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Abstract We present the dynamical analysis for interacting quintessence, considering linear cosmological perturbations. Matter perturbations improve the background analysis and viable critical points describing the transition of the
three cosmological eras are found. The stability of those fixed
points are similar to previous studies in the literature, for both
coupled and uncoupled cases, leading to a late-time attractor.

1 Introduction
Observations of Type IA Supernova indicate that the Universe undergoes an accelerated expansion [1,2], which is
dominant today (∼ 68%) [3]. Ordinary matter represents only
5% of the energy content of the Universe, and the remaining
27% is the still unknown dark matter (DM). The nature of
the dark sector is one of the biggest challenges in the modern cosmology, whose plethora of dark energy (DE) candidates include scalar fields [4–14], vector fields [15–21], holographic dark energy [22–38], models of false vacuum decay
[39–45], modifications of gravity and different kinds of cosmological fluids [46–48]. In addition, the two components of
the dark sector may interact with each other [25–28,43,48–
69], since their densities are comparable and the interaction
can eventually alleviate the coincidence problem [70,71].
When a scalar field is in the presence of a barotropic fluid
the relevant evolution equations can be converted into an
autonomous system and the asymptotic states of the cosmological models can be analysed. Such approach is wellknown, at the background level, for uncoupled dark energy
(quintessence, tachyon field and phantom field for instance
[72–76]) and coupled dark energy [21,50,55,61,77–82].
On the other hand, cosmological perturbations were only
studied using dynamical analysis for Λ CDM [83,84] and
quintessence [84]. The role of cosmological perturbations in
uncoupled and coupled quintessence (with diverse forms of
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interactions between the dark sector) has been investigated
in several works [85–96], whose aim is to constrain the free
parameters of the model using sets of observations. Results
from dynamical analysis are also usually employed in such
works, as in [97], for instance. Therefore, it is interesting
to improve the background analysis in order to understand
whether the fixed points are viable to describe each one of
the cosmological eras of the Universe or not. This can be
done if one takes cosmological perturbations into account.
In this paper we go in this direction, analysing interacting
quintessence with cosmological perturbations, in the light of
dynamical systems theory. Our findings mostly agree with
previous results in the literature, where it was used only background equations, for coupled (and uncoupled) quintessence,
including the stability of the fixed points. One of those critical points, however, no longer can describe a DE-dominated
Universe, when one uses cosmological perturbations.
The rest of the paper is organized as follows. In Sect. 2
we present the basics of the interacting DE and the dynamical analysis theory. In Sect. 3 we present the dynamics
of the canonical scalar field, with the correspondent equations for the background and for linear perturbations. We use
the dynamical system theory in Sect. 4 to study interacting
quintessence at cosmological perturbation level, analysing
the critical points and their stabilities. Section 5 is reserved
for conclusions. We use Planck units (h̄ = c = M pl = 1)
throughout the text.

2 Interacting dark energy and dynamical analysis
We will consider that DE is described by single real scalar
field (quintessence) with energy density ρφ and pressure pφ ,
whose equation of state is wφ = pφ /ρφ . DE is interacting
with DM through a transfer of energy-momentum between
them, such that that total energy-momentum is conserved.
In the flat Friedmann–Lamaître–Robertson–Walker (FLRW)
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background with a scale factor a, the continuity equations for
both components and for radiation are

with FLRW metric and scale factor a ≡ a(t), the equation
of motion becomes

ρ̇φ + 3H (ρφ + pφ ) = −Q,

φ̈ + 3H φ̇ + V  (φ) = −Qρm .

ρ̇m + 3Hρm = Q,
ρ̇r + 4Hρr

= 0,

(1)

respectively, where H = ȧ/a is the Hubble rate, Q is the
coupling between DM and DE and the dot is a derivative
with respect to the cosmic time. A positive Q corresponds
to DE being transformed into DM, while negative Q means
the transformation in the opposite direction. In principle, the
coupling can depend upon several variables Q = Q(ρm , ρφ ,
φ̇, H, t, . . . ), thus we assume here the first form used in the
literature Q = Qρm φ̇ [49,50], where Q is a positive constant
(a negative constant would give similar results). A coupling
of the form Qρφ φ̇ would have no cosmological perturbations,
because as we will point out later, DE is expected not to cluster at sub-horizon scales [98]. On the other hand, a coupling
Q(ρφ +ρm )φ̇ was shown not to be viable to describe all three
cosmological eras [61].
To deal with the dynamics of the system, we will define
dimensionless variables. The new variables are going to characterize a system of differential equations in the form
X  = f [X ],

(2)

where X is a column vector of dimensionless variables and
the prime is the derivative with respect to log a, where we set
the present scale factor a0 to be one. The critical points X c
are those ones that satisfy X  = 0. In order to study stability
of the fixed points, we consider linear perturbations Y around
them, thus X = X c +Y . At the critical point the perturbations
Y satisfy the following equation
Y  = J Y,

(3)

where J is the Jacobian matrix. The eigenvalues of J
determine if the critical points are stable (if all eigenvalues are
negative), unstable (if all eigenvalues are positive) or saddle
points (if at least one eigenvalue is positive and the others are
negative, or vice-versa).

(5)

In the presence of matter and radiation, the Friedmann equations are


1 φ̇ 2
2
(6)
H =
+ V (φ) + ρm + ρr ,
3 2


1
4
(7)
Ḣ = −
φ̇ 2 + ρm + ρr ,
2
3
and the equation of state becomes
wφ =

pφ
φ̇ 2 − 2V (φ)
= 2
.
ρφ
φ̇ + 2V (φ)

(8)

Cosmological perturbations are the roots of structure formation, and they are reached perturbing the energy-momentum
tensor and the metric. It is convenient to work in the conformal (Newtonian) gauge, where the density perturbation
δ ≡ δρ/ρ and the divergence of the velocity perturbation in
Fourier space θ ≡ a −1 ik j δu j obey the following equations
for a general interacting DE model [60]


δQ
δ̇ + 3H (cs2 − w) − Q
ρ δ + (1 + w)(θ − 3φ̇) = − ρ ,


cs2 2
ẇ
2
θ̇ + H (1 − 3w) − Q
ρ + 1+w θ − k φ − 1+w k δ = 0,
(9)
where φ is the metric perturbation in Newtonian gauge,
cs ≡ δp/δρ is the sound speed and k i are the components of
the wave-vector in Fourier space. For radiation the density
fluctuations do not cluster, and for quintessence cs = 1 and
DE perturbations are expected to be negligible at sub-horizon
scales [98], thus they can be neglected. It is interesting, therefore, to analyse only DM perturbations, and to do so it is more
convenient to merge Eq. (9) into a second-order differential
equation. This is done using the Poisson equation
3
k 2 φ = − H 2 Ωm δm ,
2
whose result gives

(10)

3 2
H Ωm δm = 0.
(11)
2
Now we may proceed to the dynamical analysis of the system.

δ̈m + (2H − Q φ̇)δ̇m −
3 Quintessence field dynamics
The real canonical scalar field φ is described by the
Lagrangian


√
1 μ
∂ φ∂μ φ + V (φ) ,
L = − −g
(4)
2
where V (φ) = V0 e−λφ is the potential and V0 and λ > 0 are
constants. A negative λ is obtained if the field is replaced by
φ → −φ, thus we may restrict our attention to a positive λ.
For a homogeneous field φ ≡ φ(t) in an expanding Universe
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4 Autonomous system
The new dimensionless variables are defined as
√
√
ρr
φ̇
V (φ)
V
x≡√
, z≡√
, λ≡− ,
, y≡ √
V
3H
3H
6H

V V 
δm
Γ ≡ 2 , Um ≡
,
(12)
V
δm
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Table 1 Critical points (x, y z, Um ) for quintessence field. Um was
found only for the viable points that may describe one of the three cosmological eras. The table shows the correspondent equation of state for
Point

x

y

(a2)

√
− 6Q
3
√
6Q
− 3

(b)

0

(a1)

z



0

0

0


− 41 1 + 2Q 2 + 4Q 4 − 12Q 2 + 25



− 41 1 + 2Q 2 − 4Q 4 − 12Q 2 + 25

0

1

0

2Q(Q+λ)+3
2(λ+Q)2

6
2(λ+Q)
√


Q 2+

4(λ+Q)
 
25λ2 +4Q 2 +20λQ−72
−λ 1−
2

(c2)

2Q(Q+λ)+3
2(λ+Q)2

0

(d1)

√λ
6

1−

λ2
6

0

0

(d2)

√λ
6

1−

λ2
6

0

1
4

(λ+Q)

(14)

(15)

and the total effective equation of state is
we f f =

pφ + pr
z2
= x 2 − y2 + ,
ρφ + ρm + ρr
3

25λ2 +4Q 2 +20λQ−72
(λ+Q)2



2λ2 + 4λQ − 8

where the matter and radiation density parameter are defined
by Ωi = ρi /(3H 2 ), with i = m, r . From Eqs. (13) and (14)
x and y are restricted in the phase plane x 2 + y 2 ≤ 1.
The equation of state wφ is written in terms of the dimensionless variables as
εx 2 + −y 2
,
εx 2 + y 2

25λ2 +4Q 2 +20λQ−72
(λ+Q)2



4(λ+Q)

where the prime is the derivative with respect to N ≡ ln a.
The DE density parameter is written in terms of these new
variables as
ρφ
= x 2 + y2,
(13)
Ωφ ≡
3H 2
thus the first Friedmann Eq. (6) becomes

wφ =


−λ 1+

25λ2 +4Q 2 +20λQ−72
(λ+Q)2

6
2(λ+Q)

Ωφ + Ωm + Ωr = 1,



Q 2−

0

wφ

Ωφ

we f f

1

2Q 2
3

2Q 2
3

1

2Q 2
3

2Q 2
3

–

0

1
3

Q(Q+λ)
− Q(Q+λ)+3

Q(Q+λ)+3
(λ+Q)2

Q
− λ+Q

Q(Q+λ)
− Q(Q+λ)+3

Q(Q+λ)+3
(λ+Q)2

Q
− λ+Q



0

√

(c1)

DE (15), the effective equation of state (16) and the density parameter
for DE (13)

Um



(16)

with an accelerated expansion for we f f < −1/3. The dynamical system for the variables x, y, z, λ and Um are
√
√
6 2
6
dx
= −3x +
y λ−
Q(1 − x 2 − y 2 − z 2 )
dN
2
2
dH
,
(17)
−x H −1
dN
√
dy
6
dH
=−
x yλ − y H −1
,
(18)
dN
2
dN
dz
dH
= −2z − z H −1
,
(19)
dN
dN
√
dλ
(20)
= − 6λ2 x (Γ − 1) ,
dN
dUm
3
= −Um (Um + 2) + (1 − x 2 − y 2 − z 2 )
dN
2

889

−1 +

λ2
3

1

−1 +

λ2
3

−1 +

λ2
3

1

−1 +

λ2
3

√
dH
,
+ 6QxUm − Um H −1
dN

(21)

3
dH
z2
= − (1 + x 2 − y 2 ) − .
dN
2
2

(22)

where
H −1

4.1 Critical points
The fixed points of the system are obtained by setting
d x/d N = 0, dy/d N = 0, dz/d N , dλ/d N = 0 and
dUm /d N = 0 in Eqs. (17)–(21). When Γ = 1, λ is constant
the potential is V (φ) = V0 e−λφ [72,73]. The fixed points
for coupled [50] or uncoupled quintessence [72] are wellknown in the literature, and only the critical points that may
satisfactorily represent one of the three cosmological eras
(radiation-dominated, matter-dominated or DE-dominated)
are shown in Table 1 (see [99] for a review). For those points,
the additional critical point Um was found.
The eigenvalues of the Jacobian matrix were found for
each fixed point in Table 1 and the results are shown in
Table 2. The eigenvalues μ3c and μ4c are
3λ2 + 9λQ + 6Q 2
4(λ + Q)2
√
3 
72 − 21λ2 − 16λQ 3
±
4(λ + Q)



 1/2
−4Q 2 8λ2 − 15 − 4λ 4λ2 − 9 Q
.

μ3c,4c = −

(23)

The points (a1) and (a2) are the so-called “φ-matterdominated epoch” (φMDE) [50] and they may describe a
matter-dominated universe if Ωφ = 2Q 2 /3  1. Thus μ1
and μ2 are negative, while μ3 and μ4 are always positive.
Therefore (a1) and (a2) are saddle points. In the small Q
2
limit, described above, we have Um = 1 − 4Q5 for (a1) and
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Table 2 Eigenvalues and stability of the fixed points
Point

μ1

(a1)
(a2)

1
2
1
2

(b)

2

−1

(c1)

λ+4Q
− 2(λ+Q)

1
2

(c2)
(d1)
(d2)

μ2
2Q 2 − 3
2Q 2

1
2
1
2

−3

λ+4Q
− 2(λ+Q)
1
2
1
2

λ2
λ2

2Q 2 − 1
2Q 2

25λ2 +4Q 2 +20λQ−72
(λ+Q)2

− 21

−6

1
2
1
2

−6

−1

λ2
λ2

μ3

1
4
2
2 4Q − 12Q + 25

1
4
− 2 4Q − 12Q 2 + 25

μ4

1

0

Unstable

Saddle

+ 2λQ + 3

Saddle

2Q 2

μ3c

μ4c

Saddle

μ3c

μ4c

Saddle

−4

λ2

+ λQ − 3

λ2
2

Saddle or stable

−4

λ2

+ λQ − 3

2
− λ2

2

which is real for λ > 6 5 2 . This value for the parameter λ
was excluded by cosmological observations more than one
decade ago [97,101], being λ > 1 ruled out by at least
the 3σ level [102]. Without cosmological perturbations the
fixed points (c) might represent a DE-dominated Universe,
although the match between the coupling constant in this case
and the points (a) is difficult. In our case, both points cannot
describe the late accelerated expansion of the Universe. The
reason is that (c1) is a saddle point, because μ2 is always
positive while the other eigenvalues can be negative. On the
other hand, (c2) could be a stable point if μ4 were negative.
This condition would be satisfied for the set of values Q and
λ shown in Fig. 1, but as we said before, these values of λ
are already excluded by current observations. Therefore (c2)
is also a saddle point.
Points (d1) and (d2) exist for λ2 < 6, they can describe
the accelerated expansion of the Universe if λ2 < 2 (because
we f f < −1/3) and they are either saddle or stable, depending
on the values of Q and λ. The point (d1) is an attractor if
2
4−λ2
3−λ2
Q < 4−λ
2λ , while (d2) is attractor for 2λ < Q <
λ .
The matter perturbation is constant (Um = 0) for (d1) or
decrease for (d2), indicating that the formation of structures
does not happen in the DE-dominated Universe.

123

2Q 2 + 2λQ + 3

25λ2 +4Q 2 +20λQ−72
(λ+Q)2

+ λQ − 2
− λQ + 2

Saddle or stable

2.0

1.5

λ

Um = − 23 − Q5 for (a2). The point (a1) correctly describes
the growth of the perturbation δm ∼ a, with a small correction due to the coupling with DE. On the other hand, the point
(a2) does not describe the expected growth of structures.
The radiation-dominated Universe is described by the critical point (b) and matter perturbations do not increase during
this epoch (Um = 0). For this case, the fixed point is unstable,
because it has one positive, one negative and one zero eigenvalue [100]. At the background level (without the variable
Um ) (b) is a saddle point, which indicates that the presence
of linear cosmological perturbations drives the point away
from the unstable equilibrium (i.e. saddle).
At first glance one might think that the points (c1) and (c2)
could describe a matter-dominated universe,
 when Q  λ.

1
In this situation, we would have Um = − 4 1 ± 25 − λ722 ,
√

1
2
1
2

Stability

1.0

0.5

0.0
0.0

0.2

0.4

0.6

0.8

1.0

Q
Fig. 1 Allowed parameter space for Q and λ in order for (c2) to be a
stable point. These possible values of λ are ruled out by current cosmological observations [102]

5 Conclusions
In this paper we have used dynamical system theory to analyse the evolution of cosmological (matter) perturbations for
interacting quintessence. Previous results in the literature
[50], regarding the possible fixed points that represent one of
each cosmological eras, are maintained (with the exception
of point (c), which no longer can describe a DE-dominated
Universe) and the viable cosmological transition radiation →
matter → DE is achieved considering the sequence of critical points (a1) → (b) → (d1) or (d2). The stability of these
points remain similar to previous studies, i.e., to those ones
considering only background evolution, for both coupled and
uncoupled cases. Future constraints on the parameter λ will
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elucidate whether quintessence can still be a DE candidate
with a exponential potential or not.
Acknowledgements This work was supported by CAPES under the
process 88881.162206/2017-01 and Alexander von Humboldt Foundation.
Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: The paper has no
associated data. All calculations were done using the software Mathematica.]
Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
Funded by SCOAP3 .

References
1. A.G. Riess et al., Observational evidence from supernovae for an
accelerating universe and a cosmological constant. Astron. J. 116,
1009–1038 (1998)
2. S. Perlmutter et al., Measurements of Omega and Lambda from
42 high redshift supernovae. Astrophys. J. 517, 565–586 (1999)
3. N. Aghanim et al., Planck 2018 results. VI. Cosmological parameters (2018)
4. P.J.E. Peebles, B. Ratra, Cosmology with a time variable cosmological constant. Astrophys. J. 325, L17 (1988)
5. B. Ratra, P.J.E. Peebles, Cosmological consequences of a rolling
homogeneous scalar field. Phys. Rev. D 37, 3406 (1988)
6. J.A. Frieman, C.T. Hill, R. Watkins, Late time cosmological phase
transitions. 1. Particle physics models and cosmic evolution. Phys.
Rev. D 46, 1226–1238 (1992)
7. J.A. Frieman, C.T. Hill, A. Stebbins, I. Waga, Cosmology with
ultralight pseudo Nambu–Goldstone bosons. Phys. Rev. Lett. 75,
2077 (1995)
8. R.R. Caldwell, R. Dave, P.J. Steinhardt, Cosmological imprint of
an energy component with general equation of state. Phys. Rev.
Lett. 80, 1582 (1998)
9. T. Padmanabhan, Accelerated expansion of the universe driven by
tachyonic matter. Phys. Rev. D 66, 021301 (2002)
10. J.S. Bagla, H.K. Jassal, T. Padmanabhan, Cosmology with
tachyon field as dark energy. Phys. Rev. D 67, 063504 (2003)
11. C. Armendariz-Picon, V.F. Mukhanov, P.J. Steinhardt, A dynamical solution to the problem of a small cosmological constant and
late time cosmic acceleration. Phys. Rev. Lett. 85, 4438–4441
(2000)
12. P. Brax, J. Martin, Quintessence and supergravity. Phys. Lett. B
468, 40–45 (1999)
13. E.J. Copeland, N.J. Nunes, F. Rosati, Quintessence models in
supergravity. Phys. Rev. D 62, 123503 (2000)
14. S. Vagnozzi, S. Dhawan, M. Gerbino, K. Freese, A. Goobar, O.
Mena, Constraints on the sum of the neutrino masses in dynamical dark energy models with w(z) ≥ −1 are tighter than those
obtained in ΛCDM. Phys. Rev. D 98(8), 083501 (2018)
15. T. Koivisto, D.F. Mota, Vector field models of inflation and dark
energy. JCAP 0808, 021 (2008)
16. K. Bamba, S.D. Odintsov, Inflation and late-time cosmic acceleration in non-minimal Maxwell-F(R) gravity and the generation
of large-scale magnetic fields. JCAP 0804, 024 (2008)

Page 5 of 7

889

17. V. Emelyanov, F.R. Klinkhamer, Possible solution to the main
cosmological constant problem. Phys. Rev. D 85, 103508 (2012)
18. V. Emelyanov, F.R. Klinkhamer, Reconsidering a higher-spinfield solution to the main cosmological constant problem. Phys.
Rev. D 85, 063522 (2012)
19. V. Emelyanov, F.R. Klinkhamer, Vector-field model with compensated cosmological constant and radiation-dominated FRW phase.
Int. J. Mod. Phys. D 21, 1250025 (2012)
20. S. Kouwn, P. Oh, C.-G. Park, Massive photon and dark energy.
Phys. Rev. D 93(8), 083012 (2016)
21. R.C.G. Landim, Dynamical analysis for a vector-like dark energy.
Eur. Phys. J. C 76, 480 (2016)
22. S.D.H. Hsu, Entropy bounds and dark energy. Phys. Lett. B 594,
13–16 (2004)
23. M. Li, A model of holographic dark energy. Phys. Lett. B 603, 1
(2004)
24. D. Pavon, W. Zimdahl, Holographic dark energy and cosmic coincidence. Phys. Lett. B 628, 206–210 (2005)
25. B. Wang, Y.-G. Gong, E. Abdalla, Transition of the dark energy
equation of state in an interacting holographic dark energy model.
Phys. Lett. B 624, 141–146 (2005)
26. B. Wang, Y. Gong, E. Abdalla, Thermodynamics of an accelerated
expanding universe. Phys. Rev. D 74, 083520 (2006)
27. B. Wang, C.-Y. Lin, E. Abdalla, Constraints on the interacting holographic dark energy model. Phys. Lett. B 637, 357–361
(2006)
28. B. Wang, C.-Y. Lin, D. Pavon, E. Abdalla, Thermodynamical
description of the interaction between dark energy and dark matter. Phys. Lett. B 662, 1–6 (2008)
29. R.C.G. Landim, Holographic dark energy from minimal supergravity. Int. J. Mod. Phys. D 25(4), 1650050 (2016)
30. M. Li, X.-D. Li, S. Wang, X. Zhang, Holographic dark energy
models: a comparison from the latest observational data. JCAP
0906, 036 (2009)
31. M. Li, X.-D. Li, S. Wang, Y. Wang, X. Zhang, Probing interaction
and spatial curvature in the holographic dark energy model. JCAP
0912, 014 (2009)
32. M. Li, X.-D. Li, S. Wang, Y. Wang, Dark energy. Commun. Theor.
Phys. 56, 525–604 (2011)
33. E.N. Saridakis, Ricci-Gauss-Bonnet holographic dark energy.
Phys. Rev. D 97(6), 064035 (2018)
34. A. Al Mamon, Reconstruction of interaction rate in holographic
dark energy model with Hubble horizon as the infrared cut-off.
Int. J. Mod. Phys. D 26(11), 1750136 (2017)
35. A. Mukherjee, Reconstruction of interaction rate in Holographic
dark energy. JCAP 1611, 055 (2016)
36. L. Feng, X. Zhang, Revisit of the interacting holographic dark
energy model after Planck 2015. JCAP 1608(08), 072 (2016)
37. R. Herrera, W.S. Hipolito-Ricaldi, N. Videla, Instability in interacting dark sector: an appropriate holographic Ricci dark energy
model. JCAP 1608, 065 (2016)
38. M. Forte, Holographik, the k-essential approach to interactive
models with modified holographic Ricci dark energy. Eur. Phys.
J. C 76(12), 707 (2016)
39. M. Szydlowski, A. Stachowski, K. Urbanowski, Quantum
mechanical look at the radioactive-like decay of metastable dark
energy. Eur. Phys. J. C 77(12), 902 (2017)
40. A. Stachowski, M. Szydlowski, Urbanowski, Cosmological implications of the transition from the false vacuum to the true vacuum
state. Eur. Phys. J. C 77(6), 357 (2017)
41. D. Stojkovic, G.D. Starkman, R. Matsuo, Dark energy, the colored
anti-de Sitter vacuum, and LHC phenomenology. Phys. Rev. D 77,
063006 (2008)
42. E. Greenwood, E. Halstead, R. Poltis, D. Stojkovic, Dark energy,
the electroweak vacua and collider phenomenology. Phys. Rev. D
79, 103003 (2009)

123

889

Page 6 of 7

43. E. Abdalla, L.L. Graef, B. Wang, A model for dark energy decay.
Phys. Lett. B 726, 786–790 (2013)
44. A. Shafieloo, D.K. Hazra, V. Sahni, A.A. Starobinsky, Metastable
dark energy with radioactive-like decay. Mon. Not. R. Astron.
Soc. 473, 2760–2770 (2018)
45. R.G. Landim, E. Abdalla, Metastable dark energy. Phys. Lett. B.
764, 271 (2017)
46. E.J. Copeland, M. Sami, S. Tsujikawa, Dynamics of dark energy.
Int. J. Mod. Phys. D 15, 1753–1936 (2006)
47. G. Dvali, G. Gabadadze, M. Porrati, 4D gravity on a brane in 5D
Minkowski space. Phys. Lett. B 485, 208 (2000)
48. S. Yin, B. Wang, E. Abdalla, C. Lin, Transition of equation of state
of effective dark energy in the Dvali-Gabadadze-Porrati model
with bulk contents. Phys. Rev. D 76, 124026 (2007)
49. C. Wetterich, The Cosmon model for an asymptotically vanishing
time dependent cosmological ’constant’. Astron. Astrophys. 301,
321–328 (1995)
50. L. Amendola, Coupled quintessence. Phys. Rev. D 62, 043511
(2000)
51. Z.-K. Guo, Y.-Z. Zhang, Interacting phantom energy. Phys. Rev.
D. 71, 023501 (2005)
52. R.-G. Cai, A. Wang, Cosmology with interaction between phantom dark energy and dark matter and the coincidence problem.
JCAP 0503, 002 (2005)
53. Z.-K. Guo, R.-G. Cai, Y.-Z. Zhang, Cosmological evolution of
interacting phantom energy with dark matter. JCAP 0505, 002
(2005)
54. X.-J. Bi, B. Feng, H. Li, X. Zhang, Cosmological evolution of
interacting dark energy models with mass varying neutrinos. Phys.
Rev. D. 72, 123523 (2005)
55. B. Gumjudpai, T. Naskar, M. Sami, S. Tsujikawa, Coupled dark
energy: towards a general description of the dynamics. JCAP
0506, 007 (2005)
56. A.A. Costa, X.-D. Xu, B. Wang, E.G.M. Ferreira, E. Abdalla,
Testing the Interaction between dark energy and dark matter with
Planck data. Phys. Rev. D 89(10), 103531 (2014)
57. E.G.M. Ferreira, J. Quintin, A.A. Costa, E. Abdalla, B. Wang,
Evidence for interacting dark energy from BOSS. Phys. Rev. D
95(4), 043520 (2017)
58. A.A. Costa, L.C. Olivari, E. Abdalla, Quintessence with Yukawa
interaction. Phys. Rev. D 92(10), 103501 (2015)
59. A.A. Costa, X.-D. Xu, B. Wang, E. Abdalla, Constraints on interacting dark energy models from Planck 2015 and redshift-space
distortion data. JCAP 1701(01), 028 (2017)
60. R.J.F. Marcondes, R.C.G. Landim, A.A. Costa, B. Wang, E.
Abdalla, Analytic study of the effect of dark energy-dark matter interaction on the growth of structures. JCAP 1612(12), 009
(2016)
61. F.F. Bernardi, R.G. Landim, Coupled quintessence and the impossibility of an interaction: a dynamical analysis study. Eur. Phys.
J. C 77(5), 290 (2017)
62. B. Wang, E. Abdalla, F. Atrio-Barandela, D. Pavon, Dark matter
and dark energy interactions: theoretical challenges, cosmological
implications and observational signatures. Rep. Prog. Phys. 79(9),
096901 (2016)
63. G.R. Farrar, P.J.E. Peebles, Interacting dark matter and dark
energy. Astrophys. J. 604, 1–11 (2004)
64. S. Micheletti, E. Abdalla, B. Wang, A Field Theory Model for
Dark Matter and Dark Energy in Interaction. Phys. Rev. D 79,
123506 (2009)
65. W. Yang, N. Banerjee, S. Pan, Constraining a dark matter and
dark energy interaction scenario with a dynamical equation of
state. Phys. Rev. D 95(12), 123527 (2017)
66. R.F. vom Marttens, L. Casarini, W.S. Hipólito-Ricaldi, W. Zimdahl, CMB and matter power spectra with non-linear dark-sector
interactions. JCAP 1701(01), 050 (2017)

123

Eur. Phys. J. C

(2019) 79:889

67. W. Yang, S. Pan, J.D. Barrow, Large-scale stability and astronomical constraints for coupled dark-energy models. Phys. Rev.
D 97(4), 043529 (2018)
68. A.A. Costa, R.C.G. Landim, B. Wang, E. Abdalla, Interacting
dark energy: possible explanation for 21-cm absorption at cosmic
dawn. Eur. Phys. J. C 78(9), 746 (2018)
69. W. Yang, S. Pan, E. Di Valentino, R.C. Nunes, S. Vagnozzi, D.F.
Mota, Tale of stable interacting dark energy, observational signatures, and the H0 tension. JCAP 1809(09), 019 (2018)
70. W. Zimdahl, D. Pavon, L.P. Chimento, Interacting quintessence.
Phys. Lett. B 521, 133–138 (2001)
71. L.P. Chimento, A.S. Jakubi, D. Pavon, W. Zimdahl, Interacting
quintessence solution to the coincidence problem. Phys. Rev. D
67, 083513 (2003)
72. E.J. Copeland, A.R. Liddle, D. Wands, Exponential potentials
and cosmological scaling solutions. Phys. Rev. D 57, 4686–4690
(1998)
73. S.C.C. Ng, N.J. Nunes, F. Rosati, Applications of scalar attractor
solutions to cosmology. Phys. Rev. D 64, 083510 (2001)
74. E.J. Copeland, M.R. Garousi, M. Sami, S. Tsujikawa, What is
needed of a tachyon if it is to be the dark energy? Phys. Rev. D
71, 043003 (2005)
75. X.-H. Zhai, Y.-B. Zhao, A cosmological model with complex
scalar field. Nuovo Cim. B 120, 1007–1016 (2005)
76. J. De-Santiago, J.L. Cervantes-Cota, D. Wands, Cosmological
phase space analysis of the F(X)-V(φ) scalar field and bouncing
solutions. Phys. Rev. D 87(2), 023502 (2013)
77. S. Tsujikawa, General analytic formulae for attractor solutions of
scalar-field dark energy models and their multi-field generalizations. Phys. Rev. D 73, 103504 (2006)
78. L. Amendola, M. Quartin, S. Tsujikawa, I. Waga, Challenges for
scaling cosmologies. Phys. Rev. D 74, 023525 (2006)
79. X.-M. Chen, Y.-G. Gong, E.N. Saridakis, Phase-space analysis of
interacting phantom cosmology. JCAP 0904, 001 (2009)
80. N. Mahata, S. Chakraborty, Dynamical system analysis for DBI
dark energy interacting with dark matter. Mod. Phys. Lett. A
30(02), 1550009 (2015)
81. R.C.G. Landim, Coupled tachyonic dark energy: a dynamical
analysis. Int. J. Mod. Phys. D 24, 1550085 (2015)
82. R.C.G. Landim, Coupled dark energy: a dynamical analysis with
complex scalar field. Eur. Phys. J. C 76(1), 31 (2016)
83. A. Alho, C. Uggla, J. Wainwright, Perturbations of the LambdaCDM model in a dynamical systems perspective. JCAP 1909(09),
045 (2019)
84. S. Basilakos, G. Leon, G. Papagiannopoulos, E.N. Saridakis,
Dynamical system analysis at background and perturbation levels: quintessence in severe disadvantage comparing to ΛCDM.
Phys. Rev. D 100(4), 043524 (2019)
85. O. Bertolami, P.J. Martins, Nonminimal coupling and
quintessence. Phys. Rev. D 61, 064007 (2000)
86. C. Baccigalupi, A. Balbi, S. Matarrese, F. Perrotta, N. Vittorio,
Constraints on flat cosmologies with tracking quintessence from
cosmic microwave background observations. Phys. Rev. D 65,
063520 (2002)
87. R. Dave, R.R. Caldwell, P.J. Steinhardt, Sensitivity of the cosmic microwave background anisotropy to initial conditions in
quintessence cosmology. Phys. Rev. D 66, 023516 (2002)
88. V. Pettorino, C. Baccigalupi, G. Mangano, Extended quintessence
with an exponential coupling. JCAP 0501, 014 (2005)
89. A. W. Brookfield, C. van de Bruck, D. F. Mota, D. TocchiniValentini. Cosmology of mass-varying neutrinos driven by
quintessence: theory and observations. Phys. Rev. D 73:083515
(2006). [Erratum: Phys. Rev.D76,049901(2007)]
90. T. Koivisto, Growth of perturbations in dark matter coupled with
quintessence. Phys. Rev. D 72, 043516 (2005)

Eur. Phys. J. C

(2019) 79:889

91. S. Lee, G.-C. Liu, K.-W. Ng, Constraints on the coupled
quintessence from cosmic microwave background anisotropy and
matter power spectrum. Phys. Rev. D 73, 083516 (2006)
92. G. Olivares, F. Atrio-Barandela, D. Pavon, Matter density perturbations in interacting quintessence models. Phys. Rev. D 74,
043521 (2006)
93. V. Pettorino, C. Baccigalupi, Coupled and Extended
Quintessence: theoretical differences and structure formation.
Phys. Rev. D 77, 103003 (2008)
94. E.R.M. Tarrant, C. van de Bruck, E.J. Copeland, A.M. Green,
Coupled quintessence and the halo mass function. Phys. Rev. D
85, 023503 (2012)
95. E. Sefusatti, F. Vernizzi, Cosmological structure formation with
clustering quintessence. JCAP 1103, 047 (2011)
96. X.W.Liu, C. Heneka, L. Amendola, Constraining coupled
quintessence with the 21cm signal (2019)

Page 7 of 7

889

97. U. França, R. Rosenfeld, Fine tuning in quintessence models with
exponential potentials. JHEP 10, 015 (2002)
98. D. Duniya, D. Bertacca, R. Maartens, Clustering of quintessence
on horizon scales and its imprint on HI intensity mapping. JCAP
1310, 015 (2013)
99. S. Bahamonde, C.G. Bohmer, S. Carloni, E.J. Copeland, W. Fang,
N. Tamanini, Dynamical systems applied to cosmology: dark
energy and modified gravity. Phys. Rep. 775–777, 1–122 (2018)
100. C.G. Boehmer, N. Chan, R. Lazkoz, Dynamics of dark energy
models and centre manifolds. Phys. Lett. B 714, 11–17 (2012)
101. R. Kallosh, A.D. Linde, S. Prokushkin, M. Shmakova, Supergravity, dark energy and the fate of the universe. Phys. Rev. D 66,
123503 (2002)
102. Y. Akrami, R. Kallosh, A. Linde, V. Vardanyan, The landscape,
the swampland and the era of precision cosmology. Fortschr. Phys.
67(1–2), 1800075 (2019)

123

