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Abstract In this paper, we presented a U(1) extension of
the SM and the corresponding consequences, based on a more
fundamental structure of the spacetime. We started funda-
mentally from a generally covariant theory which includes a
set of the fields propagating dynamically in the fundamen-
tal spacetime and respecting for the SM gauge group. We
then derived, in the effective four-dimensional spacetime,
an extension of the SM with the gauge group SU(3)C ⊗
SU(2)L ⊗U(1)Y ⊗U(1)X . Due to the structure of the space-
time, the tiny observed neutrino masses are an unavoidable
consequence in this scenario. Also, the phenomenology of
the new neutral gauge boson is discussed in detail.

1 Introduction

The present experimental observations indicate that the
spacetime is a four-dimensional manifold. However, it has
been believed that the presently observed spacetime is actu-
ally not fundamental because of some reasons. For exam-
ple, the gravitational interaction results in the unphysical
black hole and big bang singularities at which the curva-
ture scalars of the spacetime, densities become infinite [1].
In other words, the spacetime itself may possess more com-
plex and deeper structures at high energy regions or short
distances, at which new dynamical degrees of freedom of
the spacetime should be exhibited significantly. The exten-
sion of the spacetime was first proposed by Kaluza and Klein
in attempting to show that a Abelian gauge field can emerge
in the four-dimension spacetime from the metric of the five-
dimensional spacetime [2,3]. It was generalized to greater
dimensionality to obtain the non-Abelian gauge fields [4–
9] (also see Refs. [10,11] for reviews). In recent years, the
extension of the spacetime has attracted enormous attention
because of its phenomenology aspect [12–19].
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Our present understanding of the elementary particles and
their interactions is based on the standard model (SM) whose
particle content has been completely confirmed by the LHC
collaborations ATLAS and CMS [20,21]. Its gauge symme-
try group is SU(3)C ⊗SU(2)L ⊗U(1)Y corresponding to the
spin-1 particles: the gluons, W/Z bosons, and photon which
are responsible for mediating the strong, weak, and elec-
tromagnetism forces, respectively. An important question is
whether there are additional short-range gauge forces. In par-
ticular, new short-range Abelian gauge forces are the simplest
extensions of the SM. They appear in grand unified theories
(GUTs) [22–28], in string theoretical models [29–32], in lit-
tle Higgs models [33–35], in theories with extra dimensions
[17,36–40], and in various extensions [41–66]. (Also, the
readers can see Refs. [67–69] for reviews.) The search for
such gauge forces is an active area at the LHC [70–76] and
future colliders such as ILC. Usually, introducing an addi-
tional Abelian gauge force is through the extension of the SM
gauge symmetry group by adding an additional, fundamen-
tal U(1) symmetry to the theory However, there has still the
possibility that the new Abelian gauge force comes from a
more complex and deeper structure of the spacetime. This is
motivated by the fact that one of presently well-known four
fundamental forces, the gravitational interaction, arises as a
result of the geometric structure of the spacetime.

In this paper, we would like to show that an additional
U(1) symmetry can be emerged as a result of short-distance
structure of the spacetime. The U(1) extension of the SM
in this paper is distinguishable from the usual U(1) exten-
sions of the SM, such as the U(1)B−L extension. First, the
additional U(1) charges of the SM fermions in this paper
are different to those of the SM fermions in the usual U(1)

extensions of the SM, because here the right-handed neutri-
nos do not carry the charges under this Abelian symmetry.
[Whereas, in the usual U(1) extensions of the SM, the right-
handed neutrinos need to carry the additional U(1) charges.
This is necessary to generate the heavy Majorana masses
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for the right-handed neutrinos after the spontaneous break-
ing.] Second, the gauge boson associated with the additional
U(1) has both usual and unusual couplings. With respect to
the unusual coupling, more specifically, this gauge boson can
couple to a particle and an anti-particle of another field. Also,
it is interesting that the small masses of the neutrinos are
an unavoidable consequence of the short-distance structure
of the spacetime, without imposing the Yukawa couplings
between the right-handed neutrinos and exotic Higgs to get
heavy Majorana masses like the usual U(1) extensions. In
addition, the atomic parity violation in Cesium (133

55Cs) con-
strains very strongly on the spontaneous symmetry breaking
scale of the additional U(1), with a lower bound to be about
7 TeV. Thus, it is testable at current and future colliders.

This paper is organized as follows. In Sect. 2, we pro-
pose a more fundamental structure for the spacetime and
discuss relevant important properties. In Sect. 3, we build
a realistic model at which we present the particle content,
the spontaneous symmetry breaking, the mass spectrum, and
phenomenology of the new gauge boson. Finally, we devote
to conclusion in the last section. In this work, we use units in
h̄ = c = 1 and the signature of the metric (+,−,−,−, ...).

2 Setups

In this section, we would like to propose a more fundamental
structure for the spacetime, which is expected to exhibit at
(very) short distances or high energies. Then, we discuss
relevant important properties, based on which in next section
we will build a realistic model with the gauge symmetry
group SU(3)C ⊗ SU(2)L ⊗ U(1)Y .

2.1 Fundamental spacetime

We assume that, at more fundamental level, the spacetime is a
five-dimensional fiber bundle M5, shown illustratively in Fig.
1, whose base manifold and fiber are the four-dimensional
Minkowski-flat manifold M4 and the Lie group manifold
U(1), respectively.1 By definition, the spacetime M5 consists
of the following elements [78]:

1. A surjective projection π : M5 −→ M4. Each inverse
image π−1(x) ∼= U(1) is a submanifold of M5 and called
a fiber.

1 Because the fact that the usual 4D gravitation taken into account does
not affect the aim of the present work, for simplicity we consider the
extension of the 4D Minkowski-flat spacetime. In the case of that the
usual 4D gravitation is included, the base manifold should be no longer
flat but curved.

VH

Base
manifold

Fiber 
bundle 
spacetime Fiber

VV

Fig. 1 An illustrative figure for the fiber bundle spacetime. There has
a surjective projection π from the fiber bundle spacetime to the base
manifold, and each inverse image π−1(x) ∼= U(1) is a submanifold of
the spacetime and called a fiber. Any tangent vector at a point in the
fiber bundle spacetime is always decomposed into a sum, VV + VH ,
where VV is tangent to the fiber and VH is to point from one fiber to
another. Note that, the original figure is given in Ref. [77]

2. In general, the spacetime M5 is covered by a set of charts
{(Vi ×U(1), φi )}, where Vi is a local region (open subset)
of M4 and φi is a diffeomorphism map as φi : Vi ×
U(1) −→ π−1(Vi ) [where π−1(Vi ) is of course a local
region of the spacetime M5].

In this sense, one local region of the spacetime M5 looks like
a product Vi × U(1). Since the chart (Vi × U(1), φi ) enables
to give the local coordinates for a point in the spacetime
M5 as, (xμ, eiθ ), where {xμ} ∈ Vi ⊂ M4 and eiθ ∈ U(1)

with θ to be dimensionless real parameter. If any two charts
(Vi × U(1), φi ) and (Vj × U(1), φ j ) overlap together, we
have

p = φi (x, e
iθ ) = φ j (x, e

iθ ′
), (1)

where p refers to a point in the spacetime M5. This leads to
the following general coordinate transformation

xμ −→ x ′μ = xμ,

eiθ −→ eiθ
′ = h(x)eiθ , or θ −→ θ ′ = θ + α(x), (2)

where h(x) = φ−1
j,x ◦ φi,x and α(x) = −i ln[h(x)]. [Note

that, there has no x-coordinate change because the base man-
ifold of the spacetime M5 is flat.] The theory is covariant with
respect to this general coordinate transformation.

Of important properties of the spacetime M5 is that there
exists naturally the active action of the Lie group U(1) on
it (which turns a point of M5 into another point of M5,
not to change the local coordinates of the same point),
defined as [78]
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Ra : M5 −→ M5,

φi (x, e
iθ ) = p 	−→ pa = φi (x, e

iθ )a = φi (x, e
iθa), (3)

where a = eiβ is any element of the Lie group U(1). Indeed,
the definition of the active action (3) is independent on the
choice of the chart or local coordinates, since

pa = φ j (x, e
iθ ′
a) = φ j (x, h(x)eiθ )a = φi (x, e

iθa), (4)

where it should be noted h(x) = φ−1
j,x ◦φi,x . Thus, the active

action of the Lie group U(1) on the spacetime M5 appears in
a natural way. Interestingly, for �(x, eiθ ) to be a field on the
spacetime M5, it can define the active action of the Lie group
U(1) on the field �, which is induced by the active action of
the Lie group U(1) on the spacetime M5. More specifically,
this action is defined as

Ra : M5 −→ M5,

φi (x, e
iθ ) = p 	−→ pa = φi (x, e

iθa),
�
�
�

Ta : Vspace(�)

∣
∣
∣
p

−→ Vspace(�)

∣
∣
∣
pa

,

�
∣
∣
(x,eiθ )

	−→ �
∣
∣
(x,eiθ )

T [a], (5)

where Vspace(�)

∣
∣
∣
p

and Vspace(�)

∣
∣
∣
pa

are denoted to the

value spaces of the field � at the points p and pa, respec-
tively, �

∣
∣
(x,eiθ )

refers to the value of the field � at the point p

of the local coordinates (x, eiθ ), and T [a] is a representation
of the element a = eiβ , which is of course dependent on the
field �, given as

T [eiβ ] = ei X�β, (6)

with X� to be a quantum number characterizing the active
action of the Lie group U(1) on the field �. Note that,

Vspace(�)

∣
∣
∣
p

and Vspace(�)

∣
∣
∣
pa

should not be confused with

the function space of the field � on the spacetime M5. In gen-
eral, �

∣
∣
(x,eiθ )

T [a] should not match the value of the field �

at the point pa of the local coordinates (x, eiθa), meaning
that

�
∣
∣
(x,eiθa)


= �
∣
∣
(x,eiθ )

T [a]. (7)

On the contrary, if �
∣
∣
(x,eiθ )

T [a] matches the value of the
field � at the point pa, we have

�
∣
∣
(x,eiθa)

= �
∣
∣
(x,eiθ )

T [a]. (8)

If the identity (8) holds for arbitrary (x, eiθ ) and a, then the
field � is called to be invariant under the active action of
the Lie group U(1). It is clearly that (6) and (8) [holding for
arbitrary (x, eiθ ) and a] imply a specific function form for
the field � which is invariant under the active action of the
Lie group U(1), as

�(x, eiθ ) = φ(x)ei X�θ , (9)

where φ(x) describes the x-dependence of �. In this way,
with respect to a field which is invariant under the active
action of the Lie group U(1), it itself has a specific θ -
dependence. Under the general coordinate transformation
(2), we have �′(x ′, eiθ ′

) = �(x, eiθ ), thus the x-dependence
of � must transform as

φ(x) −→ φ′(x) = e−i X�α(x)φ(x), (10)

which is nothing but the usual local gauge transformation.

2.2 Gauge field from the structure of spacetime M5

In this subsection, we show that the structure of the spacetime
M5 leads naturally to the existence of a definite field which
transforms under the general coordinate transformation (2)
in the rule of the usual gauge transformation. Then, we deter-
mine how the fundamental quantities of the spacetime M5 are
expressed in terms of this field. Finally, we obtain the kinetic
term of this field from the action for the spacetime M5 or the
Einstein-Hilbert (EH) action.

In order to do these, we begin with an intrinsic property
of the spacetime M5. Because of the fiber bundle structure,
any tangent vector V of the spacetime M5 is always decom-
posed into two orthogonal components (as shown in Fig. 1),
independently on the choice of the local coordinate system,
as

V = VH + VV . (11)

Here, VV is tangent to the fiber and so-called the vertical
tangent vector. And, VH is the complement of the vertical
tangent vector VV , which points from one fiber to another
and so-called the horizontal tangent vector. In this way, the
tangent space TpM5 at any point p of the spacetime M5 is
always decomposed into a direct sum of two subspaces as

TpM5 = HpM5 ⊕ VpM5, (12)

where HpM5 and VpM5 are (four-dimensional) horizon-
tal and (one-dimensional) vertical tangent subspaces which
define the horizontal and vertical directions at the point p
of the spacetime M5, respectively. It can easily see that the
vertical tangent subspace is spanned by ∂

∂θ
≡ ∂θ . This is

because under the general coordinate transformation (2) ∂θ

transforms in a covariant way as

∂

∂θ
−→ ∂

∂θ ′ = ∂xμ

∂θ ′
∂

∂xμ
+ ∂θ

∂θ ′
∂

∂θ
= ∂θ

∂θ ′
∂

∂θ
. (13)

Whereas, the horizontal tangent subspace is not spanned by
{

∂
∂xμ ≡ ∂μ

}

, because the change of
{

∂μ

}

under the general
coordinate transformation (2) as
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∂

∂xμ
−→ ∂

∂x ′μ = ∂xν

∂x ′μ
∂

∂xν
+ ∂θ

∂x ′μ
∂

∂θ

= ∂xν

∂x ′μ

(
∂

∂xν
− ∂να(x)

∂

∂θ

)

, (14)

is not covariant due to an extra term relevant to ∂θ which
does not belong to

{

∂μ

}

. Clearly, for a covariant basis of
the horizontal tangent subspace, it requires a definite field
whose change under the general coordinate transformation
(2) compensates the change of ∂μ. In appendix, we show that
a covariant basis of the horizontal tangent subspace is defined
as
{

∂

∂xμ
− gX Xμ

∂

∂θ
≡ ∂̂μ

}

, (15)

where the field Xμ with the dimension [Xμ] = 1 transforms
under the general coordinate transformation (2) in the fol-
lowing rule

Xμ −→ X ′
μ = Xμ − 1

gX

∂μα(x), (16)

and gX is a dimensionless constant which plays the role of
the coupling constant characterizing the strength of the inter-

action mediated by Xμ. Indeed,
{

∂̂μ

}

is a covariant basis of

the horizontal tangent subspace, because under the general
coordinate transformation ∂̂μ transforms as follows

∂̂μ −→ ∂̂ ′
μ = ∂xν

∂x ′μ ∂̂ν. (17)

The commutator of two basic vectors of the horizontal tan-
gent subspace defines the field strength of the gauge field Xμ

as
[

∂̂μ, ∂̂ν

]

= −gX Xμν∂θ , (18)

where Xμν = ∂μXν − ∂νXμ.
In summary, the tangent space of the spacetime M5 is

spanned by
{(

∂̂μ, ∂θ

)}

≡ {∂M }. The commutator of any

two frame fields is

[∂M , ∂N ] = CP
MN ∂P , (19)

where CP
MN are the non-holonomic functions. The explicit

expressions of CP
MN are determined as follows

Cλ
μν = 0, Cθ

μν = −gX Xμν, Cν
μθ = −Cν

θμ = 0,

Cθ
μθ = −Cθ

θμ = 0, Cθ
θθ = 0. (20)

A dual vector space to TpM5 is called the cotangent space,
denoted by T ∗

p M5, which is always decomposed into a direct
sum of two subspaces as

T ∗
p M5 = V ∗

p M5 ⊕ H∗
pM5, (21)

where H∗
pM5 and V ∗

p M5 are horizontal and vertical cotan-
gent subspaces, which are dual to the horizontal tangent sub-
space HpM5 and the vertical one VpM5, respectively. The
covariant bases of the dual subspaces H∗

pM5 and V ∗
p M5 are

{dxμ} and {dθ + gX Xμdxμ}, respectively. Indeed, we can
easily show that they transform under the general coordinate
transformation (2) as

dxμ −→ dx ′μ = ∂x ′μ

∂xν
dxν,

dθ + gX Xμdx
μ −→ dθ ′ + gX X

′
μdx

′μ

= ∂θ ′

∂θ
(dθ + gX Xμdx

μ), (22)

which are clearly covariant. Also, they are dual bases, since

〈

dxμ, ∂̂ν

〉

= ∂xμ

∂xν
− gX Xν

∂xμ

∂θ
= ∂xμ

∂xν
= δμ

ν ,

〈

dθ + gX Xμdx
μ, ∂θ

〉 = ∂θ

∂θ
+ gX Xμ

∂xμ

∂θ
= ∂θ

∂θ
= 1,

〈

dxμ, ∂θ

〉 = ∂xμ

∂θ
= 0,

〈

dθ + gX Xμdx
μ, ∂̂ν

〉

= ∂θ

∂xν
+ gX Xμ

∂xμ

∂xν
− gX Xν

∂θ

∂θ

−g2
X
XμXν

∂xμ

∂θ
= 0, (23)

where the action of any one-form d f ∈ T ∗
p M5 on any vector

V ∈ TpM5 is defined by

〈d f, V 〉 ≡ V [ f ] = Vμ ∂ f

∂xμ
+ V θ ∂ f

∂θ
. (24)

In order to introduce the action for the spacetime M5 or the
EH action, first let us define a metric or an invariant distance
element G between nearby points on the spacetime M5. For
X and Y to be any two tangent vectors of the spacetime M5,
their inner product is defined by the metric G as

G(V1, V2) = GH (V1H , V2H ) + GV (V1V , V2V ), (25)

where V1H (V2H ) and V1V (V2V ) are the horizon and vertical
components of the vector V1 (V2), respectively. Of course,
the inner product between any horizontal tangent vector and
vertical one is zero because they belong to two orthogonal
subspaces. In this sense, the metric G on the spacetime M5 is
specified by the pair (GH ,GV ). Here, GH is the horizontal
metric which defines the inner product between any vectors
belonging the horizontal tangent subspace, and GV is the
vertical metric which defines the inner product between any
vectors belonging the vertical tangent subspace. On the other
hand, GH defines the invariant distance element between
nearby points along the horizontal directions, whereas GV

defines the invariant distance element between nearby points
along the vertical directions. The horizontal metric GH is a
tensor field whose value at any point p ∈ M5 belongs the
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space H∗
pM5 ⊗ H∗

pM5, which is naturally defined by

GH = π∗(ημνdx
μdxν

)

= ημνdx
μdxν, (26)

where π∗ is the pullback map which is naturally induced by
the projection operator π . Note that, the term ημνdxμdxν in
the sign (...) is the metric on the manifold M4 which is base
manifold of the spacetime M5. Whereas, the vertical metric
GV is a tensor field whose value at any point p ∈ M5 belongs
the space V ∗

p M5 ⊗V ∗
p M5. Thus, GV is in general defined by

GV = −T 2(x, eiθ )
(dθ + gX Xμdxμ)2


2 , (27)

where T (x, eiθ ) is the field determining the geometric size
of the fiber and 
 is a new constant of the energy dimension
which is much higher than present energy scale. Note that,
(dθ + gX Xμdxμ)/
 is the infinitesimal length on the fiber.
In this paper, we consider theory at the vacuum

〈

T (x, eiθ )
〉 =

T0. Since, the geometric size of the fibers is determined by
the radius R = T0/
.

In the basic
{(

∂̂μ, ∂θ

)}

(≡ {∂M }), the coefficients of the

Christoffel connection and the Riemann curvature tensor are
defined as

�P
MN = GPQ

2

(

∂MGNQ + ∂NGMQ − ∂QGMN
)

+GPQ

2

(

CO
QMGON + CO

QNGOM

)

+ CP
MN

2
,

RO
MPN = ∂N [�O

PM ] − ∂P [�O
NM ] + �

Q
PM�O

NQ

−�
Q
NM�O

PQ + CQ
PN�O

QM , (28)

where

GMN = diag
(

ημν,−R2
)

, GMN = diag
(

ημν,−1/R2
)

.

(29)

With the results derived above, the scalar curvature R of the
spacetime M5 reads

R = GMNRP
MPN = ημνRM

μMν − 1

R2 RM
θMθ ,

= −g2
X
R2

4
XμνX

μν. (30)

Then, we can find the action for the spacetime M5 or the EH
action as

SEH = M3∗
2

∫

d4xdθ |detG|1/2R,

=
(

gX MPl R
)2

2

∫

d4x

(

−1

4
XμνX

μν

)

, (31)

where M∗ is the five-dimensional Planck scale which is
related to the four-dimensional one MPl as, 2πRM3∗ = M2

Pl .
To get the canonically normalized action for the gauge field

Xμ, the coupling constant gX in (31) should be determined
as

gX =
√

2

MPl R
=

√
2


T0MPl
. (32)

This implies that the interacting strength of the gauge field
Xμ to other fields should be very small if the inverse bulk
radius is much smaller than the Planck scale, 
/T0 � MPl .

2.3 Fundamental fermions on spacetime M5

We can immediately check that the coordinates (xμ, eiθ ) and
other (
μ

νxν, eiθ ), with the constant matrix 
μ
ν to be an

element of the Lorentz group SO(3, 1), determine to the same
horizontal metric GH and thus leave invariant the space-
time metric. As a result, it is possible to define the usual
right-handed and left-handed Weyl spinor fields in the five-
dimensional spacetime M5. More specifically, a left-handed
Weyl spinor field �L(x, eiθ ) in the five-dimensional space-
time M5 is defined as a field that transforms as

�L(xμ, eiθ ) −→ � ′
L(
μ

νx
ν, eiθ )

= ρL(
μ
ν)�L(xμ, eiθ ), (33)

where ρL(
μ
ν) is a matrix corresponding to this representa-

tion. Similarly, a right-handed Weyl spinor field �R(x, eiθ )
transforms with the corresponding matrix ρR(
μ

ν). Note
that, under the general coordinate transformation (2), these
spinor fields do not transform or they are scalars, meaning
that

� ′
L ,R(x ′, eiθ ′

) = �L ,R(x, eiθ ). (34)

For �(x, eiθ ) to be a right-handed or left-handed Weyl
spinor field, let us write invariant action S[�] describing
its propagation in the spacetime M5. Corresponding to the
horizontal derivatives ∂̂μ, invariant term is given by

SH [�] =
∫

dx4dθ
√|detG|�̄iγ μ∂̂μ�, (35)

which governs the dynamics of � along the horizon-
tal directions in the spacetime. Note that, from this first
term, one can extract the coupling between Xμ and � as,
−igX �̄γ μ∂θ�Xμ, where the charge is dynamically gener-
ated due to the change of the field � along the vertical direc-
tion. Whereas, corresponding to the vertical derivative ∂θ ,
invariant term is given by
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SV [�] =
∫

dx4dθ
√|detG| 1

2


×
(

∂θ �̄C∂θ� − M2�̄C� + H.c.
)

,

=
∫

dx4dθ
√|detG| 1

2


×
[

∂θ�TC∂θ� + ∂θ �̄C∂θ �̄
T

−M2
(

�TC� + �̄C�̄T
)]

, (36)

that governs the dynamics of � along the vertical direction
in the spacetime M5. Here, ∂θ = Gθθ

V ∂θ = −∂θ/R2, M is
the vertical mass parameter which is naturally the order of
the scale 
, and �C = C�̄T with T denoting the trans-
pose and C = iγ 2γ 0 to be the charge conjugation opera-
tor satisfying the relations C−1 = C† = CT = −C and
C−1γ μC = −(γ μ)T . Note that, the vertical mass parameter
can be chosen to be real without loss of generality. Then,
invariant action S[�] describing the propagation of the field
� in the spacetime M5 reads

S[�] = SH [�] + SV [�],
=
∫

dx4dθ
√|detG|

[

�̄iγ μ∂̂μ�

+ 1

2


(

∂θ �̄C∂θ� − M2�̄C� + H.c.
)]

. (37)

This action implies that in the horizontal directions �

behaves dynamically like a massless fermion but in the ver-
tical direction it behaves like a “scalar” of the mass M .

Clearly, the vertical kinetic term SV [�] in the action (37)
is only allowed for the Weyl spinor fields which are neutral
under any exact charge. On the other hand, if the field � trans-
forms non-trivially under the local gauge symmetry such as
SU(3)C × SU(2)L × U(1)Y or carries out conserved charges
such as electric charge, then this term SV [�] should not be
invariant and thus be forbidden. This means that such field �

itself has no the term SV [�] determining the θ -dependence or
the dynamics of � along the vertical direction in the space-
time M5. By this, such field � itself must have a specific
θ -dependence which should be determined by a certain prop-
erty. (Also, such field � has no Kaluza-Klein excitations in
the effective four-dimensional spacetime.) This property is
naturally that the field � is invariant under the active action
of the Lie group U(1), which has been discussed in Sect. 2,
meaning that

�(x, eiθ ) = ψ(x)√
2πR

ei X�θ , (38)

where ψ(x) is the corresponding Weyl spinor and identi-
fied as the usual four-dimensional fermion field. Note that,
the factor 1/

√
2πR here will be used to normalize the fields

in the effective four-dimensional spacetime. Under the gen-
eral coordinate transformation (2), we have � ′(x ′, eiθ ′

) =
�(x, eiθ ), thus the four-dimensional fermion field ψ must
transform as

ψ(x) −→ ψ ′(x) = e−i X�α(x)ψ(x). (39)

By substituting the expression (38) into the action (37) (with
the term SV [�] to be forbidden), one can derive the action
for the fermion field ψ(x) propagating dynamically in the
effective four-dimensional spacetime, as

S[ψ] =
∫

d4xψ̄ iγ μ(∂μ − igX X�Xμ)ψ. (40)

In this way, by starting from an action for the fermion field
� [which is invariant under the active action of the Lie
group U(1)] in the spacetime M5, we derive an action for
the fermion field ψ respecting for the local gauge invariance
U(1)X in the effective four-dimensional spacetime. Here, the
local gauge transformation of ψ(x) under U(1)X is under-
stood as a result of the general transformation of � in the
fiber coordinate of the five-dimensional spacetime M5. And,
the U(1)X charge of ψ is actually the quantum number which
characterizes the active action of the Lie group U(1) on �.

3 A realistic model

3.1 Fermion and gauge sectors

We begin by considering a set of the fermions fields, prop-
agating dynamically in the spacetime M5, which all respect
for the gauge symmetry group SU(3)C ⊗ SU(2)L ⊗ U(1)Y .
The fermion content under consideration is given as

La(x, e
iθ ) =

(
NaL(x, eiθ )
EaL(x, eiθ )

)

∼
(

1, 2,−1

2

)

,

EaR(x, eiθ ) ∼ (1, 1,−1) ,

NaR(x, eiθ ) ∼ (1, 1, 0) ,

Qa(x, e
iθ ) =

(
UaL(x, eiθ )
DaL(x, eiθ )

)

∼
(

3, 2,
1

6

)

,

DaR(x, eiθ ) ∼
(

3, 1,−1

3

)

,

UaR(x, eiθ ) ∼
(

3, 1,
2

3

)

, (41)

where quantum numbers in parentheses are to correspond
to the gauge symmetries {SU(3)C , SU(2)L , U(1)Y }, respec-
tively, and a = 1, 2, 3 refer to three generations. Note that,
the electric charge of the fields is defined as

Q = T3 + Y. (42)
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Under the gauge symmetry group SU(3)C⊗SU(2)L ⊗ U(1)Y ,
the fermion fields transform as follows

SU(3)C : F −→ F ′ = e−iαa
λa
2 F,

SU(2)L : F −→ F ′ = e−iβi
σ i
2 F,

U(1)Y : F −→ F ′ = e−iγ F, (43)

where the transforming parameters {αa, βi , γ } are the func-
tions of the spacetime coordinates.

Action describing the propagation of the fermion in the
spacetime M5 is given by (37). As we mentioned, for the
fermion fields which transform non-trivially under the gauge
symmetry group SU(3)C ⊗ SU(2)L ⊗ U(1)Y , the vertical
kinetic term SV [�] in the action (37) should not be invari-
ant and thus be forbidden, except the right-handed neutrinos
NaR . And, as a result, they themselves must have a specific
θ -dependence as

La(x, e
iθ ) = 1√

2πR

(

νaL (x)
eaL (x)

)

ei XLθ ≡ la(x)√
2πR

ei XLθ ,

EaR(x, eiθ ) = eaR(x)√
2πR

ei XE θ ,

Qa(x, e
iθ ) = 1√

2πR

(

uaL (x)
daL (x)

)

ei XQθ ≡ qa(x)√
2πR

ei XQθ ,

DaR(x, eiθ ) = daR(x)√
2πR

ei XDθ ,

UaR(x, eiθ ) = uaR(x)√
2πR

ei XU θ , (44)

which all are invariant under the active action of the Lie
group U(1), discussed in detail in Sect. 2. Here, the fields la ,
eaR , qa , daR , uaR are identified as the usual fermion fields in
the SM. And, (XL , XE , XQ , XD , XU ) are quantum numbers
characterizing the active action of the Lie group U(1) on these
fields. As indicated in appendix B, these quantum numbers
are constrained by the anomaly cancellation of theory in the
effective four-dimensional spacetime, given explicitly as

XL = −x, XE = −2x, XQ = x

3
,

XD = −2x

3
, XD = 4x

3
, (45)

where x is a free parameter. From (44), it is easily to see that
the transforming parameters in (43) are completely indepen-
dent on the fiber coordinate θ but only dependent on the
x-coordinates, meaning that

αa = αa(x),

βi = βi (x), γ = γ (x). (46)

This suggests clearly the simplest form for the gauge fields
corresponding to {SU(3)C , SU(2)L , U(1)Y } as

GaM =
(
Gaμ(x)√

2πR
, 0

)

,

WiM =
(
Wiμ(x)√

2πR
, 0

)

,

BM =
(
Bμ(x)√

2πR
, 0

)

, (47)

which are only dependent on the x-coordinates and have all
the zero vertical component.

We now can write bulk action for the gauge boson and
fermion fields, up to the gauge fixing and ghost terms, as

Sbulk
FG =

∫

dx4dθ
√|detG|

(

Lbulk
gauge + Lbulk

fer

)

,

Lbulk
gauge = −1

4
GaMNG

MN
a

−1

4
WiMNW

MN
i − 1

4
BMN BMN + M3∗

2
R,

Lbulk
fer =

∑

F

F̄iγ μ D̂μF + N̄aRiγ
μ∂̂μNaR

+ 1

2


(

∂θ N̄C
aR∂θ NaR −M2

Na
N̄C
aRNaR + H.c.

)

,

(48)

where {GaMN ,WiMN , BMN } are the field strength tensors of
the gauge fields {GaM ,WiM , BM }, which have the non-zero
components given by (up to a normalized factor)

Gaμν = ∂μGaν − ∂νGaμ + gs fabc AbμAcν,

Wiμν = ∂μWiν − ∂νWiμ + gεi jkW jμWkν,

Bμν = ∂μBν − ∂νBμ, (49)

the sum in Lbulk
fer is taken over all fermion fields given in (44),

MNa are the vertical mass parameters of the right-handed
neutrinos NaR which are naturally the order of the scale 
,
and the covariant derivative D̂μ reads

D̂μ = ∂̂μ − igs
λa

2
Gaμ − ig

σ i

2
Wiμ − ig′YF Bμ, (50)

with {gs, g, g′} to be coupling constants of the gauge sym-
metries {SU(3)C , SU(2)L , U(1)Y }. Note that, as we indi-
cated in the previous section, the last term in Lbulk

gauge defines
Lagrangian for the gauge field Xμ. Then, we can obtain action
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in the effective four-dimensional spacetime as

Seff
FG =

∫

dx4

⎛

⎝− 1

4
GaμνG

aμν −1

4
WiμνW

iμν

−1

4
BμνB

μν − 1

4
XμνX

μν

+
∑

f

f̄ iγ μDμ f + LN

⎞

⎠ , (51)

where the effective fermion f (x) is related to the fundamen-
tal fermion F(x, eiθ ) by

F(x, eiθ ) = f (x)√
2πR

ei XF θ , (52)

the covariant derivative Dμ reads

Dμ =∂μ−igs
λa

2
Gaμ−ig

σ i

2
Wiμ−ig′Y f Bμ − igX X f Xμ,

(53)

(with YF and XF to be replaced by Y f and X f , respectively,
for a convenient reason) and LN is an effective Lagrangian
corresponding to the right-handed neutrinos NaR . We make
several remarks here. First, the action (51) looks like an
extension of the SM based on the gauge symmetry group
SU(3)C ⊗ SU(2)L ⊗ U(1)Y ⊗ U(1)X , where the U(1)X
charges of the SM fermions are given explicitly in Table 1.

But, there are remarkable differences compared to the
usual U(1) extensions of the SM, which we will see below.
Second, the fermions and the gauge bosons of the SM have
no the Kaluza-Klein (KK) counterparts. This is due to the fact
that the vertical kinetic term SV [�] of the corresponding bulk
fermions is forbidden because they transform non-trivially
under the gauge symmetry group SU(3)C⊗SU(2)L⊗U(1)Y .

In order to find the effective actionLN for the right-handed
neutrinos NaR in the effective four-dimensional spacetime,
we need to perform its KK decomposition along the verti-
cal direction of the spacetime M5. First, let us obtain (free)
equation of motion from the action for NaR in (48) as

iγ μ∂μNaR − 1



∂θ∂

θ NC
aR − M2

Na



NC
aR = 0, (54)

where ∂θ∂
θ = − 1

R2
∂2

∂θ2 . This equation is solved by the vari-
able separation NaR = A(x)Y (θ), where Y (θ) satisfies the
periodic condition Y (θ) = Y (θ + 2π). Then, we can easily
obtain the equation for Y (θ) as, d2Y (θ)/dθ2 = −n2, which

leads to

Y (θ) = cos(nθ) or Y (θ) = sin(nθ), (55)

where n = 0, 1, 2, 3, . . . are non-negative integer numbers.
Since we can expand the right-handed neutrinos NaR in terms
of these functions as

NaR(x, eiθ ) = νaR(x)√
2πR

+ 1√
πR

∞∑

n=1

[

ψnaR cos(nθ) + χnaR sin(nθ)
]

,

(56)

where νaR(x) are identified as the usual right-handed neu-
trinos, and {ψnaR, χnaR} are their KK excitations. Note
that, ψnaR and χnaR are different types of the KK excita-
tions which correspond to the partial solutions cos(nθ) and
sin(nθ), respectively. By substituting this KK expansion into
the action for NaR in (48), we obtain the effective action LN

as

LN = Lν + Lψ + Lχ + Lint,

Lν = ν̄aRiγ
μ∂μνaR − Ma0

2
ν̄CaRνaR + H.c.,

Lψ =
∞∑

n=1

(

ψ̄naRiγ
μ∂μψnaR − Man

2
ψ̄C
naRψnaR + H.c.

)

,

Lχ =
∞∑

n=1

(

χ̄naRiγ
μ∂μχnaR − Man

2
χ̄C
naRχnaR + H.c.

)

,

Lint = igX

∞∑

n=1

n
(

χ̄naRγ μψnaR − ψ̄naRγ μχnaR

)

Xμ, (57)

where

Ma0 = M2
Na



∼ 
,

Man = 1




(

M2
Na

+ n2

R2

)

∼ 
. (58)

From the action LN , first the U(1)X charges of the usual
right-handed neutrinos νaR are all zero. This is different to
the usual U(1) extensions of the SM, such as the U(1)B−L

extension. [In the usual U(1) extensions of the SM, the right-
handed neutrinos need to carry the non-zero charges under
the additional U(1). This is because the right-handed neu-
trinos should acquire the heavy Majorana masses after the
spontaneous breaking of this symmetry group.] Second, the
usual right-handed neutrinos νaR and their KK excitations

Table 1 The U(1)X charges of the fermions. Note that, XνaL = XeaL = XL , XeaR = XE , XuaL = XdaL = XQ , XuaR = XU , and XdaR = XD

Fermion f νaL eaL eaR uaL daL uaR daR

X f −x −x −2x 1
3 x

1
3 x

4
3 x − 2

3 x
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possess naturally the heavy Majorana masses which are gen-
erated by the kinetic term describing the propagation of the
corresponding bulk neutrinos NaR along the vertical direc-
tion in the spacetime M5. Third, the couplings of the gauge
boson X to the KK excitations of νaR are unusual. More
specifically, the gauge boson X couples to a KK excitation
and KK anti-excitation of another field.

3.2 Scalar sector and symmetry breaking

Now we turn to the scalar sector in this model, which includes
a doublet scalar field H and a singlet complex scalar field �,
as

H(x, eiθ ) =
(

φ+(x, eiθ )
φ0(x, eiθ )

)

∼
(

1, 2,
1

2

)

,

�(x, eiθ ) ∼ (1, 1, 0) , (59)

Here, we assume that � is invariant under the active action
of the Lie group U(1) and thus given as

�(x, eiθ ) = ϕ(x)√
2πR

ei X�θ . (60)

For simplicity, in this paper we set X� = 1. (If X� 
= 1, the
related constraints will correspond to the gauge coupling by
scaling as gX /X�.) Action, describing the dynamical prop-
agation of these scalar fields in the spacetime M5, is given
by

S[H,�] =
∫

d4xdθ
√|detG|

[∣
∣
∣

(

∂̂μ − ig
σ i

2
Wiμ − i

g′
2
Bμ

)

H
∣
∣
∣

2

+ |∂θ H |2 +
∣
∣
∣∂̂μ�

∣
∣
∣

2 − V (H,�)
]

, (61)

where the scalar potential, invariant under the gauge symme-
tries, is given by

V (H,�) = μ2
1H

†H + λ̄1(H
†H)2 + μ2

2�
†� + λ̄2(�

†�)2

+λ̄3(H
†H)(�†�). (62)

Note that, because the scalar field � has a specific θ -
dependence given at (60), its vertical kinetic term leads to
a mass term which is absorbed into the potential V (H,�).
In order to find the effective action Seff for the scalar sector in
the effective four-dimensional spacetime, let first us perform
the KK decomposition for the scalar field H as

H(x, eiθ ) = φ(x)√
2πR

+ 1√
πR

∞∑

n=1

[

φ1n cos(nθ) + φ2n sin(nθ)
]

,

(63)

where φ(x) is identified as the SM scalar doublet and
{φ1n, φ2n} are its KK counterparts. Then, the effective action
Seff reads

Seff =
∫

d4x
{

L[φ, ϕ] + L[φ1n, φ2n] + · · ·
}

,

L[φ, ϕ] = ∣
∣Dμφ

∣
∣2 + ∣∣(∂μ − igX Xμ)ϕ

∣
∣2 − V (φ, ϕ),

L[φ1n, φ2n] = ∣
∣Dμφ1n

∣
∣2 + ∣∣Dμφ2n

∣
∣2

+gX

∞∑

n=1

[

inφ
†
2nDμφ1n X

μ + in(Dμφ2n)
†φ1n X

μ + H.c.
]

+g2
X

∞∑

n=1

n2
(

φ
†
1nφ1n + φ

†
2nφ2n

)

XμX
μ

+μ2
n

(

φ
†
1nφ1n + φ

†
2nφ2n

)

, (64)

where Dμ = ∂μ − ig σ i

2 Wiμ − i g
′

2 Bμ, the potential V (φ, ϕ)

is

V (φ, ϕ) = μ2
1φ

†φ + λ2(φ
†φ)2

+μ2
2ϕ

†ϕ + λ2(ϕ
†ϕ)2 + λ3(φ

†φ)(ϕ†ϕ). (65)

with μ2
n = μ2

1 + n2/R2, λ1 = λ̄1/2πR, λ2 = λ̄2/2πR,
λ3 = λ̄3/2πR, and the ellipse refers to the self-coupling
terms of the KK excitations {φ1n, φ2n} and their couplings
to φ and ϕ which are irrelevant in the following discussions.
Note that, the U(1)X charge of the SM scalar doublet φ is
zero and thus it does not couple directly to the gauge boson
X .

For negative squared masses, μ2
1 < 0 and μ2

2 < 0, the
scalar fields φ and ϕ should develop non-vanishing vacuum
expectation values (VEVs). However, because the energy
scale 
 is much more than the electroweak scale, the squared
masses μ2

n of the KK excitations φ1n and φ2n remain positive.
As a result, their VEV is zero. In this way, we have

〈φ〉 = 1√
2

(
0
v

)

,

〈ϕ〉 = v′
√

2
,

〈φ1n〉 = 〈φ2n〉 = 0, (66)

where

v2 = 2
2λ2μ

2
1 − λ3μ

2
2

λ2
3 − 4λ1λ2

,

v′2 = 2
2λ1μ

2
2 − λ3μ

2
1

λ2
3 − 4λ1λ2

. (67)

For the potential bounded from below, the following condi-
tions must be satisfied, λ3 > 2

√
λ1λ2 and λ1,2 ≥ 0. Once ϕ

develops the nonzero VEV, the gauge boson Xμ acquires a
mass, MX = gX v′. Using the relation (32), the mass of the
gauge boson X is expressed as

MX =
√

2
v′

T0MPl
<




T0
, (68)
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which implies that the gauge boson X is lighter than all
KK excitations. After the symmetry breaking, the KK exci-
tations {φ1n, φ2n} are still the physical fields of the mass
μn . Whereas, the CP-even excitations of φ and ϕ, which are
not eaten by the gauge bosons {W±, Zμ, Xμ}, should mix
together. We expand these scalar fields in the unitary gauge
around the vacuum as

φ = 1√
2

(
0

v + h(x)

)

, ϕ = v′ + h′(x)√
2

. (69)

Their mass term is given by

Lmass(h, h′) = 1

2

(

h h′ )
(

2λ1v
2 λ3vv′

λ3vv′ 2λ2v
′2
)(

h
h′
)

. (70)

The physical states are found as, h1 = cαh + sαh′ and h2 =
−sαh + cαh′, corresponding to the following masses

m2
h1,h2

= λ2v2 + λ1v′ ∓
[(

λ2v2 − λ1v′)2 + λ2
3v2v′2

]1/2
.

(71)

The lighter state h1 is identified as the SM Higgs discovered
at LHC, and thus mh1 = 125 GeV, whereas the heavier one
h2 has so far been escaped the detections. The mixing angle
is defined as, sin 2α = 2λ3vv′/(m2

h2
− m2

h1
), which is con-

strained by the data from the measurements of the Higgs pro-
duction cross section and its decay branching ratio at the LHC
[69]. If v � v′, with λ1 ∼ λ2 ∼ λ3, we have sin α � 2v

v′ � 1
which implies that the mixing effects can be neglected. Inter-
estingly, the mixing between h and h′ leads to the presence
of the direct couplings between the gauge boson Xμ with the
SM Higgs h1, although the SM scalar doublet φ does not
carry the charge under the group U(1)X . The coupling of the
exotic Higgs h2 to the SM particles generically goes through
the gauge boson X and the mixing between it and the SM
Higgs.

3.3 Mass spectrum for fermions

The Yukawa couplings between the fermions and the scalar
double H are given by the bulk Yukawa action

Sbulk
Yukawa =

∫

d4xdθ
√|detG|

× (h̄eab L̄a H EbR +h̄ν
ab L̄a H̃ NbR+h̄dab Q̄aHDbR

+ h̄uab Q̄a H̃UbR + H.c.
)

, (72)

where H̃ = iσ 2H∗. After spontaneous symmetry break-
ing, we find the Dirac mass terms in the effective four-

dimensional spacetime for the fermions as

Smass = −
∫

d4x
[

me
abēaLebR + mν

abν̄aLνbR

+
∞∑

n=1

(

mψ
nabν̄aLψnbR + mχ

nabν̄aLχnbR

)

+

+ md
abd̄aLdbR + mu

abūaLubR + H.c.
]

, (73)

where the mass matrices read

me
ab = i

(

1 − e−2π i x
)

h̄eab
4πx

√
πR

v ≡ heab
v√
2
,

mν
ab = i

(

e2π i x − 1
)

h̄ν
ab

4πx
√

πR
v ≡ hν

ab
v√
2
,

md
ab = i

(

1 − e−2π i x
)

h̄dab
4πx

√
πR

v ≡ hdab
v√
2
,

mu
ab = i

(

e2π i x − 1
)

h̄uab
4πx

√
πR

v ≡ huab
v√
2
,

mψ
nab = i x

(

1 − e2π i x
)

h̄ν
ab

2π
√

2πR(n2 − x2)
v ≡ hψ

nab
v√
2
,

mχ
nab = n

(

e2π i x − 1
)

h̄ν
ab

2π
√

2πR(n2 − x2)
v ≡ hχ

nab
v√
2
. (74)

The fact that the mass matrices of the SM fermions are non-
zero requires the following condition

1 − e−2π i x 
= 0 & e2π i x − 1 
= 0

�⇒ x 
= ±1,±2,±3, ..., (75)

which restricts the possible values of the free parameter x . It

is important to note here that the Dirac masses
{

mψ
nab,m

χ
nab

}

should decrease in increasing of the KK excitation order n.
On the other hand, mψ

nab and mχ
nab should approach zero as

n → ∞. {heab, huab, hdab} are identified as the usual Yukawa
coupling constants in the SM, thus the masses of the fermions
in both charged-lepton and quark sector are the same as the
SM one.

Now we are interested in the masses of the neutral
fermions. By combining the Majorana mass terms in (57) and
the Dirac mass terms in (73), we can find the mass Lagrangian
for the neutral fermions as

LN
mass = −1

2

(

ν̄L , ν̄CR , ψ̄C
1R, χ̄C

1R, ψ̄C
2R, χ̄C

2R, . . .
)

×MN

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

νCL
νR
ψ1R

χ1R

ψ2R

χ2R
...

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

+ H.c., (76)
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where the block mass matrix MN is given as

MN =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 mν mψ
1 mχ

1 mψ
2 mχ

2 · · ·
(mν)T M0 0 0 0 0 · · ·
(mψ

1 )T 0 M1 0 0 0 · · ·
(mχ

1 )T 0 0 M1 0 0 · · ·
(mψ

2 )T 0 0 0 M2 0 · · ·
(mχ

2 )T 0 0 0 0 M2 · · ·
...

...
...

...
...

...
. . .

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (77)

The diagonalization of this block mass matrix yields the fol-
lowing block mass eigenvalues

mν′
L ≈ −mνM−1

0 (mν)T

−
∞∑

n=1

[

mψ
n M

−1
n (mψ

n )T + mχ
n M

−1
n (mχ

n )T
]

∼ (hνv)2



,

mν′
R ≈ M0 ∼ 
, mψ ′

n ≈ Mn ∼ 
, mχ ′
n ≈ Mn ∼ 
. (78)

Note that, the contributions from the KK excitations ψnR and
χnR in mν′

L decrease approximately in 1
n6 and 1

n4 , respec-
tively. Thus, with respect to the high-order KK excitations,
their contributions inmν′

L can be negligible. The correspond-

ing eigenvectors
(

ν′C
L , ψ ′

1R, χ ′
1R, ψ ′

2R, χ ′
2R, ...

)T
are deter-

mined by

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ν′C
L

ν′
R

ψ ′
1R

χ ′
1R

ψ ′
2R

χ ′
2R
...

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

≈

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 δν δ
ψ
1 δ

χ
1 δ

ψ
2 δ

χ
2 · · ·

−(δν)T 1 0 0 0 0 · · ·
−(δ

ψ
1 )T 0 1 0 0 0 · · ·

−(δ
χ
1 )T 0 0 1 0 0 · · ·

−(δ
ψ
2 )T 0 0 0 1 0 · · ·

−(δ
χ
2 )T 0 0 0 0 1 · · ·
...

...
...

...
...

...
. . .

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

νCL
νR
ψ1R

χ1R

ψ2R

χ2R
...

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

(79)

where δν = mνM−1
0 , δ

ψ
n = mψ

n M−1
n , and δ

χ
n = mχ

n M−1
n .

The physical states UMNSν
′
L (or the active neutrinos) and

the mass eigenvalues UMNSm
ν′
LUT

MNS
, where UMNS is the so-

called Maki-Nakagawa-Sakata (MNS) matrix, are related the
current neutrino oscillation data [69]. For the Yukawa cou-
pling hν ∼ O(10−4) which is the order of the Yukawa cou-
pling of the muon, 
/T0 about ∼ 103 TeV can lead to the
neutrino masses at the observed sub-eV scale. Whereas, with
hν ∼ O(1) which is the order of the Yukawa coupling of
the top quark, in order to produce the sub-eV neutrino mass
scale, 
/T0 is about ∼ 1011 TeV. In this way, the fact that the
neutrino masses are observed to be small is an unavoidable
consequence in this scenario.

3.4 Phenomenology of the gauge boson X

The gauge boson X has the couplings with quarks and lep-
tons. Thus, it may be produced in (future) colliders, then it
would decay to pairs of fermions. Now we study the tree-
level decays of the gauge boson X into the two-body final
states. (The loop induced decays of the gauge boson X will
be studied in our future work.) Because there has no tree-
level mixing between the gauge boson X and the SM gauge
bosons, X should not decay into SM diboson pairs and the
pairs ZS with S referring to any scalar. Also, the gauge boson
X can not decay into the pairs of (χ̄nR, ψnR) and (ψ̄nR, χnR),
because it is lighter than these KK excitations. On the other
hand, in this scenario, the gauge boson X may only decay
into the SM fermion pairs at the tree level. The couplings of
the gauge boson X to the fermion f is given as

L f̄ f X = (

λ fL f̄Lγ μ fL + λ fR f̄Rγ μ fR
)

Xμ, (80)

where λ fL = gX X fL and λ fR = gX X fR refer to the coupling
factors of the gauge boson X to the left and right handed
fermions fL and fR , respectively. Note that, with respect to
the neutrinos, we have λνR

= 0. In this scenario, because of
λ fL 
= λ fR , the couplings of the gauge boson X to the left-
handed and right-handed fermions are different. The partial
decay width of the decay X → f̄ f is given by

�
(

X → f̄ f
) = NC ( f )MX

24π

√
√
√
√1 − 4m2

f

M2
X

×
[

(λ2
f L + λ2

f R)

(

1 − m2
f

M2
X

)

+ 6λ f Lλ f R
m2

f

M2
X

]

, (81)

where NC ( f ) and m f ar the color number and the mass of
the fermion f , respectively. The invisible decay width of the
gauge boson X , which corresponds to its decay into neutrino
and anti-neutrino pairs, is given

∑

ν=νe,μ,τ

�(X → ν̄ν) � g2
X
x2

8π
MX . (82)

We plot the branching ratios of the gauge boson X as the
functions of its mass MX , in Fig. 2, which show

∑

ν=νe,μ,τ

BR(X → ν̄ν) ∼ 7.5%,

∑

l=e,μ,τ

BR(X → l̄l) ∼ 37.5%,

∑

q=u,d,s,c,b

BR(X → q̄q) ∼ 40.8%,

BR(X → t̄ t) ∼ 14.2%. (83)
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Fig. 2 Branching ratios of the gauge boson Xμ as the functions of
its mass MX . The green, purple, blue, and red curves correspond to
X → ν̄ν, l̄l, q̄q, t̄ t , respectively

This shows that the decay channels X → l+l− and X → q̄q
(q = u, d, s, c, b) are the dominant ones and thus the decays
of the gauge boson X can be accessible via these channels.

The gauge boson X should contribute to the cross sec-
tions of e+e− → f + f − performed at LEP-II. For MX much
larger than the collider energy

√
s, it should lead to the effec-

tive four-fermion interactions induced by the exchange of the
gauge boson X as

Leff = 1

1 + δe f

1

M2
X

[

ēγ μ
(

Ce,V + γ5Ce,A
)

e
]

× [

f̄ γμ

(

C f,V + γ5C f,A
)

f
]

, (84)

where δe f = 1(0) for f = e ( f 
= e), the vector and axial
coupling factors are determined as

C f,V = λ fL + λ fR

2
, C f,A = λ fR − λ fL

2
. (85)

The LEP-II data of e+e− → e+e−, μ+μ−, τ+, τ−, in Ref.
[79], puts the constraint on the gauge boson X as

2
√

πMX
√

C2
f,V + C2

f,A

� 24.6 TeV, (86)

where C f,V = − 3x
2 gX and C f,A = x

2 gX for f = e, μ, τ .
This leads to a bound on the U(1)X breaking scale

MX

gX

= v′ � |x | × 10.97 TeV. (87)

Using the relation (32), we obtain the bound for the ratio of
the mass MX and the scale 
 as

MX



� 2.26

T0
|x | × 10−15. (88)

On the contrary, if MX <
√
s, the gauge boson X should

appear as a f̄ f resonance and the corresponding coupling is

constrained by LEP-II data [69,79] as

√

C2
f,V + C2

f,A � 10−2 −→ gX � 1

|x |
√

2

5
× 10−2. (89)

This leads to a bound on the scale 
/T0 as




T0
� 3.07

|x | × 1016 GeV. (90)

This bound reveals the constraint on the bulk radius as

R � 0.65|x | × 10−30 cm. (91)

In particular, the atomic parity violation in Cesium (133
55Cs)

imposes very strong constraints on the couplings of the gauge
boson X to the electron and the quarks u and d. The mea-
surement of the nuclear weak charge of Cesium is given by
[80–85]

Qexp
W (133

55Cs) = −73.16(29)exp(20)th, (92)

where the first and second uncertainties are experimental and
theoretical, respectively. This measurement is perfect agree-
ment with the prediction of the SM (including electroweak
radiative corrections) as [86–90]

Qth
W (133

55Cs) = −73.16(3). (93)

It thus requires the contributions of the new physics to the
nuclear weak charge of Cesium satisfying,

∣
∣�QW (133

55Cs)
∣
∣ �

0.52. The correction to the nuclear weak charge of given
isotope, which is mediated by a massive gauge boson, is
computed in Ref. [91]. Using this result, �QW (133

55Cs) is
given in this model as

�QW (133
55Cs) = −16

(
MZ

MX

)2 (cos θW

g

)2

Ce,A

× [(2Z + N )Cu,V + (Z + 2N )Cd,V
]

,

(94)

where MZ is the mass of the gauge boson Z , θW is the Wein-
berg angle, Z = 55 and N = 78. Then, we obtain a bound
as

MX

gX

= v′ � |x | × 7.3 TeV, (95)

which is a stronger constraint compared to the LEP-II data.
The corresponding bound on the ratio of the mass MX and
the scale 
 is given as

MX



� 1.5

T0
|x | × 10−15. (96)

Now we arrive at analyzing the contribution of the gauge
boson X to the anomalous magnetic moment of the muon.
The deviation between the experiment and theory is now
[92,93]

�aμ = aexp
μ − ath

μ = 306 ± 72 × 10−11, (97)
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Fig. 3 Feynman diagrams for the muon anomalous magnetic moment with the new contributions of the gauge boson X and the scalars

which is at 4.3σ . In this model, the new contributions to the
anomalous magnetic moment of the muon are generated by
one-loop diagrams mediated by the gauge boson X , the exotic
Higgs h2, the neutral KK excitations {φ0

1n, φ
0
2n}, as shown in

Fig. 3. (Note that, {φ0
1n, φ

0
2n} are neutral components of the

KK doublets {φ1n, φ2n}, respectively.)
However, the contribution of the scalars is proportional to

h2
μ ≈ 10−8 where hμ is the Yukawa coupling constant of the

muon, thus their contribution is small and can be neglected
compared to that of the gauge boson X . The contribution of
the gauge boson X reads [94,95]

�aX
μ = 1

4π2

(
mμ

MX

)2

×
[

C2
μ,V LV

(
mμ

MX

)

+ C2
μ,AL A

(
mμ

MX

)]

, (98)

where mμ is the muon mass, and the functions LV,A(λ) are
defined as

LV (λ) =
∫ 1

0
dz

z2(1 − z)

1 − z + λ2z2 ,

L A(λ) =
∫ 1

0
dz

(z − z2)(z − 4) − 2λ2z3

1 − z + λ2z2 . (99)

For MX � mμ or λ � 1, we have the approximation,
LV (λ) � LV (0) = 0.333 and L A(λ) � L A(0) = −0.283.
With the bound (95), the contribution of the gauge boson X to
the anomalous magnetic moment of the muon is constrained
as

�aX
μ � 14.3 × 10−11. (100)

Compared to (97), clearly the contribution of the gauge boson
X is not enough responsible for the deviation between the
experiment and the theory. On the other hand, this deviation
should be explained by new physics beyond this model.

3.5 Discrimination and implications

If the signal of a new neutral gauge boson Z ′ associated
with U(1)′ is discovered at the accelerators, the next task
will be to specify the underlying model which predicts it.

Table 2 The Z ′ couplings to the SM fermions for the models generated
from E6 and SO(10), with an overall e/ cos θW factored out and αLR �
1.59

χ ψ η LR

qL − 1
2
√

6

√
10

12
1
3 − 1

6αLR

uR
1

2
√

6
−

√
10

12 − 1
3 − 1

6αLR
+ αLR

2

dR − 3
2
√

6
−

√
10

12
1
6 − 1

6αLR
− αLR

2

lL
3

2
√

6

√
10

12 − 1
6

1
2αLR

eR
1

2
√

6
−

√
10

12 − 1
3 − 1

2αLR
− αLR

2

Many studies of the gauge boson Z ′ focus the U(1)′ models
which occur in the decomposition of GUTs, based on the
exceptional group E6 and the group SO(10) [23–28]. Since,
here we are interested in distinguishing our model to these
models.

The U(1)′ models originating from the exceptional group
E6 are obtained by the following breaking chain

E6 → SO(10) × U(1)ψ

→ SU(5) × U(1)χ × U(1)ψ → SU(5) × U(1)β, (101)

where the boson Z ′ is identified as

Z ′ = Zχ cos β + Zψ sin β, (102)

with β to be a free parameter in the breaking scheme.
From this, we obtain the ψ model, the χ model, and the
η model which correspond to β = 0, β = π/2, and
β = arctan(−√

5/3) (the special case often considered),
respectively. The breaking of the group SO(10) leads to the
left-right (LR) symmetric model as

SO(10) → SU(3)C × SU(2)L × SU(2)R × U(1)B−L .(103)

The Z ′ couplings to the SM fermions in these models are
summarized in Table 2 [96].

In principle, the models predicting Z ′ are distinguished
by the Z ′ couplings to the fermions, Z ′ mass or U(1)′ break-
ing scale, the total decay width �Z ′ , the branching ratios of
the decay Z ′, the cross section to the pair e+e−, as well as
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Table 3 The ratio between BR of the top quark and BR of all quarks

χ ψ η LR U (1)X

BRtop
BRtotal

� 5.55% � 16.66% � 20.51% � 12.42% � 25.82%

the forward-backward asymmetry. In particular, the discov-
ered Z ′ couplings to the SM fermions can be studied with
a reasonable accuracy, thus they provide the potential way
to determine the underlying model from which Z ′ arises.
The studies of the Z ′ coupling extractions are performed in
many works [67,68,96,97]. In GUTs as mentioned above,
the coupling constants of the SM and the extra U(1)′s are
determined by the coupling constant of GUTs. In this way, it
can express the coupling constant of the Z ′ couplings to the
SM fermions in terms of the coupling constant of the elec-
tromagnetic interaction and the Weinberg angle. As a result,
in the U(1)′ models generated from GUTs, the coupling con-
stant of the Z ′ couplings to the SM fermions is completely
fixed by the values of the the electromagnetic coupling con-
stant and the Weinberg angle. In our framework, the coupling
constant of the Z ′ couplings to the SM fermions is expressed
in terms of the inversion of the bulk radius, R−1 = 
/T0, as
seen in (32). And, since it is completely fixed by the differ-
ence between the mass of the zero mode and that of its first
KK excitation. Another interesting property of the boson Z ′,
which can be used to determine the underlying model from
which Z ′ arises, is the ratio between BR(X → t̄ t) of the
top quark and

∑

q=u,d,s,c,b,t BR(X → q̄q) of all quarks, for
the mass of Z ′ much larger than mt . We present the value of
this ratio corresponding to our model and the U (1)′ models
occurring in the E6-type and SO(10)-type GUTs in Table 3.

A question which we can ask is whether this frame-
work features unification schemes which interpret non-
gravitational interactions as a result of the non-trivial struc-
ture of the spacetime. In order to answer this question, now
let us consider another scenario at which the gauge field Xμ

is identified as the gauge field associated with the hyper-
charge gauge group U(1)Y of the SM. On the other hand, the
emergent gauge group U(1)X , investigated above, is identi-
fied as the gauge group U(1)Y . Since the gauge symmetry
group of theory is only SU(3)C ⊗ SU(2)L . For simplicity,
the fermion content is given as in (41) but not to have the
right-handed neutrinos NaR . Their θ -dependence is given in
(44), but there the quantum number X is identified as hyper-
charge. With respect to the scalar sector, the scalar field given
in (60) is identified as the doublet of the symmetry group
SU(2)L . Similarly, one can determine the relation between
the gauge coupling constant g′ associated with U(1)Y and the

bulk radius R as, g′ =
√

2
MPl R

. This implies that R−1 is close
to the Planck energy scale or in other words the size of the
fibers must be extremely small. Furthermore, we can deter-

mine the hypercharge of the fermions from the absence of the
nontrivial anomalies {[SU(3)C ]2 U(1)X , [SU(2)L ]2 U(1)X ,
[U(1)X ]3,

[

Gravity
]2 U(1)X }. For the lepton doublet la , the

right-handed electron eaR , and the quark doublet qa , their
hypercharge is obtained as

Xla = −x, XeaR = −2x, Xqa = x

3
. (104)

Whereas, for the right-handed up quark uaR and right-handed
down quark daR , their hypercharge belongs one of two solu-
tion sets as

XuaR = 4x

3
, XdaR = −2x

3
, (105)

or

XuaR = −2x

3
, XdaR = 4x

3
. (106)

The first solution set (105) and x = 1/2 are selected by
imposing that the left-handed and right-handed particles of
the same type must transform the same way under a combina-
tion of the weak isospin T3 and the hypercharge X . Thus, this
framework is possible to interpret the interaction associated
with the hypercharge gauge group U(1)Y as a result of the
non-trivial structure of the spacetime. For generalizing this
unification for both SU(3)C and SU(2)L , the fiber should be
a Lie group manifold SU(3) ⊗ SU(2) ⊗ U(1). However, in
order to claim whether this framework provides the unifica-
tion for both SU(3)C and SU(2)L , we need to treat more care
and detail which is beyond the scope of the present work.

Let us see whether there has any good relic candidate in
this model. In this model, apart from the gauge boson X ,
there are many new particles as follows: the sterile neutrinos
ν′
aR and their KK partners {ψ ′

naR, χ ′
naR}, the exotic Higgs

h2, and the KK excitations {φ1n, φ2n} which originate from
the bulk scalar doublet H . Obviously, the exotic Higgs h2 is
unstable, because it is more (much) heavy than the SM Higgs
h1 and thus it should decay into h1 through the coupling, �
λ3v

′c3
αh

2
1h2. In order to see that the remaining new particles

are also unstable, we write the couplings, obtained from (72),
as

L1 �
[

hν
abcα√

2
ν̄′

aLh1ν
′
bR + hψ

nabcα√
2

ν̄′
aLh1ψ

′
nbR

+hχ
nabcα√

2
ν̄′

aLh1χ
′
nbR + H.c.

]

,

L2 = henabl̄aebRφ1n + hdnabq̄adbRφ1n

+hunabq̄aubR φ̃1n − i
henabn

x
l̄aebRφ2n

−i
hdnabn

x
q̄adbRφ2n + i

hunabn

x
q̄aubR φ̃2n + H.c.,
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L3 = hν
nabl̄aν

′
bR φ̃1n + ihν

nab

x
l̄aν

′
bR φ̃2n

+h(1)
mnabl̄aψ

′
bm φ̃1n + h(2)

mnabl̄aχ
′
bm φ̃1n

+h(3)
mnabl̄aψ

′
bm φ̃2n + h(4)

mnabl̄aχ
′
bm φ̃2n + H.c., (107)

where φ̃1n = iσ 2φ∗
1n , φ̃2n = iσ 2φ∗

2n , and

henab = i x
(

1 − e−2π i x
)

h̄eab
2π

√
πR(n2 − x2)

,

hdnab = i x
(

1 − e−2π i x
)

h̄dab
2π

√
πR(n2 − x2)

,

hunab = − i x
(

1 − e2π i x
)

h̄uab
2π

√
πR(n2 − x2)

,

hν
nab = − i x

(

1 − e2π i x
)

h̄ν
ab

2π
√

πR(n2 − x2)
,

h(1)
mnab = − i x

(

1 − e2π i x
)

h̄ν
ab

π
√

2πR

× m2 + n2 − x2
[

(m + n)2 − x2
] [

(m − n)2 − x2
] ,

h(2)
mnab =

(

1 − e2π i x
)

h̄ν
ab

π
√

2πR

× m(m2 − n2 − x2)
[

(m + n)2 − x2
] [

(m − n)2 − x2
] ,

h(3)
mnab =

(

1 − e2π i x
)

h̄ν
ab

π
√

2πR

× n(n2 − m2 − x2)
[

(m + n)2 − x2
] [

(m − n)2 − x2
] ,

h(4)
mnab = −

(

1 − e2π i x
)

h̄ν
ab

π
√

2πR

× mnx
[

(m + n)2 − x2
] [

(m − n)2 − x2
] . (108)

Note that, because the free parameter x satisfies the condition
(75), all the coupling constant in (108) are always different to
zero. L1 describes the couplings of the sterile neutrinos ν′

aR
and their KK partners {ψ ′

naR, χ ′
naR} to the SM leptons and

the SM Higgs h1. L2 describes the couplings of the KK exci-
tations {φ1n, φ2n} to the SM fermions. Finally, L3 describes
the couplings which {ν′

aR, ψ ′
naR, χ ′

naR, φ1n, φ2n} couple to
with together and to the SM leptons. Because of the pres-
ence of these couplings, the sterile neutrinos ν′

aR and all KK
excitations will decay into the SM particles. In this sense,
there has no any good relic candidate in this model. How-
ever, this model may contain a good relic candidate and thus
may account for dark matter, if the scalar sector of this model
is extended at which we introduce additionally an inert scalar

field �′ similar to � but with X�′ 
= X�. Because both �

and �′ have no the Yukawa couplings to the fermions, the
action of theory is accidentally invariant under the Z2 trans-
formation

� −→ −�, �′ −→ −�′. (109)

All the other fields are even under the Z2 transformation.
We assume that 〈�′〉 = 0 (and thus �′ is realized as the
inert scalar) whereas other scalars all develop non-vanishing
VEVs. Here, some conditions must be required to guarantee
that the inert vacuum is the global minimum of the scalar
potential. As a result, after the breaking symmetry, by the
exactly conserved Z2 symmetry only �′ is always coupled
in pairs in the interactions. Since �′ is stable and may be
responsible for dark matter. Note that, �′ couples to the SM
particles via mostly the gauge boson X and the Higgs h1. A
detail study of dark matter in this model will be taken in our
upcoming work.

4 Conclusion

In this paper, we have proposed a U(1)X extension of the
SM, which departs fundamentally from the theory in the five-
dimensional fiber bundle spacetime with the SM gauge sym-
metry group. Here, the base manifold and fiber of the space-
time are the four-dimensional Minkowski-flat manifold and
the Lie group manifold U(1), respectively. The local gauge
transformation under U(1)X is originated from the general
transformation in the fiber coordinate of the spacetime. The
U(1)X charges of the SM fermions are the quantum num-
ber characterizing the active action of the Lie group U(1) on
the corresponding fundamental fermions. In particular, this
scenario allows to explain naturally the small masses of the
neutrinos as a result of the short-distance structure of the
spacetime.

We have studied the tree-level decays of the new gauge
boson into the two-body final states, at which its branching
ratios and dominant decay channels are discussed. The bound
on the U(1)Y breaking scale or the U(1)X coupling constant
has been obtained from the LEP-II constraints. In particu-
lar, the atomic parity violation in Cesium (133

55Cs) imposes a
very strong constraint on the U(1)X breaking scale. Finally,
we have analyzed the contribution of the new gauge boson
to the anomalous magnetic moment of the muon, which
requires additional contributions from new physics beyond
this model.
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Appendix A: Deriving a covariant basic of the horizontal
tangent subspace

In this appendix, we would like to obtain a covariant basic
of the horizontal tangent subspace. The horizontal tangent
subspace HpM5, at any point p ∈ M5, is determined as the
kernel of a Lie-algebra-valued connection one-form ω [78],
meaning that

HpM5 = {

V ∈ TpM5|ω(V ) = 0
}

, (A1)

where TpM5 is the tangent space of M5 at the point p. The
local expression of ω is defined on M5 by [78]

ω = g−1X (x)g + g−1dg,

= i
[

dθ + gX Xμ(x)dxμ
]

, (A2)

where g = eiθ is the fiber coordinate, X (x) = igX Xμ(x)dxμ,
and d is the exterior differential operator. Note that, under the
general coordinate transformation (2) because ω′(x ′, eiθ ′

) =
ω(x, eiθ ), the field Xμ should transform in the rule (16). For
V to be a horizontal tangent vector, determined by an integral
curve

(

xμ(t), eiθ(t)
)

, we have

V = dxμ(t)

dt

∂

∂xμ
+ dθ(t)

dt

∂

∂θ
. (A3)

Also, we have ω(V ) = 0, leading to

dθ(t)

dt
+ gX Xμ(x)

dxμ(t)

dt
= 0. (A4)

From Eqs. (A3) and (A4), we find

V = dxμ(t)

dt

(
∂

∂xμ
− gX Xμ

∂

∂θ

)

. (A5)

This clearly implies
{

∂

∂xμ
− gX Xμ

∂

∂θ
≡ ∂̂μ

}

, (A6)

to be a basic of the horizontal tangent subspace. It is eas-
ily to see that the basic {∂̂μ} transforms under the general
coordinate transformation (2) as follows:

∂̂μ −→ ∂̂ ′
μ = ∂xν

∂x ′μ ∂̂ν, (A7)

which is covariant. Thus, {∂̂μ} is actually a covariant basic
of the horizontal tangent subspace.

Appendix B: The anomaly cancellation

In Sect. 3, we have built a realistic model which con-
sists of a set of fields, propagating dynamically in the five-
dimensional fiber bundle spacetime, respecting for the gauge
symmetry group SU(3)C ⊗ SU(2)L ⊗ U(1)Y . From this, we
have obtained an extension of the SM, in effective four-
dimensional spacetime, with the gauge symmetry group
SU(3)C ⊗SU(2)L ⊗U(1)Y ⊗U(1)X . Here, the SM fermions
charge under the gauge symmetry group U(1)X as

XνaL = XeaL = XL ,

XeaR = XE ,

XuaL = XdaL = XQ,

XuaR = XU ,

XdaR = XD, (B1)

where the quantum number {XL , XE , XQ, XU , XD} are con-
strained by the anomaly cancellation. Also, there are new
fermions as the right-handed neutrinos νaR and KK exci-
tations {ψnaR, χnaR}. We can list six nontrivial anoma-
lies associated with U(1)X as follows: [SU(3)C ]2 U(1)X ,
[SU(2)L ]2 U(1)X , [U(1)Y ]2 U(1)X , U(1)Y [U(1)X ]2,
[U(1)X ]3, and

[

Gravity
]2 U(1)X . Note that, the anomalies

associated with the SM gauge symmetry group vanish all.
First, we consider the vanishing anomaly [SU(3)C ]2 U(1)X
which is given as

[SU(3)C ]2 U(1)X ∼ 2 × 3XQ − 3XU − 3XD = 0. (B2)

The vanishing second anomaly [SU(2)L ]2 U(1)X is written
as

[SU(2)L ]2 U(1)X ∼ 2 × 3XQ + 2XL = 0. (B3)

The vanishing third anomaly [U(1)Y ]2 U(1)X leads to

[U(1)Y ]2 U(1)X ∼ 2 × 3 ×
(

1

6

)2

XQ

+2 ×
(

−1

2

)2

XL − 3 ×
(

2

3

)2

XU

−3 ×
(

−1

3

)2

XD − (−1)2XE = 0. (B4)

With the vanishing fourth anomaly U(1)Y [U(1)X ]2, we have

U(1)Y [U(1)X ]2 ∼ 2 × 3 × 1

6
X2
Q + 2 ×

(

−1

2

)

X2
L

−3 × 2

3
X2
U − 3 ×

(

−1

3

)

X2
D − (−1)X2

E = 0. (B5)
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Note that, with respect to the first four anomalies, because
the right-handed neutrinos νaR and their KK counter parts
{ψnaR, χnaR} do not charge under the SM gauge symmetry
group, thus they do not contribute to these anomalies. The
vanishing fifth anomaly [U(1)X ]3 is given by

[U(1)X ]3 ∼ 2 × 3X3
Q + 2X3

L − 3X3
U − 3X3

D − X3
E = 0.

(B6)

The vanishing last anomaly
[

Gravity
]2 U(1)X leads to

[

Gravity
]2 U(1)X ∼ 2 × 3XQ + 2XL − 3XU

−3XD − XE = 0. (B7)

For last two anomalies, the right-handed neutrinos νaR do not
charge under the gauge symmetry group U(1)X , thus they
do not contribute to these anomalies. Whereas, for the KK
excitations {ψnaR, χnaR}, they couple to the gauge boson Xμ

in a unusual way given at (57). Thus, these KK excitations
should not appear in the triangle diagrams which have three
Xμ gauge bosons or one Xμ gauge boson. By solving Eqs.
(B2)–(B7), one find

XL = −x, XE = −2x, XQ = 1

3
x,

XU = 4

3
x, XD = −2

3
x, (B8)

where x is a free parameter.
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