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Abstract In this paper we present a new higher order gen-
eralized (gravitational) uncertainty principle (GUP*) which
has the maximal momentum as well as the minimal length.
We discuss the position representation and momentum rep-
resentation. We also discuss the position eigenfunction and
maximal localization states. As examples we discuss one
dimensional box problem and harmonic oscillator problem.

1 Introduction

Recently, there has been a great interest to study the effects of
the Generalized Uncertainty Principle (GUP) [1–31]. Based
on a definition of the path integral for string theory, the
Polyakov generating functional studied by Konishi, Paffuti,
and Provero that they derived the existence of a minimum
physical length and a generalized form of the uncertainty
principle [10]. On the other hand, Quantum Gravity (QG)
theory predicted a minimal length was studying high-energy.
In fact, this needs to a generalized in Heisenberg uncertainty
principle in order Planck length in quantum mechanics (QM)
to leads to this result that there exists a minimal length in QM.
Therefore, QM and QG are association (proportional) whit
together about exists the minimal length or the generalized
uncertainty principle [28]. Many authors have tried to find
this difference between QM and QG. Then, Kempf et al. pro-
posed [14] a modified commutation relation between posi-
tion and momentum that leads to a generalized uncertainty
principle (GUP). Then, Kempf introduced a minimal length
scale to the mathematical basis of QM [13,15]. This leads
to different models employing modifications of the canoni-
cal commutation relations. Several works have been devoted
to performing the uncertainty relations and their measura-
bility bounds in QG. Gedanken (thought) experiments have
been proposed to measure the area of apparent horizon of
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a black hole [7,8,12]. Accordingly, a generalization of the
uncertainty principle has been concluded. The GUP approach
agrees well with the one which is deduced from the String
theories [5,7,8,12,28];

[X, P] = i h̄(1 + β2P2). (1)

This gives the uncertainty relation

�X�P ≥ h̄

2

[
1 + β2(�P)2

]
(2)

which suggests the existence of the fundamental minimal
length (�X)0 = h̄β. Here, β2 = β2

0/(mpc)2 where mp is
the Planck mass with mpc2 ∼ 1019GeV and β0 is of order
the unity. Thus we have

β2

c2 ∼ 10−38 GeV−2. (3)

It is well known that the GUP (1) gives the minimal length
but it does not give the maximal momentum. To incorporate
the idea of the maximal momentum, Ali et al. [32–34] have
proposed the following modified commutation relation

[Xi , Pj ] = i h̄

[
δi j − α

(
Pδi j + Pi Pj

P

)

+α2(P2δi j + 3Pi Pj )

]
(4)

where α = α0/mp = α0L pc/h̄ is the GUP parameter, P2 =∑3
j=1 Pj Pj . The commutation relation (4) is approximately

satisfies by the the following representation

Xi = xi (5)

Pi = pi (1 − αp + 2α2 p2) (6)

where xi and pi obeys the the usual commutation rela-

tions [xi , p j ] = i h̄δi j and p =
√∑3

j=1 p j p j . The algebra
(4) indeed gives the minimal length ∼ α and the maximal
momentum ∼ 1/α but it is perturbative, i.e., it is only valid
for small values of the GUP parameter.
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To overcome these problems, Pedram [20,21] proposed
the higher order GUP of the form

[X, P] = i h̄

1 − β2P2 . (7)

This commutation relation agrees with the algebra (1) to
the leading order and contains a singularity at P2 = 1/β2.
This fact shows that the momentum of the particle cannot
exceed 1/β, which agrees with Doubly Special Relativity
(DSR ) [35–38].

The Eq. (7) involves the even terms in P only. In one
dimension, the magnitude of the momentum is not P but
|P| = √

P2. Thus, if we are to construct the new higher order
GUP, we should use |P| instead of P , which makes us find the
simpler form than the Eq. (7). In this paper we present a new
higher order generalized (gravitational) uncertainty principle
(GUP*) in the form [X, P] = i h̄/(1 − β|P|) which has the
maximal momentum as well as the minimal length.

This paper is organized as follows: In Sect. 2 we present
a new higher order generalized (gravitational) uncertainty
principle. In Sect. 3 we discuss the position representation
and momentum representation. In Sect. 4 we discuss the posi-
tion eigenfunction and maximal localization states In Sect. 5
we discuss the one dimensional box problem. In Sect. 6 we
discussed the harmonic oscillator problem.

2 A new higher order GUP

We present a new higher order generalized (gravitational)
uncertainty principle (GUP) in the form

[X, P] = i h̄

1 − β|P| , β > 0 (8)

where |P| = √|P2|, and β = β0/(mpc),

β

c
∼ 10−19 GeV−1. (9)

From now on we will call the Eq. (8) GUP*. The Eq. (8)
contains a singularity at |P| = 1/β. This fact shows that the
momentum of the particle cannot exceed 1/β, which agrees
with Doubly Special Relativity (DSR ) [35–38].

Now let us check whether the algebra (8) gives the minimal
length or not. Expanding the Eq. (8) with respect to β, we
get

[X, P] = i h̄
(

1 + β|P| + (β|P|)2 + (β|P|)3 + · · ·
)

. (10)

The uncertainty relation that arises from GUP* is given
by

(�X)(�P) ≥ h̄

2

〈
1

1 − β|P|
〉

(11)

= h̄

2
〈1 + β|P| + β2P2 + β3|P|P2 + β4(P2)2 + · · · 〉 (12)

≥ h̄

2

[
1 + β〈|P|〉 + β2(�P)2 + β3(�P)3 + β4(�P)4 + · · · 〉

]

(13)

≥ h̄

2

[
−β(�P) + 1 + β(�P) + β2(�P)2

+β3(�P)3 + β4(�P)4 + · · · 〉
]

(14)

= h̄

2

[
−β(�P) + 1

1 − β(�P)

]
(15)

where we set 〈P〉 = 0, 〈|P|〉 ≥ 0 and used the identities

〈(P2)n〉 ≥ (〈P2〉)n (16)

and

|〈(AB + BA)〉| ≥ 2
√

〈A2〉
√

〈B2〉. (17)

Rewriting the Eq. (15) we get

(�X) ≥ h̄

2(�P)

[
−β(�P) + 1

1 − β(�P)

]
. (18)

The right hand side of the Eq. (18) has the minimum at
(�P) = 1/(2β), hence the minimal length is

(�X)min = 3

2
βh̄. (19)

On the other hand, and from a physical viewpoint, GUP’s
are common phenomenological aspects of all promising can-
didates of quantum gravity. Like Pedram’s higher order GUP,
the GUP* belongs to a class of higher order GUP which
is mathematically well-motivated and non-perturbative. The
GUP* gives the different algebraic structure from Pedram’s
one and has new implications on the Hilbert space representa-
tion of quantum mechanics that overcomes some conceptual
problems raised in the original GUP (1) such as the diver-
gence of the energy spectrum of the eigenfunctions of the
position operator, which will be discussed later.

3 Representation

Now let us find two representations for the GUP*.

3.1 Momentum representation

The momentum representation for the algebra (8) is

X = i h̄

1 − β|p|
∂

∂p
, P = p. (20)

The momentum representation acts on the square inte-
grable functions

�(p) ∈ L2 (−1/β, 1/β; dp(1 − β|p|)) . (21)

The norm of � is given by

||�||2 =
∫ 1/β

−1/β

dp(1 − β|p|)|�(p)|2. (22)
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For the operator A, the expectation value of A for the wave
function �(p) is

〈A〉� = 〈�(p)|A|�(p)〉
=

∫ 1/β

−1/β

dp(1 − β|p|)�(p)∗A�(p). (23)

The Schrödinger equation reads
[
p2

2m
+ V

(
i h̄

1 − β|p|
∂

∂p

)]
�(p) = E�(p). (24)

3.2 Position representation

The position representation for the algebra (8) is

X = x, P = p

|p|
(

1 − √
1 − 2β|p|
β

)
, p = h̄

i
∂x . (25)

The position representation acts on the square integrable
functions

ψ(x) ∈ L2 (−∞,∞; dx) (26)

and the norm of ψ is given by

||ψ ||2 =
∫ ∞

−∞
dx |ψ(x)|2. (27)

For the operator A, the expectation value of A for the wave
function ψ(x) is

〈A〉ψ = 〈ψ(x)|A|ψ(x)〉 =
∫ ∞

−∞
dxψ∗(x)Aψ(x). (28)

The Schrödinger equation reads
[

1

2m

(
1 − √

1 − 2β|p|
β

)2

+ V (x)

]
ψ(x) = Eψ(x). (29)

4 Position eigenfunction and maximal localization states

The eigenvalue problem for the position operator in the GUP*
and in the momentum space is given by

i h̄

1 − β|p|
∂

∂p
ψλ(p) = λψλ(p) (30)

which gives the normalized position eigenfunction

ψλ(p) = √
β exp

(
− iλp

h̄

(
1 − β

2

))
. (31)

Now we calculate the scalar product of the position eigen-
function

〈ψλ(p)|ψλ′(p)〉 = 2βh̄

λ − λ′ sin

(
λ − λ′

2βh̄

)
. (32)

Thus, similar to Ref. [14] and Refs. [20,21], the position
eigenfunctions are generally no longer orthogonal. In Fig. 1
shows the plot of y = 〈ψλ(p)|ψλ′(p)〉 versus x = λ−λ′

h̄ for

Fig. 1 Plot of y = 〈ψλ(p)|ψλ′ (p)〉 versus x = λ−λ′
h̄ for Ref. [14]

(brown), Refs. [20,21] (purple) and GUP* (pink)

Ref. [14] (brown), Refs. [20,21] (purple) and GUP* (pink).
We know that 〈ψλ(p)|ψλ′(p)〉 for GUP* is similar to Ref.
[14] but the zeros are larger than Ref. [14]. This is also less
oscillatory than Refs. [20,21].

Now let us consider the maximally localized state |φml
ξ 〉

which is defined through

〈φml
ξ |X |φml

ξ 〉 = ξ (33)

and

(�X)||φml
ξ 〉 = (�X)min . (34)

Recall that we chose 〈p〉 = 0 for the absolutely small-
est uncertainty in position. Let us reconsider the (standard)
derivation of the uncertainty relation. The maximally local-
ized state |φml

ξ 〉 obeys
(
X − 〈X〉 + 〈[X, P]〉

2(�P)2 P

)
|φml

ξ 〉 = 0 (35)

where 〈X〉 = ξ . In the momentum space this takes the form
of a differential equation
[

i h̄

1 − β|p|∂p − ξ + i h̄

2(�p)2
(

−β�p + 1

1 − β�p

)
p

]
φml

ξ (p) = 0. (36)

If we chose �p = 1/2β, the Eq. (36) is solved into

φml
ξ (p) = N exp

[
− i

h̄
ξp

(
1 − β

2
|p|

)

−3

2
β2 p2

(
1 − 2β

3
|p|

)]
(37)

where where the normalization factor is given by

N−2 =
∫ 1/β

−1/β

dp(1 − β|p|) exp

[
−3β2 p2

(
1 − 2β

3
|p|

)]

≈ 0.7691

β
. (38)
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One can easily check that the maximally localized state
obeys the Eq. (22). However, because of the approximation,
we have

(�X)||φml
ξ 〉 ≈ 1.2(�X)min (39)

which shows an error about 20 percent. Comparing this with
Refs. [20,21] we have two times the error given in Refs.
[20,21]. This results from the fact that we ignored the positive
term 〈|P|〉 in the Eq. (14). This term is dependent on the form
of the wave function.

It is worth to mention that, in GUP*, the expectation value
of the kinetic energy operator is finite for both position eigen-
function and the maximal localization states. Indeed we have
〈
ψλ(p)

∣∣∣∣
P2

2m

∣∣∣∣ ψλ(p)

〉
= 1

12mβ2 (40)

〈
φml

ξ

∣∣∣∣
P2

2m

∣∣∣∣φml
ξ

〉
= 0.1196

2mβ2 . (41)

For the case of Refs. [20,21] we have
〈
ψλ(p)

∣∣∣∣
P2

2m

∣∣∣∣ ψλ(p)

〉

Pedram
= 1

10mβ2 (42)

〈
φml

ξ

∣∣∣∣
P2

2m

∣∣∣∣φml
ξ

〉

Pedram
= 0.1469

2mβ2 (43)

and for the case of Ref. [14] we have
〈
ψλ(p)

∣∣∣∣
P2

2m

∣∣∣∣ ψλ(p)

〉

KMM
= 1

2mβ2 (44)

〈
φml

ξ

∣∣∣∣
P2

2m

∣∣∣∣φml
ξ

〉

KMM
= ∞. (45)

These shows that the expectation values of the kinetic
energy operator for both position eigenfunction and the max-
imal localization states is the smallest for GUP*.

The quasiposition wave function ψ(ξ) is defined as

ψ(ξ) = 〈φml
ξ |ψ〉. (46)

Now the transformation of the wave function in the
momentum representation into its counterpart quasiposition
wave function is

ψ(ξ) ==N
∫ 1/β

−1/β

dp(1 − β|p|)
[
i

h̄
ξp

(
1 − β

2
|p|

)

−3

2
β2 p2

(
1 − 2β

3
|p|

)]
. (47)

This relation shows that similar to the ordinary quantum
mechanics, the quasiposition wave function of a momentum
eigenstate ψ p̄(p) = δ(p − p̄) with energy E = p̄2/2m is
still a plane wave but with a modified dispersion relation

λ(E) = λord(E)

1 −
√

2
2 β

√
m

√
E

(48)

Fig. 2 Plot of λ versus x = mE with β = 0.1 for the ordinary case
(brown), Refs. [20,21] (purple) and GUP* (pink)

where λord(E) is the ordinary wavelength which is obtained
from the limit β → 0. Figure 2 shows the plot of λ versus
x = mE with β = 0.1 for the ordinary case (bown), Refs.
[20,21] (purple) and GUP* (pink). Like the Refs. [20,21]
the GUP* also has the nonzero minimal wavelength. So the
wavelength components smaller than

λ0 =
⎛
⎝

√
2

1 − 1√
2

⎞
⎠ π h̄β ≈ 4.828π h̄β (49)

are absent in the Fourier decomposition of the quasiposition
wave function of the physical states. Therefore, the maximal
energy of a momentum eigenstate is

Emax = 2

mβ2 . (50)

5 One dimensional Box problem

Consider a spinless quantum particle with mass m confined
to the following one-dimensional box

V (x) =
{

0 (0 < x < L)

∞ elsewhere.
(51)

The Schrödinger equation in the position representation
reads

1

2m
P2ψ(x) = Eψ(x). (52)

The solution of the above equation is

ψn(x) =
√

2

L
sin

nπ

L
x (53)

and the energy is given by

En = h̄2

2mβ2

(
1 −

√
1 − 2β

(nπ

L

))2

. (54)
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For a small β we get

En ≈ (h̄nπ)2

2mL2

[
1 + β

(nπ

L

)]
(55)

which shows that the energy increase due to GUP* effect.
The expectation values of the position and position

squared are given by

〈X〉 = L

2
(56)

〈X2〉 = L2
(

1

3
− 1

2n2π2

)
(57)

and the expectation values of the momentum and momentum
squared are given by

〈P〉 = 0 (58)

and we get

〈P2〉 = h̄2

β2

(
1 −

√
1 − 2β

(nπ

L

))2

(59)

where we used

p sin qx = −iq cos qx, p cos qx = −iq sin qx (60)

|p| sin qx = q sin qx, |p| cos qx = q cos qx . (61)

Thus, the uncertainty relation reads

�X�P = h̄L

β

(
1 −

√
1 − 2β

(nπ

L

))√(
1

12
− 1

2(nπ)2

)
.

(62)

6 Harmonic oscillator problem

Now let us discuss the harmonic oscillator for the GUP*. The
Hamiltonian for the harmonic oscillator reads

H = P2

2m
+ 1

2
mw2X2 (63)

6.1 The semiclassical solution

The total energy in terms of ordinary variables is

H = p2

2m
+ mw2x2

2(1 − β|p|)2 . (64)

To find the approximate energy eigenvalues of the above
Hamiltonian, we use the Wilson-Sommerfeld quantization
rule in the form∮

xdp =
(
n + 1

2

)
h, n = 0, 1, 2, . . . (65)

which can be written as

2

mw

∫ z

−z
dp(1 − β|p|)

√
z2 − p2 =

(
n + 1

2

)
h (66)

where

z2 = 2mE . (67)

Integrating the Eq. (66) we get

z2 − 4β

3π
z3 = 2h̄mw

(
n + 1

2

)
. (68)

For a small β we have

ESC
n ≈ h̄w

(
n + 1

2

)
+ 4

√
2

3π
β
√
m(h̄w)3/2

(
n + 1

2

)3/2

.

(69)

6.2 Perturbative solution

In the position representation, the Hamiltonian for the har-
monic oscillator reads

H = P2

2m
+ 1

2
mw2X2. (70)

Because the Schrödinger equation is not solved in a closed
form we will apply the perturbation for a small β to GUP*
models as follows;

H = H0 + H̃ = H0 + βH ′ (71)

where

H0 = p2

2m
− 1

2
mw2∂2

p (72)

H ′ = −1

2
mh̄2w2

(
2|p|∂2

p + p

|p|∂p
)

. (73)

Here the momentum wave function and energy for H0 are

H0ψn(ξ) = E0
nψn(ξ), n = 0, 1, 2, . . . (74)

where

E0
n = h̄w

(
n + 1

2

)
(75)

ψn(ξ) = 1√
2nn!

(
1

πmh̄w

)1/4

e−ξ2/2Hn(ξ) (76)

and

ξ = p√
h̄mw

. (77)

Applying the first order perturbation, we have

〈H ′〉n = − (mh̄w)3/2

2n+1m
√

πn!
∫ ∞

−∞
dξe−ξ2/2Hn(ξ)

×
(

2|ξ |∂2
ξ + ξ

|ξ |∂ξ

)
e−ξ2/2Hn(ξ). (78)

This integral can be computed numerically. For the first
few n’s, we have

E0 ≈ h̄w

2
+ β

m

(
(h̄mw)3/2

√
π

)
×

(
1

2

)
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Table 1 2En/h̄w for n = 0, 1, 2, 3, 4

n 2Eβ=0
n /h̄w 2ESC

n /h̄w 2En/h̄w

0 1 1.0042 1.0113

1 3 3.0221 3.0226

2 5 5.0475 5.0480

3 7 7.0786 7.0790

4 9 9.1146 9.1150

E1 ≈ 3h̄w

2
+ β

2m

(
(mw)3/2

√
π

)
× (2)

E2 ≈ 5h̄w

2
+ β

2m

(
(mw)3/2

√
π

)
×

(
17

4

)

E3 ≈ 7h̄w

2
+ β

2m

(
(mw)3/2

√
π

)
× (7)

E4 ≈ 9h̄w

2
+ β

2m

(
(mw)3/2

√
π

)
×

(
163

16

)
.

We know that the energy increases due to GUP*. Figure 1
shows the plot of En versus n for β = 0 (brown) and β = 0.2
(pink).

6.3 Comparison with the semiclassical solution and
perturbative solution

Now let us compare the energy levels for the first few n’s
for the ordinary case, semiclassical solution and perturbative
solution. Table 1 shows the 2En/h̄w with n = 0, 1, 2, 3, 4
for the ordinary case, semiclassical solution and perturbative
solution for the dimensionless quantity β

√
h̄mw = 0.01.

This shows that the energy for the perturbative solution is
larger than the semiclassical solution, which results from the
fact that we considered only classical region in the semiclas-
sical solution.

6.4 Classical solution

Now let us consider the classical solution corresponding to
GUP*. The Hamiltonian is

H = p2

2m
+ 1

2
mw2x2 = E (79)

and the Hamilton equations read

ẋ = p

m(1 − β|p|) (80)

ṗ = − mw2x

1 − β|p| . (81)

If we set pmax = 2mE we have

x = 1

mw

√
p2
max − p(t)2. (82)

Inserting the Eq. (82) into the Eq. (81) we get

wt = −βp

|p|
√
p2
max − p(t)2 − tan−1

(
p√

p2
max − p(t)2

)
.

(83)

The newtonian equation of motion is

mẍ = −mW (|ẋ |)2x (84)

where

W (|ẋ |) = w(1 + mβ|ẋ |)3/2. (85)

This equation is the Hooke’s law with the velocity-
dependent angular frequency.

7 Conclusion

We presented a new higher order generalized (gravitational)
uncertainty principle (GUP*) in the form [X, P] = i/(1 −
β|P|) where |P| = √|P2|. For GUP* we explicitly showed
that it gives the minimal length. We also obtained the position
representation and momentum representation. We discussed
the position eigenfunction and Maximal localization states
From the comparison with Ref. [14] and Refs. [20,21], we
found that the expectation values of the kinetic energy opera-
tor for both position eigenfunction and the maximal localiza-
tion states is the smallest for GUP*. Like the Refs. [20,21]
the GUP* was shown to have the nonzero minimal wave-
length. We discussed one dimensional box problem where
we found that the energy increases due to GUP* effect. We
obtained the semiclassical solution and perturbative solution
for the harmonic oscillator problem numerically. We found
that the energy for the perturbative solution is larger than the
semiclassical solution, which resulted from the fact that we
considered only classical region in the semiclassical solution.

One can also consider more general case of GUP*,

[X, P] = i

(1 − β|P|)N , β > 0, N = 1, 2, . . .

where we have

P = p

β|p| [1 − (1 − β(N + 1)|p|)] 1
N+1 . (86)

But, here, for simplicity, we considered the case of N = 1
only.
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