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Abstract This paper is devoted to the canonical analysis
of non-linear sigma model that describes motion of non-
relativistic string on stringy Newton—Cartan background. We
determine structure of constraints of this string and com-
pare resulting Hamiltonian with previous proposal of non-
relativistic string on stringy Newton—Cartan background.

1 Introduction and summary

In [1,2] non-relativistic string theory with Galilean invariant
global symmetry was proposed.' This theory is described by
two-dimensional quantum field theory which is well defined
and which contain fields that describe dynamics of string
in target space-time together with additional fields which
are crucial for consistency of string theory. It is important
to stress that the target space-time, where the string propa-
gates corresponds to flat space-time invariant under global
stringy Galilean symmetry. The characteristic property of
non-relativistic string theory is that there is no Riemannian
metric in the target space. In fact, non-relativistic string the-
ory provides a quantization of stringy non-relativistic space-
time geometry in the same way as relativistic string the-
ory provides quantization of Riemannian geometry. Natu-
ral question is whether we can formulate non-linear sigma
model that describes string propagation on a non-relativistic
target space-time structure. As was shown recently in [17]
the appropriate geometry corresponds to so-called stringy
Newton—Cartan geometry [18].2

The action proposed in [17] is very interesting and cer-
tainly deserves further study. In particular, it would be very
nice to find Hamiltonian form of this action and analyze its

! For related works, see for example [3-16].

2 For related works, that analyse point particles or extended objects in
Newton—Cartan geometry or its stringy generalizations, see for example
[19-25].

b e-mail: klu@physics.muni.cz

relation to Hamiltonian that was proposed recently in [26].?
The goal of this paper is to perform such an analysis. It turns
out that the canonical analysis of the action proposed in [17]
is rather non-trivial due to the complicated structure of the
target space-time and also thanks to the presence of addi-
tional world-sheet fields that are needed for the consistency
of theory. Since these fields are non-dynamical we find that
their conjugate momenta are the primary constraints of the
theory. Then requirement of the preservation of these pri-
mary constraints implies secondary constraints that together
with primary constraints are second class constraints. Hence
they can be explicitly solved with very interesting result. In
more details, in order to find Hamiltonian formulation of
the action proposed in [17] we should find metric inverse to
the boost invariant metric that defines string sigma model in
stringy Newton—Cartan gravity. It turns out that crucial object
for construction of such a metric is matrix valued Newton
potential which is natural generalization of Newton potential
defined in Newton—Cartan geometry. Then we will be able
to find corresponding Hamiltonian and diffeomorphism con-
straints and we show that they are the first class constraints.
As a next step we proceed to the solution of the second class
constraints. It turns out that when we solve these constraints
and insert this result into the original Hamiltonian constraint
we find that the resulting constraint agrees with the Hamilto-
nian constraint found in [26] which is very nice consistency
check of both approaches. Note that the Hamiltonian found in
[26] was derived with the help of the limiting procedure that
defines Newton—Cartan geometry from the relativistic one
[27]. In more details, we start with the Hamiltonian for rela-
tivistic string in general background. Then we used the form
of the metric [27] that leads to the stringy Newton-Cartan
background in the limit when parameter w goes in infinity. We
argued that in order to cancel divergence in the Hamiltonan
constraint of non-relativistic string when this procedure is

3 The Hamiltonian analysis of non-relativistic string in the background
with flat longitudinal dimension was performed previously in [14].
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performed, we should include background NSNS two form
in the special form that was chosen in such a way to obtain
finite Hamiltonian constraint. In principle this procedure is
not unique and hence the agreement between the Hamilto-
nian constraint found in [26] and derived here shows that the
ansatz introduced in [26] is the correct one.

Finally we determine Lagrangian from corresponding
Hamiltonian and we find that it agrees exactly with the
Lagrangian found in [18] which is again very nice consis-
tency check. Let us outline our results and suggest possi-
ble extension of this work. We find canonical structure of
non-linear sigma model proposed recently in [17]. We deter-
mine all constraints and we identify Hamiltonian and spatial
diffeomorphism constraints and calculate Poisson brackets
between them. We also determine second class constraints
and perform their explicit solutions which gives the Hamil-
tonian constraint that agrees with the constraint found in [26].

The next important step in our canonical formulation
of non-relativistic string theory is to perform analysis of
T-duality since, as was shown in [17], T-duality of non-
relativistic string theory is more complex than in case of its
relativistic version. This analysis is currently in progress.

The structure of this paper is following. In the next Sect.
(2) we review basic facts about stringy Newton-Cartan geom-
etry and non-linear sigma model defined on it, following [17].
Then in Sect. (3) we perform canonical analysis of this theory.
Finally in Sect. (4) we explicitly solve second class constraint
and determine corresponding Hamiltonian.

2 Non-linear sigma model on stringy Newton—Cartan
geometry

In this section we define stringy Newton—Cartan geometry,
following [17]. Let M is D + 1 dimensional manifold and
let 7, is tangent space at point p. We decompose 7, into
longitudinal directions indexed by A = 0, 1 and transverse
directions with A’ = 2, ..., d —1. Two dimensional foliation
of M is defined by generalized clock function rMA that is also
known as longitudinal vielbein field that satisfies a constraint

A_pyrA=o (1

where D, is covariant derivative with respect to the longitu-
dinal Lorentz transformations acting on index A. Let us also
. . . / .
introduce transverse vielbein field £ MA . We further introduce
projective inverse r‘z and E ’i‘, that are defined as

ko B _ B

‘L'AT =

Al QA
E’u EB/—(SB/, m A

A_v A v Qv
‘E'u 'L'A + E# E ;= 8#’
WEXN =0, T/ E", =0. ©)
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Let ¥ AA, is a parameter of string Galilei boost transforma-
tions. Then various components of NC geometry transform
in the following way

A A’ A A’
SZTM =0, (SEEM =-T, X4,
syt = EM Tl SsxE, =0. A3)

From vielbein we can construct longitudinal metric 7, =
ruA rvB nap and transverse metric h*¥ = E’;,E"B,SA,B/ that
are invariant under string Galilean boost transformations.

It is clear that in order to define string moving in stringy
Newton—Cartan background we need transverse tensor H,,
that is invariant under the string Galilei boost. It turns out
that this can be done when we introduce gauge field m MA and

we can construct boost invariant tensor
A - B’ A_ B A_ B
HMV:E;,L Ev 8A’B’+(Tu m, +71, m, )NAB- @

. / .
In conclusion, A, E HA and m MA defines stringy Newton—

Cartan geometrylf

Now we are ready to proceed to the string sigma model that
was introduced in [17]. An important point is that this model
is relativistic on two-dimensional world-sheet and hence it
should be defined on the Riemann surface X. It turns out that
this action contains world-sheet scalars x** that parameterize
an embedding string into target space time together with two
worlds-sheet scalars that we denote as A and A. These fields
are needed for the realization of string Galilei symmetry on
the world-sheet theory.

Now we will be more explicit. Let 0, « = 0, 1 parame-
terize world-sheet surface . The sigma model is endowed
with two dimensional world-sheet metric y,5 and we intro-
duce two dimensional vielbein e, a = 0, 1 so that

Vap = €5 ef Nab. (5)

where 1,4, = diag(—1, 1). Using light-cone coordinates for
the flat index a on the world-sheet tangent space we define

eco=el+tel, e,=el ¢l 6)

We can also use light-cone coordinates for the flat index A
on the space-time tangent space 7, and define

ruzro—l—rl, fuzro—rl. (7)

Then we are ready to write sigma model for non-relativistic
string on an arbitrary string Newton—Cartan geometry, non-
relativistic Kalb-Ramond B-field B,,,, and dilaton field ¢ in
the form [17]

T
S=-3 / d?0 (/=y 7P dux"dpx" H,,

+€%P (heg Ty + AeyT,)dpxt)
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T
—5 / d*oeP 0o x"0gx" By

1
+— / d’ov/=hR¢, )

4
where y = det yugp, y*P is inverse to Yga» R is scalar curva-
ture of yup and T is string tension. Further, 0y x* = agaxﬂ‘

In what follows we restrict to the case of constant dilaton
field so that the last term on the second line in (8) is total
derivative and will be ignored. It is important to stress that
A and A are world-sheet scalars under change of wold-sheet
coordinates o’® (o). Explicitly, under such transformations
we have

;o do? 9o’
Vaﬁ(a )= Jo'e Jo'B

M) = ko), xM(o')=x"(0). ©))

Vyé(g)» )“/(OJ) = )\,(0),

Further, €*# is Levi—Chivita symbol defined as Ol =

—el0 — 1, Finally, we restrict ourselves to the case of the
constant dilaton field so that the last term in (8) is topological
invariant and will be ignored in what follows.

After this review of string sigma model in stringy Newton-
Cartan background we now proceed to its Hamiltonian for-
mulation.

3 Hamiltonian formulation of string in stringy
Newton—Cartan background

The presence of two dimensional vielbeins e, makes the
analysis slightly complicated and hence it is important to
choose suitable parametrization. To do this we use convention
introduced in [28,29]. Explicitly, let us define ¢, and e, as

0o | _ 1 _
ey = s(eatey), e, = =(ea — €q). (10)
2 2
Then it is easy to see that y,5 = e,'e ﬁb Nap has the form
1 _ _
Yap = _E(eaeﬁ + eqep) (11)
and also y = det yg is equal to

1 _ _
y =7 (e0d1 — eper)”. (12)

Then inverse metric y*# has components

00 _ deje 1n_ depeq
(eoer — eper)? (eper — eper)?
eper + ejep
=2 (13)

(eoe1 — eper)?’

As the next step we introduce following variables [28,29]

1
€ =In(—eje;), €e=—=In <—€—1> ort=2%
2 el el
ro=-2 (14)
el
with following inverse relation

e = 2620 g — 220

0o = ITer®+20 5 — _pez(6-20) (15)

and hence we obtain

2 2r+r-
ey S ey 293 § Rl
i r++r-’ vy rt4r-’
rt—r-
01
[0l = 16
YT T T (10

With the help of these relations we rewrite the action (8) into
the form

1
S = T/d%(ﬁxﬂ —THa™)(x" + T x")Hp
T
—Efdza(kf+e%(§+25)tux/“ - ,\e%@“@w“)
T [ o(eireb €205 i _joE207 cuy
> o e T X e TuX
-T / d*c it x" B, (17)
Xt ax*

where x* = 50 = 5.1 From the form of the action

(17) we see that it is natural to perform rescaling of A, A as
AT = 2e1€ 29 3T = 32620 (18)
and hence the action (17) has the form
1 . . _
S =T [ o e - TG T
-T / d*a it x" B,
r ot ™ +ooan
) oA T X = AT x)
L[ oo g 405,00 19
—1—5 o( Tux "+ AT xh). (19)
Before we proceed to the canonical formalism we would like

to analyze the action (19) in more details. Let us determine
equation of motion for A™ and A~ that follow from (19)

o™ — g0t =0, T Tx"+ 75,44 =0. (20)
If we combine these equations together we obtain

T T
rr-=—"-, rt-r-=2-2, (21)

Too Too

@ Springer
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where

_ n v __ _A_B
Tap = Tulo X" 0gx", Tyy = T, Ty 1AB- (22)
Equation (21) can be solved as

—Tro +/—dett r+— Tre + A/ —dett

TUU TO’U

| - (23)

Inserting this result into the action (19) we finally obtain
T
S = -5 / d?o/— det rt“ﬁHMvaax“E)ﬁx”
-T / d*oi"x"" By, 24

which corresponds to the non-relativistic string action as was
formulated in [18].

Let us now proceed to the canonical formalism. From (19)
we obtain following momenta p,, conjugate to x*

Pu= TWQ;&“ + (@~ = THx")H,, — TBypx"
T . T. __
+§)\ TM+ 5}\. TM’
or equivalently
r-—-rt T T __
Pu — TWHMVXW + TBMV)C/U - E}\.+Tﬂ — E}\. T
2T oy
= WHMU.X . (25)

Remaining conjugate momenta are primary constraints of the
theory

oL JL
r r
=— =0, = — ~0,
p+ o+ ol -
JL oL
s A
=—=~0, pt=——=~0. 26
P+ oAt oA~ (26)

Now using (25) we obtain Hamiltonian density in the form

T

H: 'M_‘C:i
Pu* I+

(X" Hypx" + T Hyyx™x™)
T T
+Ex+r+rﬂx’“ - EA_F_T,LXW. (27)

Of course, this is not correct form of the Hamiltonian density
since it does not depend on canonical variables p,, x*. In
order to express it in the right form we have to find relation
between x* and p,. In order to solve this problem let us
observe that we have following relation

Hy,h*” Hy, = Hyy + 1,  @457,°, (28)
where we defined matrix valued Newton potential ® 45 as
Dap = —1ymSncp — nacm STl

+nacm ShmPnps. (29)

@ Springer

Let us further define 7", as
th =1l —h*mPnpa. (30)

Then it is easy to see that

r-—rt T T
~ + -
'L'I:LA <p# — TWHMVXW + TBMUX/U — E)\. Ty — E)\. Tu_)
2T B.v
:_7F++F7¢ABTU X . (31)

To proceed further we will presume that ® 4 p is non-singular
matrix so that we can introduce its inverse in the form

1 O] -
o—1)AB — 11 oy 32
( ) det Dyp (—CDOI Doo ©2)
Now if we combine (28) with (31) we find that the inverse
metric H*" to H,,, has the form

H" = p* —th @ HAP2Yy, HI'WH,, =) (33)

then it is easy to determine canonical Hamiltonian from (27)
and we obtain

H:/dO'H,

r++r- T
H = %T(“H‘”nv + Z(F+ + T )x"Hyyx"
1
_E(F_ —THx"n,
1
_Z(F+ + F_)n’uHﬂvO‘-—i_Tu +ATT)
T _
+Z(F_ +IHx" (Wt — 27T,
T i} _ _
T T G + A7 T H 071 + 27T,
(34)
where
Ty = pu+ TBupx™. (35)

Finally we introduce two variables N and N° defined as
R _ P _

N= @"+I7), N =-(I"-T") (36)

so that we find final form of the Hamiltonian density

H=NH;+N"H,, 37)

where
1
He = ?nuH’“’m—i-Tx/“wa”’ —m HY W, +071)

+Tx" (YT, —A71T,)
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T ; _ _
+Z(,\+ru +ATT)H" A + AT T),

He = x"py. (38)

Let us now proceed to the analysis of the requirement of
the preservation of all primary constraints. In case of the
constraints py ~ 0, p, ~ 0 which are momenta conjugate
to N and N° we obtain

—H; ~0,
—Hs ~ 0,

pn ={pn, H} =
pa = {Pa, H} = (39)
while requirement of the preservation of the constraints pﬁr ~
0, p* ~ 0 implies

ph ={p\ . H} = 7, H" 1, — Tx""1,,

T
—EIMH’”(A_IV +271) =G4 ~0,
ph = {Pﬁ H} =m, H"'7, + Tx""1,

T _
—EfﬂH””()\_ru +1" ) =6 ~0. (40)

Let us now analyze constraints H, ~ 0, H; =~ 0 in more
details. Since we can anticipate that H, = 0 is generator

of spatial diffeomorphism it is natural to extend it in the
following way

Hy — pux™ 4+ 1T ph + 2" p* (41)
and introduce its smeared form
T, (N?) =/daN°Hg 42)

together with smeared form of the Hamiltonian constraint
T:(N) = f do N'H. Note that T, (N?) has non-zero Pois-
son bracket with canonical variables

{To(N?), x*} = —=N7x™",

{To(N9), pu} = —(N"p,»

{To(N?), 27} =

{To(N), pi} = —(N"pi) 43)
Then it is easy to see that

{Te(N), To (M)} = To(N°M"® — M7N'"). (44)
In the same way we obtain

{Te(N?), H:} = —2N""H, — N°H, (45)
or equivalently

{Te(N?), T (M)} =T (N"M' — MN'"). (46)

Finally we calculate Poisson bracket

{T:(N), T-(M)}
= /dU(NM’ — MN)(pux™ —2x" (Wt + 27T,
27, H*™ Wty — A7 1))
T\t — A T )H" 0T + A7 1)
= / do(NM' — MN')(Hy +20FGh — 27G%))
(47)

that vanishes on the constraint surface H, ~ O, gi x
0, G* ~ 0. Collecting all these results together we find that
H: ~ 0, Hs ~ 0 are the first class constraints which is an
expected result since the action (8) defines relativistic theory
on two-dimensional world-sheet .

4 Second class constraints and their solution

Now we analyze the constraints G ~ 0, G* ~ 0 in more
details. First of all we show that G} ~ 0, G* ~ 0 are second

class constraints together with p’ ~ 0 and p* ~ 0 since
[Pl (0). G0N} = —rMerv(s(a — ),

[ph(0), G (o))} = —ruH“ 0,8(0 — o),

[pL(0), GLeh} = —r H"%,8(0 — o),

{p(0), G (0"} = —ruH“ 78(0 — o). (48)

Clearly there is also non-zero Poisson bracket between G }r ~
0 and G* ~ 0. Let us now introduce common notation for
the second class constraintas W4 = (p’, p*, G4, G*). Then
the matrix of Poisson brackets between these constraints has
schematic form

0 X
AAB—<Y W)’

where X, Y, W are 2 x 2 matrices that have generally inverse
matrices.* Then the inverse matrix has the form

(49)

AAB —

~y~lwx-t y-!
( Pt 0 ) AapABC =585 (50)
If we now calculate Dirac bracket between x* and p, we
obtain

4 Of course, each entry of these matrices is infinite dimensional since it
depends generally on o and o”’. However for our purposes this schematic
form is sufficient.

@ Springer
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(X" po}p = {2 po} = {5 Wa} A48 (U, py)
—y~lwx—! y-!
={xﬂ,pv}—(0,0,*,*)< X_] O )
x(0,0, %, %) = {x", p,}, (51)

where * means non-zero entry whose explicit form is not
important. From this result we see that Dirac brackets
between x* and p, coincide with corresponding Poisson
brackets. Now we are ready to solve the second class con-
straints G} ~ 0 and G* ~ 0. First of all we introduce part of
the Hamiltonian constraint H; = 0 that depends on A" and
AT as

T
HE = AMT + BA™ + Z((H)ZX + 20Ty + )W),

(52)
where
A=-m,H"1,+ Tx"1,, B=-m,H"7, —Tx"7,,
X =1, H"1,, Y =1,H"7, W=1,H"%, (53)

Using this notation we can write the solution of the second
class constraints gi =0, G* =0 inthe form

_ 2AY-BX .,  2BY—-AW
= o = (54)
TY2-XW T Y2 XW

Then inserting this result into * we obtain

1
A _ 2 2
(55)
where explicit calculations give
Y = (@ 4 npa,
so that
2 4
Y*—XW=———. (57)
det Dyp

Then after some complicated calculations and with the help
of the explicit form of A and B given in (53) we get

Hi‘(onshell)
= %anA(CD_I)ABf‘gnU — Zan’zeABnBCTUC
+T1, 057" = T1, 0, nap®cpn©”, (58)
where ‘L’UA = x’“ruA. Inserting (58) into (38) we obtain

Hamiltonian constraint that depends on the canonical vari-
ables x* and p,, only

@ Springer

1
Hi(’l = Tnuh“”pv + Tx"™H,px"

—Zanli\eABnBcrac
+Tt, A0 57,2 — Tr AT Bnap®con®®, (59

where 7,4 = x/# rﬂA. The form of the Hamiltonian constraint
(59) coincides with the Hamiltonian constraint found in [26]
where non-relativistic string in stringy Newton—Cartan back-
ground was defined with the help of the limiting procedure
that defines Newton—Cartan geometry from the relativistic
one. We mean that this is very nice consistency check of
both approaches.

Finally we would like to check the analysis further and
try to determine corresponding Lagrangian density. Using
canonical equation of motion we get

2N
)&M = {)C/L, H} = ?hﬂvﬂv — 2Nf”AEABnBCTJC

+N 95 xH, (60)
where H = [ d° (NH°' + N°H,). Then we find
L= puit — NH' — N°H,
= ;”uhw}”v — TtUACDABtUB + TTJArGBtbAB
—Tx""Hypx" — T x" By dpx". (61)
To proceed further we will now follow [26] and introduce

E MA/ defined as

EN =EN +mPE"6Yt Bypa (62)

that obeys an important relation
EAX#h =0, (63)

Then it is easy to express Lagrangian density (61) as function
of x* and 9,x* and we obtain

T Y. A p
L= _(xl/- _ NUX/M)EMA SA’B’EUB (xv . Nax/v)

4N
—TN‘EGA(DAB‘EUB + TNTUATGBHABCDCDT]CD
—TNx""Hyx" — T, x"Byd5x". (64)

As the next step we determine Lagrange multipliers N and
N? Ttturns out that these multipliers are determined by equa-
tions of motion for x*. In fact, if we multiply this equation
by 7, we obtain

T = N7x") = =2Nt,Feppt,”. (65)

If we further multiply this result with x’* and use an anti-
symmetry of € 4 5 we obtain

No = Fo (66)

Too
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If we manipulate with (65) further we get

(" — N7xM) 7, (5" — N°x") = —4N21,, (67)
that can be written as

T = 2N Tr + (N7)’Tog = —4N"16,. (68)

This equation can be solved for N when we take into account
the result (66) and we obtain

1/—dettyg 69)

N=—-
2 Too

Inserting (66) and (69) into (64) we obtain Lagrangian den-
sity in the form

T T
= -3 —det 'Ca/sTaﬂHaﬂ -3 — det TaﬁfaﬁTaAq)ABTﬂB
T
) —det T ®apn? — Ti" Byyx", (70)

where Hyg = H 1,04 x" 0", raA = aax“ru"‘ and where we
used the fact that

EMA SA’B/EVB = MV~|—THA®ABTUB. (71)

We see that this Lagrangian density almost coincides with
the Lagrangian density found [18] up to terms that contain
matrix valued Newton potential ®4p5. Now we are going to
argue that these terms cancel each other. In fact, note that 7,
is defined as

Top =7, 15" naB, (72)

where 7,/ is 2 x 2 matrix. Now since 7,4 is non-singular so
that 7, is non-singular as well and hence we can introduce
an inverse matrix t’i that obeys the relation

B =58 (73)

Then we can define 7% as

o = r%r%r}AB (74)
that obeys
r“ﬂtﬂA =%, (75)
and hence
TaﬁrﬁBtaA — TﬂBrﬂcr}CA — B4, (76)

With the help of these results it is easy to see that contributions
to the Lagrangian density (70) that depend on ®4p cancel

each other and hence the Lagrangian density has the final
form

T
L=—5/~det Tap TP Hyp — Ti" Byyx”” (77)

which is Lagrangian density proposed in [18]. This result
again confirms validity of our approach.
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