
Eur. Phys. J. C (2019) 79:501
https://doi.org/10.1140/epjc/s10052-019-7014-y

Regular Article - Theoretical Physics

Light-cone sum rules analysis of �QQ′q → �Q′ weak decays

Yu-Ji Shia, Ye Xingb, Zhen-Xing Zhaoc

INPAC, SKLPPC, School of Physics and Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China

Received: 16 March 2019 / Accepted: 1 June 2019 / Published online: 13 June 2019
© The Author(s) 2019

Abstract We analyze the weak decay of doubly-heavy
baryon decays into anti-triplets �Q with light-cone sum
rules. To calculate the decay form factors, both bottom and
charmed anti-triplets �b and �c are described by the same set
of leading twist light-cone distribution amplitudes. With the
obtained form factors, we perform a phenomenology study
on the corresponding semi-leptonic decays. The decay widths
are calculated and the branching ratios given in this work are
expected to be tested by future experimental data, which will
help us to understand the underlying dynamics in doubly-
heavy baryon decays.

1 Introduction

Since the establishment of the quark model, people have
attempted to construct a complete hadron spectrum contain-
ing all the particles predicted by the model. Although in the
past few decades, lots of hadron states have been observed
from experiments, there still remains some predicted but
unobserved particles, even in their ground states. One kind
of such particles is doubly-heavy baryon, which consists of
two heavy flavor quarks and a light quark. In 2017, the LHCb
collaboration announced the observation of the ground state
doubly-charmed baryon �++

cc which has the mass [1]

m�++
cc

= (3621.40 ± 0.72 ± 0.27 ± 0.14) MeV. (1)

This newly observed particle was reconstructed from the
decay channel �+

c K
−π+π+, which had been predicted in

Ref. [2]. Only a year later LHCb announced their measure-
ment on�++

cc lifetime [3] as well as observation on a new two-
body decay channel �++

cc → �+
c π+ [4]. Recently, experi-

mentalists are continuing to search for other heavier particles
included in the doubly-heavy baryon spectroscopy [5,6]. On
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the other hand, these great progress on the experiments also
make the study of doubly-heavy baryons become a hot topic
of theoretical high energy physics. Up to now there have
been many corresponding theoretical studies which aim to
understand the dynamic and spectroscopy properties of the
doubly-heavy baryon states [7–36].

Semi-leptonic doubly-heavy baryon weak decay offers
an ideal platform for studying such baryon states. Its main
advantage is that in semi-leptonic processes, the weak and
strong dynamics are separated, while the QCD effects are
totally capsuled in the hadron transition matrix element,
which is parametrized by six form factors. In the literature,
there are some results of calculating doubly-heavy baryon
form factors with light-front quark model (LFQM) [7,24].
In a previous work, we derived these form factors with QCD
sum rules (QCDSR) [37]. We performed a leading order cal-
culation for a three-point correlation function by OPE, where
the contribution of the local operators ranging from dimen-
sion 3 to 5 are summed. In this work, we will perform a calcu-
lation for doubly-heavy baryon form factors with light-cone
sum rules (LCSR). In the framework of LCSR, one uses non-
local light-cone expansion instead of the local OPE, while the
non-perturbative effect is produced by light-cone distribution
amplitudes (LCDAs) of hadron instead of the vacuum con-
densates. Using LCSR for studying form factors, one only
needs a two-point correlation function for calculation. The
great advantage of this is not only that the two-point corre-
lation function is much easier to be dealt with, but also it
avoids the potential irregularities of the truncated OPE in the
three-point sum rules [38].

In this work we will use LCSR to study �cc, �bb or �bc

baryon weak decays with the final state baryon being an anti-
triplet �b or �c. The quark level transition can be either
b → u or c → d. This paper is arranged as follows. In
Sect. 2, we will introduce the definition of the transition form
factors of doubly heavy baryon weak decays into a singly
heavy baryon. Then with the introduction of the light-cone
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distribution amplitudes of �Q baryons, we will illustrate the
LCSR approach for deriving the transition form factors. In
Sect. 3, we will give the numerical results for the form factors
and use them to calculate decay widths as well as branching
ratios of doubly heavy baryon semi-leptonic decays. Sec-
tion 4 is a summary of this work and the prospect of LCSR
study on doubly-heavy baryons for the future.

2 Transition form factors in light-cone sum rules

2.1 Form factors

To parametrize the hadron transition �QQ′q → �Q′ , six
form factors are defined:

〈�Q′(p�, s�)|(V − A)μ|�QQ′q(p�, s�)〉
= ū�(p�, s�)

[
γμ f1(q

2) + iσμν

qν

m�

f2(q
2)

+ qμ

m�

f3(q
2)

]
u�(p�, s�)

− ū�(p�, s�)

[
γμg1(q

2) + iσμν

qν

m�

g2(q
2)

+ qμ

m�

g3(q
2)

]
γ5u�(p�, s�). (2)

The (spinor, momentum, mass, helicity) of the initial and the
final baryons are (u�, p�, m�, s�) and (u�, p�, m�, s�)
respectively. The weak decay current is composed by a vector
current q̄γ μQ and a axial-vector current q̄γ μγ 5Q, where q
denote a light quark while Q denote a bottom or charm quark.
fi (q2) and gi (q2) are two sets of form factors parametriz-
ing the vector current induced and the axial-vector current
induced transitions respectively. The transferring momentum
is defined as qμ = pμ

� − pμ
�.

To simplify the calculations, one can also use the following
parametrizing convention

〈�Q′(p�, s�)|(V − A)μ|�QQ′q(p�, s�)〉
= ū�(p�, s�)

[
F1(q

2)γμ

+ F2(q
2)p�μ + F3(q

2)p�μ

]
u�(p�, s�)

− ū�(p�μ, s�)

[
G1(q

2)γμ + G2(q
2)p�μ

+G3(q
2)p�μ

]
γ5u�(p�, s�). (3)

Such definition enables us to simply extract the Fi and Gi

in the frame work of LCSR. These form factors are related
with those defined in Eq. (3) as

f1(q
2) = F1(q

2) + 1

2
(m� + m�)(F2(q

2) + F3(q
2)),

f2(q
2) = 1

2
m�(F2(q

2) + F3(q
2)),

f3(q
2) = 1

2
m�(F3(q

2) − F2(q
2)),

g1(q
2) = G1(q

2) − 1

2
(m� − m�)(F2(q

2) + F3(q
2)),

g2(q
2) = 1

2
m�(G2(q

2) + G3(q
2)),

g3(q
2) = 1

2
m�(G3(q

2) − G2(q
2)). (4)

2.2 Light-cone distribution amplitudes of �Q

The light-cone distribution functions of singly-heavy baryons
were derived in Refs. [39,40] by the approach of QCDSR at
the heavy quark mass limit. In this work we use the LCDAs
of �b from Ref. [39], which are defined by the following
four matrix elements of nonlocal operators:

1

v+
〈0|[qT1 (t1)Cγ5/nq2(t2)]Qγ (0)|�Q(v)〉
= ψ2(t1, t2) f

(1)uγ ,

i

2
〈0|[qT1 (t1)Cγ5σμνq2(t2)]Qγ (0)n̄μnν |�Q(v)〉
= ψ3σ (t1, t2) f

(2)uγ ,

〈0|[qT1 (t1)Cγ5q2(t2)]Qγ (0)|�Q(v)〉
= ψ3s(t1, t2) f

(2)uγ ,

v+〈0|[qT1 (t1)Cγ5 /̄nq2(t2)]Qγ (0)|�Q(v)〉
= ψ4(t1, t2) f

(1)uγ . (5)

The heavy quark field Q is defined in the full QCD theory.
Although in Ref. [39], Q is denoted as Qv to stand for an
effective field in HQET, in this work, at the leading order
we will not distinguish them. ψ2, ψ3σ , ψ3s and ψ4 are four
leading twist LCDAs. γ is a Dirac spinor index. n and n̄ are
the two light-cone vectors, while ti are the distances between
the i th light quark and the origin along the direction of n.
The spacetime coordinate of the light quarks should be ti nμ.
The four-velocity of �Q is defined by light-cone coordinates
vμ = 1

2 ( n
μ

v+ + v+n̄μ). In this work we simply choose the rest

frame of �Q , thus we have vμ = 1
2 (nμ + n̄μ) and v+ = 1.

With the four LCDAs, one can express the matrix element
εabc〈�c(v)|q̄a1k(t1)q̄b2i (t2)Q̄c

γ (0)|0〉 as following expansion:

εabc〈�c(v)|q̄a1k(t1)q̄b2i (t2)Q̄c
γ (0)|0〉

= 1

8
v+ψ∗

2 (t1, t2) f
(1)ūγ (C−1γ5 /̄n)ki

− 1

8
ψ∗

3σ (t1, t2) f
(2)ūγ (C−1γ5iσ

μν)ki n̄μnν

+ 1

4
ψ∗

3s(t1, t2) f
(2)ūγ (C−1γ5)ki
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+ 1

8v+
ψ∗

4 (t1, t2) f
(1)ūγ (C−1γ5/n)kl , (6)

where we have explicitly shown the sum over color indexes
a, b, c. The Fourier transformed form of the LCDAs are

ψ(x1, x2) =
∫ ∞

0
dω1dω2e

−iω1t1e−iω2t2ψ(ω1, ω2), (7)

where the two light quarks locate at the points: x1 = t1n,
x2 = t2n, ω1 and ω2 are the momentum of the light quarks
along the light-cone. Their total momentum is ω = ω1 +ω2.
Eq. (7) can be equivalently written as

ψ(t1, t2) =
∫ ∞

0
dωdω2e

−iωt1e−iω2(t2−t1)ψ(ω1, ω2), (8)

ψ(0, t2) =
∫ ∞

0
dωω

∫ 1

0
due−i ūωv·x2ψ(ω, u), (9)

where ω2 = (1−u)ω = ūω, ti have been expressed in terms
of Lorentz invariants: ti = v · xi .

Since in this work we will also consider the decays with �c

in the final state, the LCDAs of �c are necessary. Although
in the literatures there are no available LCDAs of �c, due to
heavy quark mass limit they are supposed to have the same
form with those of �b given in Ref. [39]. This argument
can be trusted if one evaluate the energy of the light degree
of freedom in �Q baryons: m�Q − mQ . The ratio of such
energies belonging to �c and �b is almost one

m�c − mc

m�b − mb
= 1.02, (10)

where we choose m� = 2.29 GeV, m�b = 5.62 GeV, mc =
1.35 GeV, mb = 4.7 GeV. Actually this is justified in HQET.
Therefore, in this work we use the same LCDAs given in Ref.
[39] for both �b and �c, which are expressed as

ψ2(ω, u) = 15

2
N−1ω2ūu

∫ s0

ω/2
ds e−s/τ (s − ω/2),

ψ4(ω, u) = 5N−1
∫ s0

ω/2
ds e−s/τ (s − ω/2)3,

ψ3s(ω, u) = 15

4
N−1ω

∫ s0

ω/2
ds e−s/τ (s − ω/2)2,

ψ3σ (ω, u) = 15

4
N−1ω(2u − 1)

∫ s0

ω/2
ds e−s/τ (s − ω/2)2,

(11)

with the normalization factor given as

N =
∫ s0

0
ds s5e−s/τ , (12)

where τ and s0 are the Borel parameter and the continuum
threshold introduced by QCDSR in Ref. [39], which are taken
to be in the interval 0.4 < τ < 0.8 GeV and a fixed value
s0 = 1.2 GeV respectively. Note that the LCDAs in Eq. (11)
are only non-vanishing in the region 0 < ω < 2s0.

2.3 Light-cone sum rules framework

According to the framework of LCSR, to deal with the tran-
sition defined in Eq. (3), one needs to construct a two-point
correlation function

�μ(p�, q) = i
∫

d4xeiq·x 〈�Q′(p�)|T
×{J V−A

μ (x) J̄�QQ′ (0)}|0〉. (13)

The two currents J V−A, J�QQ′ are V − A current and the
�QQ′ interpolating current respectively

J V−A
μ (x) = q̄eγμ(1 − γ5)Qe, (14)

while for Q = Q′ = b, c

J�QQ = εabc(Q
T
a CγμQb)γμγ5q

′
c, (15)

for Q = b, Q′ = c

J�bc = 1√
2
εabc(b

T
a Cγ μcb + cTa Cγ μbb)γμγ5q

′
c. (16)

The correlation function Eq. (13) should be calculated
both at hadron level and QCD level. At hadron level, by
inserting a complete set of baryon states between J V−A and
J�QQ′ , and using the definition of �QQ′ decay constant f�

〈�QQ′(p�, s)| J̄�QQ′ (0)|0〉 = f�ū�(p�, s). (17)

The correlation function induced by the vector current q̄γ μQ
can be expressed as

�hadron
μ,V (p�, q)

= − f�
(q + p�)2 − m2

�

ū�(p�)[F1(q
2)γμ

+ F2(q
2)p�μ + F2(q

2)p�μ](/q + /p�
+ m�) + · · ·

= − f�
(q + p�)2 − m2

�

ū�(p�)
[
F1(q

2)(m� − m�)γμ

+[(m2
� + m�m�)(F2(q

2) + F3(q
2)) + 2m�]vμ

+ (m� + m�)F3(q
2)qμ + F1(q

2)γμ/q + m�(F2(q
2)

+ F3(q
2))vμ/q + F3(q

2)qμ/q
]

+ · · ·
where the ellipses stand for the contribution from continuum
spectra ρh above the threshold sth , which has the integral
form∫ ∞

sth
ds

ρh(s, q2)

s − p2
�

. (18)

For the correlation function induced by the axial-vector cur-
rent q̄γ μγ 5Q the treatment is similar. In the following calcu-
lations we will mainly focus on the extraction of vector form
factors fi while the extraction of axial-vector form factors gi
can be conducted analogously.
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Then we calculate the correlation function at QCD level.
With the expansion in Eq. (6), the correlation function can
be expressed as

�
QCD
μ,V (p�, q)

= − i

4

∫
d4xeiq·x {

ψ∗
2 (0, x) f (1)ū�

×
[
γ νCSQ(x)TCT γμ/̄nγν

]

−ψ∗
3σ (0, x) f (2)ū�

[
γ νCSQ(x)TCT γμiσ

αβγν

]
n̄αnβ

− 2ψ∗
3s(0, x) f (2)ū�

[
γ νCSQ(x)TCT γμγν

]

+ψ∗
4 (0, x) f (1)ū�

[
γ νCSQ(x)TCT γμ/nγν

] }
. (19)

It should be noted that the light-cone vectors n and n̄ in
Eq. (19) are chosen in a definite frame so that are not Lorentz
covariant. They must be expressed in terms of Lorentz covari-
ant form

nμ = 1

v · x xμ, n̄μ = 2vμ − 1

v · x xμ. (20)

With the Fourier transformed LCDAs as well as light-cone
vectors expressed in Eq. (20), the correlation function can be
written as a convolution of the light quarks total momenta ω

and the momenta fraction u

�
QCD
μ,V (p�, q)

= − i

4

∫
d4x

∫ 2s0

0
dω ω

∫ 1

0
duei(q+ūωv)·x

×
{
ψ2(ω, u) f (1)ū�

×
[
γ νCSQ(x)TCT γμ

(
2/v − /x

v · x
)

γν

]

−ψ3σ (ω, u) f (2)ū�

×
[
γ νCSQ(x)TCT γμiσ

αβγν

] 2vαxβ

v · x
− 2ψ3s(ω, u) f (2)ū�

[
γ νCSQ(x)TCT γμγν

]

+ψ4(ω, u) f (1)ū�

[
γ νCSQ(x)TCT γμ

/x

v · x γν

]}
.

(21)

Here SQ(x) is the usual free heavy quark propagator in QCD.
After integrating the spacetime coordinate x , we can arrive
at the explicit form of the correlation function at QCD level:

�
QCD
μ,V ((p� + q)2, q2)

=
∫ 2s0

0
dω ω

∫ 1

0
du ψ2(ω, u) f (1)

× 1
ūω
m�

s + H(u, ω, q2) − m2
Q

ū�c

× [−ūωγμ + 2(ūω + mQ)vμ + γμ/q
]

+
∫ 2s0

0
dω

∫ 1

0
du ū f (1)

[
ψ̃2(ω, u) − ψ̃4(ω, u)

]

× 1(
ūω
m�

s + H(u, ω, q2) − m2
Q

)2

× ū�c

[
m2

Qγμ − 2(mQ + ūω)qμ

− 2ūω(mQ + ūω)vμ − 2qμ/q − 2ūωvμ/q
]

+ 2
∫ 2s0

0
dω

∫ 1

0
du ūψ̃3σ (ω, u) f (2)

× 1(
ūω
m�

s + H(u, ω, q2) − m2
Q

)2 ū�c

[ − mQ(q · v)γμ

+ 2(mQ + ūω + q · v)qμ + (4ūω(q · v)

+ q2 − 3m2
Q + 3ū2ω2)vμ − mQγμ/q

]

+
∫ 2s0

0
dω ω

∫ 1

0
du ψ3s(ω, u) f (2)

× 1
ūω
m�

s + H(u, ω, q2) − m2
Q

ū�c

×
[
qμ + ūωvμ + 1

2
mQγμ

]
, (22)

where mQ is the mass of the translating heavy quark, and

s = (p� + q)2, q · v = 1

2m�

(s − q2 − m2
�),

H(u, ω, q2) = ūω(ūω − m�) +
(

1 − ūω

m�

)
q2. (23)

Here we have used the newly defined LCDAs

ψ̃i (ω, u) =
∫ ω

0
dττψi (τ, u) (i = 2, 3σ, 3s, 4). (24)

The Feynman diagram shown in Fig. 1 describes the cor-
relation function at QCD level. Note that now the correla-
tion function is expressed as a function of Lorentz invariants
(p� +q)2 and q2. By extracting the discontinuity of the cor-
relation function Eq. (22) acrossing the branch cut on the
(p� + q)2 complex plane, one can express the correlation
function as a dispersion integration

�
QCD
μ,V (p�, q) = 1

π

∫ ∞

(mQ+mQ′+mq )2
ds

× Im�
QCD
μ,V (s, q2)

s − (p�c + q)2 . (25)

According to the global Quark-Hadron duality, the integral
in Eq. (18) can be identified with the corresponding quantity
at QCD level Eq. (25). As a result, we have

− fH
(q + p�)2 − m2

�

ū�(p�)
[
F1(q

2)(m� − m�)γμ

+ [(m2
� + m�m�)(F2(q

2) + F3(q
2)) + 2m�F1(q

2)]vμ

+ (m� + m�)F3(q
2)qμ + F1(q

2)γμ/q + m�(F2(q
2)

123



Eur. Phys. J. C (2019) 79 :501 Page 5 of 13 501

q

x

ūωv

pΛ = mΛv

0

Fig. 1 Feynman diagram of the QCD level correlation function. The
green ellipse denotes the final �Q′ which has velocity v. The left black
dot denotes the V − A current while the right dot denotes the doubly-
heavy baryon current. The left straight line denote one of the light quark
inside the �Q′ . It has momentum ūωv, where ū is its momentum fraction
related to the diquark

+ F3(q
2))vμ/q + F3(q

2)qμ/q
]

= 1

π

∫ sth

(mQ+mQ′+mq )2
ds

Im�
QCD
μ,V (s, q2)

s − (p�c + q)2 . (26)

After constructing Borel transformation on the both sides of
Eq. (26), one can extract each of the form factors Fi . The Gi

can be obtained in a similar way. Thus we obtain the explicit
expression of each form factors

F1(q
2) = 1

f�(m� − m�)
exp

(
m2

�

M2

)

×
{
−

∫ 1

0
du

∫ 2s0

0
dω

m�

ū
exp

(
− sr
M2

)

× θ(sth − sr )θ(sr − (2mQ + mq)
2)

×
[
ψ3s(ω, u) f (2) 1

2
mQ − ψ2(ω, u) f (1)ūω

]

+
∫ 1

0
du θ(�)θ

(
2s0 − ξ+

ū

)
θ(ξ+)

× 1

ū
√

�

m�

ω
exp

(
− s0

M2

)

×
[
(ψ̃2(ω, u) − ψ̃4(ω, u)) f (1)m2

Q

− ψ̃3σ (ω, u) f (2)mQ

m�

(s0 − q2 − m2
�)

] ∣∣∣
ω= ξ+

ū

−
∫ 1

0
du θ(�)θ

(
2s0 − ξ+

ū

)
θ(ξ+)

× 1

ū
√

�

m�

ω
exp

(
− (mQ + mQ′ + mq)

2

M2

)

×
[
(ψ̃2(ω, u) − ψ̃4(ω, u)) f (1)m2

Q

− ψ̃3σ (ω, u) f (2)mQ

m�

((mQ + mQ′ + mq)
2

− q2 − m2
�)

] ∣∣∣
ω= ξ+

ū

−
∫ 1

0
du

∫ ∞

0
dω

m�

ū
exp

(
− sr
M2

)

× θ(sth − sr )θ(sr − (2mQ + mq)
2)

× d

ds

{
exp

(
− s

M2

) [
(ψ̃2(ω, u)

− ψ̃4(ω, u)) f (1)m2
Q

− ψ̃3σ (ω, u) f (2)mQ

m�

(s − q2 − m2
�)

]} ∣∣∣
s=sr

}
,

F3(q
2) = 1

f�(m� + m�)
exp

(
m2

�

M2

)

×
{
−

∫ 1

0
du

∫ 2s0

0
dω

m�

ū
exp

(
− sr
M2

)
θ

× (sth − sr )θ(sr − (2mQ + mq)
2)ψ3s(ω, u)

+
∫ 1

0
du θ(�)θ

(
2s0 − ξ+

ū

)
θ(ξ+)

× 1

ū
√

�

m�

ω
exp

(
− sth
M2

)

×
[

4

(
mQ + ūω + sth − q2 − m2

�

2m�

)
ψ̃3σ (ω, u) f (2)

+ 2(mQ + ūω)(ψ̃4(ω, u) − ψ̃2(ω, u)) f (1)

] ∣∣∣
ω= ξ+

ū

−
∫ 1

0
du θ(�)θ

(
2s0 − ξ+

ū

)
θ(ξ+)

× 1

ū
√

�

m�

ω
exp

(
− (mQ + mQ′ + mq )

2

M2

)

×
[

4

(
m + ūω + (mQ + mQ′ + mq)

2 − q2 − m2
�

2m�

)

× ψ̃3σ (ω, u) f (2) + 2(mQ + ūω)(ψ̃4(ω, u)

− ψ̃2(ω, u)) f (1)

] ∣∣∣
ω= ξ+

ū

−
∫ 1

0
du

∫ 2s0

0
dω

m�

ū

× exp
(
− sr
M2

)
θ(sth − sr )θ(sr − (2mQ + mq)

2)

× d

ds

{
exp

(
− s

M2

)

×
[

4

(
mQ + ūω + s − q2 − m2

�

2m�

)
ψ̃3σ (ω, u) f (2)

+ 2(mQ + ūω)(ψ̃4(ω, u) − ψ̃2(ω, u)) f (1)

]} ∣∣∣
s=sr

}
,
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F ′
2(q

2) = 1

f�
exp

(
m2

�

M2

) {
−

∫ 1

0
du

∫ 2s0

0
dω

m�

ū

× exp
(
− sr
M2

)
θ(sth − sr )θ(sr − (2mQ + mq)

2)

× [2(ūω + mQ)ψ2(ω, u) f (1) + ūωψ3s(ω, u) f (2)]
+

∫ 1

0
du θ(�)θ

(
2s0 − ξ+

ū

)
θ(ξ+)

× 1

ū
√

�

m�

ω
exp

(
− sth
M2

)

×
[

2ūω(mQ + ūω)(ψ̃4(ω, u) − ψ̃2(ω, u)) f (1)

+ 2ψ̃3σ (ω, u) f (2)

(
4ūω

sth − q2 − m2
�

2m�

+ q2

− 3m2
Q + 3ū2ω2

)] ∣∣∣
ω= ξ+

ū

−
∫ 1

0
du θ(�)θ

(
2s0 − ξ+

ū

)
θ(ξ+)

× 1

ū
√

�

m�

ω
exp

(
− (mQ + mQ′ + mq)

2

M2

)

×
[

2ūω(mQ + ūω)(ψ̃4(ω, u) − ψ̃2(ω, u)) f (1)

+ 2ψ̃3σ (ω, u) f (2)

×
(

4ūω
(mQ + mQ′ + mq )

2 − q2 − m2
�

2m�

+ q2 − 3m2
Q + 3ū2ω2

)] ∣∣∣
ω= ξ+

ū

−
∫ 1

0
du

∫ 2s0

0
dω

m�

ū

× exp
(
− sr
M2

)
θ(sth − sr )θ(sr − (2mQ + mq)

2)

× d

ds

{
exp

(
− s

M2

)
[

2ūω(mQ + ūω)(ψ̃4(ω, u) − ψ̃2(ω, u)) f (1)

+ 2ψ̃3σ (ω, u) f (2)(
4ūω

s − q2 − m2
�

2m�

+ q2

− 3m2
Q + 3ū2ω2

)]} ∣∣∣
s=sr

}
,

F2(q
2) = F ′

2(q
2) − 2m�F1(q2)

m2
� + m�m�

− F3(q
2), (27)

where we have defined

sr = m�

ūω
(m2

Q − H(u, ω, q2)),

� = 1

m�2
c

(sth − q2 − m2
�) − 4(q2 − m2

Q),

Table 1 Masses, lifetimes and decay constants of doubly heavy baryons
[41–45]

Baryons Mass (GeV) Lifetime (fs) f� (GeV3)

�++
cc 3.621 [1] 256 0.109 ± 0.020

�+
bc 6.943 [46] 244 0.150 ± 0.035

�0
bc 6.943 [46] 93 0.150 ± 0.035

�−
bb 10.143 [46] 370 0.199 ± 0.052

ξ+ = 1

2

[
− 1

m�

(sth − q2 − m2
�) + √

�

]
. (28)

For the axial-vector form factors, they are related with vector
form factors

G1(q
2) = F1(q

2)
∣∣
ψ2→−ψ2, ψ4→−ψ4

G2(q
2) = F2(q

2)
∣∣
ψ2→−ψ2, ψ4→−ψ4

G3(q
2) = F3(q

2)
∣∣
ψ2→−ψ2, ψ4→−ψ4

. (29)

Equation (26) shows that each form factor can be inde-
pendently extracted from two distinct Lorentz structures.
For example, f1(q2) can be extracted from the coefficient
of either γμ term or γμ/q term. However, only the coefficient
of γμ term is contributed from all the four LCDAs. Therefore,
in this work, the criterion we will follow is to let all the four
LCDAs contribute to each of the form factors. As a result,
we extract the f1, f2, f3 from the structures γμ, vμ, qμ

respectively. Note that in Eq. (26), the vμ term contains all
the three fi s, one needs to extract f1 and f3 firstly and then
extract f2 from the vμ term.

3 Numerical results

3.1 Transition form factors

In this work, the heavy quark masses are taken as mc =
(1.35 ± 0.10) GeV and mb = (4.7 ± 0.1) GeV while the
masses of light quarks are approximated to zero. Table 1 gives
masses, lifetimes and decay constants f� of doubly heavy
baryons [41–45]. Decay constants of �Q defined in Eq. (5)
are taken as f (1) = f (2) = 0.03±0.005, while the masses of
�Q are taken as m�c = 2.286 GeV and m�b = 5.620 GeV.
For the LCDA parameters in Eq. (11), we choose s0 = 1.2
GeV and τ = (0.6 ± 0.1) GeV.

The Borel parameters are chosen so as to make the form
factors be stable. The threshold sth of �QQ′ and Borel param-
eters M2 adopted in this work are shown in Table 2, which
are consistent with those used in [37]. As argued by Ref. [47],
the light-cone OPE for heavy baryon transition is expected
to be reliable in the region where q2 is positive but not too
large. Thus the form factors need to be parametrized by a cer-
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Table 2 Threshold sth of �QQ′ , Borel parameters M2, and q2 range
for fitting form factors

Channel sth (GeV2) M2 (GeV2) Fit range (GeV2)

�cc → �c 16 ± 1 6 ± 1 0 < q2 < 0.8

�bb → �b 112 ± 2 12 ± 1 0 < q2 < 3

�bc → �c 54 ± 1.5 9 ± 1 0 < q2 < 3

�bc → �b 54 ± 1.5 9 ± 1 0 < q2 < 0.8

tain formula so as to be applicable at higher energy regions.
The last column in Table 2 lists the suitable q2 regions for
fitting the form factors. The numerical and fitting results for
the form factors are given in Table 3, where the results with-
out asterisks are obtained by fitting the form factors with a
double-pole parameterization function

F(q2) = F(0)

1 − q2

m2
fit

+ δ

(
q2

m2
fit

)2 , (30)

for the results with asterisks the above fitting function is
slightly modified as

F(q2) = F(0)

1 + q2

m2
fit

+ δ

(
q2

m2
fit

)2 . (31)

For the form factors with weak q2-dependence we will not
parameterize them by the above two formulas. In this work,
the form factor f �bb→�b

2 is just kept as a constant equals to
its value at q2 = 0. Since our theoretic calculation is based
on LCSR, we would like to exam the exact error coming
from the approach we use. Thus the error of the form factors
are estimated from the thresholds sth , Borel parameters M2

and the LCDA parameter τ , all of which characterize the
framework of LCSR. The q2 dependence of the form factors
corresponding to the four channels are shown in Fig. 2, where
the parameters sth , M2 are fixed at their center values as
shown in Table 2, while τ = 0.6 GeV.

The comparison between this work and other works in the
previous literatures are given in Table 4 for the �cc decays
and Table 5 for the �bb and �bc decays. From the compari-
son one can find that most of the from factor obtained in this
work are on the same order of magnitude as those of other
works. Especially the results of f1(0) match well. However,
our results of g1(0) are approximately an order of magni-
tude larger than those of other works, especially those from
QCDSR [37] and LFQM [7]. On the other hand, the f1(0)

and the g1(0) given in this work are at the same order. As
one know in the framework of HQET, both the form factors
f1(0) and g1(0) belonging to �b → �c transition equal to
the same Isgur–Wise function. Although HQET cannot be
applied for doubly heavy baryon decays, it seems that the
effect of heavy quark symmetry still remains to some extent.

Besides f1(0) and g1(0), there are also some differences
in other four form factors between this work and the QCDSR
work [37]. These differences can be attributed to the limita-
tion on the two different OPE frameworks as well as accuracy
of calculation. It can be believed that, when all order QCD
corrections and the complete series of OPE are considered,
the results from QCDSR and LCSR calculation should be
consistent with each other. However, both in this work and
the QCDSR work [37], the calculations are only accurate to
the leading order of QCD. In addition, the QCDSR work only
contains contribution from several low dimensional operator
condensates, while in this work, only several leading twist
LCDAs are introduced. In fact, we have extracted two parts

Table 3 The decay form factors of doubly-heavy baryons. F(0), m f it and δ correspond to the three fitting parameters in Eq. (30) or (31). The
results without asterisks are obtained by fitting the form factors with Eq. (30), while the results with asterisks are obtained by Eq. (31)

F F(0) mfit δ F F(0) mfit δ

f �cc→�c
1 − 0.81 ± 0.01 1.38 ± 0.05 0.34 ± 0.01 g�cc→�c

1 − 1.09 ± 0.02 2.02 ± 0.08 0.66 ± 0.05

f �cc→�c
2 − 0.32 ± 0.01 1.92 ± 0.08 0.40 ± 0.04 g�cc→�c

2 0.86 ± 0.02 2.17 ± 0.1 0.95 ± 0.11

f �cc→�c
3 0.9 ± 0.07 1.62 ± 0.1 1.38 ± 0.7 g�cc→�c

3 − 0.76 ± 0.01 1.95 ± 0.02 − 0.4 ± 0.08

f �bb→�b
1 − 0.01 ± 0.003∗ 1.33 ± 0.24∗ 0.71 ± 0.16∗ g�bb→�b

1 − 0.02 ± 0.004∗ 1.1 ± 0.13∗ 0.53 ± 0.08∗

f �bb→�b
2 0.03 ± 0.0 – – g�bb→�b

2 −0.03 ± 0.002 2.03 ± 0.04 0.35 ± 0.006

f �bb→�b
3 0.1 ± 0.007∗ 3.34 ± 0.13∗ 5.28 ± 0.08∗ g�bb→�b

3 0.14 ± 0.003∗ 7.24 ± 0.40∗ − 2.35 ± 1.37∗

f �bc→�c
1 − 0.14 ± 0.005 2.93 ± 0.06 0.39 ± 0.001 g�bc→�c

1 − 0.16 ± 0.001 3.45 ± 0.05 0.43 ± 0.0

f �bc→�c
2 − 0.09 ± 0.002 3.19 ± 0.04 0.34 ± 0.001 g�bc→�c

2 0.17 ± 0.0 3.72 ± 0.04 0.39 ± 0.001

f �bc→�c
3 0.1 ± 0.005 2.6 ± 0.08 0.44 ± 0.0 g�bc→�c

3 − 0.17 ± 0.001 4.43 ± 0.03 0.22 ± 0.01

f �bc→�b
1 0.39 ± 0.01 1.23 ± 0.03 0.44 ± 0.02 g�bc→�b

1 1.06 ± 0.03 1.77 ± 0.06 0.65 ± 0.03

f �bc→�b
2 0.06 ± 0.01 0.73 ± 0.03 1.29 ± 0.06 g�bc→�b

2 − 0.69 ± 0.02 1.89 ± 0.06 0.81 ± 0.06

f �bc→�b
3 − 0.79 ± 0.06 1.60 ± 0.1 2.62 ± 1.15 g�bc→�b

3 0.56 ± 0.01 1.79 ± 0.01 −0.48 ± 0.04
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Fig. 2 q2 dependence of the �QQ′ → �Q′ form factors. The first two
graphs correspond to �cc → �c, the second two graphs correspond
to �bb → �b, the third two graphs correspond to �bc → �c and the

fourth two graphs correspond to �bc → �b. Here the parameters sth ,
M2 are fixed at their center values as shown in Table 2, while τ = 0.6
GeV
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Table 4 Comparison of our results of �cc decay form factors with the results from QCD sum rules (QCDSR) [37], light-front quark model (LFQM)
[7], the nonrelativistic quark model (NRQM) and the MIT bag model (MBM) [48]

Transitions F(0) This work QCDSR [37] LFQM [7] NRQM [48] MBM [48]

�++
cc → �+

c f1(0) − 0.81 ± 0.01 − 0.59 ± 0.05 − 0.79 − 0.36 − 0.45

f2(0) − 0.32 ± 0.01 0.039 ± 0.024 0.008 − 0.14 − 0.01

f3(0) 0.9 ± 0.07 0.35 ± 0.11 – − 0.08 0.28

g1(0) − 1.09 ± 0.02 − 0.13 ± 0.08 −0.22 − 0.20 − 0.15

g2(0) 0.86 ± 0.02 0.037 ± 0.027 0.05 − 0.01 − 0.01

g3(0) − 0.76 ± 0.01 0.31 ± 0.09 – 0.03 0.70

Table 5 Comparison of our results on �bb and �bc decay form factors with the results from QCD sum rules (QCDSR) [37] and light-front quark
model (LFQM) [7]

Transitions F(0) This work QCDSR [37] LFQM [7]

�bb → �b f1(0) − 0.01 ± 0.003 − 0.086 ± 0.013 − 0.102

f2(0) 0.03 ± 0.0 0.0022 ± 0.0020 0.0006

f3(0) 0.1 ± 0.007 0.0071 ± 0.0072 –

g1(0) − 0.02 ± 0.004 − 0.074 ± 0.013 − 0.036

g2(0) − 0.03 ± 0.002 0.0011 ± 0.0024 0.012

g3(0) 0.14 ± 0.003 0.0085 ± 0.0055 –

�bc → �b f1(0) 0.39 ± 0.01 − 0.65 ± 0.06 − 0.55

f2(0) 0.06 ± 0.01 0.67 ± 0.07 0.30

f3(0) − 0.79 ± 0.06 − 1.73 ± 0.48 –

g1(0) 1.06 ± 0.03 − 0.15 ± 0.08 −0.15

g2(0) − 0.69 ± 0.02 − 0.16 ± 0.08 0.10

g3(0) 0.56 ± 0.01 3.26 ± 0.44 –

�bc → �c f1(0) − 0.14 ± 0.005 − 0.11 ± 0.01 − 0.11

f2(0) − 0.09 ± 0.002 − 0.11 ± 0.02 − 0.03

f3(0) 0.1 ± 0.005 0.16 ± 0.03 –

g1(0) − 0.16 ± 0.001 − 0.085 ± 0.014 − 0.047

g2(0) 0.17 ± 0.0 0.11 ± 0.02 0.02

g3(0) − 0.17 ± 0.001 − 0.14 ± 0.02 –

of the same form factor respectively in the two works. Gen-
erally, these two parts will overlap but will not be the same.

3.2 Semi-leptonic decays

In this section we consider the semi-leptonic decays of
�QQ′ → �Q′ . The effective Hamiltonian inducing the semi-
leptonic process is

Heff = GF√
2

(
Vub[ūγμ(1 − γ5)b][l̄γ μ(1 − γ5)ν]

+V ∗
cd [d̄γμ(1 − γ5)c][ν̄γ μ(1 − γ5)l]

)
, (32)

where GF is Fermi constant and Vcs,cd,ub are Cabibbo–
Kobayashi–Maskawa (CKM) matrix elements.

The decay amplitudes induced by vector current and axial-
vector current are calculated with the use of helicity ampli-
tudes respectively, they have the following expressions:

HV
1
2 ,0

= −i

√
Q−√
q2

(
(M1 + M2) f1 − q2

M1
f2

)
,

H A
1
2 ,0

= −i

√
Q+√
q2

(
(M1 − M2)g1 + q2

M
g2

)
,

HV
1
2 ,1

= i
√

2Q−
(

− f1 + M1 + M2

M1
f2

)
,

H A
1
2 ,1

= i
√

2Q+
(

−g1 − M1 − M2

M1
g2

)
,

HV
1
2 ,t

= −i

√
Q+√
q2

(
(M1 − M2) f1 + q2

M1
f3

)
,

H A
1
2 ,t

= −i

√
Q−√
q2

(
(M1 + M2)g1 − q2

M1
g3

)
, (33)

where Q± = (M1 ± M2)
2 − q2 and M1(M2) is the mass

of the initial (final) baryon. The amplitudes with negative
helicity are related to those with positive helicity
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Table 6 Decay widths and
branching ratios of the
semi-leptonic �QQ′ → �Q′ lνl
decays, where l = e/μ

Channels �/GeV B �L/�T

�++
cc → �+

c l
+νl (3.95 ± 0.21) × 10−14 (1.53 ± 0.1) × 10−2 2.6 ± 0.35

�−
bb → �0

bl
−νl (7.35 ± 1.43) × 10−19 (4.13 ± 0.8) × 10−7 0.21 ± 0.12

�−
bb → �0

bτ
−νl (6.1 ± 1.1) × 10−19 (3.43 ± 0.65) × 10−7 0.08 ± 0.04

�0
bc → �+

c l
−νl (7.17 ± 0.4) × 10−17 (1.01 ± 0.06) × 10−5 13.38 ± 2.74

�0
bc → �+

c τ−νl (4.09 ± 0.28) × 10−17 (5.77 ± 0.4) × 10−6 7.38 ± 1.61

�+
bc → �0

bl
+νl (5.51 ± 0.38) × 10−14 (2.04 ± 0.14) × 10−2 1.39 ± 0.21

HV−λ2,−λW
= HV

λ2,λW
and H A−λ2,−λW

= −H A
λ2,λW

, (34)

where the polarizations of the final �Q′ and the intermediate
W boson are denoted by λ2 and λW , respectively. The total
helicity amplitudes induced by the V − A current are

Hλ2,λW = HV
λ2,λW

− H A
λ2,λW

. (35)

Decay widths of �QQ′ → �Q′lν can be separated into
two parts which correspond to the longitudinally and trans-
versely polarized lν pairs respectively

d�L

dq2 = G2
F |VCKM|2q2 p (1 − m̂2

l )
2

384π3M2
1

×
(
(2 + m̂2

l )(|H− 1
2 ,0|2 + |H 1

2 ,0|2)
+ 3m̂2

l (|H− 1
2 ,t |2 + |H 1

2 ,t |2)
)

, (36)

d�T

dq2 = G2
F |VCKM|2q2 p (1 − m̂2

l )
2(2 + m̂2

l )

384π3M2
1

× (|H 1
2 ,1|2 + |H− 1

2 ,−1|2), (37)

where m̂l ≡ ml/
√
q2, p = √

Q+Q−/(2M1) is the three-
momentum magnitude of �Q′ in the rest frame of �QQ′ .
Here the Fermi constant and CKM matrix elements are taken
from [49,50]:

GF = 1.166 × 10−5GeV−2,

|Vub| = 0.00357, |Vcd | = 0.225. (38)

By integrating out the squared transfer momentum q2, one
can obtain the total decay width

� =
∫ (M1−M2)

2

m2
l

dq2 d�

dq2 , (39)

where

d�

dq2 = d�L

dq2 + d�T

dq2 . (40)

Table 6 shows the integrated partial decay widths, branch-
ing ratios and the ratios of �L/�T for various semi-leptonic
�QQ′ → �Q′l(τ )νl processes, where l = e/μ. The masses
of e and μ are approximated to zero while the mass of τ is

taken as 1.78 GeV [49]. Figure 3 shows the q2 dependence of
the differential decay widths corresponding to four channels.
Table 7 gives a comparison of our decay width results with
those given in the literatures.

There are several remarks:

• The error of the decay widths given in Table 6 and Fig. 3
both come from the error of form factors.

• From Table 6, one can find that the decay widths and
branching ratios of c → d processes are several orders
of magnitude larger than those of b → u processes. This
feature is compatible with the cases of �b and �c decays
[52,53].

• According to the SU(3) symmetry, the decay widths
of various semi-leptonic channels are related with each
other. References [9,18] have offered a systematic SU(3)
analysis of doubly heavy baryon decays as well as a com-
plete decay width relations. Although in this work only
the processes with �Q′ final states are considered, one
can still estimate decay widths of several other channels
from Ref. [9]:

�(�+
cc → �0

cl
+ν) = �(�++

cc → �+
c l

+ν)

= (3.95 ± 0.21) × 10−14GeV,

�(�0
bc → �−

b l
+ν) = �(�+

bc → �0
bl

+ν)

= (5.51 ± 0.38) × 10−14GeV,

�(�−
bb → �0

bl
−ν̄) = �(�−

bb → �0
bl

−ν̄)

= (7.35 ± 1.43) × 10−19GeV. (41)

• From the comparison shown in Table 7, it seems that
the decay width of semi-leptonic �bc → �c derived
in this and other works are approximately on the same
order of magnitude. However, the decay widths of semi-
leptonic �cc → �c and �bc → �b derived in this
work are one order smaller than those from other works,
while the decay width of semi-leptonic �bb → �b is
much smaller than that from other works. These inconsis-
tent phenomenology predictions can be tested by future
experimental measurements.
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Fig. 3 q2 dependence of the semi-leptonic �QQ′ → �Q′ lνl decay widths. The blue bands correspond to �L while the red bands correspond to
�T . The dashed lines describe the center value curves and the band width reflects the error

Table 7 Comparison of the decay widths (in units of GeV) for the
semi-leptonic decays in this work with the results derived from QCD
sum rules (QCDSR) [37], the light-front quark model (LFQM) [7],

the heavy quark spin symmetry (HQSS) [51], the nonrelativistic quark
model (NRQM) [48] and the MIT bag model (MBM) [48] in literatures

Channels This work QCDSR [37] LFQM [7] HQSS [51] NRQM [48] MBM [48]

�++
cc → �+

c l
+νl (3.95 ± 0.21) × 10−14 (6.1 ± 1.1) × 10−15 1.05 × 10−14 3.20 × 10−15 1.97 × 10−15 1.32 × 10−15

�−
bb → �0

bl
−ν̄l (7.35 ± 1.43) × 10−19 (3.0 ± 0.7) × 10−17 1.58 × 10−17 – – –

�0
bc → �+

c l
−ν̄l (7.17 ± 0.4) × 10−17 (2.2 ± 0.5) × 10−17 1.84 × 10−17 – – –

�+
bc → �0

bl
+νl (5.51 ± 0.38) × 10−14 (1.1 ± 0.2) × 10−14 6.85 × 10−15 – – –

4 Conclusions

In summary, we have presented a study on the semi-leptonic
decay of doubly heavy baryons into an anti-triplet baryon
�Q . We derived the baryon transition form factors with
LCSR, where the LCDAs of �b are used for both �b and
�c final states due to the heavy quark symmetry. From the
numerical results of our form factors, we find that f1 and g1

are at the same magnitude order, which seems consistent with
HQET. The obtained form factors are then used for predicting
the semi-leptonic doubly-heavy baryon decay widths as well
as the branching ratios. Some of them are consistent with the
phenomenology results given in other works. We hope our

use of LCSR for double-heavy baryon transitions can help us
to test or even understand the light-cone dynamics of heavy
baryon states, while the phenomenology predictions given in
this work can be tested by future measurements at LHCb as
well as other experiments.
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