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Abstract The f (R, T ) gravity field equations depend
generically on both the Ricci scalar R and trace of the energy–
momentum tensor T . Within the assumption of perfect fluids, the theory carries an arbitrariness regarding the choice of
the matter lagrangian density L, not uniquely defined. Such
an arbitrariness can be evaded by working with the trace of
the theory field equations. From such an equation, one can
obtain a form for L, which does not carry the arbitrariness.
The obtained form for L shows that the f (R, T ) gravity is
unimodular. A new version of the theory is, therefore, presented and forthcoming applications are expected.

1 Introduction
Most of the cosmological and astrophysical observational
issues nowadays can be solved or evaded by assuming one of
the following approaches: i) a non-standard matter structure1
to be the content of the referred system; ii) a non-standard
underlying gravity theory.
Take, as a first example, the accelerated expansion of the
universe [1–3]. In the standard model of cosmology, such
a counter-intuitive phenomenon is described by considering the existence of a cosmological constant, with negative
pressure, filling the whole universe and being responsible
for ∼ 70% of its composition [4,5]. It is well-known that
the cosmic acceleration may also be described with no need
for invoking a cosmological constant, rather by changing the
underlying gravity theory, that is, assuming an extension of
General Relativity as the gravity theory for a cosmological
model to be based on. This can be checked, for instance, in
[6–10].
1

The term “non-standard matter structure” may sound diffuse now but
I hope to clarify it throughout the next paragraphs.
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In the galactic scale it is known that in order to be in touch
with observations of rotation curves, one has to assume that
most part of the galaxy is filled by dark matter [11–14], a
sort of matter that does not interact electromagnetically and
therefore cannot be seen. On the other hand, extensions of
General Relativity are able to describe galactic observations
with no need for invoking dark matter [15–17].
Another example comes from stellar astrophysics. Despite
the well-known Chandrasekhar limit on white dwarf masses
[18], some super-Chandrasekhar white dwarfs have been
observed [19–22]. Those can be predicted by changing the
white dwarf standard structure, assuming strong magnetic
fields inside them [23–31] or by treating these objects in their
hydrostatic equilibrium within extended gravity theories, in
which upper Chandrasekhar limits are naturally obtained
[32–35].
Some massive pulsars have also been detected [36–38].
In order to particularly explain PSR J1614-2230, reported in
[37], in [39], the tensor coupling of vector mesons to octet
baryons was considered as well as the form factors at interaction vertices and a change in the internal (quark) structure of baryons in dense matter. Many other alternatives that
take into account changes in the superdense matter structure
inside neutron stars were considered to explain PSR J16142230 [40–44]. It is important, here, to mention that within the
simplest choices for equations of state of neutron stars, such
as the polytropic one [45], it is not possible to predict the
existence of such massive pulsars in the context of General
Relativity. On the other hand, some constraints on scalartensor theories of gravity from massive neutron stars can be
appreciated in [46].
This interface can be seen even in the physics of wormholes, which have not yet been detected, despite the efforts
[47–50]. According to General Relativity, wormholes must
be filled by exotic (negative mass) matter [51,52] while in
extended gravity it is possible to obtain wormhole solutions
with ordinary matter [53,54].
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Here I will choose the option of working with extensions
of General Relativity. Particularly, the f (R, T ) gravity [55]
will be approached, for which f (R, T ) represents a function
of the Ricci scalar R and trace of the energy–momentum
tensor T to substitute R in the Einstein–Hilbert gravitational
action.
The f (R, T ) gravity has been a common choice to underline the above issues, such as the accelerated expansion of
the universe [56–62], dark matter [63], super-Chandrasekhar
white dwarfs [64], massive pulsars [65] and wormholes [66–
75] (check also [53]).
In this letter I will calculate the trace of the f (R, T ) gravity field equations. The resulting equation makes, from now
on, unnecessary to choose a particular matter lagrangian density of perfect fluids within the formalism, which is an arbitrariness carried by the theory. It is revealed that the f (R, T )
gravity, in the absence of such an arbitrariness, is unimodular.

2 The f (R, T ) gravity
The f (R, T ) gravitational theory total action reads as [55]

S=

√

d x −g
4




f (R, T )
+L ,
16π

(1)

for which the integration is made in the four-dimensional
space–time,2 g is the determinant of the metric gμν , L is the
matter lagrangian density and natural units are assumed.
From (1), it is intuitive that the f (R, T ) gravity is allowed
to have extra terms on both sides of Einstein’s fields equations, namely, those coming from geometrical and material corrections. Here I will be concerned, particularly, with
f (R, T ) models that contain only material correction terms,
namely f (R, T ) = R + F(T ) models, with F(T ) being a
function of T only. This is quite usual when one wishes to
particularly investigate the role of extra material rather than
geometrical terms in gravity. Anyhow, f (R, T ) models with
correction terms on both sides of Einstein’s field equations
can be seen in [56,70,75,78] and also [91–93]. Furthermore,
for an f (R, T ) model containing a strong coupling between
geometry and matter, such as f (R, T ) = R + α RT , with
constant α, check [94].
Now, by substituting f (R, T ) = R + F(T ) in (1) and
applying the variational principle, one obtains the following
field equations
G μν = 8π Tμν +

F gμν
dF
+
(Tμν − Lgμν ).
2
dT

(2)

To get in touch with some extra-dimensional f (R, T ) models, check
[76–90].

(2019) 79:674

The extra terms3 in (2) can be interpreted in different
forms. Firstly, they can be related to fluid imperfections. On
this regard, note that even if one assumes that Tμν is the
energy–momentum tensor of a perfect fluid, the “effective”
energy–momentum tensor of the theory will contain some
extra terms that may be related to bulk viscosity, for instance.
On this regard, some viscous fluid cosmological models can
be seen in Refs. [95–97].
Secondly, they can be related to some quantum effects,
such as the creation of particles in a quantum level. It is
straightforward to see that by applying the Bianchi identities
in (2) yields ∇μ T μν = 0, which, in a cosmological level, is
interpreted as a mechanism of creation of particles throughout the universe evolution. Some cosmological models in a
scenario with matter creation can be seen in [98–100].
Thirdly, the extra terms appearing in Eq. (2) may represent
an extra fluid so that f (R, T ) gravity is effectively a two-fluid
model, such as the models presented in [101–103].
Finally, the f (R, T ) models may represent, for a particular
form of the function F(T ) (check (2)), an effective cosmological constant model, with the difference that in f (R, T ) models the effective cosmological “constant” depends explicitly
on T rather than on time, such as the well-known decaying
vacuum models [104,105].
It is important to mention that departing from the nonf (R, T ) gravity models mentioned in Refs. [95–105], the
f (R, T ) gravity is not based on any phenomenology. Rather
the T -terms are inserted fundamentally on the gravitational
action (1). Nevertheless, the T -dependence of the theory may
describe some fluid imperfections [106], quantum effects
[107,108], two-fluid models [109,110] and a varying cosmological constant [111,112].
A relevant point to be remarked on Eq. (2) is that it depends
explicitly on the choice of the matter lagrangian density L.
In this way, different choices of the matter lagrangian yield
different field equations. This is not satisfactory with respect
to the monistic view of modern physics, which requires a
unique mathematical description of natural phenomena.

3 The trace of the f (R, T ) gravity field equations
The trace of Eq. (2) reads
− R = 2(4π T + F) +

dF
(T − 4L).
dT

Let me consider the case of a perfect fluid, vastly applied
in the cosmological and astrophysical contexts. Perfect fluids are defined by the matter–energy density ρ, pressure p
and four-velocity u μ , which must satisfy u μ u μ = 1 and
u μ ∇ν u μ = 0.

2
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“Extra” in comparison to General Relativity field equations.
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It is known that the matter lagrangian density of a perfect
fluid is not uniquely defined [55,113,114]. It is quite usual
to see choices such as L = ρ and L = − p. It is worth mentioning that this degeneracy has no consequences in General
Relativity since in this case both lagrangians lead to the same
field equations.
This degeneracy makes some conclusions about f (R, T )
cosmology [115] to be, at least, premature, since the approach
could be reconstructed from a different choice for L.
Equation (3) may solve such a degeneracy. By isolating L
yields


dT
1
T+
[R + 2(4π T + F)] .
(4)
L=
4
dF
By substituting (4) in (2) yields


Rgμν
dF
= 8π +
Tμν
Rμν −
4
dT


1 dF
gμν ,
− 2π T +
4 d ln T

(5)

in which the definition of the Einstein tensor, namely G μν =
Rμν − Rgμν /2, was used, with Rμν being the Ricci tensor.
The use of (4) not only evades the need for choosing
a particular matter lagrangian density but also attains the
unimodular gravity [116–120], as one can check Eq. (5).
The unimodular gravity has been applied, for instance, to
solve the cosmological constant problem [116,117], since in
this approach the cosmological constant originates from the
traceless part of the Einstein field equations as an integration constant and not as an input parameter, and to treat the
accelerated expansion of the universe [118]. Note that the lhs
of (5) reads exactly as the traceless Einstein tensor and by
taking F = 0 one recovers exactly the unimodular gravity
field equations.
Remarkably, for any F, Eq. (5) keeps traceless, what can
be seen by calculating its trace. This is an indication that
the f (R, T ) gravity is fundamentally unimodular, since by
eliminating the arbitrariness usually carried by the theory,
the formalism becomes unimodular.
Naturally, Eq. (5) serves as the base for new cosmological
models to be implemented further on.

4 Discussion
In the present letter, by using the trace of the f (R, T ) gravity
field equations, I have eliminated the arbitrariness carried by
the f (R, T ) gravity on the choice of the matter lagrangian of
a perfect fluid. Such an arbitrariness is also seen, for instance,
in the f (R, L) gravity [121], and naturally, the approach here
can be reconstructed in the latter theory. For some interesting
f (R, L) gravity applications, one can check [122–125].
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The arbitrariness on the choice of the matter lagrangian
of perfect fluids has been discussed earlier in the literature.
Although L = ρ and L = − p are the most common choices,
even L = T has already been seen [114].
It is important to mention that in non-minimal geometrymatter coupling gravity models, such as the f (R, T ) and
f (R, L) theories, the motion of test particles submitted to
gravitational fields is non-geodesic and happens in the presence of an extra force which is perpendicular to the fourvelocity [55,113,121,126]. The extra force depends on the
matter lagrangian density and can even vanish in the case
L = − p for the dust non-relativistic matter case. In this
way, being such an extra force a measurable quantity, which
can be related, for instance, to the dark matter effects in rotation curves of galaxies [127], it is hardly likely that it carries
an arbitrariness.
Harko has shown in [128] that the matter lagrangian
in non-minimal geometry-matter coupling theories can be
uniquely determined by the nature of the geometry-matter
coupling, through a different approach than the present one,
by considering the newtonian limit of the particle action for
a fluid obeying a barotropic equation of state. He has shown
that the matter lagrangian can be expressed either in terms of
the density or pressure and in both cases the physical interpretation of the system is equivalent. In this way, the presence
of the extra force is independent of the specific form of the
matter lagrangian density and, in fact, it never vanishes.
In [129], Minazzoli and Harko have argued that the
works that consider L = − p for their on-shell perfect fluid
lagrangian or any linear combinations of ρ and − p may be
incorrect as long as they deal with theories where the matter lagrangian density enters directly into the field equations.
They have proved that this arbitrariness is incompatible with
the matter current conservation. It was argued that it is very
unlikely that even in the case in which the matter current conservation is relaxed, the lagrangian would reduce precisely to
− p or any linear combinations of ρ and − p. These discussions clearly strengthen the approach presented in the present
letter.
The present approach not only evaded the issue of the matter lagrangian density arbitrariness carried by non-minimal
geometry-matter coupling theories, but also revealed that in
a non-arbitrary scenario, the f (R, T ) theory is unimodular,
regardless of the function F(T ).
A lot of attention has been given to unimodular gravity in
the recent literature. Besides [116,118], one can check [130]
for unimodular f (R) gravity, [131] for unimodular f (T )
gravity, with T being the torsion scalar, and [132–135] for
unimodular quantum gravity.
As it was mentioned before, the cosmological constant
in the Einstein’s field equations of General Relativity may
explain the observed accelerated expansion of the universe
[1–5]. It represents the gravitational effects of the quantum
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vacuum and consequently suffers from a strong fine-tuning
problem [117]. If one instead assumes the unimodular version of General Relativity, the vacuum energy has no gravitational effects. This does not determine a unique value for
the cosmological constant, however it solves the fine tuning problem [116]. In [116], Ellis et al. have also shown
that the unimodular gravity also works for astrophysics (not
only cosmology), such as the stellar equilibrium and black
hole studies. Therefore, the unimodular gravity rises as an
interesting alternative to General Relativity, which demands
further investigations. The unimodular f (R, T ) gravity here
obtained is one of the fields of unimodular gravity that worth
further applications.
A first application could naturally be the development
of the Friedmann–Lemâitre–Robertson–Walker cosmological model from the inception of the Friedmann–Lemâitre–
Robertson–Walker metric as well as the energy–momentum
tensor of a perfect fluid in Eq. (5). The idea, as it mostly
happens in alternative gravity, is the prediction of the cosmic
acceleration with no need for a cosmological constant.
In gravity models non-cosmologically motivated, such as
braneworld models, it is common to see the presence of a
cosmological constant [136,137]. In such models, the way in
which the vacuum energy gravitates in the four-dimensional
space–time is radically different from conventional General
Relativity physics. Possibly the vacuum energy on the brane
does not curve the four-dimensional space–time and only
affects the geometry of the extra-dimensional bulk, offering
a solution to the cosmological constant problem.
The investigation of the other issues mentioned in Introduction, such as galactic rotation curves and hydrostatic equilibrium configurations of white dwarfs and neutron stars
are also very much encouraged in this new unimodular
f (R, T ) gravity scenario, free of the undesirable matter density lagrangian arbitrariness.
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