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Abstract We review the well-known Peebles—Vilenkin
(PV) quintessential inflation model and discuss its possi-
ble improvements in agreement with the recent observations.
The improved PV model depends only on two parameters:
the inflaton mass m, and another smaller mass M ; where the
latter has to be chosen in order to undertake that, at present
time, the dark energy density of the universe is approximately
about 70% of the total energy budget of the universe. The
value of the inflaton mass m is calculated using the obser-
vational value of the power spectrum of the scalar perturba-
tions, and the value of mass M, which depends on the reheat-
ing temperature, is calculated by solving the corresponding
dynamical system whose initial conditions are taken at the
matter-radiation equality and are obtained from three obser-
vational data: the red shift at the matter-radiation equality,
the ratio of the matter energy density to the critical one at the
present time and the current value of the Hubble parameter.
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1 Introduction

The understanding of physical cosmology at the fundamen-
tal level is quite cloudy, especially when a unified picture
of the universe’s evolution is searched for. The inflation [1-
7] — a rapid accelerating stage of the early universe — and
quintessence [8—15] — another accelerating stage of the late
universe — are two significant phases of the universe’s evo-
lution which are probably the main focus areas of the scien-
tific community at present. Since inflation and quintessence
present two different stages of the universe evolution, typ-
ically, they are considered as the effects of two different
exotic sources. The scalar field theory has been found to be
an excellent candidate for the inflationary scenario and for
quintessence phase, another weakly interacting scalar field is
usually considered. The common feature of these scenarios
is that both of them should have an accelerating phase, but
at the end are taking two different fields one for the inflation
and the other for the quintessence. This disparity naturally
raised a question to Peebles and Vilenkin (PV) and as a con-
sequence they introduced, for the first time, a potential for
the scalar field that allows inflation for early universe and
quintessence for the current universe. This model by Peebles
and Vilenkin is widely known as the “quintessential infla-
tion” [16]. The introduction of the quintessential inflationary
model also triggered other investigators [17-30].

Without any doubt, the “quintessential inflation” model
by Peebles and Vilenkin is really elegant by its construction.
The model is also very simple because it depends only on
two parameters, one which characterizes the inflation and
the other characterizes the quintessence phase. The poten-
tial has two pieces, one for early inflation and the other
for quintessence. The inflationary piece is quartic in the
PV model [16] and it is matched abruptly with a inverse
power law potential (i.e., the quintessence potential) which
is responsible to drive the current cosmic acceleration. Due
to this abrupt matching, a phase transition from inflation to
a kination regime occurs [31], where the adiabatic evolution
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of the universe is broken, and thus, the particles are produced
following a reheating mechanism, such as, instant preheat-
ing or gravitational particle production of heavy massive or
massless particles.

Due to simplicity and potentiality, the original PV model
naturally gained a massive attention in the cosmological com-
munity. However, from the recent observational predictions,
the model has been dignosed with some limitations. In par-
ticular, it was found that the quartic inflationary piece of this
model leads to theoretical values of the spectral index (ny)
and the ratio of tensor to scalar perturbations () which do not
enter into the corresponding two-dimensional marginalized
joint contour at 95% confidence level [32]. While interest-
ingly, if the quartic part of the inflationary potential is turned
into quadratic one, then the aforementioned problem does
not encounter. That means if the quartic potential is changed
by a quadratic one, then for the typical number of e-folds
in the quintessential inflation, i.e., between 60 and 75 (see
for instance [25,27]), the theoretical values provided by this
potential enters in this contour [26]. Thus, the parameter char-
acterizing this piece of the potential is the mass of the inflaton
field, which is determined from the value of the power spec-
trum of scalar perturbations when the pivot scale leaves the
Hubble radius. Moreover, the reheating mechanism in [16]
is the gravitational particle production of massless particles
which gives a reheating temperature of the order of 1 TeV,
which according to the observational predictions seems to
be not enough to solve the overproduction of Gravitational
Waves (GW) and as a result this could affect the success of
the Big Bang Nucleosynthesis process.

Thus, looking into the observational limitations of the PV
model, in the present article we investigate the consequences
of the replacement of the original quartic piece of the infla-
tionary potential by the quadratic one and to study the evo-
lution of the model up to the present epoch, which is related
to the numerical value of the parameter M that characterizes
the quintessence piece of the potential. In order to perform
the calculations from both analytical and numerical grounds,
we need three observational parameters, namely the redshift
at the matter-radiation equality, the ratio of the matter energy
density to the critical one at the present time and the current
value of the Hubble parameter, which in the present work are
chosen to be the central values of those parameters, obtained
by the ACDM based Planck’s estimation [33].

The paper is organized as follows: In Sect. 2 we present
our improved version of the original Peebles—Vilenkin
quintessential inflation model, and its dynamics, i.e., the evo-
lution of the universe, is studied from the beginning of infla-
tion up to the end of the kination epoch. Section 3 is devoted
to the study of the evolution of the universe from the end
of kination to the matter-radiation equality for two differ-
ent situations, namely, the massive particles produced at the
end of inflation decay into lighter ones -in order to produce
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a relativistic plasma in thermal equilibrium- before or after
the end of the kination phase. In Sect. 4 we study the evo-
lution of the universe from the matter-radiation equality to
the present where mostly we perform numerical calculations.
The dynamics given by a quintessence exponential potential
is studied in Sect. 5. Finally, we conclude the present work in
Sect. 6 with all the findings in brief. The units used through-
out the paper are, i = ¢ = 1, and we denote the reduced

Planck’s mass by M, = Jzaler = 2.44 x 10'8 GeV.

2 The original model

To explain the evolution of the universe unifying the early
inflation with the current cosmic acceleration, Peebles and
Vilenkin proposed a simple and elegant model based on the
following potential [16]

Mot + M*) for o <0
Vip) = 8 ()
@ {)‘wﬂiM“ for ¢ > 0,

where A and M < M ; are two free parameters of the model.
The parameter X is dimensionless that must be adjusted so
that the theoretical values provided by the model coincide
with the observed ones. The model contains an abrupt phase
transition from inflation to kination [31] at ¢ = 0. This phase
transition is needed, because the adiabatic evolution is broken
at this stage, thus, the phase transition enables to create an
enough number of gravitational particles which consequently
reheats the universe. These created particles after their decay
as well as interacting with different fields, form a relativistic
fluid in thermal equilibrium whose energy density eventually
dominates over the one of the inflation up to the present
time. At present time, the energy density of the inflaton field
becomes dominant once again in order to depict the current
cosmic acceleration.

The first observational limitation of the model comes from
the quartic inflationary potential as follows. For a number of
e-folds in the range 60 and 75, which is usual in quintessen-
tial inflation, the spectral index, namely ny, and a ratio of
tensor to scalar perturbations, namely 7, do not enter in the
marginalized joint confidence contour in the plane (ng, ) at
20 C.L. However, the values provided by a quadratic poten-
tial enter in this contour. Thus, it seems that the inflationary
piece of the model might be changed, for example from quar-
tic potential to quadratic potential, in order to match with the
recent observational data [32-35].

Another observational limitation of the model comes from
the reheating mechanism. In the original PV model, the
authors consider areheating mechanism via gravitational par-
ticle production of massless particles that allows one to obtain
a reheating temperature in the TeV regime. This reheating
temperature is compatible with some of the usual Big Bang
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Nucleosynthesis (BBN) bounds, but it cannot prevent the
overproduction of the gravitational waves (GWs). To over-
pass this problem one can consider other kind of reheating
mechanisms such as the instant preheating [36,37] or the
gravitational production of heavy massive particles [38,39].
Effectively, due to the phase transition from inflation to kina-
tion, there is an overproduction of GWs (see for instance
Sect. 5 of [40]). Then, in order that this overproduction does
not alter the BBN success, at the reheating time, the ratio of
the energy density of GWs to the energy density of the pro-
duced particles has to be less than 102 [16]. As was shown
in [41], this bound is satisfied when the reheating occurs via
instant preheating, and in the case that the reheating is via
gravitational production of superheavy particles, the bound
is only satisfied when its decay in lighter particles is after the
end of the kination period (see for instance [38]).

Thus, based on the above issues, in the present work we
choose the following family of models improving the old
version of the quintessential inflation [16]:

m2 2 2 2
T(p-— M, + M*) forp < —My,;
Val@) =1 5 st g

2 (p+Mp)*+M?

@)

[S)

for@ = _Mplv

where a > 0 is a positive dimensionless parameter which
parametrizes the family and m = 5 x 107°M pl 1s the mass
of the inflaton field which is calculated from the observa-
tional estimation of power spectrum of the scalar perturba-

H? —9
~ 2 x 1077 [42] (see also [43] for a

82 M2 €,
detailed derivation é)f the result where € is the main slow-roll
parameter and the star means that the quantities are evaluated
when the pivot scale leaves the Hubble radius). Note also that
in our improved version the phase transition is more abrupt
compared to the original one, because for the potential (2), the
first derivative is discontinuous at the matching point, while
in the original PV model, the fourth derivate is discontinuous
at the matching point. This fact is very important in order to
obtain an enough amount of massive particles leading to a
viable reheating temperature via production of heavy mas-
sive particles which do not happen in the original PV model
where the reheating via massive particle production leads to
an abnormally small reheating temperature [23].

On the other hand, the kination phase starts at ki, =
—M p;, so assuming, as usual, that there is no substantial drop
of energy between the end of inflation and the beginning of
kination, one will have ¢;, = \/EHkinMpl =7x 10_6M§l,
where the overdot represents the differentiation with respect

~ ~  (Vend) _
= Hena = #”2’1 =
“p

N %‘im =3 x 10’6Mp1, because at the end of inflation,

the scalar field reduces to, @eng = —vV 2+ «/§Mpz. Since
during kination, a o V3 — H = %, using the Friedmann

tions, Py =

to the cosmic time and Hgj,
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Fig. 1 Marginalized joint confidence contours for (ng, r) at 68% and
95% confidence level. Considering the inflationary piece of the potential
as V = r¢f [44], in quintessential inflation, for the values of 8 =
2,3/4,1,2/3, we have drawn the curves from 65 to 75 e-folds (see
the black curves). And when one considers the standard inflation, for
B = 2, 1, the curves have been drawn in red from 50 to 60 e-folds. As
one can see that the quadratic potential (V o ¢2), which is disregarded
in standard inflation is not disfavored in quintessential inflation (Figure
courtesy of the Planck 2018 collaboration [35])

equation, the dynamics in this regime will be

g M \/iM
pl . pl
2 3t2 3 ¢ ®

2 t
= Qkin + \/jMp[ In{— ). (3)
3 Tkin

To end this Section some remarks are in order:

Remark 1 One could also choose a very general PV-type
potentials:

WP — MDy + MP) for g < —M),
Mu+ﬁ
(p+Mp)*+M“

“

V. =
a(®) { for ¢ > — M.

with 1 < B < 2 to fit with Planck 2018 observational data
[34]. As one can see from Fig. 1 thatif one considers the num-
ber of e-folds from the moment that the pivot scale crosses
the Hubble radius to the end of inflation, is, for example,
between 65 and 75, which usually happens in quintessen-
tial inflation due to the kination period after inflation [27],
then the improved PV-model (2) enters in the 20 C.L. for
the Planck likelihoods: Planck TT, TE, EE + low E, and
Planck TT, TE, EE + low E + lensing. On the other hand, if
one takes into account the “tensor sector” and wants that a
quintessential model matches with the Planck TT, TE, EE +
low E+ lensing + BK14 + BAO likelihood, one has to con-
sider other kind of potentials, such as plateau potentials [28]
or a-attractors [41,45].

@ Springer
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Remark 2 Potentials with a sudden break have interesting
properties. For example, in [46] a model with a local singu-
larity of the potential in the slow-roll phase, was considered to
study the deviation from a flat power spectrum. For our poten-
tial (2), the first derivative has a discontinuity at ¢ = —M
which enhances the gravitational production of superheavy
particles as was shown in [47]. In fact, the greatest is the order
of the first discontinuous derivative the lower is the energy
density of the superheavy gravitationally produced particles,
and thus the lower is the reheating temperature. This means
that, in quintessential inflation, for smooth potentials such
as plateau potentials or a-attractors the particle creation has
to be done via instant preheating [37]. On the other hand, as
has been recently suggested, the abundance of dark matter
could be explained via the production of only gravitationally
interacting massive particles (GIMP) [48-51], which could
not be applied to smooth potentials, however, this mechanism
of production of dark matter seems to work very well in PV
models [52].

Remark 3 What would be interesting, although is a point that
deserves future investigation, is to find models whose infla-
tionary potential was a plateau-type potential to enter in the
Planck TT, TE, EE + low E+ lensing + BK14 + BAO likeli-
hood, matching abruptly (not smoothly) with an quintessence
potential in order that the superheavy dark matter was created
gravitationally. For example, using an Exponential SUSY
inflation-type potential

4
4 — C‘“ﬂ/ﬂlal <
)\'Mpl(l e rl 4 p>>f0r<p<0 5)

MS
Py

Va(p) =

A for ¢ > 0,

or, a Higgs Inflation-type potential

2\ 2
AM4 1 — e@%/Mpi (ﬂ) > fe <0
( e + M, org < ©)

V() = 8
A 4AJ/FIM4 for ¢ > 0.
For both potentials one can calculate that,
- 2 - 8
nszl—ﬁ, r:m, @)

which directs that for « of the order of 1 and for a num-
ber of e-folds greater than 60, the ratio of tensor to scalar
perturbations is less than 0.003. Thus, the spectral index
and the tensor/scalar ratio enter perfectly in the two dimen-
sional marginalized joint confidence contour at 1o CL for
the Planck TT, TE, EE + low E+ lensing + BK14 + BAO
likelihood.

3 Evolution from kination to matter-radiation equality

During the phase transition from inflation to kination the par-
ticles are produced. When the produced particles have very
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heavy masses, which occur in instant preheating or when one
only considers heavy massive particles conformally coupled
to gravity, these particles have to decay into light particles
to form a relativistic plasma in thermal equilibrium whose
energy density will eventually be dominant in order to match
with the hot Friedmann universe. Two different cases may
arise: when the decay of the heavy massive particles occurs
before or after the end of the kination regime. Here, we will
study both cases separately. It is also important to take into
account that during this period the potential energy of the
inflaton field, due its low value compared with the kinetic
energy could be safely disregarded, which implies that the
dynamical equations could be solved analytically.

3.1 Decay before the end of kination

Assuming that the produced massive particles at the phase
transition decay into lighter ones before the equality between
the energy density of the inflaton and those of the created
particles, at the reheating time, one has

Hy,
Yrh = Qkin + \/>Mpl In < ln) (8)

and using that at the reheating time, i.e., when the energy
density of the scalar field and the one of the relativistic plasma

coincide: Hr2h = 3213;' , one gets
pl
JESVAI
6
= Qkin ,/ M pr1n —|. and
s grh Trh
Mpl

. 672 8rh
o =1~ T )

where we have used that at reheating time, the energy density
and the temperature are related via p,;, = g—égrh Tr4h, where
the number of degrees of freedom is, g, = 107 [53].

We consider reheating via gravitational particle produc-
tion of massive particles obtaining a reheating temperature is
of the order 7,; = 100 TeV [38] and via instant preheating
leading to a reheating temperature of the order T, = 10°
GeV [36,37].

In the former case one has

O Z3T.8Mp, G =2 x 10720M2), (10)

and when reheating via instant preheating is considered one
gets

Qi Z228Mp, G =2 x 1078M7). (11)
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During the radiation dominated phase, one can continue dis-
regarding the gradient of the potential, obtaining

tri
7) ) (12)

and we have to calculate the value of the field and its deriva-
tive at the matter-radiation equality, i.e., ge; and ¢, which
will be the initial conditions of our dynamical system.

To do it, we consider the central values obtained in [33]
(see the second column in Table 4) of the red shift at the
matter-radiation equality z,;, = 3365, the present value of the
ratio of the matter energy density to the critical one €2, o0 =
0.308, and Hy = 67.81 Km/sec/Mpc = 5.94 x 10751 M.
Then, the present value of the matter energy density is p,,, 0 =
3H02M§ZQm,0 =3.26 x 10_121M21, and at matter-radiation
equality we will have pog; = 20m.0(1 + zeg)® = 2.48 x
10_“0M4 =8.8x 10~ eV~ Now using the relation at the

©(t) = @rn + 20rntrh (1 -

matter-radiation equality po; = T geq W1th 8eq = 3.36

(see [53]), we get Ty = 3.25 x 10~ 28M 1 =7.81 x 10710
GeV.

Remark 3.1 It is not mandatory to use the observational val-
ues of the parameters (Z¢q, 2,0, Ho), since one can use the
observational values of other three parameters. For exam-
ple, using Hp, €2,,,.0, and Ty, one has p,, 0 = 3H2M2 Q.0

and since = P (g ’ d = T4 =
Pm0 = 7 |35 and peg = 5geq =

72 4 ( ag 4
58eq Ty (@) one gets

72 ag nz
Pm,0 = 30 geqTo Tq 30 getITO (qu + 1) = Zegq
90 HiMy
= —1+—2—4p9m,0- (13)
8eqT T,

Thus, the observational value of z., is obtained from the
observational values of Hy, €2, o and the well-known current
temperature of the universe 7p.

In this way the observational values of Hy and €2, o could
be obtained directly from the own V,, potential, however,
the parameter M is completely degenerate as reported from
the latest astronomical datasets [38], where the addition of
baryon acoustic oscillations data into the cosmic microwave
background radiation cannot break such a degeneracy. The
low redshifts sample like Pantheon from the Supernovae Type
Ia, and the Hubble parameter measurements from the cosmic
chronometers also return similar conclusion. For V4 (that
means, V, when o = 4) the central values of these parameters
are (see the third column of the table 3 of [38]) ,,0 =
0.306 and Hy = 67.92%4/%¢ = 595 x 107! M,,,. Then,

taking into account that Ty = 2.7 K = 2.33 x 10~13 GeV
=9.7 x 10732 M, one gets, z,, = 3321.

1. Reheating via production of heavy massive particles con-
formally coupled to gravity:

2Heq
Peq =Prh + 2 Mpl 3H,,
1/4
8eq TLq
=Qrh +2\/7M1 \/7( )
' r 8rh Trh
~ 2 ~
Z@n+2 —Mpl =39.4M . (14)
leeq\/ eq
_ /geq (geq>1/4
9 5 8rh
T3

Y ~23 %1075 eV2, (15)
Trh

Qb (,0 Irp trh
eq — ¥Prh
leq teq

2. Instant preheating:
= ¢ + 2\/E My |1 2Heq
Peq = Prh 3 pl 3H,
1/4
8eq ch
= ¢rp t 2\/7M ! \/7< )
' b 8rh Trh
~ 2 ~
=g +2 —Mpz =24.4M . (16)
Irp
trh leeq eq
teq \/
4 73
_ /geq (geq)l/ Teq
9 5 8rh Trn

~23x 107 % V2. (17)

‘peq = §0rh

Remark 3.2 During radiation dominated era, the potential
energy of the field is negligible, so since ¢ = @y, (- )3/ 2

3/2 2
(%f?) , we will have p,(¢) = 7 = pPrh (%’Zé;}) .

On the other hand, the energy density of the background is
2H (1)

p(t) = prp ( then the ratio of the energy density of

the scalar field t0 the energy density of the background is

po(t) _2H(@) _ ~2T%()
Pc(t) B 3Hy VA

rh

Q1) =

(18)

Since the Big Bang Nucleosynthesis occurs at temperatures
about 1 MeV, for a reheating temperature, 7,;, = 100 TeV,
we have Qg (tgpn) ~ 10~16. However, if one wants a greater
value of this parameter one has to consider lower reheating
temperatures satisfying 7,, = 1 MeV.

@ Springer
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Table1 Summary of the initial conditions at the matter-radiation equal-
ity at different reheating temperatures is shown

Serial no. Reheating temperature (7;)

(xeq s qu)

100 TeV (39.4,2.3 x 10711
10° GeV (24.4,2.3 x 1071
1 MeV (39.81,0)

3.2 Decay after the end of kination

In this case, which is only possible when reheating is due
to the production of heavy massive particles, (in the case of
instant preheating this will could produce an undesired new
inflationary era [37,43]), it is possible to obtain reheating
temperature very close to 1 MeV [38]. So, here we con-
sider T,, = 1 MeV, which means that at the BBN epoch,
Qy(tppn) = 5 = 0.66, and at the matter-radiation equality,
Q%Eq 107! %
Let 7 be the time at which kination ends, that is, when
Py (1) = py (1), where p, denotes the energy density of the
produced massive y -particles. Introducing the heat efficiency
defined by ® = % [54], and taking into account that

6
- aii
Pp(t) = P kin (_z_n) )

a(t)
3 -
- | Gkin - 2p4 (1)
Py (D) = Py kin (_a@) S HO=Z55 (19

one may deduce that H(f) = ﬁHkinG. Now since during

L _ 1 f= 1t — =
kination, H(f) = 5;, one can conclude that t = 3V2H O

1
V31+/Bme

On the other hand, at the end of kination we will have

_ 2 r
o(t) = Qkin + \/jMpl In
3 kin

= Qkin — \/gMpz In (ﬁ@) , (20)

and

10 =\/g@ =/ 2(1 + V3)mM 0. 1)

During the period between 7 and ¢, the universe is matter
dominated, and thus the Hubble parameter becomes, H = 32_:
Since the gradient of the potential could be disregarded at
this epoch, hence, the equation of the scalar field becomes,
¢+ %gb = 0, and thus, at the reheating time

@ Springer

_ 2 t
$rh = </)(f) +\/jMpl (1 - _>
() +fM < Hr )
—Y s 2\/—Hktn

n T
—<p<r)+\f My | SV (22)
/ 1'\"/‘§/§m®
¢rh = gj‘fé)lt
_ \/_Mpl rh \/5772 grhT,il . 23)
4 Hin® 12041+ /3 MmMp®

Calculation of the heat efficiency®: The energy density of
the produced massive particles withmassm, = 5x 1074 M »l
2
is given by py ki = 1075 (f—x) m* = 6.25 x 107" M¥,
[38] and the one of the inflaton field is py kin = 3Hk1nM[271 =
LBm2 M2, = 3.41 x 1071 MY, thus © = 1.83 x 1072,
Wthh means that

o(f) =37.3TMp and (i) =7.07 x 107°°M;,.  (24)

For a reheating temperature of the order of 1 MeV we will

Z) /m® ~ 1071, and thus,

TZ
,
have ( i

2 L~
Orn = o(7) + \/;Mp, ~38.18M, and ¢ =0. (25)

Finally, using the relations in Eq. (14) one gets, .y =
39.81 and ¢¢; = 0. In the next section, we shall describe the
evolution of the universe after the matter-radiation equality
to present.

4 Evolution from the matter-radiation equality

After the matter-radiation equality, the dynamical equations
could not be solved analytically and thus, one needs to use
numerics, starting at the matter-radiation equality, to compute
them. In order to do that we need to use a “time” variable
that we choose to be the number of e-folds up to the present

=—-In(l+2z) =
variable N, one can recast the energy density of radiation and
matter respectively as,

epoch, namely, ;—0) Now, using the

Peq [ Aeg\4 o _
pri@) = 2L (Z1) = p(N) = Bt NN (26
2 a 2
and
P o _
pm(a>=ﬂ(ﬁ) = pn(N) = ZHe ™, 27)
2 a 2
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where the value of the energy density at the matter-radiation
equality p.,; = 8.8 x 10~! eV*, has been obtained in the
previous Sect. 3 (precisely see the Sect. 3.1) and also one can
understand that N, is the value of N at the matter-radiation
equality.

Now, in order to obtain the dynamical system for this
scalar field model, we introduce the following dimension-
less variables

® ®

x:—, y: .
My K Mp

(28)

where K is a parameter (with some dimension) that we will
determine right now. Now, using the variable, N = — In(1 +
), defined above and also using the conservation equation
¢ +3H¢ + V, = 0, one can construct the following non-
autonomous dynamical system:

x/: L_,

T

_ (29)
r_ W
y - 3)’ [_‘17

where the prime represents the derivative with respect to N,

H = % and V = KZLIWEI Moreover, the Hubble equation
now looks as
A= 000 4 5 + V) (30)
= = A X r ’
NS o om

where we have introduced the following dimensionless

T4y = Pr = Pm
ner nsiti = I~ an = .
energy densities p, Ksz,la d om R,
We choose K = 4.1 x 10732 eV, in order to have

~

KM, = 10_4eV2, and we take the following initial con-
ditions at matter-radiation equality:

1. For the reheating temperature 7, = 100 TeV (the heavy
massive particles decay before the end of kination): x,; =
39.4 and y,, = 2.3 x 1071,

2. For the reheating temperature 7, = 10° GeV (instant
preheating): x.; = 24.4 and y.; = 2.3 X 10715,

3. For the reheating temperature 7, = 1 MeV (the heavy
massive particles decay after the end of kination): x., =
39.81 and y., = 0.

For a quick look at the initial conditions at different reheat-
ing temperatures, in Table 1 we have summarized them.
On the other hand,

pr(N) = 4.4 x 107 *WNea=N)
om(N) = 4.4 x 107> Nea=N) (31

with No, = —8.121 and Hy = 3.53 x 1072

To integrate the dynamical system for the potential Vj,
writing M = M x 10718M,; = 2.4M GeV, one gets,

25 (24)*M° x 1074

Vi(x) = = _
) = T D T M x 1072
» MO
=41 %10 2—— 32
S P (32)

Then, to find the accurate value of M, which depends on
the reheating temperature, we have solved numerically the
dynamical system (29) with initial conditions x.4 and y,., at
Ny = —8.121, for different values of M, which leads to the
value I-_Io = 3.53 x 1072, Numerically, we have obtained
that,

L. Ty =100 TeV, M = 7.43 = M = 18.1 GeV.
2. Trp = 10° GeV, M = 5.46 = M = 13.3 GeV.
3. Ty =1 MeV, M =7.48 => M = 18.3 GeV.

1. For the potential V taking M = M eV, one gets V5 (x) =

1.2 x 10’3$. Numerically, we have obtained that,

M =17.70, 6.11, 7.74, for T,, = 100 TeV, T,, = 10°
GeV, and T,, = 1 MeV respectively.
2. In the same way, taking M = 10°M TeV, one has

Vo(x) = 3.7 x 10_1(1%—:)6. And by numerical calcu-
lations, we obtained that, M = 8.62, 6.09, 8.69, for
Ty, = 100 TeV, T;, = 10° GeV, and T,, = 1 MeV

respectively.

We now focus on the qualitative evolution of the cosmo-
logical parameters in terms of their graphical behavior by
solving the corresponding equations numerically. In order to
do so, we further introduce another cosmological parameter
which is the the effective Equation of State (EoS) parameter,
given by

2H 2H' 2H'

=—1—-—=-1- = —, 33
Weff 3H? 3H 3H (33)

where we have used that H = H'H. Here, the ‘overdot’ and
prime, as already mentioned earlier, represent the differen-
tiation with respect to the cosmic time and N = In(a/ayp),
respectively.

Now, in order to depict the evolution of the cosmological
parameters, we have only considered the case « = 4 and
reheating temperature 7,;, = 100 TeV because the other o-
cases and reheating temperatures lead to practically the same
results. Let us define that the density parameter for the scalar

field iS, Q(p(N) = 3[_/;‘;42[ = %’ where 15§0 — y2/2 +
p

V. (x), while the density parameters for the matter sector and
the radiation respectively take the expressions, 2, (N) =

Pm — _br
32 and 2, (N) Tk

@ Springer
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Fig. 2 Qualitative evolutions of different energy densities have been
presented for o = 4, rehating temperature 7,;, = 100 TeV and M =
18.1 GeV. The blue, red, green and black curves respectively present
the matter, radiation, tracker solution and the scalar field where all of
them are considered in the logarithmic units. The initial conditions for
all the curves are taken at the matter-radiation equality

On the other hand, one can also recall the relation between
the cosmic time ¢ and the time N as follows

N de

K Jo

(34)

where #y denotes the present cosmic time. Now, using the
above relation, one can calculate many important things in
the following way.

From the numerical simulations, for the fixed values of
o (= 4) and reheating temperature 7, = 100 TeV, we find
that the epoch describing the phase p,, = p, happened at
N = —0.28 which in terms of the cosmic time gives, t —fy =
—1.77 x 1032ev~! = 3.6 billion years. That means, the

0.8 |
0.6
0.4

0.2

0
-10

Fig. 3 In the left panel we show the evolution of the density param-
eter 2 for matter (blue curve), radiation (red curve), and the scalar
field (black curve) while in the right panel we show the evolution of the
effective equation of state parameter, w,ss (blue curve). In all the cases,
during the numerical simulations, we assume « = 4, reheating temper-
ature 7, = 100 TeV and M = 18.1 GeV. From both the left and right
graphs, one can roughly estimate that at the present time 2, >~ 0.7,

@ Springer

equality of the matter and the scalar field happended at 3.6
billion years ago. And for w,rr = —1 <= % =0,i.e., the
universe enters in a de Sitter phase at late times happens at
N = 1.40, that means, in terms of the cosmic time, this will
happen within # — o = 1.11 x 1033eV~! = 22 billion years.
Finally, it is important to take into account that during
the matter domination the dynamical system has an attractor
(tracker) solution [16,55,56], which satisfies
.2,
<p+;<p+V¢:O. (35)
In the case of the potential Vi, we look for a solution of
the form g = —Mp+C t# where C and B are parameters.
Inserting ;¢ = —Mp; + C t# into (35) one obtains

2m? MO

=

BB — HCtP2 +28CtP~% — , (36)

which is satisfied when g = 1/3 and C = (3)"° Mm!/3,

1/6
and thus, one gets, ¢;q = —Mp; + (%) / M(mt)1/3.
Taking into account that during matter domination era,

one has t = ﬁew/z, we could write

Som 1/3

MeN? = x4 (N)
Hy

(ptra(N) = - Mpl +

Ptra
My

1/3
V2m\T M g
Hy Mpl
1/3
50v2\ "

5.94

=—1+

~

MeN/?2 = 1 4228MeN/?,

37

Q2 >~ 0.3, 2, =~ 0.0 and w.rr ~ —0.8, while at late time, the respec-
tive quantities tend to 1, 0, 0 and —1. Moreover, from the graph of w,r
(right panel) one can see that after the matter-radiation equality the uni-
verse enters into the matter dominated era (i.e., wery = 0) and then
subsequently enters into the present accelerated regime and asymptoti-
cally approaches toward werr = —1
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Fig. 4 Comparison of the dynamics of the tracker solution (x;,(N);
green curve) and our solution for the potential V4 (x(N); blue curve)
assuming the reheating temperature 7,;, = 100 TeV

In the same way one can show that

Ptra

Vira(N) = rame 1.14HoMe™™, (38)
P
and thus,
Vira

Prra(N) = =26 + Va(xirg) 223 x 1073 M%7 (39)

Let us note that the reheating temperature 7, = 100 TeV
which has been considered uniformly throughout the numer-
ical simulation, gives M =7.43.

We now close this section with the graphical variations of
the cosmological parameters for the quintessence potential.
Let us note that in all plots, we have considered the time
period from N, to N = 4. In Fig. 2 we describe the evolu-
tion of the energy densities of different fluid components in
the logarithmic units from which one can see that at present
time the scalar field dominates over matter and radiation.
The dimensionless density parameters for matter, radiation
and the scalar field are shown in the left panel of Fig. 3 in the
right panel of Fig. 3) we show the evolution of the effective
EoS, w,rr from which one can clearly visualize a smooth
transiton from w,ry = 0 to the region with w.rr < —1/3
and moreover we also find that w, s approaches toward —1
in an asymptotic manner. Finally, we compare the evolution
of the tracker solution and our solution in Fig. 4 from which
we may conclude that similar situation has been depicted in
Fig. 2a of Ref. [18] showing that the tracker solution, which
is defined during the matter domination era, does not catch
the physical solution ¢ at the present time, and the universe
is never driven by the tracker solution.

5 Exponential quintessence potential

In this Section we replace the inverse power law quintessence
potential of the improved potential given in Eq. (2) by an

log(pira)

log(p)

5 log(p,)

log(pm)
=10 log(p;)

-15
-10 -5 0 5
N

Fig. 5 Evolution of different energy densities has been shown, such as
the matter sector (blue curve), radiation (red curve), tracker field (green
curve) and the scalar field (black curve) in the logarithmic units. For
the numerical simulation we consider y = 1, reheating temperature
T.n = 100 TeV and M = 0.0167. The initial conditions are taken at
the matter-radiation equality

exponential one in order to compare with the proposed
quintessence potential. Therefore, the quintessential infla-
tion potential in which we are now interested in, takes the
following expression

m (2 — M2+ MP) for ¢ < My,
Vy(p) = (40)

202 —y(5=+1)
m 2M e " Mpl for ¢ > —Mp,

where y is a dimensionless parameter. Choosing K as in
the previous section and writing M = M x 107*M,; one
can calculate that, for x > —1 one has, \_/y (x) = 4.14 x
1018 M2 v 4D

Before solving the dynamical system (29) using the
numerical simulation, first of all, we disregard the radiation
component of the energy density because after the matter-
radiation equality, the radiation component decreases faster
than matter, and following [57], we introduce the dimension-
less variables
¢ vV

——— and y= ———, 41)
\/BMle Y \/gMle

x

which (after inflation) enable us to write down the following
autonomous dynamical system

F= 354 3y + 3R (2 -2+ 1)
(42)
V= —3vii+ 35 (B -3+ 1),
together with the constraint
P4+, =1. (43)

The interest of the system is that, for y2 < 6, the
. ~ L ~ . y_2 . . _
point (x = V= 1—% ) is a fixed point of the sys

tem. For y> < 3 it is a stable node and for 3 <

@ Springer



505 Page 10of 13

Eur. Phys. J. C (2019) 79:505

Fig. 6 In the left panel we show the evolution of the density parame-
ter Q for matter (blue curve), radiation (red curve) and the scalar field
(black curve). In the right panel we present the evolution of the effec-
tive EoS weyss. For the numerical simulation we fix y = 1, reheating
temperature 7, = 100 TeV and M = 0.0167. At the present time

44
42
40
38 z(N)
36

34
32 Ztra(IV)

30
-10 -5 0 5

Fig. 7 Comparison of the dynamics of the tracker solution (x;4(N);
green curve) and our solution (x(N); blue curve) for the exponential
potential with y = 1 and reheating temperature 7,, = 100 TeV

)/2 < 6 it is a saddle point [57]. Moreover, at the fixed
point ()E = JLE’ J=4/1— ’%), the effective EoS param-

eter given by werr = %2 — 72, and the density parameter
for the quintessence field given by Q, = 72 + 32, respec-

[S]

tively take the values, werr = yTZ — 1l and Q, = 1. Now,
since the late-time acceleration occurs when wery < —%,
thus, in order to mimic this cosmic acceleration at late
time one should have, )/2 < 2. Thus, in order to per-
form our numerical calculations we will fix a typical value
of y satisfying y> < 2. Here, we choose y = 1, and
integrate the autonomous system (29) for the initial con-
ditions obtained when the reheating temperature is 100
TeV.

Finally, we look for the tracker solution: since for the

2
. . TS Y 2
attractor the scale factor is given by a oc 3¥er/ ™0 = ¢2/v"
ne has H = -3, and thus, th ion ¥ = 21
?e as yzl,adtus,teequato X 7 eads
0

@ Springer

0.2
0.1

-0.1
-0.2¢
-0.3
L0.41
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0.6

-0.7
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Weff

Qy >~ 0.7, Qy = 0.3, Q4q = 0.0 and werr ~ —0.6. At late time
they tend to 1, 0, 0 and —0.66 respectively. From the plot of w,rs one
can see that after the matter-radiation equality the universe enters in
a matter domination era, (i.e., w.ry = 0), and finally enters into the
current accelerating stage of the universe

My

. . 2
Ytra = YMplH < ¢@1rq = = Qrra(l)

Mp 1?
—Mpl —|— 7111 <ﬁ> .

To obtain the value of the parameter 7 we use the equation
- /2 L A6-yHMy,
y =,4/1- & getting 17 = v Then, the tracker

solution is

(44)

My, )/4m2M2 5
Gira(t) = =My + Lt | Ly (45)
y o \46-y)M,
To write it as a function of the time N = —1In(1 + z) =
2
In (%) we use that for the EoS parameter Weff = VT —1,
one has
t ag 3werr+1) ap\v*
A O
P0 a a
2
— e VNPHy = 1= VN2, (46)
vy~ Hy
and then,
(N) Moy Moy N+20 ) m>M?
Pt = —Mp|TYy [ — |\ -
ra P p y (6 _ yz)Mlzﬂ H(%

s 2 (N)= — 14y N4 1 M
X = — —m|\ ————= .
tra ]/ )/ (6 _ J/Z)M[%ng

47)
In the same way,
i 2M -2
Grra(t) = W” = Yira(N) = y Hoe 7" N/2. (48)
And thus, its energy density is given by,
Y 2 52 2
Prra(N) = =24 + V,, (x1ra) = 3Hge 7"V, (49)
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Now we close this section by presenting the graphical vari-
ations of the cosmological parameters for this quintessence
potential. In Figs. 5, 6, and 7 we show the graphical vari-
ations of various cosmological parameters. In particular, in
Fig. 5 we describe the evolution of different energy densities
in the logarithmic units which exhibit the similar behavior as
described in Fig. 2d of [18]. In Fig. 6 we show the evolution
of the density parameters (left graph of Fig. 6) and the evo-
lution of the effective EoS (right graph of Fig. 6). Finally, in
Fig. 7 we compare the tracker solution and our solution for
the exponential potential from which one can clearly see that
the tracker field catches the scalar field ¢ at the present time.

6 Concluding remarks

The quintessential inflation model by Peebles and Vilenkin
(PV) is an elegant unified description for the early- and late-
evolutions of the universe [16] and this is the first attempt to
unify these distant phases using a single scalar field poten-
tial. For extreme simplicity of the model and its potentiality
as well, the PV model certainly gained a massive attention to
the cosmological community since the end of nineties. Sub-
sequently, with the rapid developments in the observational
science, the theory of quintessential inflation has become a
major area of cosmology for further examinations with a hope
to offer a observationally viable single theoretical description
for the universe’s evolution starting from its early phase to
current stage.

Although the PV model is quite classic connecting infla-
tion to quintessence, but according to the observational data,
the model needs some simple improvements for the follow-
ing reasons. For the inflationary piece of the model described
by the quartic potential, the theoretical values of the spectral
index (n) and the ratio of tensor to scalar perturbations (r) do
not enter into the corresponding two-dimensional marginal-
ized joint contour at 95% CL as reported by [32]. However,
on the contrary, if the quartic part of the inflationary model
is replaced by the quadratic function of the potential, then
this problem does not appear. Additionally, for the reheating
mechanism adopted in [16], the gravitational particle pro-
duction of massless particles gives a reheating temperature
of the order of 1 TeV, which according to the observational
predictions is not so able to solve the overproduction of Grav-
itational Waves (GW). As a consequence, this might affect
the success of the Big Bang Nucleosynthesis process.

Thus, keeping the above limitations, we have taken an
attempt to perform some simple modifications of the PV
model in agreement with the observational bounds. We have
replaced the quartic piece of the inflationary potential by
the quadratic one and consider the gravitational production
of heavy massive particles for the reheating of our universe
[38]. We find that the newly constructed quintessential infla-
tion model, whose parameter M depends on the reheating

temperature, can well behave with the observational data.
In fact, we have studied the evolution of the universe start-
ing from the matter-radiation equality up to present time by
presenting the graphical variations of various cosmological
parameters. In terms of the effective equation of state, weyy,
we find that after the matter-radiation equality, the universe
enters into the matter dominated era (= w.ss = 0) and then
to the present accelerating epxansion (w.rr < —1/3) and
consequently, w.rs — —1,1inan asymptotic manner. Finally,
in Sect. 5, we have made a comparison of the quintessence
potential of the improved PV model to that of an exponential
potential.

Last but not least, we anticipate that the proposed
improved version of the quintessential inflationary model
will offer a new range of possibilities, both from theoretical
and observational grounds because the improvements that
we propose should subsequently improve other cosmologi-
cal parameters in a similar fashion and this will enable one
to understand the real improvement of this model. From the
observational direction, in particular, there are several inter-
esting investigations can be performed. The constraints using
likelihood from Planck 2018 is a necessary work. Moreover,
the inclusion of next generation of cosmological data sets
will be surely interesting in order to quantify the free param-
eters of this model for a better conclusion. These all are kept
for future works.
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