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Abstract The form factors of the �b → N∗�+�− decay
are calculated in the framework of the light cone QCD sum
rules. In the calculations the contribution of the negative par-
ity �∗

b baryon is eliminated by constructing the sum rules
for different Lorentz structures. Furthermore the branching
ratio of the semileptonic �b → N∗�+�− decay is calcu-
lated. The numerical study for the branching ratio of the
�b → N∗�+�− decay indicates that it is quite large and
could be measurable at future planned experiments to be con-
ducted at LHCb.

1 Introduction

Lately, exciting experimental results have been obtained in
study of the rare decays of the heavy �b baryon induced by
the flavor changing neutral currents. The rare �b → ��+�−
decays induced by the b → s transition were observed by
the CDF [1] and LHCb collaborations [2]. Later the detailed
analyses of the differential branching ratio and various sym-
metries of the �b → ��+�− decay have been performed
performed at LHCb [3]. The LHCb collaboration firstly
observed the rare �b → pπ−μ+μ− decay induced by the
b → d transition [4]. This observation motivated the theo-
retical study of the �b → N�+�− decay, induced also by the
b → d transition. This decay was studied within the frame-
work of the light cone QCD sum rules method (LCSR) in
[5]. The light cone QCD sum rules method (LCSR) [6,7] is
hybrid of the traditional SVZ sum rules [8] and the methods
used in hard exclusive processes. The other interesting decays
induced by the b → d transition are the �b → nucleon reso-
nance decays. The analysis of these decays can provide com-
plementary information about the properties of the nucleon
resonances in principle which could experimentally be stud-
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ied at LHCb. It should be noted here that the comprehensive
study of the nucleon resonance constitutes one of the main
research directions of the research program that is planned
for future study at Jefferson Laboratory [9]. The properties
of the nucleon resonance N∗ in the �b(c) → N∗�ν decay is
investigated in framework of the LCSR in [10]. The present
work is devoted to the study of the rare �b → N∗�+�−
decay in the framework of the LCSR method.

The paper is organized as follows: In Sect. 2 the LCSR
for the relevant form factors appearing in the �b(�

∗
b) →

N∗ transitions are obtained. In Sect. 3 present the numerical
analysis of the sum rules for the form factors. Using then the
obtained results for the form factors we estimate the decay
widths of the �b(�

∗
b) → N∗�+�− decays. This section ends

with a conclusion.

2 Form factors of the �b(�
∗
b) → N∗�+�− decay in

LCSR

In the present section we derive the LCSR for the transition
form factors of the�b(�

∗
b) → N∗�+�− decay. Before giving

the details of the calculations few words about the notation
should be mentioned. In all further discussions the negative
parity states of the �b and N baryons are denoted as �∗

b
and N∗, respectively. The �b(�

∗
b) → N∗�+�− decay at the

quark level is described by the b → d transition. At the
hadronic level �b(�

∗
b) → N∗�+�− decay is obtained by

sandwiching the transition current between the �b(�
∗
b) and

N∗ states. The corresponding form factors of the vector, axial
vector and tensor currents are defined as,

〈�b(p − q) | b̄γμd | N∗(p)〉
= ū�b (p − q)

[
f1(q

2)γμ + i
f2(q2)

m�b

σμνq
ν

+ f3(q2)

m�b

qμ
]
γ5uN∗(p), (1)
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〈�b(p − q) | b̄γμγ5d | N∗(p)〉
= ū�b (p − q)

[
g1(q

2)γμγ5 + i
g2(q2)

m�b

σμνq
νγ5

+g3(q2)

m�b

qμγ5

]
γ5uN∗(p), (2)

〈�b(p − q) | b̄iσμνq
ν(1 + γ5)d | N∗(p)〉

= ū�b (p − q)
[ f T1 (q2)

m�b

(γμq
2 − qμ �q) + i f T2 (q2)σμνq

ν

+ gT1 (q2)

m�b

(γμq
2 − qμ �q)γ5 + igT2 (q2)σμνq

νγ5

]
γ5uN∗ (p).

(3)

The form factors responsible for �∗
b → N∗ transition can

be obtained from Eqs. (1)–(3) with the help of the following
replacements: fi → f̃i , gi → g̃i , f Ti → f̃ Ti , gTi → g̃Ti ,
m�b → m�∗

b
, and ū�(p − q) → ū�∗(p − q)γ5.

In order to derive the LCSR for these form factors we
introduce the correlation function

� j
μ(p, q) = i

∫
d4xeiqx 〈0 | T {η�b(0)J j

μ(x)} | N∗(p)〉,
(4)

where η�b is the interpolating current of the �b(�
∗
b) baryon,

J j
μ(x) is the heavy–light transition current which is set to,

J j
μ =

{
b̄γμ(1 − γ5)d, j = I
b̄ iσανqν(1 + γ5)d, j = I I.

In the calculations we use the following most general form
of the interpolating current for the �b(�

∗
b) baryon,

η�b = 1√
6
εabc

{
2
( [

uaT (x)Cdb(x)
]
γ5b

c(x)

+β
[
uaT (x)Cγ5d

b(x)
]
bc(x)

)

+
[
uaT (x)Cbb(x)

]
γ5d

c(x)

+β
[
uaT (x)Cγ5b

b(x)
]
dc(x)

+
[
baT (x)Cdb(x)

]
γ5u

c(x)

+β
[
baT (x)Cγ5d

b(x)
]
uc(x)

}
, (5)

where a, b and c are the color indices, C is the charge conju-
gation operator, and β is an arbitrary parameter with β = −1
corresponding to the Ioffe current.

The usual procedure in deriving the LCSR is to calcu-
late the correlation function given in Eq. (4) in two different
domains. On one side, insert a complete set of states with
the quantum numbers of �b between the two currents, and
isolate the ground state contribution. On the other side use
the operator product expansion (OPE) around the light cone
where (p = q)2, q2 � 0. These two representations of the

correlation function are then matched using the dispersion
relations and quark–gluon duality ansatz. Finally, applying
the Borel transformation in order to kill the the possible sub-
traction terms which could appear in the dispersion relations,
and to suppress the contributions from higher states.

It should be remarked here that the interpolating current

η�b has nonzero overlap not only with the J P = 1

2

+
state

but also with the J P = 1

2

−
state. It is shown in [11] that

the mass difference between between the J P = 1

2

+
and

J P = 1

2

−
states is about (200–300) MeV. For this reason the

contribution of the negative parity �b baryon should properly
be taken into account.

After having mentioned these cautionary remarks we pro-
ceed to calculate the physical part of the correlation function.
Saturating Eq. (4) with the ground and first excited �b baryon
we get,

� j
μ(p, q)

=
∑
i

〈0 | η�b (0) | �i
b(p − q, s)〉〈�i

b(p − q, s) | b̄ j
μd | N∗(p)〉

m2
i − (p − q)2

,

(6)

where

 j
μ =

{
γμ(1 − γ5), j = I,
iσμνqν(1 + γ5), j = I I,

and summation is performed over the ground and first excited
states of the �b baryon. The decay constants of the positive
and negative parity �b baryons are determined as,

〈0 | η�b | �b(p − q)〉 = λ�bu�b (p − q),

〈0 | η�∗
b

| �∗
b(p − q)〉 = λ�∗

b
γ5u�∗

b
(p − q). (7)

Using the equation of motion

( � p − mN∗)uN∗(p) = 0,

and Eqs. (1)–(3) and (7), for the phenomenological part of
the correlation function we get,

�I
μ(p, q) = λ�b

m2
�b

− (p − q)2

{
f1(q

2)
[
(m�b + mN∗)γμ

+ γμ �q + 2(pμ − qμ)I
]
γ5

− f2(q2)

m�b

[
(m�b − mN∗)[(m�b + mN∗)γμ

+ γμ �q]γ5 + 2 �qγ5 pμ

+[(m�b − mN∗)+ �q]γ5qμ

]

+ f3(q2)

m�b

[
(m�b − mN∗)− �q

]
γ5qμ

123
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− g1(q
2)

[
(m�b − mN∗)γμ + γμ �q

+ 2(pμ − qμ)I
]

+ g2(q2)

m�b

[
(2pμ − qμ) �q

+ (m�b + mN∗)[(m�b − mN∗)γμ

+ γμ �q − qμ I ]
]

+ g3(q2)

m�b

[
�q − (m�b + mN∗)

]
qμ I

}

+ λ�∗
b

m2
�∗

b
− (p − q)2

{
f̃1(q

2)
[
(m�∗

b
− mN∗)γμ

− γμ �q − 2(pμ − qμ)I
]
γ5

+ f̃2(q2)

m�∗
b

[
(m�∗

b
+ mN∗)[(m�∗

b
− mN∗)γμ

− γμ �q]γ5 + 2 �qpμ

+[(m�∗
b
+ mN∗)− �q]γ5qμ

]

+ f̃3(q2)

m�∗
b

[
(m�∗

b
+ mN∗)I+ �q

]
qμ

− g̃1(q
2)

[
(m�∗

b
+ mN∗)γμ

− γμ �q − 2(pμ − qμ)I
]

− g̃2(q2)

m�∗
b

[
(2pμ − qμ) �q

+ (m�∗
b
− mN∗)[(m�∗

b
+ mN∗)γμ

− γμ �q + qμ I ]
]

− g̃3(q2)

m�∗
b

[
�q + (m�∗

b
− mN∗)I

]
qμ, (8)

�I I
μ (p, q) = λ�b

m2
�b

− (p − q)2

{
f T1 (q2)

m�b

[
[(m�b + mN∗)γμ

+ γμ �q + 2I pμ]γ5q
2

+[(m2
�b

− m2
N∗ − 2q2)

− (m�b + mN∗) �q]
]
γ5qμ

− f T2 (q2)
[
(m�b − mN∗)[(m�b + mN∗)γμ

+ γμ �q]γ5 + 2 �qγ5 pμ

−[(m�b − mN∗)+ �q]γ5qμ

]

+ gT1 (q2)

m�b

[
[(m�b − mN∗)γμ

+ γμ �q + 2I pμ]q2 − [(m�b − mN∗) �q
− (m2

�b
− m2

N∗ − 2q2)]qμ

]

− gT2 (q2)
[
(2pμ − qμ) �q + (m�b + mN∗)

[(m�b − mN∗)γμ + γμ �q − qμ]
]}

+ λ�∗
b

m2
�∗

b
− (p − q)2

{
f̃ T1 (q2)

m�∗
b

[
[(m�∗

b
− mN∗)γμ

− γμ �q − 2I pμ]q2γ5

−[(m2
�∗

b
− m2

N∗ − 2q2)

+ (m�∗
b
− mN∗) �q]γ5qμ

]

+ f̃ T2 (q2)
[
(m�∗

b
+ m∗

�b
)[(m�∗

b
− m∗

�b
)γμ

− γμ �q]γ5 + 2 �qγ5 pμ

+[(m�∗
b
+ m∗

�b
)− �q]γ5qμ

]

+ g̃T1 (q2)

m�∗
b

[
[(m�∗

b
+ mN∗)γμ − γμ �q

− 2I pμ]q2 − [(m�∗
b
+ mN∗) �q

+ (m2
�∗

b
− m2

N∗ − 2q2)]qμ

]

+ g̃T2 (q2)
[
(2pμ − qμ) �q

+ (m�∗
b
− mN∗)[(m�∗

b
+ mN∗)γμ

− γμ �q + I qμ]
]}

. (9)

Now we turn our attention to the calculation of the correla-
tion function from the QCD side. At deep Eucledian domain
(p − q)2, q2 � 0 the product of the two currents can be
expanded around the light-cone x2 	 0. After contracting the
heavy quark fields which give the heavy quark propagator,
the matrix element

εabc〈0 | uaα(0)dbβ(x)dcλ(0) | N∗(p)〉,
of the three quarks between the vacuum and the N∗ state
is revealed. Decomposition of this matrix element in terms
of the distribution amplitudes (DAs) with increasing twist is
given in [12] (see Appendix A).

After contracting the heavy b-quark fields, the correlation
takes the form,

� j
μ = i√

6
εabc

∫
d4xeiqx

{ [
2(C)αλ(γ5)ρξ + (C)αξ (γ5)ρλ + (C)ξλ(γ5)αρ

]

+β
[
2(Cγ5)αλ(I )ρξ + (Cγ5)αξ (I )ρλ

123
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+(Cγ5)ρλ(I )αρ

] }
×

(
 j

μ

)
σβ

[Sb(−x)]ξσ

〈0 | uaα(0)dbβ(x)dcλ(0) | N∗(p)〉. (10)

Sb(x) = m2
b

4π2
K1(mb

√
−x2)√

−x2
− i

m2
b � x

4π2x2 K2(mb

√
−x2)

− igs

∫
d4k

(2π)4 e
−ikx

∫ 1

0
dv

[ � k + mb

(m2
b − k2)2

Gαβ(vx)σαβ + 1

m2
b − k2

vxαG
αβγβ

]
,

(11)

where Ki are the modified Bessel functions of the second
kind, and Gαβ is the gluon field strength tensor.

Using the expression of the heavy quark propagator and
definition of the matrix

εabc〈0 | uaα(0)dbβ(x)dcλ(0) | N∗(p)〉,
in terms of the DAs of the N∗ baryon, we can calculate the
correlation function from the QCD side. Note that, using the
equation of motion ( � p − mN∗)uN∗(p) = 0, the correlation
function can be decomposed into six independent functions
as follows,

� j
μ(p, q) =

[
�

j
1 pμ + �

j
2 pμ �q + �

j
3γμ

+�
j
4γμ �q + �

j
5qμ + �

j
6qμ �q

]
γ5uN∗ . (12)

After performing Borel transformation, these invariant func-
tions in the correlation function can in general be written
as,

�
j
i

[
(p − q)2, q2

]
=

∑
n=1,2,3

∫ 1

0

D j
in(x, q

2)

�n
, (13)

where

� = m2
b − (1 − x)q2 + x(1 − x)m2

N∗ − x(p − q)2.

We can write (13) as a dispersion integral in (p − q)2 as
follows,

�
j
i

[
(p − q)2, q2

]

= 1

π

∫ ∞

m2
b

ds

s − (p − q)2 Im�
j
i [(p − q)2, q2]. (14)

Making the replacement s(x) = m2
b − (1 − x)q2 + x(1 −

x)m2
N∗ − x(p − q)2, the denominator of Eq. (13) takes the

form,

� = x
[
s(x) − (p − q)2

]
.

Using the quark–hadron ansatz the contribution of the
hadronic states can be represented as,
∫ ∞

s0

ds

s − (p − q)2 ρi (q
2)

	 1

π

∫ ∞

s0

ds

s − (p − q)2 Im�
j
i (q

2), (15)

where s0 is the continuum contribution. Finally Borel trans-
formation can be performed on the hadronic and physical
sides with the help of the replacement

1

s − (p − q)2 → e−s/M2
. (16)

In implementing the Borel transformation and the continuum
subtraction we use the following relations,

∫
dx

D j
i1(x)

�
→

∫ 1

x0

dx

x
D j

i1(x)e
−s(x)/M2

∫
dx

D j
i2(x)

�2 → 1

M2

∫ 1

x0

dx

x2 D
j
i2(x)e

−s(x)/M2

+ D j
i2(x0)e−s0/M2

m2
b + x2

0m
2
N∗ − q2

∫
dx

D j
i3(x)

�3 → 1

2M4

∫ 1

x0

dx

x3 D
j
i3(x)e

−s(x)/M2

+ 1

2M2

D j
i3(x0)e−s0/M2

x0(m2
b + x2

0m
2
N∗ − q2)

− 1

2

x2
0e

−s0/M2

m2
b + x2

0m
2
N∗ − q2

d

dx

( D j
i3(x)

x(m2
b + x2m2

N∗ − q2)

)∣∣∣
x=x0

,

(17)

where x0 is the solution of the equation

s0 = m2
b − x̄q2 + x x̄m2

N∗
x

.

Equating the coefficients of the structures pμγ5, pμ/qγ5,
γμγ5, γμ/qγ5,qμγ5, andqμ/qγ5 we get the following sum rules
for the invariant functions of the transition current (b̄γμd),

− 2λ�b g1(q
2)e

−m2
�b

/M2 + 2λ�∗
b
g̃1(q

2)e
−m2

�∗
b
/M2

= �I
1(p, q)

2λ�b

g2(q2)

m�b

e
−m2

�b
/M2 − 2λ�∗

b

g̃2(q2)

m�∗
b

e
−m2

�∗
b
/M2

= �I
2(p, q)

− λ�b e
−m2

�b
/M2{

(m�b − mN∗)
[
g1(q

2)

− g2(q2)

m�b

(m�b + mN∗)
]}

− λ�∗
b
e
−m2

�∗
b
/M2{

(m�∗
b
+ mN∗)

[
g̃1(q

2)

123
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+ g̃2(q2)

m�∗
b

(m�∗
b
− mN∗)

]}
= �I

3(p, q)

− λ�b e
−m2

�b
/M2[

g1(q
2) − g2(q2)

m�b

(m�b + mN∗)
]

+ λ�∗
b
e
−m2

�∗
b
/M2[

g̃1(q
2) + g̃2(q2)

m�∗
b

(m�∗
b
− mN∗)

]

= �I
4(p, q)

λ�be
−m2

�b
/M2[

2g1(q
2)

− g2(q2) + g3(q2)

m�b

(m�∗
b
+ mN∗)

]

− λ�∗
b
e
−m2

�∗
b
/M2[

2g̃1(q
2)

+ g̃2(q2) + f̃3(q2)

m�∗
b

(m�∗
b
− mN∗)

]
= �I

5(p, q)

− λ�b

m�b

e
−m2

�b
/M2[

g2(q
2) − g3(q

2)
]

+ λ�∗
b

m�∗
b

e
−m2

�∗
b
/M2[

g̃2(q
2) − g̃3(q

2)
]

= �I
6(p, q). (18)

The results for the form factors induced by the b̄γμγ5d cur-
rent can be obtained from Eq. (18) by making the following
replacements: gi → − fi , g̃i → − f̃i , mN∗ → −mN∗ , and
�I

i → �I ′
i .

The sum rules of the (b̄iσμνqνd) transition current can be
obtained in similar manner, which are given below,

− 2λ�b g
T
2 (q2)e

−m2
�b

/M2 + 2λ�∗
b
g̃T2 (q2)e

−m2
�∗
b
/M2

= �I I
1 (p, q)

− λ�b e
−m2

�b
/M2[gT1 (q2)

m�b

(m�b − mN∗) − gT2 (q2)
]

− λ�∗
b
e
−m2

�∗
b
/M2[ g̃T1 (q2)

m�∗
b

(m�∗
b
+ mN∗) + g̃T2 (q2)

]

= �I I
2 (p, q)

λ�be
−m2

�b
/M2[gT1 (q2)

m�b

(m2
�b

− m2
N∗ − 2q2)

+ gT2 (q2)(m�b + mN∗)
]

−λ�∗
b
e
−m2

�∗
b
/M2[ g̃T1 (q2)

m�∗
b

(m2
�∗

b
− m2

N∗ − 2q2)

− g̃T2 (q2)(m�∗
b
− mN∗)

]
= �I I

3 (p, q)

λ�be
−m2

�b
/M2

(m�b − mN∗)
[gT1 (q2)

m�b

q2

−gT2 (q2)(m�b + mN∗)
]

+ λ�∗
b
e

−m2
�∗
b

M2 (m�∗
b
+ mN∗)

[ g̃T1 (q2)

m�∗
b

q2

+ g̃T2 (q2)(m�∗
b
− mN∗)

]
= �I I

4 (p, q), (19)

where �I I
1 , �I I

2 , �I I
3 , and �I I

4 are the invariant functions
for the structures pμ/qγ5, qμ/qγ5, qμγ5, and γμγ5, respec-
tively. The sum rules for the (b̄iσμνqνγ5d) transition current
can be obtained from Eq. (19) by making the replacements
gTi → f Ti , g̃Ti → f̃ Ti , mN∗ → −mN∗ , and �I I

i → �I I ′
i .

The explicit form of these invariant functions for the afore-
mentioned structures are presented in Appendix-B.

Solving these equations we can eliminate the �∗ pole from
the sum rules. As the result we obtain the desired sum rules
responsible for the �b → N∗ transition. In the next section
we present our numerical results on these form factors.

In full QCD for describing �b → N∗ transition we have
10 independent form factors. The number of independent
form factors for �b → N∗ transitions reduces considerably
in the heavy quark limit. Using the heavy quark symmetry
and the soft collinear effective theory in [13–15] it is obtained
that the matrix element for �b → N∗ transition can be in
terms of only one universal function ξ(pv).

〈N∗(p)|db|�b(p
′)〉 = ξ(pv)ūN∗(p)u�b (p) (20)

to the leading order. Using this relation and the definitions of
the matrix elements in full QCD presented in Eqs. (1)–(3),
we immediately get the following relations among the form
factors:

f1(q
2) = g1(q

2) = f T2 (q2) = gT2 (q2) = ξ(pv),

f2(q
2) = g2(q

2) = f3(q
2) = g3(q

2)

= f T1 (q2) = f T2 (q2) = 0 (21)

At the end of this section, we would like to make the follow-
ing remark. For a complete description of the heavy-to-light
baryon transition form factors, it is necessary to take into
account non-factorizable contributions. The non-factorizable
contribution is described by following non-local matrix ele-
ment:

hμ = i
∫

d4x eiqx 〈�b(p
′)| jel

μ (x)Heff (0)|N∗(p)〉. (22)

The hμ generated by the including to the matrix element
of the four-quark operators with �B = 1 effective weak
Hamiltonian together with electromagnetic current for rel-
evant quarks. The matrix element hμ does not factorize
into multiplication of leptonic current and form factors. The
contributions can be described by “hard spectator scatter-
ing”, “weak annihilation”, “hard vertex corrections”, “soft
gluon radiations” (see Fig. 3. These figures are taken from
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Table 1 The parametrization of
the form factors of the
�b → N∗�+�− decay for
LQSR-1

fi (0) a0 a1 a2

f1 − 0.297 ± 0.080 0.44 ± 0.11 − 0.17 ± 0.03 4.16 ± 0.40

f2 − 0.213 ± 0.064 − 0.15 ± 0.03 − 1.36 ± 0.26 5.22 ± 0.90

f3 − 0.060 ± 0.018 0.74 ± 0.10 − 7.24 ± 1.20 16.22 ± 2.20

g1 − 0.028 ± 0.084 − 0.35 ± 0.06 2.97 ± 0.60 − 6.87 ± 0.95

g2 0.106 ± 0.031 0.31 ± 0.05 − 0.93 ± 0.16 − 0.37 ± 0.04

g3 − 0.017 ± 0.005 − 0.19 ± 0.04 1.66 ± 0.31 − 3.98 ± 0.70

f T1 − 0.0030 ± 0.0008 4.5 ± 0.9 − 43 ± 8 102 ± 20

f T2 − 0.190 ± 0.057 − 3.3 ± 0.6 29 ± 6 − 68 ± 13

gT1 0.384 ± 0.110 − 1.66 ± 0.30 19.5 ± 3.5 46 ± 9

gT2 − 0.190 ± 0.056 1.9 ± 0.36 − 20 ± 4 47 ± 9

Table 2 The same as Table 1,
but for LQSR-2

fi (0) a0 a1 a2

f1 − 0.202 ± 0.060 −0.27 ± 0.06 − 0.17 ± 0.03 2.37 ± 0.33

f2 −0.0640 ± 0.0018 −0.060 ± 0.012 − 2.87 ± 0.50 1.20 ± 0.20

f3 0.0500 ± 0.0015 0.60 ± 0.14 − 4.52 ± 0.80 9.07 ± 1.50

g1 −0.144 ± 0.043 −0.38 ± 0.06 1.65 ± 0.22 − 2.51 ± 0.42

g2 0.062 ± 0.002 0.24 ± 0.04 − 1.08 ± 0.15 − 1.17 ± 0.20

g3 −0.032 ± 0.001 −0.20 ± 0.03 1.47 ± 0.23 − 3.11 ± 0.50

f T1 0.0210 ± 0.0063 0.27 ± 0.05 −1.3 ± 0.26 0.55 ± 0.10

f T2 −0.176 ± 0.052 −0.57 ± 0.11 1.86 ± 0.35 0.04 ± 0.008

gT1 0.203 ± 0.060 0.56 ± 0.10 −1.71 ± 0.34 0.023 ± 0.004

gT2 −0.176 ± 0.052 − 0.19 ± 0.03 0.078 ± 0.015 −0.030 ± 0.006

[16]). For calculations of these contributions some non-
perturbative approaches are needed (More details about the
non-factorizable effects, see [15]).

In the present work, we calculate only factorizable con-
tributions and we plan to present a detailed analysis of the
non-factorizable contributions elsewhere in future.

3 Numerical analysis

In this section we present our numerical results on the
form factors that describe the �b → N∗ transition. First
let us specify the input parameters which are needed in
performing the numerical calculations. The masses of the
�b and �∗

b baryons which we use in our calculations are
�b = 5.62 GeV and �∗

b = 5.85 GeV, and the mass
of the nucleon is mN∗ = 1.52 GeV [17]. The residues
λ�b and λ�∗

b
of the relevant baryons are taken from [5]

having the values λ�b = (6.5 ± 1.5) × 10−2 GeV3 and
λ�∗

b
= (7.5 ± 2.0) × 10−2 GeV3. The mass of the b quark is

assigned to its MS given as mb = (4.16 ± 0.03) GeV [17].
The values of the quark condensates of the light quarks are
taken as, 〈ūu〉(1 GeV) = 〈d̄d〉(1 GeV) = −(246+28

−19 MeV)3.
As has already been noted the main nonperturbative param-

eters are DAs of the N∗ baryon. The expressions of the N∗
DAs, as well as the coefficients φ

(±,0)
i , ψ

(±,0)
i , and ξ

(±,0)
i ,

appearing in the DAs are obtained in [12] (also in [18–
23]), and for completeness they are presented in Appendix
A.

The sum rules for the transition form factors contain three
auxiliary parameters: The Borel mass parameter M2, the con-
tinuum threshold s0 and the arbitrary parameter β. The Borel
mass parameter and the continuum threshold s0 are deter-
mined from the criteria that the sum rule dictates, i.e., the
suppression of the contributions coming from the continuum
states and the higher twist contributions should be satisfied.
Our analysis shows that the working regions of M2 and s0

lie in the region M2 = (10 ± 5) GeV2, s0 = (40 ± 1) GeV2,
when aforementioned conditions are fulfilled, and hence sum
rules predictions are reliable. The final step of our analysis is
is the determination of the working region of the parameter β.
Our numerical study shows that when −1 ≤ cos θ ≤ −0.5,
where tan θ = β the results for the residues and masses are
rather stable with respect to the variation of β, and we choose
β = −1.

The LCSR predictions are reliable up to the range q2 ≤
q2
max = (m�b −mN∗)2. In order to calculate the decay width

the LCSR predictions for the form factors need to be extrap-
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Fig. 1 The dependence of the
differential branching ratio for
the �b → N∗μ+μ− transition
on s, at s0 = 40 GeV 2, and
M2 = 25 GeV2

Fig. 2 The same as in Fig. 1,
but for the �b → N∗τ+τ−
transition

olated to the whole physical region. For this purpose we use
the z-series parametrization that is proposed in [24],

z(q2, t0) =
√
t+ − q2 − √

t+ − t0√
t+ − q2 + √

t+ − t0
, (23)

where t0 = (m�b − mN∗)2, t+ = (mB + mπ )2. The
parametrization that best reproduces the form factors pre-
dicted by the LCSR in the region q2 ≤ 11 GeV2, is given
as

f (q2) = 1

1 − q2/(m f
pole)

2

{
a f

0 + a f
1 z(q2, t0) + a f

2

[
z(q2, t0)

]2}
. (24)

For the pole masses we use,

mpole =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

mB∗ = 5.325 GeV for f1, f2, f T1 , f T2 ; g̃1, g̃2, g̃T1 , g̃T2

mB1 = 5.723 GeV for g1, g2, gT1 , gT2 ; f̃1, f̃2, f̃ T1 , f̃ T2

mB0 = 5.749 GeV for f3; g̃3

mB = 5.280 GeV for g3; f̃3

In Tables 1 and 2 we present the fit parameters a0, a1 and a2

that results from our numerical analysis.
From the results for the form factors (see Tables 1

and 2), we observe that the LQSR-2 predictions nicely
reproduce the relations among form factors given in Eq.
(23).
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Fig. 3 Diagrams describing
non-factorizable contributions to
�b → N∗�+�− decay. Here,
the black square corresponds to
the four quark operators in the
weak Hamiltonian and the
crossed circle indicates possible
radiation of the virtual photon

Using the definition of the form factors the differential
decay width is calculated in the standard manner whose result
is given below:

d(s)

ds
= G2α2m�b

4096π5
|VtbV ∗

td |2v
√

λ(1, r, s)

[
T1(s) + 1

3
T2(s)

]
,

(25)

where v� =
√

1 − 4m2
�/q

2 is the lepton velocity, λ(1, r, s) =
1+r2+s2−2r−2s−2rs, s = q2/m�b , and r = m2

N∗/m2
�b

,

α is the fine structural constant, and the expressions of 1(s)
and 2(s) are given in the Appendix-C.

The dependence of the differential branching ratios on q2

for the �b → N∗μ+μ− and �b → N∗τ+τ− decays, at
s0 = 40 GeV2, M2 = 25 GeV2 and β = −1 are presented
in Figs. 1 and 2, respectively. In these figures the graphical
results predicted by the LCSR-1 and LCSR-2 cases are shown
together (Fig. 3).

Performing integration over s in the range 4m2
�/m

2
�b

≤
s ≤ (1 − √

r)2, we obtain the branching ratios for the
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Table 3 Branching ratios for the �b → N∗�+�−, (� = e, μ, τ)

decays

LCSR-1 LCSR-2

Br(�b → N∗e+e−) (4.62±1.85)×10−8 (3.56±1.42)×10−8

Br(�b → N∗μ+μ−) (4.25±1.50)×10−8 (3.25±1.24)×10−8

Br(�b → N∗τ+τ−) (0.25±0.09)×10−8 (0.180±0.067)×10−8

�b → N∗�+�− (� = e, μ, τ) decays in the case when long
distance effects are due to the J/ψ family, and these results
are given in Table 3.

It follows from these results that, especially for the e and μ

channels, the branching ratios are quite large and could poten-
tially be measurable at LHCb. The discovery of these decays
would provide useful information about the inner structure
of the N∗ baryon.

Finally, a comparison of the �b → N�+�− and �b →
N∗�+�− decays shows that the central values of the branch-
ing ratio of the former is approximately two (eight) times
larger than the �b → N∗e+e− (�b → N∗τ+τ−)
decays.

Conclusion

In this work the transition form factors of the �b → N∗�+�−
decay are estimated, which is an alternative approach to
extract information about the inner properties of the N∗
baryon. The contribution coming from the �∗

b baryon is elim-
inated by constructing the sum rules with the choice of several
different Lorentz structures. Using this result, we also calcu-
late the branching ratio of the �b → N�+�− and decays.
We see that the branching ratios of the �b → N∗e+e− and
�b → N∗μ+μ− seem to be large enough to be detected at
LHCb.
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Appendix A: N∗ distribution amplitudes

In this Appendix, we present the N∗ DAs, which are nec-
essary to calculate the � → N∗ transition form factors.
The DAs of the N∗ baryon are defined from the matrix ele-

ment 〈0
∣∣∣εabcuaα(a1x)dbβ(a2x)dcγ (a3x)

∣∣∣ N∗(p)〉. The general

decomposition of this matrix in terms of the DAs of the N∗
baryon is given below (see [12]).

4〈0
∣∣∣εabcuaα(a1x)d

b
β(a2x)d

c
γ (a3x)

∣∣∣ N∗(p)〉
= S1mN∗CαβN

∗
γ − S2m

2
N∗Cαβ(/xN∗)γ

+P1mN∗(γ5C)αβ(γ5N
∗)γ

+P2m
2
N∗(γ5C)αβ(γ5/xN∗)γ

−
(
V1 + x2m2

N∗
4

VM
1

)
(/pC)αβN

∗
γ

+V2mN∗(/pC)αβ(/xN∗)γ
+V3mN∗(γμC)αβ(γ μN∗)γ − V4m

2
N∗(/xC)αβN

∗
γ

−V5m
2
N∗(γμC)αβ(iσμνxνN

∗)γ
+V6m

3
N∗(/xC)αβ(/xN∗)γ

−
(
A1 + x2m2

N∗
4

AM
1

)
(/pγ5C)αβ(γ N∗)γ

+A2mN∗(/pγ5C)αβ(/xγ5N
∗)γ

+A3mN∗(γμγ5C)αβ(γ μγ5N
∗)γ

−A4m
2
N∗(/xγ5C)αβ(γ5N

∗)γ
−A5m

2
N∗(γμγ5C)αβ(iσμνxνγ5N

∗)γ
+A6m

3
N∗(/xγ5C)αβ(/xγ5N

∗)γ

−
(
T1 + x2m2

N∗
4

T M
1

)
(iσμν pνC)αβ(γ μN∗)γ

+T2mN∗(iσμνx
μ pνC)αβN

∗
γ

+ T3mN∗(σμνC)αβ(σμνN∗)γ
+T4mN∗(σμν p

νC)αβ(σμρxρN
∗)γ

−T5m
2
N∗(iσμνx

νC)αβ(γ μN∗)γ
−T6m

2
N∗(iσμνx

μ pνC)αβ(/xN∗)γ
−T7m

2
N∗(σμνC)αβ(σμν /xN∗)γ

+T8m
3
N∗(σμνx

νC)αβ(σμρxρN
∗)γ .

The functions labeled with calligraphic letters in the above
expression do not possess definite twists but they can be writ-
ten in terms of the N∗ distribution amplitudes (DAs) with
definite and increasing twists via the scalar product p·x and
the parameters ai , i = 1, 2, 3. The relations between the two
sets of DAs for the N∗, and for the scalar, pseudo-scalar,
vector, axial vector and tensor DAs for nucleons are:
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S1 = S1

2(p ·x)S2 = S1 − S2

P1 = P1

2(p ·x)P2 = P2 − P1

V1 = V1

2(p ·x)V2 = V1 − V2 − V3

2V3 = V3

4(p ·x)V4 = −2V1 + V3 + V4 + 2V5

4(p ·x)V5 = V4 − V3

4(p ·x)2V6 = −V1 + V2 + V3 + V4 + V5 − V6

A1 = A1

2(p ·x)A2 = −A1 + A2 − A3

2A3 = A3

4(p ·x)A4 = −2A1 − A3 − A4 + 2A5

4(p ·x)A5 = A3 − A4

4(p ·x)2A6 = A1 − A2 + A3 + A4 − A5 + A6

T1 = T1

2(p ·x)T2 = T1 + T2 − 2T3

2T3 = T7

2(p ·x)T4 = T1 − T2 − 2T7

2(p ·x)T5 = −T1 + T5 + 2T8

4(p ·x)2T6 = 2T2 − 2T3 − 2T4 + 2T5 + 2T7 + 2T8

4(p ·x)T7 = T7 − T8

4(p ·x)2T8 = −T1 + T2 + T5 − T6 + 2T7 + 2T8

where the terms in x2, VM
1 ,AM

1 and T M
1 are left aside.

The distribution amplitudes F[ai (p ·x)]= Si , Pi , Vi , Ai ,
Ti can be represented as:

F[ai (p ·x)] =
∫

dx1dx2dx3δ(x1 + x2

+ x3 − 1)eip·x�i xi ai F(xi ).

where, xi with i = 1, 2 and 3 are longitudinal momentum
fractions carried by the participating quarks.

The explicit expressions for the � DAs up to twist 6 are
given as: Twist-3 DAs:

V1(xi , μ) = 120x1x2x3

[
φ0

3(μ) + φ+
3 (μ)(1 − 3x3)

]
,

A1(xi , μ) = 120x1x2x3(x2 − x1)φ
−
3 (μ),

T1(xi , μ) = 120x1x2x3

[
φ0

3(μ)

− 1

2

(
φ+

3 − φ−
3

)
(μ)(1 − 3x3)

]
.

Twist-4 DAs:

V2(xi , μ) = 24x1x2

[
φ0

4(μ) + φ+
4 (μ)(1 − 5x3)

]
,

A2(xi , μ) = 24x1x2(x2 − x1)φ
−
4 (μ),

T2(xi , μ) = 24x1x2

[
ξ0

4 (μ) + ξ+
4 (μ)(1 − 5x3)

]
,

V3(xi , μ) = 12x3

[
ψ0

4 (μ)(1 − x3)

+ψ+
4 (μ)(1 − x3 − 10x1x2)

+ψ−
4 (μ)(x2

1 + x2
2 − x3(1 − x3))

]
,

A3(xi , μ) = 12x3(x2 − x1)
[(

ψ0
4

+ψ+
4

)
(μ) + ψ−

4 (μ)(1 − 2x3)
]
,

T3(xi , μ) = 6x3

[
(φ0

4 + ψ0
4 + ξ0

4 )(μ)(1 − x3)

+(φ+
4 + ψ+

4 + ξ+
4 )(μ)(1 − x3 − 10x1x2)

+ (φ−
4 − ψ−

4 + ξ−
4 )(μ)(x2

1

+x2
2 − x3(1 − x3))

]
,

T7(xi , μ) = 6x3

[
(φ0

4 + ψ0
4 − ξ0

4 )(μ)(1 − x3)

+(φ+
4 + ψ+

4 − ξ+
4 )(μ)(1 − x3 − 10x1x2)

+ (φ−
4 − ψ−

4 − ξ−
4 )(μ)(x2

1 + x2
2

−x3(1 − x3))] ,

S1(xi , μ) = 6x3(x2 − x1)
[
(φ0

4 + ψ0
4 + ξ0

4 + φ+
4

+ψ+
4 + ξ+

4 )(μ)

+(φ−
4 − ψ−

4 + ξ−
4 )(μ)(1 − 2x3)

]
,

P1(xi , μ) = 6x3(x1 − x2)
[
(φ0

4 + ψ0
4 − ξ0

4 + φ+
4

+ψ+
4 − ξ+

4 )(μ)

+(φ−
4 − ψ−

4 − ξ−
4 )(μ)(1 − 2x3)

]
.

Twist-5 DAs:

V4(xi , μ) = 3
[
ψ0

5 (μ)(1 − x3) + ψ+
5 (μ)(1 − x3

−2(x2
1 + x2

2 ))

+ψ−
5 (μ) (2x1x2 − x3(1 − x3))

]
,

A4(xi , μ) = 3(x2 − x1)[
−ψ0

5 (μ) + ψ+
5 (μ)(1 − 2x3) + ψ−

5 (μ)x3

]
,

T4(xi , μ) = 3

2

[
(φ0

5 + ψ0
5 + ξ0

5 )(μ)(1 − x3)

+ (
φ+

5 +ψ+
5 +ξ+

5

)
(μ)(1−x3−2(x2

1+x2
2 ))

+ (
φ−

5 −ψ−
5 +ξ−

5

)
(μ) (2x1x2−x3(1−x3))

]
,

T8(xi , μ) = 3

2

[
(φ0

5 + ψ0
5 − ξ0

5 )(μ)(1 − x3)

+ (
φ+

5 +ψ+
5 −ξ+

5

)
(μ)(1−x3−2(x2

1+x2
2 ))

+ (
φ−

5 −ψ−
5 −ξ−

5

)
(μ) (2x1x2−x3(1−x3))

]
,

V5(xi , μ) = 6x3

[
φ0

5(μ) + φ+
5 (μ)(1 − 2x3)

]
,

A5(xi , μ) = 6x3(x2 − x1)φ
−
5 (μ),

T5(xi , μ) = 6x3

[
ξ0

5 (μ) + ξ+
5 (μ)(1 − 2x3)

]
,
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S2(xi , μ) = 3

2
(x2 − x1)

[
−

(
φ0

5 + ψ0
5 + ξ0

5

)
(μ)

+ (
φ+

5 + ψ+
5 + ξ+

5

)
(μ)(1 − 2x3)

+ (
φ−

5 − ψ−
5 + ξ−

5

)
(μ)x3

]
,

P2(xi , μ) = 3

2
(x2 − x1)

[
−

(
−φ0

5 − ψ0
5 + ξ0

5

)
(μ)

+ (−φ+
5 − ψ+

5 + ξ+
5

)
(μ)(1 − 2x3)

+ (−φ−
5 + ψ−

5 + ξ−
5

)
(μ)x3

]
.

Twist-6:

V6(xi , μ) = 2
[
φ0

6(μ) + φ+
6 (μ)(1 − 3x3)

]
,

A6(xi , μ) = 2(x2 − x1)φ
−
6 ,

T6(xi , μ) = 2
[
φ0

6(μ) − 1

2

(
φ+

6 − φ−
6

)
(1−3x3)

]
.

Finally the x2 corrections to the corresponding expressions
VM

1 , AM
1 , T M

1 for the leading twist DAs V1, A1 and T1 in the
momentum fraction space are given as:

VM
1 (x2) =

1−x2∫

0

dx1V
M

1 (x1, x2, 1 − x1 − x2)

= x2
2

24

[
fN∗Cu

f (x2) + λN∗
1 Cu

λ(x2)
]
,

where

Cu
f (x2) = (1 − x2)

3
[
113 + 495x2

− 552x2
2 − 10Au

1(1 − 3x2)

+ 2V d
1 (113 − 951x2 + 828x2

2 )
]
,

Cu
λ(x2) = −(1 − x2)

3
[
13−20 f d1 +3x2+10 f u1 (1−3x2)

]
.

The expression for the axial-vector function AM(u)
1 (x2) is

given as:

AM(u)
1 (x2) =

∫ 1−x2

0
dx1A

M
1 (x1, x2, 1 − x1 − x2),

= x2
2

24
(1 − x2)

3
[
fN∗ Du

f (x2) + λN∗
1 Du

λ(x2)
]
,

with

Du
f (x2) = 11 + 45x2 − 2Au

1(113 − 951x2 + 828x2
2 )

+ 10V d
1 (1 − 30x2),

Du
λ(x2) = 29 − 45x2 − 10 f u1 (7 − 9x2) − 20 f d1 (5 − 6x2).

Similarly, we get for the function T M(u)
1 (x2):

T M(u)
1 (x2) =

∫ 1−x2

0
dx1T

M
1 (x1, x2, 1 − x1 − x2),

= x2

48

[
fN∗Eu

f (x2) + λN∗
1 Eu

λ(x2)
]
,

where

Eu
f (x2) = −

{
(1 − x2)

[
3(439 + 71x2

− 621x2
2 + 587x3

2 − 184x4
2 )

+ 4Au
1(1 − x2)

2(59 − 483x2 + 414x2
2 )

− 4V d
1 (1301 − 619x2 − 769x2

2

+ 1161x3
2 − 414x4

2 )
]}

− 12(73 − 220V d
1 ) ln[x2],

Eu
λ(x2) = −

{
(1 − x2)

[
5 − 211x2 + 281x2

2

− 111x3
2 + 10(1 + 61x2 − 83x2

2 + 33x3
2) f d1

− 40(1 − x2)
2(2 − 3x2) f

u
1

]}

− 12(3 − 10 f d1 ) ln[x2].
The following functions are encountered to the above

amplitudes and they can be defined in terms of the 8 indepen-
dent parameters, namely fN∗ ,λ1,λ2 and f u1 , f d1 , f d2 , Au

1, V d
1 :

φ0
3 = φ0

6 = fN∗

φ0
4 = φ0

5 = 1

2
( fN∗ + λN∗

1 )

ξ0
4 = ξ0

5 = 1

6
λN∗

2

ψ0
4 = ψ0

5 = 1

2
( fN∗ − λN∗

1 ),

φ−
3 = 21

2
fN∗ Au

1, φ+
3 = 7

2
fN∗(1 − V d

1 ),

φ+
4 = 1

4

[
fN∗(3 − 10V d

1 ) + λN∗
1 (3 − 10 f d1 )

]
,

φ−
4 = −5

4

[
fN∗(1 − 2Au

1) − λN∗
1 (1 − 2 f d1 − 4 f u1 )

]
,

ψ+
4 = −1

4

[
fN∗(2 + 5Au

1 − 5V d
1 )

−λN∗
1 (2 − 5 f d1 − 5 f u1 )

]
,

ψ−
4 = 5

4

[
fN∗(2 − Au

1 − 3V d
1 ) − λN∗

1 (2 − 7 f d1 + f u1 )
]
,

ξ+
4 = 1

16
λN∗

2 (4 − 15 f d2 ),

ξ−
4 = 5

16
λN∗

2 (4 − 15 f d2 ),

φ+
5 = −5

6

[
fN∗(3 + 4V d

1 ) − λN∗
1 (1 − 4 f d1 )

]
,

φ−
5 = −5

3

[
fN∗(1 − 2Au

1) − λN∗
1 ( f d1 − f u1 )

]
,

ψ+
5 = −5

6

[
fN∗(5 + 2Au

1 − 2V d
1 ) − λN∗

1 (1 − 2 f d1 − 2 f u1 )
]
,

ψ−
5 = 5

3

[
fN∗(2 − Au

1 − 3V d
1 ) + λN∗

1 ( f d1 − f u1 )
]
,

ξ+
5 = 5

36
λN∗

2 (2 − 9 f d2 ),

123
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Table 4 Parameters of the DAs for the N∗(1535) baryon at μ2 = 2 GeV 2

Model λN∗
1 /λN

1 fN∗/λN∗
1 ϕ10 ϕ11 ϕ20 ϕ21 ϕ22 η10 η11

[17] LCSR-1 0.633 0.027 0.36 −0.95 0 0 0 0 0.94

[17] LCSR-2 0.633 0.027 0.37 −0.96 0 0 0 −0.29 0.23

[18] LATTICE 0.633 0.027 0.28 −0.86 1.7 −2 1.7 0 0

ξ−
5 = −5

4
λN∗

2 f d2 ,

φ+
6 = 1

2

[
fN∗(1 − 4V d

1 ) − λN∗
1 (1 − 2 f d1 )

]
,

φ−
6 = 1

2

[
fN∗(1 + 4Ad

1) + λN∗
1 (1 − 4 f d1 − 2 f u1 )

]
,

where the parameters Au
1, V d

1 , f d1 , f u1 and f d2 are defined
as [17],

Au
1 = ϕ10 + ϕ11,

V d
1 = 1

3
− ϕ10 + 1

3
ϕ11,

f u1 = 1

10
− 1

6

fN∗

λN∗
1

− 3

5
η10 − 1

3
η11,

f d1 = 3

10
− 1

6

fN∗

λN∗
1

+ 1

5
η10 − 1

3
η11,

f d2 = 4

15
+ 2

5
ξ10,

The numerical values of the parameters ϕ10, ϕ11, ϕ20, ϕ21,

ϕ22, η10, η11 and fN∗/λN∗
1 , and λN∗

1 /λN
1 are presented in

Table 4 (this table is taken from [10]).

Appendix B

1 Invariant functions of the transition current (b̄γμd)

In this section we present the expressions for the invariant
functions�I

1(p, q),�I
2(p, q),�I

3(p, q)�I
4(p, q),�I

5(p, q),
and �I

6(p, q) for coefficients of the structures pμγ5, pμ/qγ5,
γμγ5, γμ/qγ5, qμγ5, and qμ/qγ5, respectively, for the transi-
tion current (b̄γμd) which appear in the sum rules.

Invariant function �I
1(p, q) for the structure pμγ5

D I
13(x) = −m2

N∗
{
xmN∗(x2m2

N∗ + Q2)(2 + β) ˜̃T 6

+mb

[ ˜̃A6x
2m2

N∗(1 + 3β) + Q2(−1 + β) ˜̃T 6

+ x2m2
N∗

( ˜̃V6(3 + β) + 2(−1 + β) ˜̃T 8

)

+ xmN∗
( ˜̃A6 − 3 ˜̃V6(−1 + β)

− ˜̃A6β − (2 + β) ˜̃T 6

+ 2(5 + 4β) ˜̃T 8

)
mb

]}

−m2
N∗m2

b

{
xmN∗

[
(̂450AM

1 − 3V̂ M
1 )(−1 + β)

+ 2(5 + 4β)T̂ M
1

]

+
(
V̂ M

1 (3 + β) − ÂM
1 (1 + 3β)

+ 2(−1 + β)T̂ M
1

)
mb

}
.

D I
12(x) = m2

N∗
2

{
xmN∗

[ ˜̃A6(−1 + β)

+ 3 ˜̃V6(−1 + β) + 2(2 + β) ˜̃T 6

− 2(5 + 4β) ˜̃T 8

]
+ (−1 + β) ˜̃T 6mb}

+ mN∗

4

{
− 3x2m2

N∗ Ṽ4 + 7x2m2
N∗ Ṽ5

− 4x2m2
N∗P̃2 + 4(Ã2 + Ṽ2)Q

2 + 8x2m2
N∗ S̃2

− Ã4x
2m2

N∗(−1 + β) + 5Ã5x
2m2

N∗(−1 + β)

+ 3x2m2
N∗ Ṽ4β − 7x2m2

N∗ Ṽ5β

− 8x2m2
N∗P̃2β

− 4Ã2Q
2β − 4Ṽ2Q

2β + 4x2m2
N∗ S̃2β

− 4x2m2
N∗ T̃2 + 2Q2T̃2

− 2x2m2
N∗βT̃2 + 4Q2βT̃2 + 4x2m2

N∗ T̃4

+ 14Q2T̃4 + 2x2m2
N∗βT̃4 + 16Q2βT̃4

− 20x2m2
N∗ T̃5 − 16x2m2

N∗βT̃5

− 36x2m2
N∗(1 + β)T̃7

+mb

[
xmN∗

(
Ã4 + Ã5 + 6Ṽ2

− 3Ṽ4 − 3Ṽ5 + Ã2(2 + 6β) − 4T̃4

+β(3Ã4 + 3Ã5 + 2Ṽ2 − Ṽ4 − Ṽ5 + 4T̃4 − 4T̃5)

+ 4T̃5

)
+ 2

(
Ã2 + 3Ṽ2 − Ã2β + 2T̃2 + 8T̃4

+β(−3Ṽ2 + T̃2 + 7T̃4)
)
mb

]}

+ xm3
N∗

2

[
ÂM

1 + 3V̂ M
1 (−1 + β) − ÂM

1 β

− 2(5 + 4β)T̂ M
1

]
.

D I
11(x) = mN∗

2
(−1 + β)(Ã2 − Ṽ2 − T̃2 − T̃4)

+ xmN∗

2

{
− 3Â3 + 3V̂1 − 5V̂3 + Â1(−1 + β)

+β(3Â3 − 3V̂1 + 5V̂3 + 4P̂1 + 2Ŝ1

123
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+8T̂1 − 18T̂3) + 2(P̂1 + 2Ŝ1 + 5T̂1 − 9T̂3)
}

+
(
V̂1(3+β)−Â1(1+3β)+2(−1+β)T̂1

)
mb.

Invariant function �I
2(p, q) for the structure pμ/qγ5

D I
22(x) = −m2

N∗
{
(x2m2

N∗ + Q2)(2 + β) ˜̃T 6

+ xmN∗
[ ˜̃A6 + 3 ˜̃A6β + ˜̃V6(3 + β)

− (−1 + β)( ˜̃T 6 − 2 ˜̃T 8)
]

mb + ( ˜̃T 6 + 2β ˜̃T 6)m
2
b

}

+m2
N∗(−1 + β)( ÂM

1 + V̂ M
1 + 2T̂ M

1 )m2
b.

D I
22(x) = 3m2

N∗
2

˜̃T 6

− mN∗

4

{
xmN∗

[
− Ã4 + 5Ã5 + 4Ṽ2

+ 3Ṽ4 − 7Ṽ5 + 4P̃2

− 8S̃2 − 4Ã2(−1 + β) + 6T̃2 + 10T̃4

+ 20T̃5 + 36T̃7 + β
(
Ã4 − 5Ã5 − 4Ṽ2 − 3Ṽ4

+ 7Ṽ5 + 8P̃2 − 4S̃2 + 6T̃2 + 14T̃4

+ 16T̃5 + 36T̃7

)]
− 2(Ã2 + 3Ã2β + Ṽ2(3 + β)

+ (−1 + β)(T̃2 + T̃4))mb

}

+ m2
N∗
2

(−1 + β)( ÂM
1 + V̂ M

1 + 2T̂ M
1 ).

D I
21(x) = −1

2
(−1 + β)(Â1 + V̂1 + 2T̂1).

Invariant function �I
3(p, q) for the structure γμγ5

D I
33(x) = m2

N∗ 4xmb

{
− 3xmN∗(x2m2

N∗

+ Q2)(−1 + β) ˜̃T 6 + mb

[
2 ˜̃A6x

2m2
N∗(−1 + β)

− 3Q2(1 + β) ˜̃T 6 + kx2m2
N∗(6 ˜̃V6(−1 + β)

+ 3(1 + β) ˜̃T 6 − 2(11 + 7β) ˜̃T 8)

+mb

(
xmN∗ [2 ˜̃A6(1 + β)

+2 ˜̃V6(1 + β) + (−1 + β)(3 ˜̃T 6 − 14 ˜̃T 8)]
− 3(1 + β) ˜̃T 6mb

)]}

+ m2
N∗

2x
m2

b

{
−

[
(2x2m2

N∗( ÂM
1 − V̂ M

1 )

− ( ÂM
1 + V̂ M

1 )Q2)(−1 + β)
]

−
[

− 2Q2(−1 + β) + 9x2m2
N∗(1 + β)

]
T̂ M

1

+ xmN∗
[
(− ÂM

1 + V̂ M
1 )(1 + β)

− 7(−1 + β)T̂ M
1

]
mb

+ (−1 + β)( ÂM
1 + V̂ M

1 + 2T̂ M
1 )m2

b

}
.

D I
32(x) = m2

N∗
8x

{
2 ˜̃A6x

2m2
N∗(−1 + β) − Q2(−1 + β) ˜̃T 6

+ x2m2
N∗

[
6 ˜̃V6(−1 + β) + (7 + 5β) ˜̃T 6

− 2(11 + 7β) ˜̃T 8

]

+mb

[
xmN∗

(
2 ˜̃V6(3 + β) + ˜̃A6(2 + 6β)

+ (−1 + β)( ˜̃T 6 + 4 ˜̃T 8)
)

+ (7 + 5β) ˜̃T 6mb

]}

+ mN∗

8x

{
−

[
xmN∗(x2m2

N∗ + Q2)(4Ã2(−1 + β)

+ 4Ṽ2(−1 + β) − 3(1 + β)(T̃2 + 5T̃4))
]

+mb

[
x2m2

N∗ Ṽ4 − 9x2m2
N∗ Ṽ5 + 6x2m2

N∗P̃2

− 2(Ã2 + Ṽ2)Q
2 − 2x2m2

N∗ S̃2 + x2m2
N∗ Ṽ4β

− 5x2m2
N∗ Ṽ5β − 6x2m2

N∗P̃2β

− 2Ã2Q
2β − 2Ṽ2Q

2β + 2x2m2
N∗ S̃2β

− Ã4x
2m2

N∗(1 + β)

+ Ã5x
2m2

N∗(5 + 9β) + 3x2m2
N∗ T̃2

− 3Q2T̃2−3x2m2
N∗βT̃2+3Q2βT̃2−3x2m2

N∗ T̃4

− 11Q2T̃4 + 3x2m2
N∗βT̃4 + 11Q2βT̃4

+ 14x2m2
N∗ T̃5

− 14x2m2
N∗βT̃5 − 24x2m2

N∗(−1 + β)T̃7

+mb

(
xmN∗ [Ã4 − 7Ã5 + 2Ṽ2 − 3Ṽ4 + 5Ṽ5

− 6P̃2 + 6S̃2 + 2Ã2(−1 + β) − 3T̃2 + 7T̃4

− 22T̃5 − 36T̃7 − β(Ã4 − 7Ã5 + 2Ṽ2 − 3Ṽ4

+ 5Ṽ5+6P̃2−6S̃2+3T̃2+T̃4 + 14T̃5 + 36T̃7)]
− (2Ã2(1 + β) + 2Ṽ2(1 + β)

− (−1 + β)(3T̃2 + 11T̃4))mb

)]}

+ m2
N∗

4x

{
−

[
(2x2m2

N∗( ÂM
1 − V̂ M

1 )

− ( ÂM
1 + V̂ M

1 )Q2)(−1 + β)
]

−
[

− 2Q2(−1 + β) + 9x2m2
N∗(1 + β)

]
T̂ M

1

− (−1 + β)( ÂM
1 + V̂ M

1 + 2T̂ M
1 )m2

b

}
.

D I
31(x) = m2

N∗
8x

(−1 + β) ˜̃T 6 + mN∗

8x

{
2xmN∗(−1 + β)

[
Ã2 + Ã5 − Ṽ2 + Ṽ5 + P̃2 + S̃2 − T̃4 + T̃5

]

+
[
2Ã2(1 + β) + 2Ṽ2(1 + β)

− (−1 + β)(3T̃2 + 11T̃4)
]
mb

}

+ 1

4x

{
2x2m2

N∗ V̂1 − 4x2m2
N∗ V̂3

123
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+3x2m2
N∗P̂1 + V̂1Q

2 + 3x2m2
N∗ Ŝ1

+ 4Â3x
2m2

N∗(−1 + β)

+ Â1(2x
2m2

N∗ − Q2)(−1 + β) − 2x2m2
N∗ V̂1β

+ 4x2m2
N∗ V̂3β + 3x2m2

N∗P̂1β − V̂1Q
2β

+ 3x2m2
N∗ Ŝ1β + 9x2m2

N∗ T̂1 + 2Q2T̂1

+ 9x2m2
N∗βT̂1 − 2Q2βT̂1 − 18x2m2

N∗(1 + β)T̂3

+mb

[
xmN∗(3Â3 − V̂1 + 5V̂3 − 3P̂1

− Ŝ1 + Â1(1 + β) − 7T̂1 + β(5Â3 − V̂1 + 3V̂3

+ 3P̂1 + Ŝ1 + 7T̂1 − 12T̂3) + 12T̂3)

− (−1 + β)(Â1 + V̂1 + 2T̂1)mb

]}

− m2
N∗

4x
(−1 + β)( ÂM

1 + V̂ M
1 + 2T̂ M

1 ).

Invariant function �I
4(p, q) for the structure γμ/qγ5

D I
43(x) = m2

N∗
4x

mb

{
− 3(x2m2

N∗ + Q2)(−1 + β) ˜̃T 6

+ 2xmN∗
[ ˜̃A6(−1 + β)

+ 3
( ˜̃V6(−1 + β) + ˜̃T 6 + t ˜̃T 6

)

− (11 + 7β) ˜̃T 8

]
mb − 3(−1 + β) ˜̃T 6m

2
b

}

− 1

2
m3

N∗
{
V̂ M

1 + 3 ÂM
1 (−1 + β)

−V̂ M
1 β + (7 + 11β)T̂ M

1

}
m2

b.

D I
42(x) = m2

N∗
4x

{
xmN∗

[ ˜̃A6(−1 + β)

+ 3
( ˜̃V6(−1 + β) + ˜̃T 6 + β ˜̃T 6

)

− (11 + 7β) ˜̃T 8

]
+ 3(−1 + β) ˜̃T 6mb

}

+ mN∗

8x

{
−

[
(x2m2

N∗ + Q2)
(

4Ã2(−1 + β)

+ 4Ṽ2(−1 + β) − 3(1 + β)(T̃2 + 5T̃4)
)]

+ xmN∗
[
5Ã5 + 2Ṽ2 + Ṽ4 − 9Ṽ5 + 6P̃2 − 2S̃2

+ 2Ã2(1 + β) − Ã4(1 + β) + 6T̃2

+ 8T̃4 + 14T̃5 + 24T̃7 + β
(

9Ã5 + 2Ṽ2 + Ṽ4

−5Ṽ5 − 2[3P̃2 − S̃2 + 3T̃2 + 4T̃4

+ 7T̃5 + 12T̃7]
)]

mb + (−4Ã2(−1 + β)

− 4Ṽ2(−1 + β) + 3(1 + β)(T̃2 + 5T̃4))m
2
b

}

− m3
N∗
4

[
V̂ M

1 + 3 ÂM
1 (−1 + β)

− V̂ M
1 β + (7 + 11β)T̂ M

1

]
.

D I
41(x) = mN∗

8x

{
4Ã2(−1 + β) + 4Ṽ2(−1 + β)

− 3(1 + β)(T̃2 + 5T̃4)
}

+ mN∗

4

{
V̂1 − 4V̂3 + 3P̂1 + 3Ŝ1

+ 3Â1(−1 + β) + 4Â3(−1 + β)

− V̂1β + 4V̂3β + 3P̂1β

+ 3Ŝ1β + 7T̂1 + 11βT̂1 − 18(1 + β)T̂3

}
.

Invariant function �I
5(p, q) for the structure qμγ5

D I
53(x) = m2

N∗
x

{
xmN∗(x2m2

N∗ + Q2)(2 + β) ˜̃T 6

+mb

[ ˜̃A6x
2m2

N∗(1 + 3β) + Q2(−1 + β) ˜̃T 6

+ x2m2
N∗( ˜̃V6(3 + β) + 2(−1 + β) ˜̃T 8)

+mb

(
xmN∗ [ ˜̃A6 + 3 ˜̃V6 − ˜̃A6β − 3 ˜̃V6β − ˜̃T 6

− 2β ˜̃T 6+10 ˜̃T 8+8β ˜̃T 8]+(−1+β) ˜̃T 6mb

)]}

+ 2m3
N∗

{
V̂ M

1 + ÂM
1 (−1 + β)

− V̂ M
1 β + (4 + 5β)T̂ M

1

}
m2

b.

D I
52(x) = −m2

N∗
2x

{
xmN∗

[ ˜̃A6(−1 + β) + 3 ˜̃V6(−1 + β)

+ (5 + 4β)( ˜̃T 6 − 2 ˜̃T 8)
]

+ 2(−1 + β) ˜̃T 6mb

}

+ mN∗

4x

{
3x2m2

N∗ Ṽ4 − 7x2m2
N∗ Ṽ5

+ 4x2m2
N∗P̃2 − 4(Ã2 + Ṽ2)Q

2 − 8x2m2
N∗ S̃2

+ Ã4x
2m2

N∗(−1 + β) − 5Ã5x
2m2

N∗(−1 + β)

− 3x2m2
N∗ Ṽ4β + 7x2m2

N∗ Ṽ5β

+ 8x2m2
N∗P̃2β + 4Ã2Q

2β + 4Ṽ2Q
2β

− 4x2m2
N∗ S̃2β

+4x2m2
N∗ T̃2 − 2Q2T̃2

+ 2x2m2
N∗βT̃2 − 4Q2βT̃2 − 4x2m2

N∗ T̃4

− 14Q2T̃4 − 2x2m2
N∗βT̃4 − 16Q2βT̃4

+ 20x2m2
N∗ T̃5 + 16x2m2

N∗βT̃5

+36x2m2
N∗(1 + β)T̃7 + mb

[
−

(
xmN∗ [Ã4 + Ã5

− 3Ṽ4 − 3Ṽ5 + 3Ã4β + 3Ã5β

+ 2T̃2 − 2T̃4 + 4T̃5 − β(Ṽ4 + Ṽ5

+ 2T̃2 − 2T̃4 + 4T̃5)]
)

−− 2
(

2Ṽ2 + T̃2 + 7T̃4 + 2[Ã2 − Ã2β

+β(−Ṽ2 + T̃2 + 4T̃4)]
)
mb

]}

+m3
N∗

{
V̂ M

1 + ÂM
1 (−1+β)−V̂ M

1 β+(4+5β)T̂ M
1

}
.

123
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D I
51(x) = mN∗

2x

{
2Ṽ2 + T̃2 + 7T̃4

+ 2
[
Ã2 − Ã2β + β(−Ṽ2 + T̃2 + 4T̃4)

]}

+ 1

2

{
−

[
mN∗

(
2V̂1 − 5V̂3

+ 2P̂1 + 4Ŝ1 + 2Â1(−1 + β) + 3Â3(−1 + β)

+ 8T̂1 + β[−2V̂1 + 5V̂3 + 4P̂1

+ 2Ŝ1 + 10T̂1]
)]

+ 18mN∗(1 + β)T̂3

}
.

Invariant function �I
6(p, q) for the structure qμ/qγ5

D I
63(x) = m2

N∗
x

{
(x2m2

N∗ + Q2)(2 + β) ˜̃T 6

+ xmN∗( ˜̃A6 + 3 ˜̃A6β + ˜̃V6(3 + β)

− (−1 + β)( ˜̃T 6 − 2 ˜̃T 8))mb + (2 + β) ˜̃T 6m
2
b

}
.

D I
62(x) = −m2

N∗
x

(2 + β) ˜̃T 6 + m2
N∗
x

{
− Ã4 + 5Ã5 + 4Ṽ2

+ 3Ṽ4 − 7Ṽ5 + 4P̃2 − 8S̃2

− 4Ã2(−1 + β) + 6T̃2 + 10T̃4 + 20T̃5

+ 36T̃7 + β
[
Ã4 − 5Ã5 − 4Ṽ2 − 3Ṽ4

+ 7Ṽ5 + 8P̃2 − 4S̃2

+ 6T̃2 + 14T̃4 + 16T̃5 + 36T̃7

]}
.

D I
61(x) = 0.

2 Invariant functions of the transition current (b̄iσμνqνd)

In this section we present the expressions for the invariant
functions �I I

1 , �I I
2 , �I I

3 , and �I I
4 for coefficients of the

structures pμ/qγ5, qμ/qγ5, qμγ5, and γμγ5, respectively, for
the transition current (b̄iσμνqνd) which appear in the sum
rules.
Invariant function �I I

1 (p, q) for the structure pμ/qγ5

D I I
13 (x) = m2

N∗
{
xmN∗(x2m2

N∗ + Q2)(−1 + β) ˜̃T 6

+mb

[
−

( ˜̃A6x
2m2

N∗(−1 + β)
)

+ Q2(3 + β) ˜̃T 6 + x2m2
N∗(−1 + β)( ˜̃V6 − 2 ˜̃T 8)

− xmN∗
(

3 ˜̃A6(1 + β) + 3 ˜̃V6(1 + β)

+ (−1 + β)( ˜̃T 6 − 6 ˜̃T 8)
)
mb

]}

+m2
N∗m2

b

{
3xmN∗(( ÂM

1 − V̂ M
1 )(1 + β)

+ 2(−1 + β)T̂ M
1 )

+ (−1 + β)( ÂM
1 + V̂ M

1 − 2T̂ M
1 )mb

}
.

D I I
12 (x) = m2

N∗
2

{
−

[
xmN∗

(
3 ˜̃A6(1 + β) + 3 ˜̃V6(1 + β)

+ 2(−1 + β)( ˜̃T 6 − 3 ˜̃T 8)
)]

+ (−1 + β) ˜̃T 6mb

}
+ mN∗

4

{
− 3x2m2

N∗ Ṽ4

+ 9x2m2
N∗ Ṽ5 − 4x2m2

N∗P̃2 + 4Ã2Q
2

+ 8Ṽ2Q
2 + 4x2m2

N∗ S̃2 − 3x2m2
N∗ Ṽ4β

+ 9x2m2
N∗ Ṽ5β + 4x2m2

N∗P̃2β

+ 8Ã2Q
2β + 4Ṽ2Q

2β

− 4x2m2
N∗ S̃2β + 3Ã4x

2m2
N∗(1 + β)

− 9Ã5x
2m2

N∗(1 + β) − 2x2m2
N∗ T̃2 + 4Q2T̃2

+ 2x2m2
N∗βT̃2 − 4Q2βT̃2 + 2x2m2

N∗ T̃4

+ 12Q2T̃4 − 2x2m2
N∗βT̃4 − 12Q2βT̃4

− 12x2m2
N∗ T̃5 + 12x2m2

N∗βT̃5

+ 24x2m2
N∗(−1 + β)T̃7

+mb

[
xmN∗(−1 + β)(2Ã2 + Ã4 + Ã5

− 2Ṽ2 + Ṽ4 + Ṽ5 + 4T̃4 − 4T̃5)

+ 2
(

3Ã2(1 + β) + 3Ṽ2(1 + β)

− (−1 + β)(T̃2 + 5T̃4)
)
mb

]}

+ 3xm3
N∗

2

{
( ÂM

1 − V̂ M
1 )(1 + β)

+ 2(−1 + β)T̂ M
1

}
.

D I I
11 (x) = − xmN∗

2

{
6Â3 − 3V̂1 + 6V̂3 + 3Â1(1 + β)

+β
[
6Â3 − 3V̂1 + 2(3V̂3

+ P̂1 + Ŝ1 + 3T̂1 − 6T̂3)
]

− 2
(
P̂1 + Ŝ1 + 3T̂1 − 6T̂3

)}

− (−1 + β)
[
Â1 + V̂1 − 2T̂1)mb

]
.

Invariant function �I I
2 (p, q) for the structure qμ/qγ5

D I I
23 (x) = m2

N∗
4x

{
− 4xmN∗(x2m2

N∗ + Q2)(−1 + β) ˜̃T 6

+mb

[
4 ˜̃A6x

2m2
N∗(−1 + β)

− Q2(7 + 3β) ˜̃T 6 + x2m2
N∗(−4 ˜̃V6(−1 + β)

+(5 + β) ˜̃T 6 + 8(−1 + β) ˜̃T 8)

+mb

(
2xmN∗ [3 ˜̃A6(1 + β) + 3 ˜̃V6(1 + β)

− (−1 + β)( ˜̃T 6 + 5 ˜̃T 8)] − (7 + 3β) ˜̃T 6mb

)]}

+ m3
N∗
2

{
−3( ÂM

1 −V̂ M
1 )(1+β)−5(−1+β)T̂ M

1

}
m2
b.

123
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D I I
22 (x) = m2

N∗
4x

{
xmN∗

[
3( ˜̃A6+ ˜̃V6)(1+β)+3(−1+β) ˜̃T 6

− 5(−1 + β) ˜̃T 8

]
+ (7 + 3β) ˜̃T 6mb

}

+ mN∗

8x

{
18Ã5x

2m2
N∗ + 8x2m2

N∗ Ṽ2 + 6x2m2
N∗ Ṽ4

− 18x2m2
N∗ Ṽ5 + 8x2m2

N∗P̃2 − 8Ṽ2Q
2

− 8x2m2
N∗ S̃2 + 18Ã5x

2m2
N∗β + 4x2m2

N∗ Ṽ2β

+ 6x2m2
N∗ Ṽ4β

− 18x2m2
N∗ Ṽ5β − 8x2m2

N∗P̃2β

− 4Ṽ2Q
2β + 8x2m2

N∗ S̃2β − 6Ã4x
2m2

N∗(1 + β)

+ 4Ã2(x
2m2

N∗ − Q2)(1 + 2β) + 9x2m2
N∗ T̃2

− 3Q2T̃2−9x2m2
N∗βT̃2+3Q2βT̃2+9x2m2

N∗ T̃4

− 11Q2T̃4 − 9x2m2
N∗βT̃4 + 11Q2βT̃4

+ 24x2m2
N∗ T̃5 − 24x2m2

N∗βT̃5

− 48x2m2
N∗(−1 + β)T̃7

+mb{xmN∗
[
3Ã4 − 5Ã5 − 6Ṽ2

− Ṽ4 + 7Ṽ5 + 2Ã2(−1 + β)

− 2(P̃2 − S̃2 + T̃2 + 4T̃4 + 9T̃5 + 14T̃7)

+β
(

− 3Ã4 + 5Ã5

+ 6Ṽ2 + Ṽ4 − 7Ṽ5 − 2[P̃2 − S̃2

+ T̃2 + 8T̃4 + 5T̃5 + 14T̃7]
)]

−[4Ṽ2(2 + β) + Ã2(4 + 8β)

− (−1 + β)(3T̃2 + 11T̃4)]mb}
}

+ m3
N∗
4

{
− 3( ÂM

1 − V̂ M
1 )(1 + β)

− 5(−1 + β)T̂ M
1

}
.

D I I
21 (x) = mN∗

8x

{
4Ṽ2(2 + β) + Ã2(4 + 8β)

− (−1 + β)(3T̃2 + 11T̃4)
}

+ mN∗

4

{
5Â3

− 3V̂1 + 7V̂3 − P̂1 − 3Ŝ1 + 3Â1(1 + β) − 5T̂1

+β
[
7Â3 − 3V̂1 + 5V̂3 + P̂1

+ 3Ŝ1 + 5T̂1 − 12T̂3

]
+ 12T̂3

}
.

Invariant function �I I
3 (p, q) for the structure qμγ5

D I I
33 (x) = m2

N∗
4x

{
4Q2(x2m2

N∗ + Q2)(−1 + β) ˜̃T 6

+mb

[
xmN∗(−4 ˜̃A6Q

2(−1 + β)

+ 4 ˜̃V6Q
2(−1 + β) + (x2m2

N∗(5 + β)

− Q2(7 + 3β)) ˜̃T 6 − 8Q2(−1 + β) ˜̃T 8)

+mb

(
− 6 ˜̃A6x

2m2
N∗(1 + β)

+ 9Q2(−1 + β) ˜̃T 6 − x2m2
N∗(6 ˜̃V6(1 + β)

+ (−1 + β)(5 ˜̃T 6 − 14 ˜̃T 8))

+mb(xmN∗(2 ˜̃A6(−1 + β) + 6 ˜̃V6(−1 + β)

− (5 + β) ˜̃T 6 − 2(5 + 9β) ˜̃T 8)

+ 5(−1 + β) ˜̃T 6mb)
)]}

+ m2
N∗

2x
m2

b

{
ÂM

1 (Q2 − Q2β + 2x2m2
N∗(1 + 2β))

− Q2(−1 + β)(V̂ M
1 + 2T̂ M

1 )

− x2m2
N∗(2V̂ M

1 (2 + β) − 9(−1 + β)T̂ M
1 )

+mb

[
xmN∗( ÂM

1 + 3V̂ M
1 (−1 + β)

− ÂM
1 β − (5 + 9β)T̂ M

1 )

−(−1 + β)( ÂM
1 + V̂ M

1 + 2T̂ M
1 )mb

]}
.

D I I
32 (x) = m2

N∗
8x

{
− 6 ˜̃A6x

2m2
N∗(1 + β)

− 7Q2(−1 + β) ˜̃T 6 − x2m2
N∗(6 ˜̃V6(1 + β)

+ (−1 + β)(9 ˜̃T 6 − 14 ˜̃T 8))

+mb

[
xmN∗(4 ˜̃V6 + 4 ˜̃A6(−1 + β) − 4 ˜̃V6β

+ 15 ˜̃T 6 + 11β ˜̃T 6 + 8(−1 + β) ˜̃T 8)

− 9(−1 + β) ˜̃T 6mb

]}

+ mN∗

8x

{
xmN∗

[
4Ã2(x

2m2
N∗ − Q2)(1 + 2β)

+ x2m2
N∗ [4Ṽ2(2 + β) − (−1 + β)(5T̃2 + 13T̃4)]

+ Q2
(

− 8Ṽ2 − 6Ṽ4 + 18Ṽ5 − 8P̃2 + 8S̃2

+ 6Ã4(1 + β) − 18Ã5(1 + β) − 7T̃2 − 7T̃4

− 24(T̃5 + 2T̃7) + t[−4Ṽ2 − 6Ṽ4 + 18Ṽ5

+ 8P̃2 − 8S̃2 + 7T̃2 + 7T̃4 + 24T̃5 + 48T̃7]
)]

−
[
3x2m2

N∗ Ṽ4 − 5x2m2
N∗ Ṽ5 + 2x2m2

N∗P̃2

− 2(Ã2 + 3Ṽ2)Q
2 − 2x2m2

N∗ S̃2

+ Ã4x
2m2

N∗(−1 + β) − 7Ã5x
2m2

N∗(−1 + β)

− 3x2m2
N∗ Ṽ4β

+ 5x2m2
N∗ Ṽ5β + 2x2m2

N∗P̃2β

+ 2Ã2Q
2β + 6Ṽ2Q

2β − 2x2m2
N∗ S̃2β

− 5x2m2
N∗ T̃2 + 5Q2T̃2 − x2m2

N∗βT̃2 + Q2βT̃2

+ 5x2m2
N∗ T̃4 − 15Q2T̃4 + x2m2

N∗βT̃4

− 19Q2βT̃4 + 10x2m2
N∗ T̃5 + 18x2m2

N∗βT̃5

+ 28x2m2
N∗(1 + β)T̃7

]
mb

+ xmN∗
[
−11Ã5−2Ṽ2−3Ṽ4+7Ṽ5−6P̃2+2S̃2

− 2Ã2(−1+β)+3Ã4(1+β)−5T̃2+T̃4−14T̃5

123
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−24T̃7 + β
(

− 7Ã5 + 2Ṽ2 − 3Ṽ4 + 11Ṽ5 + 6P̃2

− 2S̃2 + 5T̃2 − T̃4 + 14T̃5 + 24T̃7

)]
m2

b

+
[

− 2Ã2(−1 + β) − 6Ṽ2(−1 + β)

− (5 + β)T̃2 + (15 + 19β)T̃4

]
m3

b

}

+ m2
N∗

4x

{
ÂM

1

[
Q2 − Q2β + 2x2m2

N∗(1 + 2β)
]

− Q2(−1 + β)(V̂ M
1 + 2T̂ M

1 )

− x2m2
N∗

[
2V̂ M

1 (2 + β) − 9(−1 + β)T̂ M
1

]

+ (−1 + β)( ÂM
1 + V̂ M

1 + 2T̂ M
1 )m2

b

}
.

D I I
31 (x) = −m2

N∗
8x

(−1 + β) ˜̃T 6 + mN∗

8x{
xmN∗

[
7Ã5+10Ṽ2+3Ṽ4−11Ṽ5−3Ã4(1+β)

+ 2Ã2(1 + 5β) + 2
(
P̃2 − 3S̃2 + 3T̃2 + 6T̃4

+5T̃5 + 12T̃7

)
+ β

(
11Ã5 + 2Ṽ2 + 3Ṽ4

− 7Ṽ5 − 2[P̃2 − 3S̃2 + 3T̃2

+ 6T̃4 + 5T̃5 + 12T̃7]
)]

+
[
2Ã2(−1 + β) + 6Ṽ2(−1 + β)

+ (5 + β)T̃2 − (15 + 19β)T̃4

]
mb

}

+ 1

4x

{
4x2m2

N∗ V̂1 − 5x2m2
N∗ V̂3

+ 3x2m2
N∗P̂1 − V̂1Q

2 + x2m2
N∗ Ŝ1

+ 2x2m2
N∗ V̂1β − 7x2m2

N∗ V̂3β − 3x2m2
N∗P̂1β

+ V̂1Q
2β − x2m2

N∗ Ŝ1β − Â3x
2m2

N∗(7 + 5β)

− Â1[Q2 − Q2β + 2x2m2
N∗(1 + 2β)]

+ 9x2m2
N∗ T̂1 − 2Q2T̂1 − 9x2m2

N∗βT̂1

+ 2Q2βT̂1 + 12x2m2
N∗(−1 + β)T̂3β

+mb

[
xmN∗

(
− 4Â3 + 3V̂1

− 4V̂3 + P̂1 + Ŝ1 + Â1(−1 + β)

+ 5T̂1 + β(4Â3 − 3V̂1 + 4V̂3

+ P̂1 + Ŝ1 + 9T̂1 − 14T̂3) − 14T̂3

)

+ (−1 + β)(Â1 + V̂1 + 2T̂1)mb

]}

+m2
N∗

4x
(−1 + β)

[
ÂM

1 + V̂ M
1 + 2T̂ M

1

]
.

Invariant function �I I
4 (p, q) for the structure γμγ5

D I I
43 (x) = −m2

N∗
4x

{
2xmN∗(x2m2

N∗ + Q2)2(−1 + β) ˜̃T 6

+mb

[
−

(
(x2m2

N∗ + Q2)

×[2 ˜̃A6x
2m2

N∗(−1 + β) − Q2(1 + β) ˜̃T 6

− 2x2m2
N∗(−1 + β)( ˜̃V6 − 2 ˜̃T 8)]

)

+mb

(
2xmN∗ {−3 ˜̃A6x

2m2
N∗(1 + β)

− x2m2
N∗ [3 ˜̃V6(1+β)+2(−1+β)( ˜̃T 6−3 ˜̃T 8)]

+ Q2(−1 + β)( ˜̃T 6 − ˜̃T 8)}
+mb{2 ˜̃A6x

2m2
N∗(−1 + β) + Q2(1 + β) ˜̃T 6

− 2x2m2
N∗(−1 + β)( ˜̃V6 − 2 ˜̃T 8)

+ 2xmN∗ [3 ˜̃A6(1 + β) + 3 ˜̃V6(1 + β)

+ (−1 + β)( ˜̃T 6 − 6 ˜̃T 8)]mb}
)]}

+ m2
N∗

2x
m2
b

{
− 3x3m3

N∗( ÂM
1 − V̂ M

1 )(1 + β)

− xmN∗(6x2m2
N∗ − Q2)(−1 + β)T̂ M

1

− (x2m2
N∗ − Q2)(−1 + β)( ÂM

1 + V̂ M
1 − 2T̂ M

1 )mb

+ 3xmN∗
[
( ÂM

1 − V̂ M
1 )(1 + β)

+ 2(−1+β)T̂ M
1

]
m2
b+(−1+β)( ÂM

1 +V̂ M
1 −2T̂ M

1 )m3
b

}
.

D I I
42 (x) = m2

N∗
4x

{
xmN∗

(
3 ˜̃A6x

2m2
N∗(1 + β)

− Q2(−1 + β)( ˜̃T 6 − ˜̃T 8) + 3x2m2
N∗

( ˜̃V6 + ˜̃V6β+ 2 ˜̃T 8−2β ˜̃T 8)
)
+mb

[
2 ˜̃A6x

2m2
N∗

(−1+β)+2Q2β ˜̃T 6 − x2m2
N∗(−1 + β)(2 ˜̃V6

+ ˜̃T 6 − 4 ˜̃T 8) + mb

(
3xmN∗ [( ˜̃A6 + ˜̃V6)(1 + β)

−2(−1 + β) ˜̃T 8] + (−1 + β) ˜̃T 6mb

)]}
+ mN∗

8x{
−

[
(x2m2

N∗+Q2)
(
−3x2m2

N∗ Ṽ4 + 9x2m2
N∗ Ṽ5

− 4x2m2
N∗P̃2 + 4x2m2

N∗ S̃2 − 3x2m2
N∗ Ṽ4β

+ 9x2m2
N∗ Ṽ5β + 4x2m2

N∗P̃2β − 4x2m2
N∗ S̃2β

+ 3Ã4x
2m2

N∗(1 + β) − 9Ã5x
2m2

N∗(1 + β)

− 2x2m2
N∗ T̃2 − Q2T̃2 + 2x2m2

N∗βT̃2 + Q2βT̃2

+ 2x2m2
N∗ T̃4 − Q2T̃4 − 2x2m2

N∗βT̃4 + Q2βT̃4

− 12x2m2
N∗ T̃5 + 12x2m2

N∗βT̃5

+ 24x2m2
N∗(−1 + β)T̃7

)]

+mb

[
−

(
xmN∗{−(Ã5x

2m2
N∗)

+ 2x2m2
N∗ Ṽ2 − x2m2

N∗ Ṽ4

− x2m2
N∗ Ṽ5 + 6Ã5Q

2 + 4Ṽ2Q
2 + 2Ṽ4Q

2

− 6Ṽ5Q
2 + 2P̃2Q

2 − 2Q2S̃2

+ 2Ã2(x
2m2

N∗ − 2Q2)(−1 + β)

+ Ã4(x
2m2

N∗ + 2Q2)(−1 + β) + Ã5x
2m2

N∗β

− 2x2m2
N∗ Ṽ2β + x2m2

N∗ Ṽ4β + x2m2
N∗ Ṽ5β

− 6Ã5Q
2β − 4Ṽ2Q

2β − 2Ṽ4Q
2β + 6Ṽ5Q

2β

123
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+ 2P̃2Q
2β − 2Q2S̃2β + 2Q2T̃2 + 2Q2βT̃2

−4x2m2
N∗ T̃4 + 12Q2T̃4 + 4x2m2

N∗βT̃4

+ 12Q2βT̃4 + 4x2m2
N∗ T̃5 + 14Q2T̃5

− 4x2m2
N∗βT̃5 + 14Q2βT̃5 + 28Q2(1 + β)T̃7}

)

+mb

(
− 9Ã5x

2m2
N∗ − 6x2m2

N∗ Ṽ2

− 3x2m2
N∗ Ṽ4+9x2m2

N∗ Ṽ5−4x2m2
N∗P̃2+6Ṽ2Q

2

+ 4x2m2
N∗ S̃2 − 9Ã5x

2m2
N∗β − 6x2m2

N∗ Ṽ2β

− 3x2m2
N∗ Ṽ4β + 9x2m2

N∗ Ṽ5β

+ 4x2m2
N∗P̃2β + 6Ṽ2Q

2β − 4x2m2
N∗ S̃2β

+ 3Ã4x
2m2

N∗(1 + β)

− 6Ã2(x
2m2

N∗ − Q2)(1 + β) − 4x2m2
N∗ T̃2

+ 3Q2T̃2 + 4x2m2
N∗βT̃2 − 3Q2βT̃2

− 8x2m2
N∗ T̃4

+ 11Q2T̃4 + 8x2m2
N∗βT̃4 − 11Q2βT̃4

− 12x2m2
N∗ T̃5 + 12x2m2

N∗βT̃5

+ 24x2m2
N∗(−1 + β)T̃7

+mb{xmN∗(−1 + β)(2Ã2 + Ã4

+ Ã5 − 2Ṽ2 + Ṽ4 + Ṽ5

+ 4T̃4 − 4T̃5) + 2[3Ã2(1 + β)

+ 3Ṽ2(1 + β) − (−1 + β)(T̃2 + 5T̃4])mb}
)]}

+ m2
N∗

4x

{
− 3x3m3

N∗( ÂM
1 − V̂ M

1 )(1 + β)

− xmN∗(6x2m2
N∗ − Q2)(−1 + β)T̂ M

1

+ 3xmN∗
[
(− ÂM

1 + V̂ M
1 )(1 + β)

− 2(−1 + β)T̂ M
1

]
m2

b

− 2(−1 + β)( ÂM
1 + V̂ M

1 − 2T̂ M
1 )m3

b

}
.

D I I
41 (x) = m2

N∗
4x

{
xmN∗

[
3 ˜̃A6(1 + β) + 3 ˜̃V6(1 + β)

+ 2(−1 + β)( ˜̃T 6 − 3 ˜̃T 8)
]

+ ( ˜̃T 6 − t ˜̃T 6)mb

}
+ mN∗

8x

{
3x2m2

N∗ Ṽ4

− 9x2m2
N∗ Ṽ5 + 4x2m2

N∗P̃2 − 4x2m2
N∗ S̃2

+ 3x2m2
N∗ Ṽ4β − 9x2m2

N∗ Ṽ5β

− 4x2m2
N∗P̃2β + 4x2m2

N∗ S̃2β

− 3Ã4x
2m2

N∗(1 + β)

+ 9Ã5x
2m2

N∗(1 + β)

+ 2x2m2
N∗ T̃2 − Q2T̃2 − 2x2m2

N∗βT̃2

+ Q2βT̃2 − 2x2m2
N∗ T̃4

− Q2T̃4 + 2x2m2
N∗βT̃4 + Q2βT̃4 + 12x2m2

N∗ T̃5

− 12x2m2
N∗βT̃5 − 24x2m2

N∗(−1 + β)T̃7

+mb

[
−

(
xmN∗(−1 + β)[2Ã2 + Ã4 + Ã5

− 2Ṽ2 + Ṽ4 + Ṽ5 + 4T̃4 − 4T̃5]
)

− 2
(

3Ã2(1 + β) + 3Ṽ2(1 + β)

− (−1 + β)(T̃2 + 5T̃4)
)
mb

]}

+ 1

4x

{
xmN∗

[
− 3x2m2

N∗ V̂1 + 6x2m2
N∗ V̂3

− 2x2m2
N∗P̂1 + V̂3Q

2 + P̂1Q
2 − 2x2m2

N∗ Ŝ1

− Q2Ŝ1 − 3x2m2
N∗ V̂1β + 6x2m2

N∗ V̂3β

+ 2x2m2
N∗P̂1β − V̂3Q

2β

− P̂1Q
2β + 2x2m2

N∗ Ŝ1β

+ Q2Ŝ1β + 3Â1x
2m2

N∗(1 + β)

+ Â3[Q2(−1 + β) + 6x2m2
N∗(1 + β)]

− 6x2m2
N∗ T̂1

+ Q2T̂1 + 6x2m2
N∗βT̂1 − Q2βT̂1

− 12x2m2
N∗(−1 + β)T̂3

]

+ (x2m2
N∗ − Q2)(−1 + β)(Â1 + V̂1

− 2T̂1)mb − xmN∗
[

− 3V̂1 + 6V̂3 + 3Â1(1 + β)

+ 6Â3(1 + β) + β
(

− 3V̂1 + 2[3V̂3

+ P̂1 + Ŝ1 + 3T̂1 − 6T̂3]
)

− 2(P̂1 + Ŝ1 + 3T̂1 − 6T̂3)
]
m2

b

− (−1 + β)(Â1 + V̂1 − 2T̂1)m
3
b

}

+ 3m3
N∗

4

[
(− ÂM

1 +V̂ M
1 )(1+β)−2(−1+β)T̂ M

1

]
.

Appendix C: Differential widths for the �b → N∗�+�−
decays

In this Appendix we present the differential widths for the
�b → N∗�+�−, (� = e, μ, τ) decays. After lengthy, but
straightforward calculations, for the differential rate of the
�b → N∗�+�− we get,

d(s)

ds
= G2α2

emm�b

4096π5

∣∣VtbV ∗
td

∣∣2 v
√

λ(1, r, s)

[
T1(s)+ 1

3
T2(s)

]
,

where s = q2/m2
�b

, r = m2
N∗/m2

�b
, GF = 1.17 × 10−5

GeV−2 is the Fermi coupling constant, v =
√

1 − 4m2
�/q

2

is the lepton velocity, and λ(a, b, c) = a2 +b2 + c2 −2ab−
2ac − 2bc is the usual triangle function. For the element of
the CKM matrix

∣∣VtbV ∗
td

∣∣ = (8.2 ± 0.6) × 10−3 has been
used [13]. The functions T1(s) and T2(s) are given as:
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T1(s) = 8m2
�b

{
(1 + 2

√
r + r − s)

[
4m2

� + m2
�b

(1 − 2
√
r + r + s)

]
|F1|2

−
[
4m2

�(1 + 6
√
r + r − s) − m2

�b

(
(1 − r)2

+ 4
√
rs − s2

)]
|F4|2

+ (1 + 2
√
r + r − s)

[
4m2

�(1 − √
r)2

+m2
�b

s(1 − 2
√
r + r + s)

]
|F2|2

+m2
�b

s
[
(1 − r)2 + 4

√
rs − s2

]
v2|F4|2

+ 4m2
�(1 − 2

√
r + r − s)s|F6|2

+ (1 − 2
√
r + r − s)[

4m2
� + m2

�b
(1 + 2

√
r + r + s)

]
|G1|2

−
[
4m2

�(1 − 6
√
r + r − s) − m2

�b

(
(1 − r)2

− 4
√
rs − s2

)]
|G4|2

+ (1 − 2
√
r + r − s)

[
4m2

�(1 + √
r)2

+m2
�b

s(1 + 2
√
r + r + s)

]
|G2|2

+m2
�b

s
[
(1 − r)2 − 4

√
rs − s2

]
v2|G5|2

+ 4m2
�(1 + 2

√
r + r − s)s|G6|2

− 4(1 − √
r)(1 + 2

√
r + r − s)(2m2

�

+m2
�b

s)Re[F∗
1 F2]

− 4m2
�b

(1 − √
r)(1 + 2

√
r + r − s)sv2Re[F∗

4 F5]
− 8m2

�(1 + √
r)(1 − 2

√
r + r − s)Re[F∗

4 F6]
− 4(1 + √

r)(1 − 2
√
r + r − s)(2m2

�

+m2
�b

s)Re[G∗
1G2]

− 4m2
�b

(1 + √
r)(1 − 2

√
r + r − s)sv2Re[G∗

4G5]]

− 8m2
�(1 − √

r)(1 + 2
√
r + r − s)Re[G∗

4G6]
}
,

T2(s) = −8m4
�b

v2λ(1, r, s)[
|F1|2 + |F4|2 + |G1|2 + |G4|2

− s
(
|F2|2 + |F5|2 + |G2|2 + |G5|2

)]
.

The differential decay width for the �∗
b → N∗�+�− tran-

sition cam be obtained from the differential decay width
for the �b → N∗�+�− by making the following replace-
ments: Fi → G̃i , Gi → F̃i , mN → −mN , and by chang-
ing the sign in front of the terms Re[F∗

4 F5], Re[F∗
4 F6], and

Re[G∗
4G5], as well as m�b → m�∗

b
, s → s′ = q2/m2

�∗
b
, and

r → r ′ = m2
N∗/m2

�∗
b
. where

F1(q
2) = c9g1(q

2) − 2mb

m�∗
b

c7g
T
1 (q2),

F2(q
2) = −c9g2(q

2) − 2mb

q2 m�∗
b
c7g

T
2 (q2),

F3(q
2) = −c9g3(q

2) − mb

q2 (m�∗
b
− mN )c7g

T
1 (q2),

G1(q
2) = c9 f1(q

2) − 2mb

m�∗
b

c7 f
T
1 (q2),

G2(q
2) = −c9 f2(q

2) − 2mb

q2 m�∗
b
c7 f

T
2 (q2),

G3(q
2) = −c9 f3(q

2) − 2mb

q2 (m�∗
b
+ mN )c7 f

T
1 (q2),

F4(q
2) = c10g1(q

2),

F5(q
2) = −c10g2(q

2),

F6(q
2) = −c10g3(q

2),

G4(q
2) = c10 f1(q

2),

G5(q
2) = −c10 f2(q

2),

G6(q
2) = −c10 f3(q

2).
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