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Abstract We study half-BPS surface operators in N = 2
supersymmetric asymptotically conformal gauge theories in
four dimensions with SU(N ) gauge group and 2N fundamental flavours using localization methods and coupled 2d/4d
quiver gauge theories. We show that contours specified by a
particular Jeffrey–Kirwan residue prescription in the localization analysis map to particular realizations of the surface
operator as flavour defects. Seiberg duality of the 2d/4d quivers is mapped to contour deformations of the localization
integral which in this case involves a residue at infinity. This
is reflected as a modified Seiberg duality rule that shifts the
Lagrangian of the purported dual theory by non-perturbative
terms. The new rules, that depend on the 4d gauge coupling,
lead to a match between the low energy effective twisted
chiral superpotentials for any pair of dual 2d/4d quivers.

1 Introduction and summary
Surface operators are co-dimension 2 generalisations of ’t
Hooft and Wilson loops in gauge theories. In this paper,
we study surface operators in N = 2 SQCD theories with
gauge group SU(N ) and 2N fundamental flavours in four
dimensions. The condition on the number of fundamental
flavours ensures that in the limit they are massless the theory
is super-conformal at the quantum level. We will refer to these
as asymptotically conformal gauge theories. Our interest is
in the low-energy effective action of such theories on the
Coulomb branch, in the presence of a surface defect. This
effective action is encoded in two holomorphic functions:
the prepotential, which describes the four dimensional (4d)
dynamics without the defect, and the twisted chiral superpotential, which describes the dynamics of the two dimensional
(2d) theory on the defect.
a e-mail:

In our study of surface operators we follow two approaches.
In the first approach, we consider the ramified instanton partition function Z inst , which is obtained by a suitable orbifold
of the instanton moduli space of the 4d SQCD theory without
the defect [1] (see also [2] for details). One way to realize
the instanton moduli space is by considering the open string
excitations of D(-1)/D3/D7-brane systems in an orbifold of
type IIB string theory. In this realization, the ramified instanton moduli are open strings with at least one end-point on the
D(-1)-branes and, using localization techniques, the partition
function Z inst can be written as a contour integral over those
moduli which represent the position of the D(-1)-branes in the
directions transverse to both the D3 and the D7-branes. For
a particular contour whose residues have an interpretation as
Young tableaux, this is interpreted as the partition function of
a monodromy defect in the gauge theory [3,4]. Such surface
defects are labelled by Levi subgroups of SU(N ) which are
classified by partitions of N . For asymptotically conformal
SQCD, it turns out that the flavour group SU(2N ) is also broken at the location of the defect into M factors, whose ranks
are determined by the same partition of N . Both the prepotential and the twisted chiral superpotential on the Coulomb
branch can then be extracted from Z inst in the limit of vanishing Ω-deformation parameters [5,6].
In the second approach, we describe surface defects as
flavour defects, which are coupled 2d/4d systems realized
as quiver gauge theories [7,8]. Here the 2d sector is a (2,2)
theory described by a gauged linear sigma model in the ultraviolet, in which the vacuum expectation values of the adjoint
scalar of the 4d theory act as twisted masses [9,10]. The 2d
theory has a discrete set of massive vacua determined by
solutions of twisted chiral ring equations that extremize the
twisted superpotential. Quiver realizations of surface defects
can be compared with the localization approach by considering the low energy twisted chiral superpotential on the 4d
Coulomb branch.
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Work along this direction has been pursued in the pure 4d
theory in [2,11–14] and for linear quiver theories in [15].
One of the main results in [14] is that there can be different 2d/4d quivers which realize the same flavour defect
and are related by 2d Seiberg duality [16]. Seiberg duality is an infrared equivalence such that for dual quivers the
low energy effective superpotentials, evaluated in particular
vacua, match. These statements are reflected on the localization side in an elegant way: each Seiberg dual realization
of the surface operator is associated to a contour prescription and residue theorems guarantee the equality of the low
energy effective superpotentials. The contours are specified
by the Jeffrey–Kirwan (JK) prescription [17] and each reference JK vector associated to a given 2d/4d quiver can be
written unambiguously in terms of its Fayet-Iliopoulos (FI)
parameters.
The localization integrand in the asymptotically conformal case differs from that of the pure theory only in the structure of the numerator and hence the set of poles picked by
a given JK vector remains the same as in the theory without
flavours. As a result, on the quiver side, the ranks of gauge
nodes in the quiver remain the same. The ranks of flavour
nodes are uniquely fixed by how the flavour symmetry is
broken by the defect and by requiring conformality at each
2d gauge node. For each contour choice, we propose how to
construct a 2d/4d quiver theory whose twisted superpotential, when evaluated on the solutions of the twisted chiral ring
equations, matches the localization result after a suitable map
of parameters. Some work in this direction appeared recently
in [18], but our analysis of Seiberg duality has significant differences.
As mentioned earlier, in the case of the pure 4d gauge
theory, distinct contour choices are equivalent and give rise
to Seiberg-dual 2d/4d gauge theories. However, there is a
new feature in the asymptotically conformal SQCD case:
due to a non-vanishing residue at infinity, distinct contours
are inequivalent. While the prepotential obtained from the
instanton partition function is independent of the contour of
integration, the twisted superpotential turns out to be different
for distinct contour choices.
The main focus of this work is to understand how Seiberg
duality can be consistent with such inequivalent contours
in the context of surface defects in asymptotically conformal
SQCD. The ranks and connectivity of the quivers one gets by
Seiberg duality are exactly those that correspond to the different JK prescriptions, but the effective twisted superpotentials
on the 4d Coulomb branch for different JK prescriptions are
not trivially related. The resolution to this is known for the
case of 2d gauge theories in which the flavour group is not
gauged [16]: the Lagrangian of the dual theory is modified
by non-perturbative corrections. Our main result in this work
is a proposal for a generalized Seiberg duality rule with further non-perturbative terms that applies to the case of surface
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operators realized as flavour defects. We derive this from the
localization integrand by a careful analysis of the residue at
infinity. With the modified duality rules that now also involve
the 4d gauge coupling, the twisted superpotentials evaluated
on the solutions of the chiral ring equations match for all dual
pairs of theories. The generalized Seiberg duality rules we
derive are particular to surface operators in the asymptotically conformal SQCD theory and not for surface operators
in the asymptotically free SQCD theories with N f < 2N .
We remark however that the results for these cases can be
recovered, as usual, by taking suitable decoupling limits of
the results obtained for the asymptotically conformal case.
The rest of the paper is organized as follows. In Sect. 2, we
introduce surface operators as monodromy defects and write
the localization integrand from which the instanton partition
function is obtained after specifying a contour of integration.
In Sect. 3, we relate the different contours of integration to
distinct 2d/4d quivers by studying the [ p, N − p] defect.
In Sect. 4, we propose a generalized Seiberg duality move
and show in the case of the simplest quiver in what manner
the Lagrangian for the dual quiver is corrected from the perturbatively exact 1-loop result by non-perturbative terms. In
Sect. 5, we analyze the 3-node quiver in detail and test successfully the rules laid out in Sect. 4. We provide a derivation
of our proposal using localization methods in Appendix A
and collect some details of the computations in the remaining
Appendices.

2 Surface operators as monodromy defects
The 4d N = 2 gauge theory of interest is the asymptotically
conformal SQCD, which is an SU(N ) gauge theory with 2N
fundamental flavours. We are interested in half-BPS surface
operators in this gauge theory, whose classification is the
same as that for the pure gauge theory studied in [14]. For
every partition of N , given by
M


nI = N,

(1)

I =1

one obtains a surface operator, labelled by the Levi subgroup:
L = S [U (n 1 ) × U (n 2 ) × · · · × U (n M )] .

(2)

The Coulomb vevs au (with u = 1, . . . , N and such that

u au = 0) naturally split into M sets, each of which contains n I elements. Without loss of generality, we can order
them from 1 to N and make the M partitions sequentially:




a1 , . . . , ar1 | . . . ar I −1 +1 , . . . , ar I  . . . |ar M−1 +1 , . . . , a N
(3)
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where we have defined integers r I such that
rI =

I


nJ.

(4)

J =1

To avoid cumbersome expressions, we introduce a convenient notation, and for I = 1, . . . M, we define
N I ≡ {r I −1 + 1, r I −1 + 2, . . . , r I },

(5)

which is a set of cardinality n I . Here and in the following,
we use the convention that the index I is periodic mod M. A
new feature of surface operators in the asymptotically conformal SQCD theory is that it also breaks the SU(2N ) flavour
symmetry to the following subgroup:

action of a D(−1)/D3/D7-brane system in an orbifold background that represents the surface defect. Given the breaking
of the gauge and flavour symmetry groups, the analysis is
very similar to what was carried out in [2] and therefore here
we merely present the answer:
Z inst [n] =

Z {d I } [n] =

n1 + n2

z {d I } =

nM + n1

N

nI + nI+1

Fig. 1 The asymptotically conformal 4d node with broken flavour
symmetry. In the realization of surface operators as flavour defects,
the 4d gauge node as well as the 4d flavour nodes act as matter for the
gauge nodes of the 2d quiver

dI !

dI
M 


(8)

σ =1

χ I,σ − χ I,τ + δσ,τ
χ I,σ − χ I,τ + 1

I =1 σ,τ =1

×

d I d
M 
I +1

χ I,σ − χ I +1,ρ + 1 + ˆ2
I =1 σ =1 ρ=1

×

M


⎡
⎣

I =1

(7)

n3 + n4

dI

dχ I,σ
, z {d I }
2π i

where

To denote the blocks into which the flavour group is broken,
it is useful to define

n2 + n3

M 

(−q I )d I
I =1

(6)

which is a set of cardinality n I + n I +1 . The breaking of
flavour symmetry in the presence of the surface operator is
represented in Fig. 1.
The instanton partition function in the presence of such
a surface operator, which is also referred to as the ramified
instanton partition function, can be derived from the moduli

Z {d I } [n] with

{d I }

F = S [U (n 1 + n 2 ) × U (n 2 + n 3 ) × · · · × U (n M + n 1 )] .

F I = {r I −1 + r I − r1 + 1, . . . , r I + r I +1 − r1 },



×

dI




σ =1


t∈N I +1

χ I,σ

χ I,σ − χ I +1,ρ + ˆ2


i∈F I (χ I,σ

− mi )

as − χ I,σ + 21 (1 + ˆ2 )
⎤
1
⎦.
− at + 21 (1 + ˆ2 )

s∈N I

(9)

The M positive integers d I count the numbers of ramified instantons in the various sectors and 1 and ˆ2 = M2
parametrize the Ω background introduced to localize the
integration over the instanton moduli space [19,20]. If one
neglects the contribution of the flavours, namely the numerator factors in the third line of (9), the integrand is identical to that of the pure 4d theory. Note that the flavour factors are such that the breaking of the flavour symmetry is
respected. Unlike the case of surface operators in the pure
theory, in asymptotically conformal SQCD, the instanton
counting parameters q I are dimensionless.
The low energy effective action that governs the combined gauge theory/surface operator system is completely
specified by two holomorphic functions, the prepotential F
and the twisted chiral superpotential W. The non perturbative contributions to these functions are obtained by taking
the vanishing limit of the Ω-deformation parameters:
lim log (1 + Z inst [n]) = −

i →0

Finst
Winst
+
.
1 2
1

(10)

The physical interpretation of Winst for a generic partition
can be given by studying coupled 2d/4d quiver theories [8],
[12]. In the following section we briefly review the relation
between the localization analysis and the 2d/4d field theory
interpretation of surface operators, focusing in particular on
the connection between the choice of the integration contour
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in the localization integrals and the choice of a representative
2d quiver theory in a sequence of Seiberg dual models.

n1 + n2
nM −1
+ nM

3 Contours and quivers
n1

In order to extract the twisted chiral superpotential from the
localization analysis one needs to provide a residue prescription to calculate the instanton partition function. This prescription is most succinctly specified via a JK reference vector [17] that uniquely specifies the set of poles chosen by the
contour.1
In our previous work [14] on surface operators in the pure
4d theory, it was shown that different JK prescriptions map to
distinct 2d/4d quiver gauge theories. In that case the quivers
are equivalent, and related to each other by Seiberg duality.
For such quivers the ranks of the 2d gauge groups directly correlate with a choice of a massive vacuum and the evaluation
of the twisted chiral superpotential in that particular massive vacuum reproduces the twisted superpotential Winst calculated using localization. Despite the equivalence between
quivers, we could obtain an unambiguous map between contours and quivers, thanks to the match between the individual
residues on the localization side and the individual terms in
the solution of the chiral ring equations. In particular, the
number of residues that contribute to the contour integrals
are related to the ranks of the 2d nodes of the quivers, while
the coefficients of the JK vector correspond to the FI parameters of the 2d gauge groups.
In extending this correspondence to the asymptotically
conformal SQCD case, we have to consider the following
relevant points:
1. If we consider the form of Z inst given in (9) one observes
that, for a given contour prescription, the set of poles that
contribute to the localization integral is identical to those
that contribute in the pure gauge theory. This is obvious
given that the fundamental flavours only add factors in
the numerator of the instanton partition function, leaving
the denominator and its singularity structure unchanged.
It therefore follows that the quiver we may associate to a
given integration contour has the same 2d gauge content
of the one in the corresponding case without flavour. In
particular the ranks of the 2d gauge nodes remain identical.
2. The main difference with the pure case is that the matter
multiplets now provide flavours to the 2d gauge nodes as
well. The additional constraint we have to impose is that
for every quiver the complexified FI parameters of the 2d
gauge nodes should not run, so that the 2d gauge theories are conformal. Since the ranks of the 2d gauge nodes
1

For applications to gauge theories see, for instance, [11,21,22].

123

n1 + n2

······

n2 + n3

n1 + n2
+...
+ nM −1

N

nM + n1

Fig. 2 One realization of the [n 1 , n 2 , . . . n M ] surface operator as a
2d/4d quiver in which the 2d gauge nodes are oriented. The 4d flavour
groups provide matter for the 2d nodes such that the β-function of each
FI parameter is zero

are fixed, the number of (anti-) fundamental flavours at
each node is fixed by the necessity to cancel the contribution of the neighbouring gauge nodes (that also act as
flavours) to the running of the FI coupling. Combined
with the breaking of the flavour symmetry to F as in (6)
for a generic surface operator, this uniquely fixes how the
broken 4d flavour group acts on the 2d gauge nodes.
3. Given the resulting 2d/4d quiver, the evaluation of the
twisted chiral superpotential in the chosen vacuum once
again reproduces the twisted superpotential Winst calculated using localization and with the particular JK prescription associated to the 2d/4d quiver.
We illustrate the points above for a generic surface operator [n 1 , n 2 , . . . n M ] by giving a particular 2d/4d realization,
shown in Fig. 2 below.
One property we would like to emphasize is that the map
between a given JK contour and its corresponding quiver
is unambiguous: the superpotential calculated from a particular localization prescription and that obtained from the
twisted chiral ring equations of the 2d/4d quiver match. We
will show this explicitly in the following sections in various
examples.
It is important to stress that in discussing points 1, 2,
and 3 above, nowhere did we use Seiberg duality rules for
the asymptotically conformal SQCD theory or mention the
equivalence between the different 2d/4d coupled theories.
For surface operators in the pure 4d theory, the 2d/4d quivers related to distinct JK prescriptions were part of a duality
chain in which each step is a particular 2d Seiberg duality
move (for example, see Fig. 7 in [14]). In that case it was
true that the twisted superpotential calculated using different contour choices were identical. However in asymptotically conformal SQCD there is an interesting twist to the
story. By explicit calculation, one can check that, while the
prepotential calculated using the above prescription is independent of the choice of surface operator and of the contour
of integration, the twisted chiral superpotential calculated
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using different JK prescriptions, in fact, do not agree. We
illustrate this point in the simple setting of the [ p, N − p]
defect.

−+
+−
− W1-inst
= (−1) p q1
W1-inst


u∈N1 ∪N2

B1 (au )
P  (au )

+ (−1) N − p+1 q2

3.1 The [ p, N − p] defect



u∈N1 ∪N2

B2 (au )
,
P  (au )
(16)

Let us consider the surface defect [ p, N − p], and focus
for simplicity on the 1-instanton contribution to the partition
function Z 1-inst .
In order to write it in compact form, we introduce the
polynomials:
PI (z) =



(z − au ),

B I (z) =

u∈N I



(z − m i ).

(−1)n I B I (χ I )
dχ I
2π i PI χ I − 21 (1 + ˆ2 )

I =1

×

1
PI +1 χ I + 21 (1 + ˆ2 )

,

(12)

while, using (10), the 1-instanton twisted superpotential is
given by
W1-inst = lim 1 Z 1-inst .

(13)

i →0

To compute the integrals in (12) we can use distinct JK prescriptions that simply correspond to integrating each χ I along
a closed contour in the upper (+) or lower (−) half-planes.
According to the analysis of [12,14], out of the four inequivalent possibilities, only two JK prescriptions are relevant and
we denote them by (+−) and (−+), respectively.
With the (+−) prescription, the 1-instanton contribution
to the twisted superpotential is
+−
= (−1) p+1 q1
W1-inst



B1 (au )

P (au )P2 (au )
u∈N1 1


B2 (au )
,

P (au )P2 (au )
u∈N1 1

+ (−1) N − p q2

(14)

while with the (−+) prescription we get
−+
W1-inst
= (−1) p q1


u∈N2

+ (−1)

N − p+1

q2

u∈N2

B2 (au )
.
P1 (au )P2 (au )

(z − au ).

(17)

It is simple to realize that, since the difference of the contours in the upper and lower half-planes is a contour around
infinity, the difference (16) is due to non-vanishing residues
at infinity in the integrand of Z 1-inst , a property which is
characteristic of asymptotically conformal theories. So we
can write:
−+
+−
− W1-inst
W1-inst

B1 (z)
=
dz (−1) p q1
P(z)
C∞

B2 (z)
+(−1) N − p+1 q2
P(z)


mi ,
= (−1) p+1 q1 + (−1) N − p+1 q2

(18)

i∈F1

where C∞ is a closed curve encircling infinity clockwise, and
the second equality follows from using the explicit expressions for the gauge and flavour polynomials.
In Appendix A, by lifting the model to five dimensions
with one compact direction, we show that the existence of
non-vanishing residues at infinity holds at every instanton
number. This explains why twisted superpotentials evaluated
with different contour prescriptions are generically different.
For the 2-node defect [ p, N − p], we are able to resum the
instanton expansion and obtain

−+
+−
− Winst
= − log(1 + (−1) p q1 )
Winst
+ log(1 + (−1) N − p q2 )

B1 (au )
P1 (au )P2 (au )


N


(11)

i∈F I

2

qI
1

P(z) =

u=1

In terms of these, Z 1-inst for the 2-node defect takes the form
Z 1-inst = −

where P(z) is the classical gauge polynomial given by



mi .

(19)

i∈F1

(15)

where the  symbol denotes derivative. We can easily verify that the two superpotentials are different and that their
difference is

As discussed earlier, we expect that different JK prescriptions map to distinct quivers related by 2d Seiberg duality,
with equivalent superpotentials. This result therefore suggests that in SQCD with surface defects, the definition of
what is the dual quiver necessarily involves non-perturbative
modifications due to ramified instantons. We will discuss this
issue in greater detail in the following section.
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N

Nf

Fig. 5 A 2d/4d quiver
realization of the [ p, N − p]
defect in SU(N ) theory with 2N
flavours

Fig. 3 The gauge group is represented by a circle, and the flavour
groups are represented by squares. The quiver diagram has a single 2d
gauge node of rank N with N f fundamental and N f anti-fundamental
flavours attached to it

Nf

Nf − N

p

Nf

Fig. 4 The quiver diagram obtained after a 2d Seiberg duality on the
gauge node in Fig. 3

After the massive chiral multiplets are integrated out, the
twisted chiral superpotential takes the following form:

s∈N1

4 Generalized Seiberg duality
−
We now study Seiberg duality in the 2d/4d quiver realization of the defect and propose a relation between the twisted
superpotentials of dual quivers. For the purely 2d case, this
has been discussed in detail in [16]. We begin with a 2d
U(N ) gauge theory with N f fundamental flavours and N f
anti-fundamental flavours shown in Fig. 3.
We now perform a Seiberg duality operation on the 2d
gauge node, and obtain the quiver diagram shown in Fig. 4.
Under the duality, the roles of the fundamental and antifundamental flavours are exchanged as denoted by the reversal of the arrows. There is also the addition of a mesonic field,
as described by the line connecting the two flavour groups.
When these duality rules are applied to quiver theories, one
has to take into account that for each 2d gauge node flavours
can be provided by other 2d gauge nodes of the quiver; in
such cases the extra mesonic field should be treated as just
another chiral multiplet in the dual quiver. We will see several
examples in later sections. So far, we have only shown how
the quiver itself is modified by the action of duality, we still
have to show how the duality acts on the parameters and
Lagrangian of the quiver theories.
We again focus on the simplest 2-node case and solve
the twisted chiral ring equations of the two purported dual
quivers. Imposing duality will then allow us to find the rules.
4.1 The 2-node case
We consider the [ p, N − p] defect and describe its effective
action. We remark that the results of this subsection have
some partial overlap with those of the recent paper [18], but
our analysis of Seiberg duality has significant differences.
The quiver Q 0 : We first consider the realization of the defect
as the quiver in Fig. 5.

N

N

W Q 0 = log x

123

N



Tr

σs −

 

(m i − σs )

s∈N1 i∈F1


(σs − Φ) ,

(20)

s∈N1

where x is the exponentiated FI parameter of the 2d theory, σs are the scalars in the twisted chiral suprerfield that
encodes the 2d vector multiplet and the m i are the masses
of the 4d flavours that also act as twisted masses for the
2d chiral multiplets. We have also introduced the function
(x) = x log μx − 1 , which is the result of integrating
out a chiral multiplet of twisted mass x. In the last term of
(20), the angular brackets denote a chiral correlator in the 4d
SU(N ) gauge theory, and Φ is the adjoint scalar in the vector
multiplet. The twisted chiral ring equations are [23,24]:

exp

∂W Q 0
∂σs


= 1, s ∈ N1 ,

(21)

and they explicitly read


exp Tr log(σs − Φ) = (−1) N x B1 (σs ) for s ∈ N1 (22)
where B1 (σs ) is the polynomial defined in (11). For the
asymptotically conformal case under consideration, the
resolvent of the 4d gauge theory which determines the chiral
correlator, has a non-trivial dependence on q0 , the instanton weight of the 4d SU(N ) theory. We refer the reader to
Appendix B for details; here we merely present the result,
namely

Tr log



 +Y
z−Φ
P(z)
.
= log (1 + q0 )
μ
2μ N

(23)

 is the quantum gauge polynomial corresponding
Here, P(z)
to the classical one defined in (17):
 = z N + u 2 z N −2 + · · · + (−1) N u N ,
P(z)

(24)
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where u k are the gauge invariant coordinates on moduli
space, and the variable Y is given in terms of the Seiberg–
Witten curve of the asymptotically conformal 4d gauge theory:
 2−
Y = P(z)
2


x B1 (σs ) +


q0
B2 (σs ) ,
x
(26)

for s ∈ N1 . The classical vacuum about which we solve these
equations is
(27)


1
q0
x B1 (as ) +
B2 (as ) ,

P1 (as )P2 (as )
x
(28)

for s ∈ N1 . Let us now evaluate the twisted superpotential
(20) on this solution. This is a little tricky since one needs to
expand the 4d chiral correlator Tr (σ − Φ) in powers of
q0 . This is carried out in Appendix B; using those results, we
find (neglecting the 1-loop contributions)
as + (−1) N x

s∈N1


s∈N1

B1 (as )

P1 (as )P2 (as )

q0 
B2 (as )
+ (−1) N +1
.
x
P1 (as )P2 (as )

(29)

s∈N1

It can be easily checked that the 1-instanton terms match the
localization result (14) with the (+−) prescription, namely

+−
W Q 0 (σ )1-inst = W1-inst
,

(30)

provided we make the following identifications:
q1 = (−1) N + p+1 x, q2 = (−1) p+1

The quiver Q 1 : Acting with the Seiberg duality rules on
the quiver diagram of Fig. 5, one obtains the quiver diagram
represented in Fig. 6.
After integrating out the massive chiral multiplets, the
twisted chiral superpotential corresponding to this quiver diagram takes the following form:


W Q 1 = log y

q0
.
x

−



Tr

 

σs −

(σs − m i )

s∈N2 i∈F1


(Φ − σs ) ,

(32)

s∈N2

and the solution in the 1-instanton approximation is



N

s∈N2

σs = as + δσs for s ∈ N1 ,

W Q 0 (σ ) = log x

N

(25)

where B(z) is the flavour polynomial. We refer the reader to
Appendix B for details.
Exponentiating (23) and using (25), we can recast the
twisted chiral ring equations (22) in the following form

δσs = (−1) N

N

N −p

4q0
B(z),
(1 + q0 )2

 s ) = (−1) N
(1 + q0 ) P(σ

Fig. 6 The 2d/4d quiver
diagram obtained after the
action of Seiberg duality on the
2d node in Fig. 5

where we have denoted by y the exponentiated FI parameter
of of the 2d gauge node. The chiral ring equations that follow
from W Q 1 are:
 s ) = (−1) N
(1 + q0 ) P(σ

We have checked that the match between the superpotential
evaluated on the solution of twisted chiral ring equations and
the localization results continues to hold up to 8 instantons
for various low rank cases.


1
B1 (σs ) + q0 y B2 (σs ) ,
y
(33)

for s ∈ N2 . We solve them in the vacuum given by
σs = as + δσs for s ∈ N2 ,

(34)

and in the 1-instanton approximation we obtain
δσs = (−1) N



1
1
B
(a
)
+
q
y
B
(a
)
,
1 s
0
2 s
P1 (as )P2 (as ) y
(35)

for s ∈ N2 . Evaluating the twisted chiral superpotential on
this solution, we find (neglecting the 1-loop contributions as
before)
W Q 1 (σ ) = log y

(31)





as + (−1) N +1

s∈N2

+ (−1) N q0 y


s∈N2

1 
B1 (as )
y
P1 (as )P2 (as )
s∈N2

B2 (as )
.
P1 (as )P2 (as )

(36)

If we now impose that the classical contributions in W Q 0
and W Q 1 match, we find that the FI parameters of the pair
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of dual theories are related in the same way as in the pure
theory, namely:
y=

1
.
x

(37)

Using this identification and the relations in (31), it can be
checked that

−+
W Q 1 (σ )1-inst = W1-inst

(38)

i.e. the 1-instanton contribution of W Q 1 matches the localization result (15) with the (−+) prescription. We have checked
in several examples that this match also occurs at higher
instanton numbers.
4.2 The dual theory
In the previous section we have shown that, with an appropriate map of parameters, the twisted superpotentials of
the quivers Q 0 and Q 1 match the results from localization
obtained with two distinct JK prescriptions. Since these differ already at the 1-instanton level, as shown in (18), it is
clear that the superpotentials W Q 0 and W Q 1 do not match. By
studying a number of low-rank theories at the first few instanton orders, we find that the difference between the superpotentials of the two quivers can be written as
W Q 1 (σ ) − W Q 0 (σ )


x3
x2
+
+ ···
mi
= (−1) N +1 x +
2
3
+ (−1) N +1

i∈F1

q


q2
q3
0
+ 02 + 03 + · · ·
mi .
x
2x
3x

(39)

i∈F1

After using the map (31) we observe that this is in complete agreement with the resummed result (19) obtained
for the superpotentials calculated from the (+−) and (−+)
prescriptions using localization. This not only supports
our identification between contours and quivers, it also
shows us the way to correctly identify dual pairs of quiver
theories.
In fact, given the simple relation (39), it is natural to propose that the quiver theory that is actually dual to Q 0 and that
1 , is the one whose superpotential differs
we denote by Q
from that of Q 1 by non-perturbative corrections according
to


W Q1 = − log x

s∈N2



−

Tr

s∈N2

123

σs −

 
i∈F1 s∈N2

(Φ − σs )



(σs − m i )


+ log(1 − (−1) N x)


q0  
mi .
+ log 1 − (−1) N
x

(40)

i∈F1

The first two lines of the right hand side of the equation
above is identical to the superpotential of the quiver Q 1 given
in (32), in which we have used the map (37). The last line
in (40) encodes the non-perturbative corrections to the naive
answer. Expanding the logarithm, we see that the power series
coincides with the difference calculated in (39). Furthermore,
this is precisely what we derive from first principles using
contour deformation arguments in Appendix A.
The appearance of non-perturbative terms in the superpotential of the dual theory is in part already known in the context of conformal gauge theories in two dimensions. Indeed,
as shown in [16], 2d Seiberg duality requires not only the
inversion of the FI couplings, but also that the twisted superpotential of the dual quiver is modified by the following nonperturbative correction:


 − Tr m .
δW = log 1 − (−1) N f x Tr m

(41)

where x is the exponentiated FI parameter of the 2d gauge
node that is dualized, and Tr m and Tr m
 denote respectively
the sum of twisted masses for all N f fundamental and N f
anti-fundamental flavours attached to that node.
The purely 2d part of the non perturbative term in (40)
is exactly δW in (41), written for the particular case we are
considering. Note that in (40) it depends only on the antifundamental flavours attached to the dualized node in Fig. 5,
because in Q 0 the contribution from fundamental flavours is
solely due to the 4d node and this vanishes due to the tracelessness condition of SU(N ). Our result shows that, whenever a 2d gauge node connected to a dynamical 4d gauge node
is dualized, there is also an extra contribution that arises as
a consequence of the non-trivial 4d dynamics. The modified
Seiberg rule in (40) is thus a generalization of the one in (41)
and represents the main result of this section.
4.3 Basic rules of duality
The definition of the dual quiver we have introduced might
seem simply a change in nomenclature since the non perturbative terms we have added are constant and do not affect
the dynamics or twisted chiral ring equations. However, in
a generic quiver with more nodes, the fundamental or antifundamental matter fields of a given 2d node are realized
by other 2d gauge nodes; in this case the role of the twisted
masses will be played by Tr σ of that gauge node and thus
such terms do affect the dynamics. Indeed, they affect the
form of the twisted chiral ring equations.

Eur. Phys. J. C (2019) 79:372

In summary the basic duality rules for the twisted chiral
superpotentials of pairs of dual quivers are:
1. The ranks of the gauge and flavour nodes of the dual
quiver are completely determined by the operation shown
in Figs. 3 and 4.
2. For such a duality move, the exponentiated FI couplings
of the pair of dual quivers are related by inversion, as
shown in (37).
3. If the dualized node is only connected to flavour or other
2d gauge nodes, the twisted chiral superpotential of the
dual quiver is corrected by a non-perturbative piece given
in (41). The twisted masses are replaced by the twisted
scalars of the vector multiplet in case the flavour is realized by a 2d gauge node.
4. If the dualized node is connected to the dynamical 4d
gauge node, the non-perturbative correction to the twisted
superpotential takes the form:
δW = Tr m
 −Tr m





Nf
N f q0
,
× log 1−(−1) x +log 1−(−1)
x
(42)
where N f is the number of (anti-) fundamental flavours
attached to the dualized node. As before, when the flavour
symmetry is realized by a 2d gauge node, the twisted
masses are replaced by the twisted scalars in the 2d vector
multiplet.
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(Q0)
n2 + n3

n1

n1 + n2

N

n1 + n2
n3 + n1

(Q1)
n2 + n3

n2

n1 + n2

N

n1 + n2
n3 + n1

(Q2)
n2 + n3

n2

n2 + n3

N

n1 + n2
n3 + n1

(Q3)
n2 + n3

n3

n2 + n3

N

n1 + n2
n3 + n1

Given these duality rules and the resulting twisted superpotential of the dual quiver theory, we solve the twisted chiral
ring equations order by order in the exponentiated FI couplings. Upon evaluating the superpotential on the solutions
of the chiral ring equations, we find a perfect match with the
evaluation of the superpotential on the corresponding massive vacuum of original quiver.

5 Seiberg duality for 3-node quivers
We now apply the duality rules derived in the previous section to quivers with two gauge nodes and one flavour node.
We begin with the quiver denoted by Q 0 and perform the
sequence of Seiberg dualities shown in Fig. 7.
The ranks and connectivity of the quivers are determined
by the duality rules discussed in Sect. 4. These are sufficient to determine the classical and one-loop contributions
to the twisted chiral superpotential. With these ingredients
alone, starting from Q 0 we can obtain three quivers Q 
(with  = 1, 2, 3), whose twisted chiral superpotential W Q 
is computed, at 1-instanton level, in Appendix C. From

Fig. 7 A sequence of dualities relating 2d/4d quivers corresponding
to the [n 1 , n 2 , n 3 ] defect in SU(N ) asymptotically conformal SQCD,
starting from the quiver Q 0

our previous discussion of Seiberg duality we know however that each step of the duality chain induces additional
non-perturbative corrections for the superpotential. We shall
 , in order to indicate that while
therefore use the notation Q
their twisted superpotentials share the classical and oneloop parts with those of Q  , they differ by non-perturbative
terms.
The twisted chiral superpotential for the first quiver Q 0
is:
W Q 0 {x} = log x1 Tr σ (1) + log x2 Tr σ (2)
 
(2)
−
(σs(1) − σt )
s∈N1 t∈N1 ∪N2

−

 

(m i − σs(1) )

s∈N1 i∈F1
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−

s∈N1 ∪N2 i∈F2

 

−

Tr

(m i − σs(2) )

(σs(2) − Φ) .

(43)

s∈N1 ∪N2

We now perform a duality on the U(n 1 ) gauge node in Q 0 to
1 whose twisted superpotential is
obtain the quiver Q
W Q1 {x} = − log x1 Tr σ (1) + log(x1 x2 ) Tr σ (2)
 
−
(σs(1) − m i )
s∈N2 i∈F1

−





(2)

(σt

− σs(1) )

s∈N2 t∈N1 ∪N2



−



(m i − σs(2) )

s∈N1 ∪N2 i∈F1 ∪F2

 

−

Tr

(σs(2) − Φ)

s∈N1 ∪N2

+ log 1 − (−1)n 1 +n 2 x1






m i − Tr σ (2) .

i∈F1

(44)

FI couplings x I . Upon evaluating the respective superpotentials on the resulting solutions, we find a perfect match up
to purely q0 -dependent terms. We have checked this up to
8 (ramified) instantons for several low rank cases and this
agreement is a confirmation of the proposal for 2d Seiberg
duality at the level of the low energy effective action.
It is important to mention here that the twisted chiral ring
1 are different from those
equations one would write for Q
that one would write for the quiver Q 1 on account of the
non-perturbative corrections to the FI parameters of the dual
theory. It is only with these corrections that the equality with
the low-energy superpotential W Q 0 holds.
Along the same lines, we now consider the second and
third dualities moves in the duality chain in Fig. 7. In the
former, the dualized 2d node is connected to the 4d gauge
node, and thus the modified duality rules (42) have to be
2 and, collecting
used. This duality step leads to the quiver Q
terms as before, we find
W Q2 {x} = W Q 2 {z}



+ log 1 − (−1)n 1 +n 3 y2
 

n 1 +n 3 q0
mi
+ log 1 − (−1)
y2
i∈F1 ∪F2
 

+ log 1 − (−1)n 1 +n 2 x1
mi .

The last logarithmic term accounts for the non perturbative
corrections due to the standard duality rule (41) in which we
have used N f = n 1 + n 2 since it is the U(n 1 + n 2 ) gauge
node that provides fundamental matter to the U(n 1 ) node that
is dualized.
In order to see the effect of the duality more clearly, one
can write the above superpotential using the variables that
are natural for the quiver Q 1 , by collecting the Tr σ (2) terms
together. Comparing with the superpotential W Q 1 given in
(86), we have

The superpotential W Q 2 is defined in (91) in Appendix C
and is determined purely by the connectivity of the quiver
Q 2 whose FI parameters we denote (z 1 , z 2 ) are expressed in
terms of those of the original quiver Q 0 via their dependence
on y I according to

 

mi ,
W Q1 {x} = W Q 1 {y} + log 1 − (−1)n 1 +n 2 x1

z1 = −

i∈F1

i∈F1

y1 y2
(1 − y2 )(1 −

(45)
where the FI parameters (y1 , y2 ) appearing in W Q 1 are
y1 =

1
,
x1

y2 =

x1 x2
.
1 − (−1)n 1 +n 2 x1

(46)

Here we see how the Seiberg duality acts on the FI parameters
when more than one gauge node is present.2
The twisted chiral ring equations obtained from W Q 0 and
W Q1 can be solved as usual by expanding about a particular
classical vacuum that corresponds to the surface operator and
performing an order-by-order expansion in the exponentiated
2

As shown in [16], it is possible to define cluster variables in terms of
which the Seiberg duality action on the FI parameters can be recast as
a cluster algebra.

123

(47)

q0 ,
y2 )

z2 =

1
.
y2

(48)

In (48) we see the appearance of q0 since the dualized node
is directly connected to the dynamical 4d node.
Finally, we perform the third duality move and obtain the
3 in Fig. 7; its twisted superpotential is:
quiver denoted by Q


W Q3 {x} = W Q 3 {w} + log 1 − (−1)n 2 +n 3 z 1
mi
i∈F2



+ log 1 − (−1)n 1 +n 3 y2
 

n 1 +n 3 q0
mi
+ log 1 − (−1)
y2
i∈F1 ∪F2

+ log 1 − (−1)n 1 +n 2 x1
mi .
i∈F1

(49)
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The superpotential W Q 3 is defined in (96) in Appendix C
and its FI parameters (w1 , w2 ) are
w1 =

1
z1

w2 =

z1 z2
.
1 − (−1)n 2 +n 3 z 1

(50)

By successively composing the relations (48) and (46), one
can express these FI couplings in terms of those of the original
quiver Q 0 .
Once the twisted chiral superpotentials of the dual quivers
are obtained, we can solve the corresponding chiral ring relations as usual and evaluate the superpotentials on these solutions. Our calculations confirm the equality of these quantities and show that, up to purely q0 -dependent terms, the three
1,2,3 derived from Q 0 , lead to the same low energy
quivers Q
effective action on the Coulomb branch.
5.1 Rows of dual quivers
So far, we have worked out a single duality chain starting
with the quiver Q 0 and shown that the twisted superpotentials
evaluated on the solutions to the twisted chiral ring equations
match for all these four 3-node quivers:
1 ←→ Q
2 ←→ Q
3 .
Q 0 ←→ Q

(51)

The arrows are double headed since dualities can be performed in either direction. The new result has been the second duality move, which is a generalized duality and involves
a change in the superpotential as shown in (42).
These results can be easily generalized to the generic case
in which the gauge nodes form a linear quiver. Our earlier
work has shown that, for such an M-node case, there are
2 M−1 possible Seiberg-dual quivers [14]. Each such quiver
is labelled by a vector (s1 , s2 , . . . , s M−1 ) whose entries take
values 0 or 1. For instance, for the 3-node cases studied in this
work, we find the following set of quivers that map to distinct
JK vectors on the localization side, that are completely determined by the permutation s (see [14] for details) (Fig. 8).
For the asymptotically conformal gauge theories, as we
have seen, for each duality move, one has to add nonperturbative corrections in order to obtain the correct twisted
superpotential of the dual quiver. So, given a dual quiver specified by a permutation s, there are two steps to be carried out:
first, one needs to find out the sequence of Seiberg-duality
moves needed to connect the quiver Q 0 to any one of the
quivers in the list. Secondly, one has to add appropriate nonperturbative corrections after each duality move.
The way Seiberg duality moves are encoded in terms of the
permutation basis can be described by realizing that there are
only M − 1 basic duality moves, that correspond to dualizing
one of the M −1 2d gauge nodes. Given that the M −1 arrows
of the quivers are also denoted by the same vector s, and

Node 1
Q0

n1

Q1

n2

Q2

n2

Node 2
0
n1 + n2

n3

0

1

n1 + n2 + n3

0
n2 + n3

Q3

Node 3

1

1

Fig. 8 The linear 3-node quivers that are Seiberg-dual to the oriented
quiver Q 0 . Only the gauge nodes are shown, the flavour nodes can be
assigned unambiguously such that each 2d gauge node is conformal.
The s I that label the quiver are drawn on the arrows linking the gauge
nodes

knowing the action of duality, which exchanges fundamental
with anti-fundamental matter on the dualized node, it then
follows that the basis of duality moves can be represented by
the following actions on the vector s:
D1 :(∗ ∗ ∗ · · · 0) → (∗ ∗ ∗ · · · 1)
D2 :(∗ ∗ ∗ · · · 10) → (∗ ∗ ∗ · · · 01)
D3 :(∗ ∗ · · · 10∗) → (∗ ∗ · · · 01∗) and so on.

(52)

In this way, it is easy to find out how any quiver labelled by s
can be connected to Q 0 by a sequence of duality moves. Once
this is done, one can add the appropriate non-perturbative
corrections to the twisted superpotential after each duality
using the rules explained in Sect. 4 and obtain a row of dual
theories, just as before:
D1
D2
1 ←→
2 ←→ · · · .
Q
Q 0 ←→ Q

(53)

This solves the problem of finding dual quivers related to Q 0
for the generic linear quiver.
We conclude with the following observation: given the
localization integrand, one could choose any JK prescription to evaluate the partition function. On the 2d/4d quiver
side, this corresponds to choosing a particular quiver Q k ; one
could then perform a set of Seiberg dualities:
D1
D2
1 ←→
2 · · · ←→ Q k ←→ Q
k+1 ←→ · · ·
0 ←→
Q
Q
Q
(54)

In this duality chain, the quiver Q k has a Lagrangian that one
would write down purely from the quiver itself. All the others
 are related to it by Seiberg-dualtiy and their superpotenQ
tials would differ from those one would write for the quiver
Q  by non-perturbative pieces determined by the sequence of
dualities involved. The low energy superpotentials for each
quiver in the chain are identical to that obtained for Q k (up to
purely q0 -dependent terms). One can therefore write down
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2 M−1 such duality chains starting with any of the quivers
corresponding to a given JK prescription. The results match
along the rows of dual quiver: these are interpreted as the
result of deforming the integration contour from one set of
poles to another, keeping into account the residues at infinity.
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A Contour deformations
In this section, we derive the 2d/4d Seiberg duality rule in
SQCD by lifting the theory to three dimensions and studying
the partition function of the surface operator of type [n 1 , n 2 ]
with support R2 × Sβ1 in R4 × Sβ1 . As we shall see, the extra
circle direction allows us to relate the partition functions for
the (+−) and (−+) contours up to all orders in the instanton expansion. We follow the basic ideas in [25] though we
will keep the 4d instanton weight q0 = 0. In the end we
will take the four dimensional limit β → 0 and set the Ωdeformation parameters i to zero in order to read off how
the 2d twisted superpotentials obtained using the two prescriptions are related.
The partition function for the (+−) contour in the 2-node
case is given by
Z +− =

d2

dχ2,ρ
z {d I } ,
2π i
−

+ σ =1

ρ=1

where the integrand takes the following form:
z {d I } =

β
2
sinh β2

dI
2 

sinh
I =1 σ,τ =1

×

d1 
d2

sinh
σ =1 ρ=1

123

β
2

sinh

χ I,σ − χ I,τ + δσ,τ
χ I,σ − χ I,τ + 1
χ1,σ − χ2,ρ + 1 + ˆ2
β
2

χ1,σ − χ2,ρ + ˆ2

dI
2 


(55)

χ2,ρ − χ1,σ + 1 + ˆ2

sinh

χ2,ρ − χ1,σ + ˆ2



I =1 σ =1

β
2





i∈F I
β
s∈N I sinh 2

sinh β2 (χ I,σ − m i )

1

×

t∈N I +1

sinh

β
2

as − χ I,σ + 21 (1 + ˆ2 )


χ I,σ − at + 21 (1 + ˆ2 )

.
(56)

This is obtained from the integrand in (9) by lifting rational
functions to trigonometric functions. Since we are eventually interested only in the strict 4d limit, we have not turned
on either 3d or 5d Chern-Simons levels. Given this starting point, our goal is to deform the contour to obtain Z −+ ,
knowing that as emphasized in [25], due to a non-trivial
residue at infinity, one should obtain a wall-crossing type
pre-factor.
Let us review how this works for the case in which q2 = 0.
The second and third lines in (56) are not present in such a
case and only terms with I = 1 survive. The integral receives
contributions from multiple residues at the singularities of
the integrand. When we reverse the contour, among the possible singularities to consider there are both the ones at finite
points and the ones at infinity. In the particular case of our
integrand, there are residues at both asymptotes ±∞. Out of
the d1 integration variables, let us assume that p1 of them are
evaluated at their poles in the asymptotes. We will eventually sum over all values of p1 from 0 up to d1 . The integrand
breaks up naturally into three sets of terms: the first involves
just the p1 variables that approach infinity; a second, which
involves only the complementary set and a last piece, which
involves both; after taking the limit in which the χ1,σ are
taken in this last piece, we find the following result for the
residue:
d1

p=0

d1 ,d2

d1

dχ1,σ
2π i

σ =1 ρ=1

×

β
2

d1 
d2

sinh

Res(+) z d1 =

 (−q1 )d1 (−q2 )d2
d1 !
d2 !

×

×

− β p1
(−1) p1 n 1 e 2


j∈F1


m j − u∈N

1 ∪N2


au

⎡

⎤
p1

sinh β2 χ1,σ − χ1,τ +δσ,τ
⎦
× Resχ1 ∈±∞ ⎣
β
χ
sinh
−
χ
+
1,σ
1,τ
1
σ,τ =1
2
× Res(−) z d1 − p1 .

(57)

The sum over au gives zero due to the tracelessness condition.
The way to deal with the residue coming from the asymptotic
region is identical to what is calculated in [25] and we refer
the reader to that reference for the details. The final result
for the case when there are equal numbers of fundamental
and anti-fundamental 2d flavours is given as follows (see
equation (4.44) of [25]):
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Z + = Z − × PE

⎤
⎡


− β2 i∈F m i
+ β2 i∈F m i
n
1
1
1
2(−1) q1 e
−e
⎥
⎢
⎥ (58)
⎢
⎦
⎣
2β
(1 − e 1 )
Here we have written the result in terms of the plethystic
exponential. For a function f (t) given by a series expansion:

f (q1 ) =

∞


f n q1n

n=0

1
⇒ PE [ f (q1 )] = ∞
n fn .
n=1 (1 − q1 )
(59)

For our case, the function whose plethystic exponential is
taken is a linear one and we consider a series expansion in
(−1)n 1 +1 q1 . In order to understand what this means for the
superpotential that governs 4d effective action, we take the
β → 0 limit and find
⎡

Z

+

⎤

1
= Z − × PE ⎣(−1)n 1 q1
mi ⎦ .
1

(60)

i∈F1

The 1 → 0 limit then allows one to extract the low energy
twisted chiral superpotential from the partition function via3
lim Z ± = e

1 →0

W±
1

.

(61)

Putting all this together, we find that
W + − W − = log(1 + (−1)n 1 q1 )



mi .

Using the relation (31) between the vortex counting parameter q1 and the exponentiated FI parameter of the quiver Q 0 ,
we find that (62) is the same result proposed in [16] for the
twisted chiral superpotentials of quivers related by Seiberg
duality using the S 2 partition function. Here we have shown
that this can be derived from a simple contour deformation
argument.
We now turn to generalize this to the case in which q0 = 0,
starting from the integrand in (56). We begin with the (+−)
contour and deform it to the (−+) contour; in the deformation process, one picks up contributions from the asymptotes
χ I,σ → ±∞. Let us consider the term in which, out of
the (d1 , d2 ) integration variables, we let ( p1 , p2 ) of them
to approach infinity. As before, the integrand breaks up into
three sets of terms: the first involves only those χ I,σ that
take asymptotic values; another set that involves the complementary χ I,σ that take finite values and lastly, those that
Since q0 = 0, the prepotential is zero.

d1 
d2


(−1) p1 n 1 e

p1 =0 p2 =0

× Resσ χ1 ∈±∞

− β2 p1


i∈F1

×

p2 
p1 

sinh

×

sinh

β
2

sinh

β
2

sinh

σ =1 ρ=1

(−1) p2 n 2 e

β
2
sinh β2

− β2 p2


i∈F2

mi

χ I,σ − χ I,τ + δσ,τ
χ I,σ − χ I,τ + 1

χ1,σ − χ2,ρ + 1 + ˆ2
β
2

χ2,ρ − χ1,σ
β
2

mi


p1
2 
sinh
I =1 σ,τ =1

χ1,σ − χ2,ρ + ˆ2

+ 1 + ˆ2

χ2,ρ − χ1,σ + ˆ2

× Res(−+) z d1 − p1 ,d2 − p2 .

(63)

In the asymptotic residue, there is now a mixed term between
the χ1,σ and χ2,ρ ; however, the key observation is that we
are only interested in how the twisted chiral superpotential
changes across the contour deformation and not the whole
partition function, which is obtained by setting 2 → 0. In
this limit, the mixed term is an even function of χ1,σ − χ2,ρ
and does not lead to any new pole that might contribute to
the twisted chiral superpotential. As a result, the residue calculation factorizes into a contribution from the χ1,σ integrals
and that from the χ2,ρ integrals; the calculation for each set
is identical to that done for the purely 2d case and we obtain
in the 4d limit,
⎡

(62)

i∈F1

3

take values in both sets. After taking the asymptotic limit
in this last piece and summing over all the possible values
for p1 and p2 , we find the following result for the residue
Res(+−) z d1 ,d2 :

Z +−

⎤

1
= Z −+ × PE ⎣(−1)n 1 q1
mi ⎦
1
i∈F1
⎡
⎤

1
× PE ⎣(−1)n 2 q2
mi ⎦
1

(64)

i∈F2

By using the formula for the plethystic exponential, the tracelessness of the flavour group SU(2N ), and the form of the
instanton partition function in the limit 1 → 0 we finally
obtain

W +− − W −+ = log(1 + (−1)n 1 q1 )
+ log(1 + (−1)n 2 q2 )



mi .

(65)

i∈F1

Using the map between the q I and the exponentiated FI
parameters and the 4d couplings we derived in (31), and
by identifying the (+−) and (−+) contours with the corresponding quivers, we derive the following rule for how the

123
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twisted superpotential transforms under the action of Seiberg
duality:

δW = log(1 − (−1) N f x)

q0  
+ log 1 − (−1) N f
mi ,
(66)
x
i∈F1

where N f denotes the number of (anti-) fundamental flavours
attached to the 2d gauge node.

The constant g 2 is related to the Nekrasov counting parameter
q0 by
g2 =

4q0
.
(1 + q0 )2

(71)

The Seiberg-Witten differential is given by
λ SW = z

dΨ (z)
dz,
dz

(72)

where the function Ψ (z) is
B 4d corrections to the 2d Lagrangian
In this section we show how to evaluate the 4d instanton
corrections to the 2d twisted chiral superpotential due to the
presence of the chiral correlator Tr (σ − Φ) . We write
this function as follows:
 Tr

(z − Φ) =

z



(z  − Φ)
.
dz  Tr log
μ

Ψ (z) = log



P(z) + Y
.
μN

(73)

#
"
The chiral correlators of the gauge theory Tr Φ  can be
obtained by expanding (for large z) the resolvent:


(67)


1
dΨ (z)
Tr
=
.
z−Φ
dz

(74)

We observe that the 4d observable on the R.H.S. is itself the
integral of the generating function of the chiral correlators in
the 4d gauge theory, and is referred to as the resolvent of the
4d theory. So we begin with a brief review of known results
regarding the resolvent of the N = 2 supersymmetric SQCD
gauge theory (we follow the discussion in [26]). We then
show how the quantum gauge polynomial can be written in
terms of the chiral correlators of the gauge theory and finally
we show how the 2d Lagrangian is affected by the coupling
to the four dimnensional theory.

Integrating with respect to z, we find that the integral of the
resolvent has a simple form in terms of the function Ψ (z):

B.1 Resolvents and chiral correlators in 4d asymptotically
conformal SQCD

Given the gauge polynomial in (69) and using equation (75),
it is possible to write the coefficients that appear in the gauge
polynomial in terms of the chiral correlators of the quantum
gauge theory, which can be calculated from first principles
using localization methods [26–30]. Unlike the case of pure
gauge theory, in the asymptotically conformal case, this relation is subtle due to the presence of the dimensionless coupling q0 that appears non-trivially in the resolvent. To extract
this relation, it is convenient to use an equivalent expression
for the resolvent [26]:


 +Y
1
z−Φ
P(z)
= log
Tr log
 −Y
μ
2
P(z)
1
B(z) 1
+ log 2N + log q0 .
(76)
2
μ
2

The Seiberg-Witten curve of the asymptotically conformal
SU(N ) gauge theory with N f = 2N fundamental flavours
is given by
 2 − g 2 B(z),
Y 2 = P(z)

(68)

where the characteristic gauge polynomial is given by
 = z N + u 2 z N −2 + . . . + (−1) N u N ,
P(z)

(69)

and the flavour polynomial is given by

B(z) =

2N

i=1

123

(z − m i ).

(70)





+ Y 
z−Φ
P
.
= log (1 + q0 )
Tr log
μ
2μ N

(75)

The constant log piece added on the R.H.S ensures that the
large-z expansion of both sides match.
B.2 Chiral correlators vs. quantum gauge polynomial

Expanding the R.H.S of (76) for large z and equating the
coefficients of z −k on both sides of the equation allows us
to express the u k purely in terms of the Tr Φ k . In order
to write down compact expressions, we express the flavour
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polynomial also in terms of the symmetric polynomials of
the masses Sk :

B(z) = z 2N +

2N

(−1) j S j z 2N − j .


Tr log

(77)

j=2

For the lowest orders, following this procedure, we find:

u2
u3
u4

u5

u6



1 1 − q0
q0
Tr Φ 2 +
=−
S2
2 1 + q0
1 + q0


1 1 − q0
q0
Tr Φ 3 +
=+
S3
3 1 + q0
1 + q0


1 1 − q0
q0
=−
S4
Tr Φ 4 +
4 1 + q0
1 + q0


1
1
q0 S2
Tr Φ 2 +
+ Tr Φ 2
2
4
1 + q0


1 1 − q0
q0 S3
Tr Φ 5 +
Tr Φ 2
=+
5 1 + q0
2(1 + q0 )


q0
1
q0 S2
1
+
S5
− Tr Φ 3
Tr Φ 2 +
3
2
1 + q0
1 + q0


1 1 − q0
q0
Tr Φ 6 +
=−
S6
6 1 + q0
1 + q0


1
1
q0 S2
Tr Φ 2 +
+ Tr Φ 4
4
2
1 + q0


1
1
q0 S3
Tr Φ 3 −
+ Tr Φ 3
3
6
1 + q0



2
1 1 − q0
1 
Tr Φ 2
Tr Φ 2
−
2 1 + q0
24
q0 S2
q0
Tr Φ 2 −
S4 .
(78)
−
4(1 − q0 )
(1 − q0 )

B.3 Weak coupling expansions and 4d corrections to the 2d
superpotential
In this section we expand the resolvent in (76) as an expansion
in small q0 . As we have seen, the coefficients u k in the gauge
polynomial P(z) have a q0 -expansion; let us formally expand
the gauge polynomial as follows:

 = P(z) +
P(z)

∞





p1
P
B
z−Φ
= log + q0 1 +
− 2
μ
μ
P
P
 3B 2
2B (P + p1 )
+ q02 −
+
2P 4
P3

2
2
P − 2 p2 P + p1
+ ··· .
−
2P 2

Substituting this into (67) and performing the integral, we
obtain the one and two instanton corrections to the twisted
superpotential of the 2d quiver due to the 4d theory.

C Chiral ring equations and superpotentials at the
1-instanton level
In this section we study the four quivers shown in Fig. 7 in
turn, write down the twisted chiral ring equations and calculate the 1-instanton result for the low energy superpotential,
which is the evaluation of the twisted chiral superpotential
in a particular vacuum. Given these results one can check
explicitly that the low energy superpotential for the distinct
quivers are different already at the 1-instanton level.
Quiver Q 0
n2 + n3

n1

n1 + n2

(79)

n=1

N

n1 + n2
n3 + n1

The twisted superpotential is
W Q 0 (x) = log x1


s∈N1

−





σs(1) + log x2

σs(2)

s∈N1 ∪N2



(σs(1)

− σt(2) )

t∈N1 ∪N2 s∈N1

−

 

(m i − σs(1) )

i∈F1 s∈N1

−
pn (z)q0n ,

(80)





(m i − σs(2) )

i∈F2 s∈N1 ∪N2

−



Tr

(σs(2) − Φ) .

(81)

s∈N1 ∪N2

where P(z) is the classical gauge polynomial defined in (17),
and the pn (z)’s can be calculated using (78). Then we find
that the resolvent has the following instanton expansion (we
suppress the z-dependence of the polynomials in order to
have compact expressions):

The chiral ring equations are:
G 2 (σs(1) ) = (−1)n 1 +n 2 x1 B1 (σs(1) ) for s ∈ N1 ,
 s(2) ) = (−1) N x2 G 1 (σs(2) )B2 (σs(2) )
(1 + q0 ) P(σ

123

372 Page 16 of 18

+ (−1) N

Eur. Phys. J. C (2019) 79:372
(2)

(2)

q0 B1 (σs )B3 (σs )
x2
G 1 (σs(2) )

The chiral ring equations are:

× for s ∈ N1 ∪ N2 ,

where G 1 (z) and G 2 (z) are the 2d gauge polynomials for the
quiver. We solve the equations about the following vacuum:
σs(1) = as for s ∈ N1 ,
σs(2) = as for s ∈ N1 ∪ N2 .

(83)

Then at 1-instanton the twisted superpotential evaluated on
the solution is

W

σ



= (−1)n 1 +n 2 x1

s∈N1

+ (−1) N +1 x2
+ (−1)n 3

G 2 (σs(1) ) =

(82)

B1 (as )

P1 (as )P2 (as )

(2)
(2)
 s(2) ) = (−1)n 1 +n 3 y2 B1 (σs )B2 (σs )
(1 + q0 ) P(σ
(2)
G 1 (σs )
q0
+ (−1)n 1 +n 3 B3 (σs(2) )G 1 (σs(2) )
y2
× for s ∈ N1 ∪ N2 .



B2 (as )
P2 (as )P3 (as )
s∈N2

σs(1) = as for s ∈ N2 ,
(88)

Then at 1-instanton the twisted superpotential evaluated on
the solution is:

q0 
B3 (as )
.
x1 x2
P3 (as )P1 (as )

(84)


B1 (as )
(−1)n 1 +n 2 +1 
W σ =

y1
P1 (as )P2 (as )
s∈N2

+ (−1)n 2 +n 3 +1 y1 y2

This matches the 1-instanton results from localization at 1instanton using the contour (+ + −) if we use the map:
q1 = (−1)n 2 +1 x1 , q2 = (−1)n 1 +n 3 +1 x2 , q3 =

q0
.
x1 x2
(85)

Quiver Q 1
n2 + n3

N


s∈N2

B2 (as )
P2 (as )P3 (as )

q0 
B3 (as )
+ (−1)n 1 +n 3 +1
.
y2
P3 (as )P1 (as )

(89)

s∈N1

This matches the 1-instanton results from localization using
the contour (− + −) and the map:
q1 =

n1 + n2

(87)

We solve the equations about the following vacuum:

σs(2) = as for s ∈ N1 ∪ N2 .

s∈N1

n2

(−1)n 1 +n 2
B1 (σs(1) ) for s ∈ N2 ,
y1

q0
(−1)n 2 +1
, q2 = (−1)n 3 y1 y2 , q3 = (−1)n 1 +1 .
y1
y2
(90)

Quiver Q 2
n2 + n3

n1 + n2
n3 + n1
n2

The twisted superpotential is
W Q 1 (y) = log y1


s∈N2

−





σs(1) + log y2


−

n1 + n2

s∈N1 ∪N2

n3 + n1

(σt(2) − σs(1) )

The twisted superpotential is

(σs(2) − Φ)

Tr

W Q 2 (z) = log z 1

s∈N1 ∪N2

−

 

i∈F1 s∈N2

−





(m i − σs(2) ).


s∈N2

(σs(1) − m i )

i∈F1 ∪F2 s∈N1 ∪N2

123

N

σs(2)

t∈N1 ∪N2 s∈N2



n2 + n3

−



σs(1) + log z 2



s∈N2 ∪N3

(σs(1)

t∈N2 ∪N3 s∈N2

(86)

−



s∈N2 ∪N3

Tr

(2)

− σt )

(Φ − σs(2) )

σs(2)
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−

 

(m i − σs(1) )

i∈F2 s∈N2

−
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(2)

(σt

− σs(1) )

t∈N2 ∪N3 s∈N3





−

(σs(2)

− m i ).

−

(91)

i∈F1 ∪F2 s∈N2 ∪N3



(Φ − σs(2) )

Tr

s∈N2 ∪N3

−

The chiral ring equations are:

 

(σs(1) − m i )

i∈F2 s∈N3

−

G 2 (σs(1) ) = (−1)n 2 +n 3 z 1 B2 (σs(1) ) for s ∈ N2 ,
 s(2) ) = (−1)n 1 +n 3
(1 + q0 ) P(σ

n 1 +n 3

+ (−1)

(2)



(σs(2) − m i ).

(96)

i∈F1 s∈N2 ∪N3

B1 (σs(2) )B2 (σs(2) )
z 2 G 1 (σs )



The chiral ring equations are:

q0 z 2 B3 (σs(2) )G 1 (σs(2) ),

for s ∈ N2 ∪ N3 .

G 2 (σs(1) ) = (−1)n 2 +n 3

(92)

(2)
(2)
 s(2) ) = (−1) N G 1 (σs )B1 (σs )
(1 + q0 ) P(σ
w2

We solve the equations about the following vacuum:
σs(1) = as for s ∈ N2 ,
σs(2) = as for s ∈ N2 ∪ N3 .

(1)

B2 (σs )
for s ∈ N3 ,
w1

+ (−1) N q0 w2

(93)

(2)

(2)

B2 (σs ) B3 (σs )
(2)

G 1 (σs )

for s ∈ N2 ∪ N3 .
Then at 1-instanton the twisted superpotential evaluated on
the solution is:

B1 (as )
(−1)n 1 +n 2 
W σ =

z1 z2
P1 (as )P2 (as )
+ (−1)n 2 +n 3 z 1

s∈N2

+ (−1)n 3 +1 q0 z 2

(97)

We solve the equations about the following vacuum:
σs(1) = as for s ∈ N3 ,
σs(2) = as for s ∈ N2 ∪ N3 .

s∈N2



,

B2 (as )

P2 (as )P3 (as )

(98)

Then at 1-instanton the twisted superpotential evaluated on
the solution is:



B3 (as )
.

P (as )P1 (as )
s∈N3 3

(94)

This matches the 1-instanton results from localization following the contour (− + +) and the map


B1 (as )
(−1) N +1 
W σ =

w2
P1 (as )P2 (as )
s∈N2

B2 (as )
(−1)n 2 +n 3 +1 
+
w1
P2 (as )P3 (as )
s∈N3

(−1)n 2
, q2 = (−1)n 3 +1 z 1 , q3 = (−1)n 1 +1 q0 z 2 .
q1 =
z1 z2
(95)

+ (−1)n 1 +1 q0 w1 w2


s∈N3

B3 (as )
.
P3 (as )P1 (as )

(99)

This matches the 1-instanton results from localization following the contour (− − +) and the map

Quiver Q 3
n2 + n3

(−1)n 2 +n 3 +1
(−1)n 3 +1
, q2 =
,
w2
w1
q3 = (−1)n 1 +n 3 q0 w1 w2 .
q1 =

n3

n2 + n3

N

n1 + n2
n3 + n1

The twisted superpotential is
W Q 3 (w) = log w1


s∈N3

σs(1) + log w2


s∈N2 ∪N3

σs(2)

(100)
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