sect. 5, we discuss more on the lat-
ter case: in the weak coupling limit, this solution naturally
explains the firewall and there may be no problem of infor-

1 It is interesting to compare this idea with the fuzzball picture which is
famous in the string theory community [36]. According to the picture, a
black hole is a superposition of various fuzzball solutions, where each
solution has no horizon but has a regular membrane. On the other hand,
if we superpose all fuzzball states, it is conjectured that the averaged
geometry looks like a semi-classical black hole. In this sense, our solu-
tion is quite different from the fuzzball conjecture, because our solution
is singular near the center and this is no more a superposition of other
solutions. This is the reason why we would like to compare this solution
with not the fuzzball picture but the firewall conjecture.

mation loss. Finally, in Sect. 6, we discuss several possible
criticisms and possible future work.

2 Review of the solution

In this section, we comprehensively review the non-trivial
solution which includes the dilaton field and the Kalb–
Ramond field. We investigate stringy solutions of the model
[27]:

S =
∫

dx4√−ge−2φ

(
R + 4∂μφ∂μφ− 1

12
HμνρH

μνρ

)
,

(1)

where φ is the dilaton field, and H = dB is the field strength
tensor of the Kalb–Ramond field Bμν .

We specifically focus on the following class of static solu-
tions [27,34,35]:

ds2 = e2φ(r)
(

−A(r)dt2 + 1

A(r)
dr2 + C(r)

A(r)
d�2

)
, (2)

where

e2φ = γ+
(
r − α

r + β

) b√
a2+b2 + γ−

(
r − α

r + β

)− b√
a2+b2

, (3)

A(r) =
(
r − α

r + β

) a√
a2+b2

, (4)

C(r) = (r − α)(r + β), (5)

α ≡ a

a + b

√
a2 + b2, (6)

β ≡ b

a + b

√
a2 + b2, (7)

γ± ≡ 1

2

⎛
⎝1 ±

√
1 − h2

b2

⎞
⎠ . (8)

We can transform this metric as

ds2 = −F(R)dt2 + G(R)dR2 + R2d�2, (9)

where

R(r) =
√
e2φ(r)C(r)

A(r)
, (10)

F(R(r)) = e2φ(r)A(r), (11)

G(R(r)) = e2φ(r)

A(r)(dR/dr)2 . (12)

Eventually, one will be able to determine F and G as func-
tions of R. Note that the physical meanings of a, b, and h
are given by [34,35]. Here, h represents the field value of
the Kalb–Ramond field, where this two-form field becomes
B(2) = h cos θdt ∧ dϕ. Regarding a and b, it is not easy
to assign the direct physical meanings, but if a � 1 and
b, h � 1, then a can be interpreted as the ADM mass, where
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we will mainly consider this limit. More detailed interpreta-
tion of the conservative quantities is discussed in [34,35].

3 Causal structures of singular null-shell solutions

3.1 Jordan frame

From the solution, there are some simple things that we can
check. As r approaches to α, C approaches to zero but R2 ∝
(r − α)1−(a+b)/

√
a2+b2

. This exponent is negative unless a
or b is zero; if a or b is zero, then the exponent is zero.
Therefore, if both a and b are positive, then as r approaches
to rmin = α, the areal radius R tends to infinity.

Note that at the point rmin, G is always zero, while F ∝
(r−α)(a−b)/

√
a2+b2

. Therefore, if a > b > 0, then F goes to
zero at r = rmin and hence the surface is null. If b > a > 0,
then F becomes positive and the r = rmin surface becomes
timelike. Between the two hypersurfaces r = ∞ (asymptotic
infinity) and r = rmin, there must exist a surface that satisfies
R′ = 0, i.e., a bottleneck. Note that the R′ = 0 surface is
always timelike.

Finally, it is easy to check that the Ricci scalar should be
divergent at rmin:

R = − F ′′

FG
+ F ′2

2F2G
+ F ′G ′

2FG2 − 2F ′

FGR

+ 2G ′

G2R
− 2

GR2 + 2

R2 . (13)

Then, for h > 0, we can categorize five cases and draw
their causal structures.

• Case 1: For 0 < b < a, the bottleneck R′ = 0 is timelike
and the r = rmin singularity is null (see Fig. 1). G and
F are positive except at rmin, while at the point rmin, the
surface becomes null.

• Case 2: If 0 < a ≤ b, then both R′ = 0 and r = rmin

surfaces are timelike (Fig. 2).
• Case 3: For 0 < b and a = 0, R becomes singular at

non-zero values (Fig. 3).
• Case 4: For 0 < a and b = 0, the metric is trivial

Schwarzschild.
• Case 5: For a = b = 0, the metric is trivial Minkowski.

However, if h = 0, then R, F , and G all approach to zero
and hence it becomes an R = 0 null singularity (Fig. 4). The
causal structures are summarized by Fig. 5.

3.2 Einstein frame

In the Einstein frame (gE
μν = gμνe−2φ), the solution is sim-

plified such that

ds2
E = −A(r)dt2 + 1

A(r)
dr2 + C(r)

A(r)
d�2. (14)

This can be also modified as follows:

ds2
E = −FE(RE)dt2 + GE(RE)dR2

E + R2
Ed�2, (15)

where

RE(r) =
√
C(r)

A(r)
, (16)

FE(RE(r)) = A(r), (17)

GE(RE(r)) = 1

A(r)(dRE/dr)2 . (18)

In the Einstein frame, there is no dependence of the metric
on h.

In the Einstein frame, we can observe that RE = 0 if
r = α, since

R2
E = (r − α)

1− a√
a2+b2 (r + β)

1+ a√
a2+b2 , (19)

except for b = 0. At the same time, FE(RE = 0) =
GE(RE = 0) = 0. These observations imply that this solu-
tion generically (if b is not zero) has a null singularity at the
center RE = 0 (Fig. 6). However, in the Jordan frame, if
b > a > 0, then r = α is timelike, while the surface is null
in the Einstein frame (see Fig. 7). This inequivalence is due
to the singular conformal transformation.

If a = 0 but b remains finite, then the metric reduces to
the form

ds2
E = −dt2 + dr2 + r(r + b)d�2 (20)

= −dt2 + 1

1 + b2/4R2
E

dR2
E + R2

Ed�2, (21)

which has a timelike singularity at the center.

3.3 Two branches of solutions

Even though there is no horizon, since the asymptotic struc-
ture is the same as Schwarzschild, one can expect Hawking
radiation and emission of particles [37]. This will cause a to
decrease.

If h > 0, then near the singular null surface, φ goes to
+∞. This means that the gravitational coupling will become
stronger and stronger, and hence this solution will rapidly
evaporate and disappear. Hence, this means that the evapo-
ration time of the solution is faster than that of the forma-
tion time: the solution will disappear before the singularity
is formed.

One exception is to consider h = 0. Then near the horizon,
φ approaches to −∞ and hence the solution approaches the
weak coupling limit. Then we can give a reasonable physical
interpretation of the semi-classical evaporation of the solu-
tion. If b is small enough, then the geometry is almost the
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Fig. 1 Typical behaviors of R (left), F (right, red), and G (right, blue), where we have chosen a = 3, b = 2, and h = 1. Even though the dilaton
field is singular at the center, as long as a > b, the center is null. One can see that R is bounced to infinity and hence the center is a kind of infinity

Fig. 2 Typical behaviors of R (left), F (right, red), and G (right, blue), where we have chosen a = 2, b = 3, and h = 1. For b ≥ a, the center is
timelike since F is positive

Fig. 3 Typical behaviors of R (left), F (right, red), and G (right, blue), where we have chosen a = 0, b = 2, and h = 1. At finite R, F and G
diverge and terminate, while the surface is timelike
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Fig. 4 Typical behaviors of R (left), F (right, red), and G (right, blue), where we have chosen a = 3, b = 2, and h = 0. At R = 0, F and G both
approach to zero and hence the surface is null

Fig. 5 Causal structures of all possible parameters (h > 0)
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Fig. 6 Typical behaviors of RE (left), FE (right, red), and GE (right,
blue), where we have chosen a = 3 and b = 2. Dashed curves corre-
spond to RE (black), FE (red), and GE (blue), respectively, for a = 3
and b = 0 (i.e. the Schwarzschild solution). As r goes to infinity, the

solution approaches the Schwarzschild solution. On the other hand, as
r goes to zero, RE rapidly drops to zero and both of FE and GE become
zero. Therefore, RE = 0 is a null surface as long as a, b > 0

Fig. 7 Typical behaviors of RE (left), FE (right, red), and GE (right, blue), where we have chosen a = 1 and b = 2. Dashed curves correspond to
RE (black), FE (red), and GE (blue), respectively, for a = 1 and b = 0 (i.e. the Schwarzschild solution)

same as Schwarzschild, while the geometry is suddenly mod-
ified around the horizon scale r � 2M ∼ a. Following this,
it quickly becomes a singularity. Hence, effectively, there is
no interior of the black hole.

We discuss two possibilities separately in the following
sections. In Sect. 4, we discuss the strong coupling case. In
order to avoid such a strong coupling limit, we consider a
junction with a stable star-like interior. As the black hole
evaporates, the mass will slowly decrease and eventually the
star-like interior will form a black hole. It will then quickly
disappear due to the strong evaporation. In Sect. 5, we dis-
cuss the weak coupling case. There then appears a stable but
singular null surface which can be interpreted as a natural
realization of a firewall.

4 Strong coupling limit: star-like interior solutions

4.1 Thin-shell approximation

In order to extend to the h > 0 limit, we consider a junc-
tion with a thin-shell [38] such that the outside is the stringy
solution while the inside is Minkowski without a singular-
ity nor a strong coupling limit. Hence, for the outside we
assume a > b and h > 0, while for the inside we take
a = b = h = 0.

As we are considering the thin-shell approximation, the
metric ansatz is

ds2± = −e2�±(R) f±(R)dt2 + 1

f±(R)
dR2 + R2d�2, (22)
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where ± means outside and inside the shell, respectively. The
induced metric on the shell is assumed to be

ds2
shell = −dτ 2 + R(τ )2d�2. (23)

Since R is a function of r , we assume here that R(r(τ )).
The inside geometry is assumed to be Minkowski:

ds2− = −dt2 + dR2 + R2d�2. (24)

For the outside, we can transform the metric as

ds2 = −e2�+(R) f+(R)dt2 + 1

f+(R)
dR2 + R2d�2, (25)

where

R(r) =
√
e2φ(r)C(r)

A(r)
, (26)

�+(R(r)) = log
e2φ(r)

(dR/dr)
, (27)

f+(R(r)) = A(r)(dR/dr)2

e2φ(r)
. (28)

Regarding the field values, the solution becomes

e2φ−(r) = 1, (29)

h−(r) = 0 (30)

for inside the shell and

e2φ+(r) = γ+
(
r − α

r + β

) b√
a2+b2 + γ−

(
r − α

r + β

)− b√
a2+b2

,

(31)

h+(r) = h (32)

for outside the shell, where B±
(2) = h±(r) cos θdt∧dϕ. These

field values should be continuously connected at the thin
transition region (thin-shell). These contributions will give a
non-trivial tension and the pressure to the shell.2

The Israel junction equation [38,39] is

ε−
√

f−(R) + Ṙ2 − ε+
√

f+(R) + Ṙ2 = 4πσ(R)R, (33)

where σ(R) is the tension and ε± denotes the outward normal
direction: from the causal structures of the static solution in
our setup, there is no region with ε± < 0 and we further
assume ε± = +1. The junction equation is simplified to
(
dR

dτ

)2

+ V (R) = 0, (34)

2 In the original double field theory point of view, the dilaton and the
Kalb–Ramond fields are parts of stringy gravitational fields. However,
one can effectively regard them as usual matter fields and they can
couple to extra matter fields. If there is no coupling between the dilaton
or the Kalb–Ramond fields and the extra matter fields of the thin-shell,
then the only allowed solution would be the Schwarzschild solution due
to the Birkhoff theorem. Therefore, it is important to notice that there
should be a coupling between the extra fields of the matter shell and the
dilaton or the Kalb–Ramond field.

where

V (R) = f+(R) −
(
f−(R) − f+(R) − 16π2σ 2(R)R2

)2

64π2σ 2(R)R2 .

(35)

Since there exists an implicit dependence on r , we obtain
(
dr

dτ

)2 (
dR

dr

)2

+ V (r) = 0. (36)

The only allowed solution is V (r) ≤ 0.
The corresponding pressure that satisfies the conservation

equation is [39]

λ(R) = − R

2

(
σ ′(R) − �(R)

) − σ(R), (37)

where

�(R) ≡ 1

4πR

×
(

�′+(R)

√
f+(R) + Ṙ2 − �′−(R)

√
f−(R) + Ṙ2

)
.

(38)

If the interior geometry is Minkowski, then

λ(R(r)) = 1

8π(dR/dr)

×
(

2
dφ

dr
− d2R/dr2

dR/dr
− 4πR

dσ

dr

) √
f+ − V (r) − σ(r).

(39)

Note that if

2
dφ

dr
− d2R/dr2

dR/dr
= 4πR

dσ

dr
(40)

is satisfied, then the equation of state of the shell is constant,
w = λ/σ = −1, and hence this can be constructed with
physically reasonable matter. In order to simulate a realistic
star interior, it is reasonable that there are various contribu-
tions to the tension and the pressure including not only from
the dilaton and the Kalb–Ramond fields but also from other
kinds of interactions. It must be complicated in general, but
if there are no singular behaviors and if the contributions
from the dilaton and the Kalb–Raomnd fields are sufficiently
small, the dominant contribution for the large r limit can be
a constant with the equation of state −1 following a scalar
field. (The condition for the absence of singular behaviors
from the dilaton or the Kalb–Ramond field is discussed in
“Appendix”.) So, for simplicity, in this paper, we fix w = −1
and solve the tension according to this equation of state:

σ(r) = σ0 +
∫ r

r0

1

4πR(r̄)

(
2
dφ(r̄)

dr̄
− d2R(r̄)/dr̄2

dR(r̄)/dr̄

)
dr̄ ,

(41)

where σ0 and r0 are constants.
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r

Fig. 8 An example of numerical results (the effective potential V , the areal radius R, the tension σ , and the extrinsic curvatures β+ (red) and β−
(blue), respectively) for a = 2.5, b = 1, h = 0.99, and σ0 = 0.01

4.2 Fate of the strong coupling limit

By choosing appropriate parameters, one can find an example
that satisfies oscillatory solutions. This is due to the repulsive
nature of the near-horizon geometry. By tuning those param-
eters, one can find a stable stationary solution. Of course, for
consistency, we need to check that the signs of the extrinsic
curvatures are positive,

β± = f− − f+ ∓ 16π2σ 2R2

8πσ R
. (42)

Figure 8 shows such an example.
If there exists Hawking radiation, the mass of the black

hole a will monotonically decrease. Although it depends on
the details of the parameters, one can show an example of
the dependences of varying a (Fig. 9). This shows that as
a decreases, the stable and oscillatory radius decreases and
eventually the oscillatory region disappears. There are sev-
eral ways to interpret this.

• As a decreases, the oscillatory region disappears. This
means that as a becomes smaller and smaller, the thin-
shell approximation no longer holds.

Fig. 9 V as one varies a, where a = 2.5 (black), 2 (blue), and 1.5
(red), respectively

• However, the dependence shows that the radius decreases.
Hence, the star-like interior becomes smaller and smaller.

• Therefore, it is not surprising that as a decreases, even-
tually the star-like interior will form a black hole. The
shell can tunnel to a small shell to collapse; otherwise,
as a decreases, the thin-shell approximation breaks and
a black hole will be formed.
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Fig. 10 Causal structure of stringy regular stars. As the black hole
emits radiation, a will monotonically decrease and will approach the
strong coupling limit. After that point, the black hole will quickly dis-
appear due to the strong radiation

If a decreases due to the evaporation and the shell
approaches the singularity, then the star-like solution will
live a sufficiently long time but eventually reach the strong
coupling limit. At the critical point, the star-like solution
will quickly evaporate. The causal structure is summarized
in Fig. 10. At the strong coupling limit, if the spacetime is
branched into two pieces, there the asymptotic observer may
effectively lose information, but globally information will
be preserved, which is very similar to the bubble universe
scenario [40,41]. Otherwise, if there is no branch into two
pieces, then the spacetime is causally connected and there
will be no information loss.

5 Weak coupling limit: alternative to the firewall

If h = 0 and the solution approaches the weak coupling limit,
then there is no interior of the black hole and all of spacetime
is causally connected (even though there is a singularity).

Fig. 11 Causal structure of stringy singular stars. Gravitational col-
lapse (yellow colored region) of a star creates a black hole. If b is turned
on at the same time, then a star-like structure is maintained, which will
have a null singularity at the center. If the black hole evaporates within
a finite time and approaches to a = b = 0, then after the evaporation,
the center will become timelike again, while the timelike center is reg-
ular. If the black hole tends towards a stable object due to the weak
coupling limit, then there is no transition to a timelike center and the
null singularity will be extended to infinity

Hence, presumably, there is no information loss. In addition,
this solution automatically makes the region inside the appar-
ent horizon (of a Schwarzschild solution) a singularity. This
can be an alternative to the firewall.

Then a will decrease. Note that b can be either fixed or
decreased to zero. By varying a, one can draw the approxi-
mate causal structure of an evaporating singular null particle.
As a approaches zero, the causal structure will be connected
to Minkowski if b also becomes zero.

To summarize, there are three possibilities:

• 1. Both a and b decrease to zero within a finite time: then
the black hole will be turned into a Minkowski spacetime.

• 2. Only a decreases within a finite time: then the black
hole will maintain a null singularity.

• 3. If the Hawking temperature decreases to zero, then the
black hole can become a stable object maintaining the
null singularity.
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The generic causal structure is summarized in Fig. 11.

6 Conclusion

In this paper, we revisited the singular solutions in string
theory. Due to the non-trivial contributions of the dilaton
field and the Kalb–Ramond field, the geometry is radically
modified to a singularity near the Schwarzschild radius length
scale. This does not seem to be a sensible property, but in the
context of evaporating black holes, such singular solutions
can give some hints toward a resolution of the information
loss paradox.

We have observed that there are two possible limits around
the singularity, the weak coupling limit and the strong cou-
pling limit. In the former case, one can regard the singularity
as a firewall. Due to this firewall-like surface, there is no gen-
uine interior of the black hole and the overall spacetime is
causally connected, hence there may be no information loss.
In the latter case, due to the strong coupling, energy should
be emitted rapidly and the singularity will disappear. Even if
the singularity is unstable, if there exists a star-like interior
and if it prevents the formation of such a singular structure
for some time, then it can mimic a black hole and can help
to explain the information loss problem.

Our model is quite naturally realizable within the context
of string theory. On the other hand, there are some possible
criticisms:

• Why is there a non-trivial b? In other words, why does b
have a non-zero value? Is there any fundamental reason
to make b non-vanishing?

• Is the star-like solution realizable in real stars? Can we
regard the model as sufficiently realistic and not too arti-
ficial?

At this moment, we cannot answer all questions about the
generality and the realism of the solutions. However, if such
solutions are allowed in string theory, they will show interest-
ing behavior in terms of the information loss problem: if our
analysis is right, then these solutions probably do not suffer
from information loss. Therefore, this may shed some light
on the problem. Even though it cannot be a generic resolu-
tion, we need to take seriously the treatment of the behavior of
such singular solutions. The extension toward a more generic
context of string-inspired models is also an interesting topic.
These issues are postponed for future works.
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Appendix: Comments on tensions

As we consider the thin-shell approximation, there must be
contributions not only from additional matter fields but also
from the dilaton field as well as the Kalb–Ramond field. The
question is whether these two fields give any singular contri-
bution or not. This appendix is devoted to confirm that there
is no such a singular effect.

From [34,35], we bring the Einstein equations that have
non-trivial differentiation terms as follows:

8πTtt = 1

2
A′A d

dr
ln

(
A′

A
C

)
+ φ′A2 d

dr
ln(φ′C)

−1

2
h2 A

2

C2 e
−4φ, (43)

8πTrr = 1

2

A′

A

d

dr
ln

(
A′

A
C

)
− 1

2

A′2

A2

− 1√
C

d

dr

(
C ′
√
C

)
− 2φ′2

−φ′ d
dr

ln
(
φ′C

) − 1

2
A2 B

2

C2 e
−4φ, (44)

8πTθθ = 1 − 1

2
C ′′ + d

dr

(
1

2

A′

A
C − φ′C

)

−1

2

(
A2B2 − h2

) e−4φ

C
, (45)

where Tμν is the energy-momentum tensor contributions
from an additional matter fields (that mimic the star inte-
rior) and the metric form is Eq. (2). In the thin-shell limit,
the matter contributions should be expanded such as

Tμν = Sμνδ(r − r̄) + (regular terms), (46)

if the shell is located at r = r̄ . We ask whether there is any
singular term which is proportional to δ(r − r̄).

In the thin-shell limit, if we denote the thickness of the
shell is approximately �r , one can approximate

1

�r
→ δ(r − r̄). (47)
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Since there is no gradient of h, there is no contribution to Sμν

from the Kalb–Ramond field. Regarding the dilaton field,

φ′′ � �φ

�r2 → �φ

�r
δ(r − r̄), (48)

φ′ � �φ

�r
, (49)

where �φ � φ+ − φ−. Hence, if �r � �φ � r̄ , i.e., the
field value difference and the thickness of the shell is suf-
ficiently smaller than the size of the shell, we can denote
�φ/�r as a regular function of r . In this limit, the thin-shell
approximation is not singular and we can trust the approxi-
mation. As long as there is no such a singular behavior from
the dilaton or the Kalb–Ramond field (and, of course, if the
contributions from the dilaton and the Kalb–Ramond fields
are maintained sufficiently small), it is reasonable to assume
that the dominant contribution to the tension or the pressure
is originated from the additional matter fields that mimic the
star interior.
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