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Abstract In the context of the minimal geometric defor-
mation method, in this paper we implement the inverse
problem in a black hole scenario. In order to deal with an
anisotropic polytropic black hole solution of the Einstein
field equations with cosmological constant, the deformation
method is slightly extended. After obtaining the isotropic
sector and the decoupler for an anisotropic (A-)dS poly-
tropic black hole solution, we emphasize a possible relation
between anisotropization/isotropization and the violation of
the energy conditions.

1 Introduction

Inrecent years, the use of the minimal geometric deformation
(MGD) [1-33] as a systematic and powerful method to obtain
new and relevant solutions of the Einstein field equations, has
considerable increased [18,22-27,30,32]. For example, the
method has allowed to induce local anisotropies in spheri-
cally symmetric systems leading to both more realistic inte-
rior solutions of compact objects [25,26] and hairy black
holes [24]. More recently, the method has been extended to
solve the inverse problem [32], namely, given any anisotropic
solution of the Einstein field equations it is possible to recover
the isotropic source and the decoupler matter content which,
after gravitational interaction, led to the anisotropic configu-
ration. In that work, it was found that, for a simple anisotropic
solution violating all the energy conditions, the free param-
eters involved in the MGD can be fitted in such a manner
that both the isotropic source and the matter decoupler con-
tent satisfy all the energy conditions. The importance of this
result lies in the fact that the inverse problem allowed to inter-
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pret the MGD as some kind of mechanism which leads to the
apparition of exotic matter after gravitational interaction of
well behaved matter content.

In the same spirit of Ref. [32], it could be interesting to
explore if the same duality exotic/non-exotic matter content
occurs in other scenarios after the application of the inverse
MGD problem. To be more precise, we could study if such
a duality persists in situations where the starting point is a
solution sourced by a matter content satisfying all the energy
conditions. In order to do so, in this work we implement
the inverse problem program in a polytropic black hole (BH)
originally studied in reference [34] and extended to the scale-
dependent scenario in Ref. [35]. As it will be shown in the
rest of the manuscript, the choice of such a system is twofold:
first, to extend the MGD in order to deal with Einstein field
equations with cosmological constant and, second, to imple-
ment the inverse problem in an anisotropic system which
satisfies all the energy conditions.

This work is organized as follows. In the next section we
briefly review the MGD-decoupling method. In Sect. 3 we
develop the method to obtain the generator of any anisotropic
solution of the Einstein Field Equations and then we imple-
ment the method for a polytropic BH solution in Sect. 4. The
last section is devoted to final comments and conclusion.

2 Einstein equations with cosmological constant and
extended MGD-decoupling

With the purpose to extend the MGD in order to consider
the Einstein field equations with cosmological constant, we
write

2 tot
T;w ,

1
R;w - ERg/w + Aguv = —K (1)

and we assume that the total energy-momentum tensor is
given by
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T =T + afy,, 2)

where « is a constant. As usual, the energy—momentum ten-
sor for a perfect fluid TU“('") = diag(—p, p, p, p) and the
decoupler matter content 6, interact only gravitationally,

v, TH™ = v,6/ = 0. (3)

In what follows, we shall work with spherically symmetric
space-times with a line element parametrized as

ds® = e'dt* — &rdr? — r?d?, )

where v and A are functions of the radial coordinate » only.
Considering Eq. (4) as a solution of the Einstein field equa-
tions, we obtain

e MV =1 A2 +1

25 = (2 ) 72 (5)
r r
A / 1

Kzﬁr=e(r++)_i2_/‘ (6)
r r

. e ((rv +2) (W =V) =2r”
N (. T R o

where the prime denotes derivation with respect to the radial
coordinate and we have defined

p=p+ab ®)
pr=p—ab] )
pL=p—abs. (10

The next step consists in decoupling the Einstein field
equations (5), (6) and (7) by performing

et =p+af, (11)

where f is the geometric deformation undergone by the
radial metric component p, “controlled” by the free param-
eter «. By doing so, we obtain two sets of differential equa-
tions: one describing an isotropic system sourced by the con-
served energy—momentum tensor of a perfect fluid 7/*™™ an
the other set corresponding to quasi-Einstein field equations
sourced by 6,,,. After taking into account that the cosmo-
logical constant can be interpreted as some kind of isotropic
fluid, we include the A-term in the isotropic sector and we
obtain

B Arr —rp —p+1

©*p = (12)

—Ar ) 4 p—1
Kp = 3 (13)

) 2u + 2rpy” + rpv’ 4+ 20
K°p =
4r
M/U/

+ ) + A, (14)

for the perfect fluid and

@ Springer

rf' + f
o =" (15)
rfv+ f
K20) = S (16)
"(rv +2)+ f(2rv + 2+ 20

4r

for the anisotropic system.! We would like to emphasize that
that the addition of the cosmological constant only affects
the isotropic sector because Egs. (15), (16) and (17) remain
unchanged. At this point, we are ready to implement the
inverse problem program.

3 MGD-decoupling: the inverse problem

In a previous work [32], the inverse MGD problem was
solved after realizing that, given any anisotropic solution
with metric functions {v, A}, matter content {p, p,, p1} and
definitions given by Egs. (8), (9) and (10), the following con-
straint must be satisfied:

pL—pr=—a®; —0}). (18)

It should be noted that the above constraint allows us to obtain
a differential equation for the decoupling function f in terms
of well known quantities of anisotropic solution. To be more
precise, with this constraint we do not need any artificial
equation of state for the 6’s components. It is worth men-
tioning that, in the case of Einstein equations with cosmo-
logical constant, the previous constraint leads to the same
result obtained in Ref. [32] because there is no contribution
of A. More precisely, after subtracting Egs. (9) and (10), the
cosmological constant disappears and the solution remains
the same. In this sense, the combination of Egs. (16) and (17)
with the constraint (18) leads to a differential equation for the
decoupling function f given by

f'=Ff=F, (19)

where we have introduced the auxiliary functions F; and />
as

4 —r (2rv” +/ (r\/ — 2))

Fi = T 2) (20)
P e (r (—A/ (rv’ +2) +2rv" +/ (rv/ — 2))
2= ar (rv' +2)
A
de (e 1)) 1)
ar (rv' +2)

From Eq. (19), it is straightforward to derive that the defor-
mation function, f, is given by

fr) =el Fidu / Fre= I Trdu gy, (22)

! In what follows we shall assume 2 = 8.
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The next step consists in obtaining the metric function, u,
by replacing Eq. (22) in the geometric deformation relation
(11). We obtain

r )
,u:eil—otef ]:'d”/ fgeff Fadu gy, (23)

Now, from Egs. (12), (13) and (14), the matter content for
the isotropic system reads

r r w
p:A—i—Ql—i—agzeI ]:'d”/ .7:26’_[ Frdu gy (24)

p=—-A+G;— ag4ef’f1d”f Fre " Frdugy,  (25)

where we have introduced four additional auxiliary functions
as
re ((e)‘ — 3) Vv 4+ 2rv" + rv’z)
8rr2 (rv' +2)
Ge™* (e)‘ — 1)
T8 (v 1 2)
4 / /
Gy — 6—r (821’\)2 + \j (rv — 3)) o7
wrs (rv’ +2)
e (—e* +rv + 1)
8mrr?
rv +1
8mr2
To determine the decoupler matter content we simply
replace Egs. (22) and (23) in (15), (16) and (17) to obtain

G =

(26)

g3

(28)

Gy = (29)

rF1+ l)efr F1du fr fge_fw Frdu gy

0V =
0 72
f
+22 (30)
Hiel Frd (fr Fae=I" Frdu dw)
0] = — 5 (31)
r
efr]'—ldu <fr er—fw}—ldu dw)
07 = —
2
4r
Fr(Hy +1
JL0utDh (32)
4r
where
Hi=1+nrv (33)
Hy = ((rv' +2) (F1 +v'(r) +2r" (). (34)

At this point some comments are in order. First, note
that the cosmological constant affects only the isotropic sec-
tor, as previously said, whereas the anisotropic one remains
unchanged with respect to the reported in Ref. [32]. Second,
as reported in Ref. [32], Egs. (23), (24) and (25) determine
the isotropic generator {i, p, p} and Egs. (30), (31) and (32)

determine the decoupler matter content {6’8 , 011 , 6’22} once any
anisotropic solution {v, A, p, p,, p1} is provided.

In the next section, we shall briefly review the mains
aspects of the polytropic BH reported in Ref. [34] and then we
shall implement the method to obtain its isotropic generator
and decoupler matter content.

4 Isotropic sector of a polytropic BH solution

Let us start this section summarizing the main results
obtained in Ref. [34]. The line element is parametrized as

2 2 -1
2M 2M
ds? = <Z— — —) dr* — <% — —) dr* — r*d?,
r

(35)

with L2 = —3/A. Imposing this metric as a solution of the
Einstein field equations with cosmological constant (see Eq.
(1)) with T*Y = diag(—p, pr, p1, p1) it is obtained that

1

8xr2’

pL=pL=0. (37)

p=—p, = (36)

It is remarkable that 7, fulfils all the energy condi-
tions

0 =0, p+pi =0, (38)

o+ > pi=0, o+ pi =0, (39)
i

o = 1pil, (40)

which are referred as the weak, strong and dominant energy
conditions, respectively. It is worth mentioning that the solu-
tion is singular at » = 0 and has both a Killing and a causal
horizon located at r = 21/3M1/3L%/3,

In what follows, we shall implement the inverse prob-
lem protocol to obtain the isotropic generator and the decou-
pler matter content associated to this polytropic BH solu-
tion. From Eq. (22), the decoupling function, f, reads

(24/3L%/3) (2\/§tan’1 A +log B)
3aM?/3

fr)y=e" + 6c1

(41)

where

22r 1

A= — 24— 42
NENVIETVENE) 2
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() ¢ () s

L? L2
B = 3 43)
3 (m - ﬁ/L—>
2M r2
ev = T — ﬁ (44)

Replacing Eq. (41) in the decoupling equation, e =

W+ af , we obtain an expression for the metric function pu:

(2L2M — 1) (2 2213 /3 tan~1 (A) + 22/3 10g(B)>

w=-
6r (L2M)**

3 (Bacy —2) (LM —r?)
6L%r
Using the above result in Egs. (24) and (25), the isotropic
fluid reads

2 15M M\
P = 5 P + 90lC]C r
8mr (ﬁ — 3M)

. (45)

+C (2 223/3tan~" (A) + 2%/3 log(B)) (46)

_ 2/3tan"!(A) + log(B)
287 (L2m)*?

9acyr? 1
16w L%r2  8mr?

47

where

9<M—2LL23>

C:= 3
487 (LM)2/3 (GL—2 — 3M)

(48)

At this point some comments are in order. First, the hori-
zon of the solution is located at

ry =203 M, (49)

which coincides with that of the anisotropic solution of Eq.
(35). We think this is remarkable: starting from an isotropic
solution with an event horizon, one can form, following the
MGD, the anisotropic extension of the BH but maintaining
the location of the horizon. In this sense, the entropy of both
anisotropic and isotropic BHs are indistinguishable . Second,
a critical radius appears at

L*B3IM
==
where the solution diverges. Even more, an analysis of the
curvature scalar, which is given by

(50)

re

8
R=—1ac|— ——— t — — — 51)
- r

22/3 (2¢§ tan~" (A) + log(B))

+2 L4730 12/3 ’

(52)
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reveals that this critical radius is a real singularity. It is
worth noticing that, the location of r. is independent of
the free parameters of the theory unlike the obtained in
Ref. [24] and, in this sense, we can not control its loca-
tion. However, the critical radius is less than the horizon
radius which implies that the singularity is hidden inside the
BH horizon. Third, the energy density reach a maximum at

M= \3/3\/§L2M + 5L2M and its asymptotic behaviour is
given by

lim p - —o0

r—re

, 1 [6c1a 2233 6
Iim p = — — -
r—00 16\ =« LA3M23  gL?

and at the horizon

—9.49286L%3 + 6cja L2 M?/3 — 6 M?/3
16w L2 M?2/3 '

At this point a couple of comments are in order. First, note
that near the critical radius, the apparition of exotic matter
is unavoidable. Second, as far as r — oo the choice of the
free parameters leads to a negative, positive or even vanish-
ing energy density. Even more, given that p is a continuous
function that reaches a maximum at r, the energy density
profile could be endowed with one, two or with no real roots
at all. It is worth noticing that when no real roots appear, the
exotic behaviour is present in all the space-time. When two
real roots are allowed, two exotic sectors appear, one near
the critical point and the other for some r > r.. Finally, for
only one real root, the apparition of the exotic matter can be
minimized. Specifically, one condition for the apparition of
only one real root leads to

plry) =

6M?/3 +9.4928612/3
6L2M2/3 ’

which implies that the root is located at the horizon, i.e.,

clo = (53)

p(ra) =0 (54)

For this value of cj«, the energy density reach a positive
value at infinity given by

0.0170132
P a3

In Fig. 1 we show the behaviour of the energy density
(blue line) and the pressure (orange line) for r > rg, cjo =
GMMG'E%%W and M = L = 1, revealing that, for r >
ry, all the energy conditions are satisfied.

The results obtained so far could be interpreted as fol-
lows. The isotropic sector of the polytropic BH reported in
Ref. [34] corresponds to a BH solution hiding exotic matter
in its interior. What is more, the new isotropic BH solution
obtained in this work could be thought as the remnant of a
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Fig. 1
L=1

Energy density (blue line) and pressure (orange line) profile for

gravitational collapse involving exotic matter which is the
responsible of sustain traversable wormholes [36-39].

5 Conclusions

In this work we have extended the Minimal Geometric Defor-
mation approach when a cosmological constant is present
showing that, in this case, only the isotropic sector is modi-
fied. In particular, the inverse problem in the context of poly-
tropic black holes has been explored, obtaining the isotropic
sector from which an anisotropic (A-)dS polytropic black
hole is obtained. Moreover, the isotropic sector contains a
singularity which does not depends on any of the free param-
eters of the deformation approach. This singularity is hidden
inside an event horizon, which remarkably coincides with
that of the anisotropic black hole. Finally, we have noted that
the isotropic sector is deeply linked with the appearance of
exotic matter, although it can be located inside the horizon.
In this sense, this work shows a nice example of how one
could, in principle, control the energy conditions by tuning
the isotropy/anisotropy of a black hole solution.
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