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Abstract We continue to investigate the premetric telepar- 3.7 Parametrization of irreducible parts . . . . . . . 10

allel theory of gravity (TG) with the coframe (tetrad) as gravi- 3.8 Energy—momentum current . . . . . . .. ... 10

tational potential. We start from the field equations and a local 3.9 Contracting x“ 1 twice: four second order

and linear constitutive law. We create a Tonti diagram of TG TENSOTS « « v v v v v e e e e e e 10

in order to disclose the structure of TG. Subsequently weirre- 4 Metric-dependent constitutive tensor . . . . . . . . 12

ducibly decompose the 6th order constitutive tensor under the
linear group. Moreover, we construct the most general consti-
tutive tensors from the metric and the totally antisymmetric
Levi-Civita symbol, and we demonstrate that they encom-
pass nontrivial axion and skewon type pieces. Using these
tools, we derive for TG in the geometric-optics approxima-
tion propagating massless spin 0, 1, and 2 waves, including
the special case of Einstein’s general relativity.
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1 Introduction
Lately we followed in [18] the program of Kottler of 1922

to remove the metric tensor of spacetime, the gravitational
potential within general relativity theory (GR), from the fun-
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damental laws of classical electromagnetism and gravity as
far as possible. In particular, we applied this to the theory
of gravity [31] in that we started from a translational gauge
theory of gravity, also known as teleparallel theory of grav-
ity (TG).' We assume that our readers are familiar with [31].
The TG approach is reviewed in Blagojevi¢ et al. [8], see
also Maluf [36], and Aldrovandi and Pereira [1]. For a some-
what related tetrad approach to gravity, in which affine sym-
metry is exploited, one should compare Stawianowski et al.
[54].

The spacetime geometry of TG is represented by a
four-dimensional (4d) manifold equipped with a coframe
l-form 9% = e¢;%dx’ and with a linear connection 1-
form I, = TI;,”dx', the curvature 2-form of which,
R, = lRijaﬂdxi A dx7, vanishes globally: R, = 0.
In the notation we follow basically the book [22]: o and
B are co- and contravariant frame indices, with o, 8, ... =
f), i, ﬁ, 3, whereas i, j,... = 0,1,2,3 are coordinate
indices.

Because of the vanishing curvature, we can pick suitable

frames such that I',# vanishes globally:
L, Zo (everywhere in spacetime). (D
In this ‘teleparallel gauge,” the covariant exterior derivative
taken with respect to the connection I, # is reduced to the
ordinary exterior derivative. This will simplify our formal-
ism. However, we will drop the star * over the equality sign
in future since (1) is assumed to be valid throughout our
paper.

The essence of the premetric approach can be formulated
as follows. This universal field-theoretic scheme is based on
conservation laws which hold true for the two types of vari-
ables: extensive fields (“how much?”) and intensive (‘“how
strong?”’) ones. These variables satisfy the fundamental equ-
aions which are metric-free, whereas the metric comes in
only via the linking equations which establish consitutive
relations between the extensive and intensive variables.

Premetric electrodynamics [22] is based on the conser-
vation laws of electric charge and magnetic flux which give
rise to the fundamental equations dH = J and dF = 0.
Here H is the electromagnetic excitation 2-form (extensive
variable) and F the electromagnetic field strength 2-form
(intensive variable). By introducing the constitutive relation
H = k[F], one obtains a predictive physical theory.

The premetric gravity framework [31] can be constructed
along the same lines by replacing the electric charge with
a “gravitational charge” — mass — energy—momentum. In
this introductory section, we provide a short overview of the
premetric teleparallel approach.

! For the application of teleparallelism in continuum mechanics, see
Delphenich [12].
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1.1 Field equations

The field equations of TG will be our starting point. The
inhomogeneous gravitational field equation of TG reads [31,
Table I]

dH, = Py, + ™y, (4 x 6 components). )

It relates the twisted gravitational excitation 2-form
1 ; | P 1 -g
Ha = EHijﬂldx ANdx! = EHﬂya P = EH Va €By (3)

to its source, the sum of the twisted energy—momentum 3-
forms of gravity )X, and of matter ™, , respectively. Here
9PY .= 9B A 97 and €gy = %Eﬂy&g 9% A 0F, see [22, .
39].

As was already pointed out in [17, p. 52], “...for consis-
tency, we cannot allow spinning matter (other than as test par-
ticles) in such a T4...” that is, in a 4d Weitzenbock spacetime.
In other words, the field equation (2) is valid only for hydro-
dynamic and for electromagnetic matter. A careful proof of
this stipulation was given by Obukhov and Pereira” [47]. For
matter with spin, the Dirac field, for example, the Lorentz
group should also be gauged, which removes the teleparal-
lelism constraint R,”? = 0. Then one arrives at a Poincaré
gauge theory operating in a Riemann—Cartan spacetime with
torsion and with Cartan curvature R? # 0.

The homogeneous field equation of TG reads

dF* =0 (4 x 6 components), 4)
with the untwisted vector-valued 2-form F¢ := dv“, the
torsion of spacetime, which has the expansion

o 1 o g0 j 1 oqf
F IEFU dx /\deZEFﬂV oPY. (5)

Note that (4) is the first Bianchi identity of a linearly con-
nected spacetime with vanishing curvature, see [53, Eq.
(5.41)] or [22, Eq. (C.1.67)].

The analogy to the Maxwell equations of electrodynam-
ics should be apparent, see [22]. Equation (2) represents four
inhomogeneous Maxwell type equations and Eq. (4) four
homogeneous Maxwell type equations. Since TG is a trans-
lational gauge theory, it has the four one-form potentials
D% = ;% dx', where four is the number of generators of
the translation group.

2 Within the framework of TG as a translational gauge theory, the cou-
pling to matter is achieved via the minimal coupling procedure, strictly
in the sense of a bona fide gauge theory. Dispensing with the minimal
coupling principle (as Maluf [35] does, e.g.) is against the spirit of gauge
theory.
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1.2 Local and linear constitutive law

In order to complete the two field equations of TG to a pre-
dictive system of equations, one has to adopt a constitutive
law between excitation H and field strength F'. The simplest
assumption is that the functional H = «[F] is local and
linear,

Hy = ko FP1. (©6)

To deduce the corresponding component representation, we
remember that the functional k4 acts on 2-forms and creates
as response other 2-forms. Since any 2-form can be decom-
posed with respect to the 2-form basis ¢"7, it is sufficient
to study the behavior of #"” under the application of kqg.
Because of the assumed locality and linearity, we have

1
ap[D] = 5 Kr0a "y TR (7

Let us come back to (6). We decompose H, and F# and, by
using (7), we find:

1 1
H, = EHWMM = koplFP1 = kup |:§va/319""}

1 1
- Evaﬁlca,g[z?”p] = ZKW% Fy,P o, 8)

By renaming some indices, we eventually derive the final
formula

1
Hgyo = 5 Kpya"” uFup. ©))

see [31, Eq. (47)].

If we use Schouten’s [53] notation (af) := %{a,B + Ba}
and, moreover, [af] := %{a,B — Ba}, we have here the anti-
symmetries Hgy), = 0 and F(,,)** = 0. Thus, the constitu-
tive tensor obeys the identities

Kgyye Py =0 and kg, =0. (10)

Accordingly, kg, ", has (6 x 4)%? = 576 independent com-
ponents. In the corresponding electrodynamics case, the con-
stitutive law reads Hg, = %Kﬁy"p F\,. Thus, by contrast, we
have only 62 = 36 independent components. As we will see
further down, if we study only reversible processes, then this
number is appreciably downsized in both cases.

A concise Hamiltonian formulation of teleparallel grav-
ity was given by Ferraro and Guzmadn [14]. Recently Hoh-
mann et al. [26] studied teleparallel gravity, but instead of
taking local and linear constitutive equations, they turned
to local and nonlinear ones in order to incorporate f(7)-
theories into the general TG formalism. These investiga-
tions [26] are very helpful since they bring order into the

plethora of f(7)-theories and make them more transparent.
Such nonlinear models provide an interesting development of
gravitational theory based on an analogy with Born-Infeld—
Plebariski electrodynamics. We believe, though, that there
is, at the present time, no real need to push nonlinear con-
stitutive laws, since gravity is nonlinear anyway, due to its
self-interaction — and this in spite of a linear constitutive
law, which guarantees the quasi-linearity of the emerging
field equation.

Kostelecky and Mewes [33] investigated Lorentz and dif-
feomorphism violations in linearized gravity. In this context,
they introduced tensors which are of a similar type as our
constitutive tensor . Our group-theoretical treatment of x
in Sect. 3 is reminiscent of their method. However, in our arti-
cle the full nonlinearity of gravity is treated in a premetric
framework.

We would like to stress the following fact about telepar-
allelism theories: We have always a frame ¢y, = e 59 and
a coframe ¥f = ejﬁdxj with us, that is, we can always
change from holonomic to anholonomic indices by using
¢y and e jﬁ , respectively — and vice versa. This implies that
all the indices in premetric TG are fundamentally equal, in
particular, all those occurring in kg, "?, in (9). The ‘group’
indices « and p are of the same quality as the ‘form’ indices
B, v, v, p. Contractions with all indices are always allowed.
Of course, at the premetric stage, raising and lowering of
indices is only possible with the totally antisymmetric Levi-
Civita symbols €,8,5 = %1, 0 and €#"?? = F1, 0, since no
metric is available so far in our premetric framework.

If we follow the pattern of electrodynamics as formu-
lated in tensor calculus, see Post [50], then it is obvious
that we should introduce the excitation with the components
I:Iﬂya = %eﬁw‘” H,q, as already defined in Eq. (3). Thus,

1

Ijlﬂya = EXﬂyavpu vau» (1D
with

By vp 1 Byée vp
X "Ta T p = 56 Ksear ™ u- (12)

The constitutive tensor density® x#7 " x 1s equivalent to
Kgya"’ u, in particular,

X(ﬂ)’)aVPM =0 and Xﬂ)/a(m))u =0. (13)

But there is still a third useful version of the consti-
tutive tensor available. For the purpose of the irreducible
decomposition under the GL(4, R), it is optimal to have the
indices of the constitutive tensor all exclusively either in

3 This tensor density emerged already in [21], see also [1,9].

@ Springer
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lower or in upper position. Since so far we have no met-
ric at our disposal, we can only move the antisymmetric sets
of indices. If we have a look at (9), we can rewrite it with
~ 1 N

FYP1 = eV Fyptt as

1. Yol
Hﬂ}’a = EX,Byowpp, F ’ (14)
that is,
. . 1 v/p/ 1 /3/)// v’p/
X pyavop *= 5 €vpvip! Kpya " p = 1 €pypy Copp X7 T e e

15)

We have the symmetries
Xpyyavon =0 and X gyaqupyu = 0. (16)

1.3 Reversibility

A process which can in no way be completely reversed
is termed irreversible, all other processes reversible.
That a process may be irreversible, it is not sufficient
that it cannot be directly reversed. This is the case
with many mechanical processes which are not irre-
versible... ... The full requirement is, that it be impos-
sible, even with the assistance of all agents in nature,
to restore everywhere the exact initial state when the
process has once taken place... the generation of heat
by friction, the expansion of a gas without the perfor-
mance of external work and the absorption of external
heat, the conduction of heat, etc., are irreversible pro-
cesses...

Max Planck [49, p. 841*

The merit of formulating a field theory only in terms of
its field equations — here Eqs. (2) and (4) — and an associ-
ated constitutive law — here Eq. (6) — is that it covers both
processes, irreversible and reversible ones. At first, like in
the conventional treatment of general relativity [13], we turn
our attention to reversible processes. From their definition it
is clear that, for instance, periodic processes and those the
equations of motion of which are formulated in a time sym-
metric way, are reversible. Time symmetry means that we
can substitute in the field equations ¢t by —¢ without chang-
ing them.

Thus dissipation is not allowed in reversible processes and
we can define for each such process an energy function and,

4 Similarly, we have: Suppose that when a system under consideration
changes from a state, ., to another state, ', the environment changes
from B to B'. If in some way it is possible to return the system from o’
to a and at the same time to return the environment from B’ to B, the
process (a, B) — (&', B') is said to be reversible. Ryogo Kubo [34, p.
61].

@ Springer

by a Legendre transformation, a Lagrangian. Accordingly,
reversible processes can always be formulated by means of
an action principle. For TG, the twisted Lagrange 4-form
reads

1 1
A = —EF"‘ AHy = -3 F* A kgpl FPY. (17)

We substitute (5) and (8) into (17) and find:

1 /1 1
9 A
( ZA = _E <§Fn§aﬂn§> A\ (ZKlﬂavpﬂFVPﬂﬂ M)

1
=7 Knpa g Fye® FupP 9154, (18)

With the definition (12) and the volume 4-form vol, Eq. (18)
can be rewritten as

1
@A = _gxﬂya% Fg,% Fyt vol (19)
or, by renaming the indices of the F’s, equivalently as

1
A = _gxwuﬂya Fg,,® Fyp™ vol. (20)

Consequently, only those components of the constitutive ten-
sor enter the Lagrangian that satisfy the relations

Xﬁyavpﬂ _ X”Pﬂﬂ)’a_ (1)

If we assume that the model is completely specified by the
Lagrangian (17), we restrict our considerations to reversible
processes. Then the relations (21) are necessary conditions,
which correspond to the symmetry of a 24 x 24 matrix.
Thus, the set of the 576 independent components of x 7, " P
reduces to only 300 ones.

It is possible to rewrite the constitutive law in a more
compact way. We introduce the 6-dimensional co-basis 1%#
— ¢! in the space of 2-forms, with the collective indices
1,J,---=(01,02,03; 23,31, 12) = (1, 2, ..., 6), see [22,
p-40]. Then excitation and field strength decompose as H, =
H 10,191 and F = F Jﬁ 97, respectively, and the constitutive
law reads,

Hio = k14’ g FsP, H', = %Xlocjﬁ F,P, (22)
with the 300 independent components

x'als =" ple. (23)
Thus, for the Lagrangian we find

1
W)A = _EXlaJﬁ F[aFJﬁVOI. (24)
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This closes our short introduction to TG. Like all classi-
cal theories, whose form is established, we can put TG into a
Tonti type diagram [56] in order to clearly display its struc-
ture. This will be done for the first time in Sect. 2. Then
we turn to a closer examination of the constitutive tensor of
TG. In Sect. 3, we decompose it into smaller pieces, in par-
ticular into the irreducible pieces with respect to the linear
group GL(4, R). In Sect. 4, metric dependent constitutive
tensors will be addressed, in particular those which relate
TG to general relativity. In Sect. 5, we will study the prop-
agation of gravitational waves in TG within the geometric
optics approximation. We will follow the procedure that we
developed for electrodynamics [2,22,29]. Since in TG we
have four generators of the gauge group, things become a
bit more complicated than in electrodynamics. In Sect. 6, we
will specialize these considerations on gravitational waves to
metric dependent models.

2 Tonti diagram of the premetric teleparallel theory of
gravity

Over the past decades, Tonti [56] developed a general clas-
sification program for classical and relativistic theories in
physics, such as, e.g., for particle dynamics, electromag-
netism, the mechanics of deformable media, fluid mechan-
ics, thermodynamics, and gravitation. Here we will display in
Fig. 1 for the first time an appropriate and consistent diagram
of the teleparallel theory of gravity (TG).

If a theory is well-understood, its configuration and its
source variables can be clearly identified and their interrela-
tionships displayed in the form of a Tonti diagram. Such a
diagram defines what one may call the skeleton of a theory.
In Tonti’s book [56], for all classical theories, including the
relativistic ones, a corresponding framework was established
— and this step by step, based on an operational definition of
the quantities involved.

Tonti [56, p. 402] has also displayed a diagram for rela-
tivistic gravitation. In Tonti’s own words, it was an “attempt”
of a diagram based on an ansatz for a tetrad theory of gravity
by Kreisel and Treder, see [57, pp. 60-67, pp. 71-91]. Due
to our enhanced knowledge of TG, see [8, Chapters 5 and
6], we can now improve on Tonti’s attempt, see [23] and our
Fig. 1. The notation in Fig. 1 is based on our recent paper
[31] and on the present one.

Let us have a look at our new diagram. The configuration
variables of TG are the coordinates x’ of the 4-dimensional
spacetime (four O-forms) and the coframes ¥* (four 1-forms).
By differentiation, we find the torsion F B (four 2-forms) and
by further differentiation the homogeneous field equation of
gravity d F# = 0 (four 3-forms), the right hand side of which
vanishes.

The round boxes on the left column depict geometrical
objects and the square boxes interrelate these geometrical
objects. The formula d F# = 0, for example, corresponds
to the first Bianchi identity of a teleparallel spacetime. In
a Riemann—Cartan space, we have DF B = 9% AR In
teleparallelism, the curvature vanishes, Raﬁ = 0, and, in the
teleparallel gauge, d F# = 0.

For global variables, Tonti distinguishes spatial domains,
such as volumes V, surfaces S, lines L, and points P, with
respect to time he introduces instants 1 and intervals T. Fur-
thermore, for the respective domains, he has inner (interior)
— and outer (exterior) " orientation.

Hence [f x S, for example, refers to a time domain T
with exterior orientation and a space domain S with interior
orientation. And this domain [I x S] supports the torsion
two-form. The holonomic coordinates x/, to take another
example, depend on an instant of time I and a spatial point
P. i.e. [I x P]. Then we have to add the orientation. All
exterior forms on the left columns are forms without twist,
see [22], those on the right columns all carry twist. This can
be read off from the corresponding orientations. This comes
about as follows.

For configuration variables the associated space elements
are endowed always with an interior orientation, whereas
in the case of source variables it is the exterior orientation
which plays arole. This behavior is found by phenomenolog-
ically examining the different theories. According to Tonti,
the underlying theoretical reason for this correspondence is
not clear, but phenomenology does not allow any other attri-
butions. The configuration variables are related to the theory
of chains of algebraic topology, whereas the source variables
are associated to co-chains. For more details, we refer to the
exhaustive monograph of Tonti [56].

Since the gravitational field itself carries energy—momen-
tum, it is also the source of a new gravitational field, which
likewise carries energy—momentum, etc. Thus, like general
relativity, TG is an intrinsically nonlinear theory, even it car-
ries a linear constitutive law. Within the field equation of TG,
dH, — Mz, = ™, the gravitational energy-momentum
3-form

@5y = %[F'S A (eq | Hp) — Hg A (eq) FP)] (25)

shows up explicitly and is a manifestation of this nonlinearity.
By differentiation of the field equation, we find

ddH, =0=d (“”2“ n <m>za) . (26)
Thus, d (m)Z‘a = —d (ﬁ)Z‘a is nonvanishing in general, which
clearly shows up in our Tonti diagram.

The Tonti diagram displayed in Fig. 1 was constructed for
the premetric version of teleparallelism, no metric is involved

@ Springer
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at all. We developed the corresponding formalism in our pre-
vious paper in [31, Sec.IT]. Above, in Sect. 1.1, we discussed
already that teleparallel gravity is only equivalent to GR as
long as the matter which is involved does not carry intrinsic
spin. If this is the case, the energy—momentum of matter is
described by the 3-form m) g, with Vo A(m)o,g] =0, ie.,
the corresponding energy—momentum tensor is symmetric.
Since ¥y := guoy ", we need a metric for the specification
of such an energy—momentum ™o,. And the metric 8up
induces an associated Levi-Civita connection 1-form faﬂ.

The energy—momentum law, in the teleparallel gauge,
reads d ™Y, = (eq | FP) A Mx 5. If we dispense with the
teleparallel gauge for the moment, the derivative d ™X, can
be substituted by D (m)s> with D as the covariant exterior
derivative operator with respect to the teleparallel connec-
tion Faﬂ. Having now a metric available, we can assume
that the teleparallel connection is metric compatible, that is,
Dgyp = 0. For the symmetric energy—momentum, we have
then the energy—momentum law

D Mo, = (eq ] FP) A™ g5 (27)
Due to a lemma of Meyer [38], the right side of (27) can
be absorbed by the left side. This can be demonstrated by
expanding the covariant derivative:
d ™oy — ([P + e ) FP) A™ap = 0. (28)
Let us now introduce a tilde to denote the Riemannian objects
and operators: Iy B is the Christoffel connection, for example,
and D the Riemannian covariant derivative. Since I',f =
T,? — K,P, with the contortion 1-form K,”?, we can rewrite
(28) as
D ™o, — (—KoP + e ) FP) A\™ a5 = 0. (29)

The contortion, is related to the torsion via F# = K# y AUV
If we substitute this into (29), it can be recast into

D ™oy + [Ko? — (ea ) KP)0Y + KP,87] A™op = 0.
(30)

Because of the antisymmetry of the contortion, Kg) = 0,
Eq. (30) simplifies to

D ™oy — (eq | KP7 )01, A™ag) = 0. 31)

Now we recall that ™oy, is symmetric, 9f, A ™og = 0.
Consequently,

@ Springer

Tonti diagram of the premetric teleparallel theory of gravity* (TG)

configuration variables source variables

1[T xP] 1[Tx V]

4-form volume force
energy-momentum law m e F
& Az, = £,

3[TxT) 1[TxV]

0-form hol. coordinates

WP=e;fdx/

3[TxS]
energy-mom.
of matter

1[T %P

1-form coframe (tetrad) 3-form

FB — quP | potential ¢

3[TxT)

inhom. fieldleq.

2z P
dH, =M%, = x™3,
constitutive equation

3(Tx 1]

. H, = Kop[FP
2-form field strength @ "p[ ] 2-form excitation

(torsion)

dFf =0 hom. field eq.

3[T xS] 1[T xV] 3[IxL] 1[Tx 1]
3-form ; _ 1-form
gravit. energy-momentum 3-form

D%, := 3[FF A (ealHp) — Hp A (eal FP)]
gravit. Lorentz type 4-form

fo i= (ea) FP) AW

Fig. 1 Patterned after E. Tonti: The Mathematical Structure of
Classical and Relativistic Physics, A general classification diagram
(Birkhduser-Springer, New York, 2013) pages 402 and 315. Notation:
Y. Itin, F. W. Hehl, Yu. N. Obukhov, Phys. Rev. D 95, 084020 (2017),
arXiv:1611.05759. We denoted here the torsion 2-form with F# in order
to underline its function as a field strength. Usually, however, we use for
torsion T# —we chose everywhere the ‘teleparallel gauge’ such that the

connection 1-form vanishes globally: " (x) £ 0. For the reversible
case, we have the gravitational Lagrangian as A = — %F “ A Hy and
A = DA 4 MA The gravitational constant is denoted by »x. *Also
known as translation gauge theory of gravity

This is the energy—momentum law of GR. Accordingly, our
entry d ™X, = (eq] FP) A (m)Eﬂ in the Tonti diagram
becomes, provided a symmetric energy—momentum tensor
is prescribed, D (m)aa = 0, well in accordance with the van-
ishing divergences in analogous Tonti diagrams.

3 Decompositions of the constitutive tensor

In this section we characterize the constitutive tensor due to
its symmetry transformations relative to the general linear
group GL(4, R) and the permutation (symmetry) group. We
refer to Hamermesh [15] and to Barut and Raczka [5] as
background information for group theory.

3.1 Two forms of the constitutive tensor

According to (11), the constitutive tensor density x*# MV‘SV
is a order- (‘2‘) tensor density that is skew-symmetric in the
two pairs of upper indices, see (13):


http://arxiv.org/abs/1611.05759
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X(‘X/S)Ml/sv =0, Xﬂlﬁﬂ(}’fs)v —0. (33)
In n dimensions, we have n(’i)n(’i) = A—I‘n“(n —1)?
independent components. For n = 4, it gives 576 rele-

vant components. Due to this large number, it is instruc-
tive to consider decomposition of the constitutive tensor
into smaller pieces. We apply Young’s decomposition tech-
nique that yields irreducible decomposition under the group
GL (4, R). For our conventions and the details of the Young
decomposition, see “Appendix”. For the tensor x*? ,/‘SU,
separate Ss-permutations of four upper indices and S3-
permutations of two lower indices are available, where S,
denotes the n-dimensional permutation group. Correspond-
ingly, we are dealing with the Cartesian product group
S4 X Sz.

Although the metric tensor is not available in our con-
struction, we can, as we have shown in (15), lower two pairs
of skew-symmetric indices by the Levi-Civita symbol. Thus,

we have a order- (2) tensor
1

)?()tﬂﬂ)/al) = Zfaﬂwkey&ooxw}\upav, (34)
with the identities
)?(ozﬁ)p.yﬁv = Ov )zocﬁu(yﬁ)v =0. (35)

This tensor is naturally decomposed under the permuta-
tion group Se. Both types of decompositions are invari-
ant under the action of the basis transformation group
GL(4, R).

3.2 S4 x Sy decomposition of ¥ ,LV‘S,,

Treating the covariant and contravariant indices as belonging
to two separate tensor spaces, the irreducible decomposition
of x*# H)/SU is defined as a product of the irreducible decom-
positions. The corresponding Young diagrams are expanded
as

HorzoJor- (Fo])omer

= ® | g (®<[[@E®.(%)

Here, the three first diagrams relate to the upper indices. This
decomposition repeats the known irreducible decomposition
of the electromagnetic constitutive tensor. The remaining two
diagrams represent the symmetric and antisymmetric parts of
the second order tensor. Collecting all possible combinations,
we obtain the decomposition of the tensor x*? ,ﬁ"s y into 6
independent pieces:

(o)  (FHe0) « (57°0)

ea( ®\_u> ) E@H ® Q[ 111 (37

In tensor notation, the above decomposition reads

6 6
s 1 Se wn 1 s
X%, = Z[ ]IPZ)‘?L’;{L%O’IE) xOr PO = E L 78,
=1 =1
(3%)

Here we used the set of six projection operators /1P, We
chose the labeling of I = 1, ..., 6 such that it corresponds
to the same sequence of Young diagrams as depicted in the
second equality of Eq. (38). Explicitly, the S4 x S>-irreducible
pieces of the constitutive tensor are expressed as

[I]XO!,BMWSV — Xaﬁ(ﬂ)/tsv) _ [3]Xaﬂuy6v _ [5]X0!,3M}/5v’
(39
[2]X01ﬂu}/5v — Xaﬁ[uysv] _ [4]X0U3MV5U _ [6]XaﬂuV8m
(40)
1
[3]Xaﬁuy8v = E (Xaﬁ(u,yav) - Xya(uaﬂv)) s (41)
1
mX‘wuySv =3 (Xaﬁ[uyaﬂ - Xya[uaﬂv]) ) (42)
[5]X01ﬂu}’5v — X[aﬁ(uyalv)» (43)
[6])(0053“)/5U — X[aﬁ[uymv} (44)

In terms of independent components in n = 4 dimensions,
this decomposition corresponds to

576 =200 @& 120 @ 150 & 90 & 10 & 6. (45)

It is straightforward to show that the above operators

Uip — [I]Paﬁxy&

wippoy A€ orthogonal projectors:

517 1 forl=1J

Up o VIp = UlpglJ, Vo forr2y
or

(46)

In (39)-(44), we first decompose the gravitational consti-
tutive tensor into three independent pieces relative to its four
upper indices. This S4 decomposition is done completely
similar to electrodynamics. Then we extract relative to the
pair of the lower indices the symmetric and antisymmet-
ric parts. Since the principal and axion part of the electro-
magnetic constitutive tensor are reversible, the correspond-
ing parts of the gravitational constitutive tensor are reversible
when symmetrized in the lower indices. The electrodynamics
the skewon part is irreversible. Thus its gravitational analog
is reversible when antisymmetrized in the lower indices. The
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remaining three parts are irreversible (change their sign under
permutation of triads of indices).

In order to demonstrate this behavior explicitly, we
decompose the constitutive tensor into its reversible and irre-
versible parts,

+ —
Xaﬁuysv = Xaﬂu.yav + Xaﬁy,yaw (47)

with

+ 1 +

Xaﬂuyav = E(Xaﬁ ve v+ Xy(svaﬂp.) = X)/(Svaﬂp" (48)
_ 1 _

X0 = (P — P = =P (49)

2

The first part X"‘ﬁ v8 describes reversible processes, it can
be derived from a Lagrangian. In contrast, the second part

x P MV‘SU corresponds to irreversibility, and it does not enter
the Lagrangian. Following the nomenclature in electrody-

namics, we will call X“ﬁ ¥4, the skewon part.
In the next step, we can decompose each of these parts
into the symmetric/antisymmetric piece in the lower indices:

tap ys
"

+
X b (MV‘S

+
v=X v+ Xaﬁ[uyav} (50)

Two immediate consequences are

+
X[aﬂ[uy(” =0,

0 x“ v, = 0. (51)

Thus, axion pieces can be extracted only from X"‘ﬁ vé v) and

from x“P(,7%,).
After these preliminaries, we can recast the irreducible
decompositions (39)—(44) into a more transparent form,

W1y ap vé . ;gaﬁ( b — X\ v (52)
[Z]Xaﬁ V5 — Xaﬁ Y8 ) — X 01/3 )’5 ol (53)
e V% =1 W, (54)
BB, 7 = 1P, (55)
51yaf ¥d, = }[aﬁ(uyﬁll)), (56)
(6 0B ¥3, =yl vol (57)

In other words, we have a decomposition of the reversible
and skewon parts into, respectively,
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Table 1 Physical identifications of the irreducible parts of the consti-
tutive tensor x*# o

Irr. parts Nomenclature Lagr. En-mom. Disp.
(1 X”‘ﬂy”“ 0 Principal-1 Yes Yes Yes
2lyab mo Skewon-1 No Yes Yes
mx”‘ﬂy“”p Skewon-2 No Yes Yes
(41 B »* o Principal-2 Yes Yes Yes
151 op »* o Axion-1 Yes No No
(Olyab mv Axion-2 No Yes No

+
Xﬂtﬁuysv — [1]X01/3MJ/3V + [4]Xaﬂuy3v + [5]X0tﬁM75v, (58)

;(aﬂuyév - [Z]Xaﬂuyév + [3]Xaﬁu)/5v + [6]Xaﬂuy5w (59)
We may call [l a reversible symmetric principal part (prin-
cipal-1), ¥y a reversible antisymmetric principal part (prin-
cipal-2), (51 X areversible axion (axion-1); likewise we may
call 21y a skewon antisymmetric principal part (skewon-1),
131y a skewon symmetric principal part (skewon-2), and [01
a skewon axion (axion-2). This is summarized in Table 1.

For completeness, we present here the results about the
contributions of the irreducible pieces into the dispersion
relation for the gravitational waves. These facts will be
derived in Sect. 6.

3.3 S decomposition of X gy sv

Now we consider the decomposition of the constitutive ten-
sor under the permutation of its six lower indices. We follow
Hamermesh’s [15] Eqs. (7-159) to (7-162). Then, forn = 4
dimensions, the symmetries (35) imply the Young decompo-
sition of X oguysv:

H@D@H@Dz | ‘@7 . ‘@

D 4 2 ® 3+ G 4 . (60)

Here we omitted vanishing diagrams in n = 4 (i.e. diagrams
that contain antisymmetrization with respect to more than
four indices). In terms of independent components, we have

576 =126 & 70 @ 50 & 4 x64 & 2 x 10
® 3x10 & 4x6. (61)

In tensorial language, this corresponds to

7
v A v v
XaBuydv = E (I)Pz)ﬁ;i((rgi Xwlkpoe = E <1)Xoc/3u,y8w (62)
I1=1 I1=1
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S 08 ]P,w)u(pae

where again the expression denote orthogonal

afuydv

projectors,

(I)IPO(J)]PZ(I)PSIJ’ 5[./ — 1 forl=1J ) (63)
0 forl #J

The explicit expressions of the seven terms /) Xapuysy are
quite involved and we do not display them here; they can be
found in “Appendix”.

3.4 Relation between the decompositions

In order to relate the two inequivalent decompositions dis-
cussed above, it is useful to define

1 aﬂwkey(s,oa )y

{I}Xaﬂuysv = X wippov- (64)

By using Eqs. (241)—(247), one may verify that the tensors
Uhyab 73, satisfy the relations

Dyled 9 =0forl =1,2,3,4,5, (65)
{I}Xaﬁ[ﬂyév] =0forl =1,2, (66)
yeb 78 =0forl =3, (67)
as well as
Hyab vo — L Uhyvd @b for [ =1,3, (68)
U yeb v8, = _U)yys @B for ] =2, (69)
{I}Xotﬂ )/(S _ +{I V‘Svaﬂu for [ = 1’ 5’ (70)
Uhyob v8, = _yvd o for [ =2,3. (71)
Eventually, we find
)b 5 | (6yvd @B — 0 (72)
)y v6, 4 161,78, aﬁ yy = O ylef vl (73)
Dy + 10 xy‘sw"‘ﬂ v =0. 74

We can apply directly the S4 x S» decomposition to these

order- (3 tensors and compare the results to the tensors

Ulyap MV‘SU. By extensive use of computer algebra, we find
the following relations:

Wyof 75, () vs - (5)yab vs

1
+5 [{4}Xaﬂ(ﬂy8v) + {4}Xy6waﬂv)] .75
— BB, vo

21, ep vs [B, ¥6]
noov

7

T ST

1

+5 [{I}Xaﬂwyau] + {I}Xyamaﬁv]] ,
1=4,7

(76)

Blyop vo — @hyap vs
1
+5 [{I}Xaﬂwyﬁv) _ {I}XVS(MOUSV)]’
1=4,6,7
7
[4]Xaﬂuw3v — {5}Xa/3[ﬂy6‘)]
! I 5 1),y
+5 3 [{ by @B, v8 = Uy [Maﬂv]]’
4,6,7
(78)
[5]XﬂlﬂMV5v — {6}X[aﬂ(u}/5]‘))’ (79)
lﬁlxﬂtﬁuﬁv — {7}X[aﬂ[uy6JV]- (80)

3.5 Reversibility

For reversible processes, as shown in (21), the constitutive
tensor satisfies

Xaﬁuysv = Xyavaﬁ,u- (81)

As we demonstrated above, the reversible and irreversible
parts of the constitutive tensor are presented, respectively, as

+ 1
Xaﬂuysv — (Xaﬁuyz?v + X}/Bvaﬂu)

2
= Wyob v8 | [lyab vs | Slyeb v3 = (37)
- 1
X = 2 KPP =170 )

[3]Xaﬂ/j,y8v+[6]xaﬁuy8v- (83)

This corresponds to 576 = 300 & 276, that is, the reversible
constitutive tensor comprises 300 independent components.
Employing relations Eqs. (75)-(80), one finds

—+
3P0, = yaB ve o (S)yaB v8
1
+5 3 [{l}xaﬁuyév+{l}x}~3vaﬁu], (84)
1=4,6,7

;(Otﬁuﬂv - {Z}Xaﬂ(uyﬁv) + {3}Xa/f3[uy5v]

n [{I}Xaﬂuyav —

1
5 {I}Xyavaﬂu] . (85)
1=4,6,7

Let us emphasize that Egs. (66) and (67) imply

(e 73, =0, ©

ol aﬁ[uyav] =0, {S}Xocﬂ(uyév) —0.

(86)

X

In summary, we see that the reversible piece of the consti-
tutive tensor y P MV‘SV is comprised of the order- (g) irre-

ducible pieces I = 1,5 as well as the appropriately (anti-)
symmetrized parts of I = 4,6, 7.
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3.6 Lagrangian

Let us first consider how these independent pieces contribute
to the gravitational Lagrangian WA = — %F YA Hy. In
components, we have

1 .
@p = — ZFﬁy“ HPY vol. (87)
Substitution of the constitutive law (11) yields

1
DA = — gx‘%“% Fg, % Fypt vol. (88)
Consequently only those parts of the constitutive tensor con-
tribute to the Lagrangian that satisfy the “pair commutation”
symmetries

Xﬁyav'ou = vaﬂﬂ)/a. (89)

Accordingly, only the following terms are left over in the
Lagrangian:

P

] > WY P g, ® Fypt ol (90)

1=1,45

3.7 Parametrization of irreducible parts

In premetric electrodynamics, there exists a convenient para-
metrization of the axion and skewon parts by a pseudo-scalar
and a traceless second order tensor, see Sects. D.1.4and D.1.5
of the book [22].

One may wish to develop a similar formalism for the grav-
itational case under consideration. By analogy with electro-
dynamics, let us introduce the following new objects:
)gy,oov = %eaﬁpﬁ [3])(0[/3)//“),07 ©n

1
Qypcrv = Zeaﬁw [4]Xaﬂywp' 92)

By construction (hint: use the definitions of 31y and #1y),
these tensors obey

Blapi’ =0, Bup” =0; (93)
Lap =0, Lgp" =0. (94)

Accordingly, the number of independent components for
Bapy 1810x4x4—10 = 150and for Qg, " 6x4x4—6 =
90, respectively. It is straightforward to see that

[3]XaﬁyuvP — 2BAp }gyva] — Al »gypxﬂ], (95)
[4]X0¢/3ylwp — oPAMp Qyp)»v] — HvAle Qyp/\ﬁ]~ (96)

Thereby, we found a complete parametrization of 1y and
[4y . This construction obviously generalizes the representa-
tion of a skewon in electrodynamics in terms of the traceless
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second order tensor [22]. In the context of the gravitational
theory, however, only (95) refers to the skewon, whereas (96)
parametrizes the reversible irreducible part.

Now, let us turn to the irreducible parts 1y and [y for
which we introduce

1
5 . 5 5
[ ]Ayp = Zeaﬂﬂv[ ]Xaﬁy'uvp [ ]Apy, (97)

1
6 . 6 6
[ ]Ayp = 47601/3#\1[ ]Xaﬁy'uvp — _I ]Apy~ (98)

The reciprocal relations read
[S]Xaﬂylwp — [S]Ayp 6‘1/5#”’ (99)

Py, (100)

[6]X0!ﬁy/wp — [6]Ayp

As aresult, we find for the axion type part of the constitutive
tensor

(ax)X(xﬁyuvp:Ayp @B Aup ::[S]Aaﬂ+[6]AaB- (101)

Summarizing, we demonstrated that the four irreducible
parts By, 141y Bly and [y of the constitutive tensor can
be conveniently parametrized, see Egs. (95), (96), (99), and
(100). They are expressed in terms of the tensors (91), (92),
(97), and (98) with the correct number of independent com-
ponents: for ,Xam" 150, for Qaﬁﬂ" 90, for [S]Aa,g 10, and
for [6]Aa,g 6. The two remaining pieces 'y and ?lyy do not
admit simple parametrizations, though.

3.8 Energy—momentum current

The energy—-momentum current of the coframe field is
defined as [31]

1
Ny, = 3 [FP A (ea) Hp) — Hp A (ea | FP)]. (102)
The constitutive law for the pure axion piece (101) is
expressed as

@ Hy = Aup FP. (103)

In this case, the energy—momentum current takes the form
@) 5, = A1 FP A (ea) 7). (104)
Consequently, the symmetric combination of the axionic part

(51587 ,vP . does not contribute to the energy—momentum
current.

3.9 Contracting x*# »"¥ o twice: four second order tensors
In electrodynamics, we can extract from the constitutive ten-

sor x®P7% a pseudo-scalar density, the axion field, by con-
tracting it with the Levi-Civita symbol: @)y := %801[3)/6
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x%PY8 In gravity, we can only reduce the constitutive tensor
x P 1 of type (3‘) to four different 2nd order tensors:

mb = yom Bv, (105)
nf = yor B (106)
kP o= 0P, (107)
R L (108)

The construction of scalars is impossible at this premetric
stage.

The tensors k*f = —kP® and [*f = —IP¥ are antisym-
metric, that is, k@) = 0, [@®P) = (0, whereas m*? and n*#
are asymmetric. However, in the reversible case, m*f and
n®? turn out to be symmetric, whereas the two other anti-
symmetric tensors turn out to be transposed to each other,
k*P = [P® This can be recognized more clearly by collect-
ing all the traces into the specific constitutive tensor
Xaﬁywp — rob 5[}//15\2 + ICHY 5[2655]

+ 8l Pl gY] 4 sl APl gy (109)
This tensor is determined by four tensors of 2nd order: two of
them are antisymmetric, L0 = — B and K*P = — [P,
that is, £ = 0, K@) = 0, and the two other ones are
general 2nd order tensors M*? and N'f.

It is straightforward to establish one-to-one correspon-
dences between these objects and the traces (105)—(108):

maﬂ — ; (Eaﬁ _ ,Caﬂ)
1
_Z(QMO‘ﬂ +2N°f/3 +Nl3°‘)’ (]]O)
naﬂ — % (Kaﬁ _ Eaﬁ)
1
-3 (NP +2M*P 4+ MP2) (111)
kP = Lo — 6K — %M["‘ﬂ] + %NW], (112)
190 = 6L%F — k%P — %M[“ﬁ] + %N [p], (113)
The inverse relations read
1
£ = = (3198 4 kP — 3wl 4 3P (114)
10
1
e = (—z“ﬁ — 3k 4 3mleB) _ 3n[“ﬂ]) . 15)
1
ap _ L (308 B _ g lap] [«p]
MP = (31 1 3k%F _gpleBl 4 5p )
1
_ (3, @h) _  (@B)
: (3m n ) , (116)
NP = % (—31“/3 — 3k 4 smleFl — 9n[“ﬂ])
1
L @B _ 3, @)
+e (m 3n ) . (117)

Decomposing the specific constitutive tensor (109) into
reversible and irreversible (skewon) parts yields

4 + +
B v B slig] v glegpl
KB, 1, = L9 lis) 1+ £ slash)

+5[;¥Ai/tﬁ"“5“[} +5[gf\ﬁfﬁ][“5“y]. (118)
Here we introduced
+ 1
L = 3 (£ £ K*P), (119)
M = M@ pgah — pqleB] (120)
NP = @) peb — prlapl, (121)

This confirms that the irreversible, the skewon part vanishes,
X, ", =0, provided L% = 0, M* =0, and N*/ = 0,
i.e., when m*? and n®® are symmetric and k%P = [P

In the general case, the specific constitutive trace tensor
(109) is characterized by 5 nontrivial irreducible parts:

S
[I]Xaﬂyuvp :5573;9][#5;%’ (122)
IZIX‘I'BVMU,O :Z:aﬁ 5[#8‘;)] _ ZIW 5[;[5/?/]
[0 SAl V] _ plep s svl
+ slagPlugil _ lopspsy), (123)
N
[S]Xotﬂyuvp 2858/3][#5;1’ (124)
[4,0f_pv  _ jop glugvl | fuv glagpl
xP =L 8y8p+£ (SpBy
[o 15 Bl 5V]
+ a[yR (Sp]’ (125
51y v 0, (126)
[G]Xaﬂyuvp :A[aﬂ(gﬁg;]. (127)
Here we denoted
A = 2L 4 Mo — NP, (128)
s + +
R(Xﬂ = Mﬂlﬂ +Na/3’ (129)
a + +
R .— Mo _Naﬁ’ (130)
s _ _
S o= A 1 A, (131
u _ _
S . B _ NP (132)

The first object (128) represents a skewonic axion, whereas
the four other objects (129)—(132) describe contributions to
the principal reversible and irreversible (skewon) parts. In the
reversible case, only the first irreducible piece of Eq. (122)
survives and the fourth one of Eq. (125).
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4 Metric-dependent constitutive tensor

In general relativity as well as in teleparallelism, the existence
of a metric tensor g is conventionally assumed. We choose
the metric signature (+, —, —, —). The question is then how
the constitutive tensor density x*# MV‘SV can be expressed in
terms of the metric, namely in terms of its covariant and/or
contravariant components gy and g"%, respectively. Since x
is a 6th order tensor of type (g) , it seems reasonable to start
with an ansatz of a purely contravariant dimensionless 6th
order tensor K“P178V Then the contravariant metric com-
ponents g”? are the only metric components that have to be
taken into account. In general, one can come up with a poly-
nomial ansatz of arbitrary order in the metric tensor. How-
ever, since the resulting constitutive tensor is of 6th order, all
indices of the metric factors except six should be necessar-
ily contracted. Recalling that a contraction of the covariant
and contravariant metric yields a Kronecker delta, we then
find that a polynomial of an arbitrary order is automatically
reduced to a general polynomial expression in the metric
which is just cubic in g*P.

4.1 A metric-dependent ansatz with parity conserving
terms

If we look only for parity conserving (even) pieces in x, the
totally antisymmetric unit tensor is not allowed in the polyno-
mial expression. Thus, for the 6th order tensor K aBuydv the
most general cubic expression in the metric, omitting terms
explicitly symmetric in the index pairs o and y§, reads

Kozﬂ/tySv — alga/j,gﬂygév + azgomgﬁégyu + a3gaygﬂug5v
+aag®” gPPghV  asg®” gPV g 4 g gPHg?Y
+o7g%0 gPY MY+ agg® gPV gV It aigg®? gPY gt
+aiog® g g, (133)

where «1, ..., ajo are constants.

In order to tailor the ansatz (133) for our constitutive tensor
X"‘ﬂ MV‘SV, we lower the indices p and v and, at the same
time, we reorder terms with only one metric tensor such that
the metric tensor is sandwiched in between two Kronecker
deltas:

K70, = 0188gPY 80 + 288 g™ 8) + 38l g7 s)

+ 048 8P gy + 58 g7 85, + gl g0 67
+a78% 8P gy + agdf g*08Y, + 98 gPV 80,
+a1082 8P (134)

Since x ,/‘s y 1s antisymmetric in the index pairs off

and y§, we have to antisymmetrize K correspondingly by
subsequently putting brackets around the indices o8 and y 6,
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respectively. Also recall that the metric is symmetric, hence
its index ordering is optional:

K[aﬂ]u[}/é]v
= 1812 P51 1 151 gPIOgY] sl gerly 0]
+asg? g g, + asslB el ) 4 agslf gellisy
+arg 1 gPV g, + agsBgMsT] 4 argsle gAY 501
+ay8lg gPllosn . (135)

Note that the a4 and the o7 terms are already antisymmetric
in y§. Thus, there is no need to put brackets [ ] around y§ or
3y, respectively. We can now collect all terms by recalling
the antisymmetry in both index pairs «f and y§. We find,
without any further intermediary step, the compact equation

KBl 1781 — (oy — a7) g¥1@gPPg
+ (o1 — a2 — o3 + ap) 8[ﬁgﬂ][78‘?}]
+ (—as +ag + a9 — a10) 8% g8 (136)

We know that x is a density, like ./—g, with g := det g,,.
Accordingly, we can identify the parity even part of the con-
stitutive tensor density as follows,

7 (g) = 5 e, 0, (137)

with x as the gravitational constant. In our formalism up to
now, including the Tonti diagram, » was put to 1 for simplic-
ity. Here we do display it for clarity. Thus, we find, with the
three constants,

B1 =04 — a7
Bri=oa1 —ay — a3 +ag (138)

B3 = —as5 +ag +ag — ajp,

the expression

V=8
evenxaﬁﬂyév(g) — - (,31 gV[Otgﬁ]zSglw

+,325[zgﬁ][y85] + B3 5[31g/3][)/52])' (139)

This proves our ansatz with three independent constants in
[31, Eq. (80)].5 It is, indeed, the most general expression
which, up to a factor of \/—g, turns out to be a cubic poly-
nomial in the metric.

> In[31], there was a typo in Eq. (80): the last plus sign -+ in this formula
should have been a minus sign —. Moreover, for simplification, we

changed now our conventions with respect to the 8’s slightly: 4;3{’1‘1 =

Br. 8BS = — B, 8B5M = —gs.
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4.2 Parity violating terms

Already for quite some time, see Pellegrini and Plebanski
[48] and Miiller-Hoissen and Nitsch [40], also parity violat-
ing (odd) constitutive tensors for torsion square Lagrangians
have been considered in the literature; for recent reviews,
see [3,7,32,45]. There it has been shown that rwo parity odd
terms occur, which are both linear in the totally antisymmet-
ric Levi-Civita symbol €*BY8 which is, as we may recall, a
tensor density:

8
U (9) = {ﬂ4 P10 gy + Bs €17, 8‘)]]} '

(140)

x| =

One can also take into account such additional parity vio-
lating terms in the framework of the Poincaré gauge theory
of gravity. In that more general theory, it leads to interesting
new cosmological models [4,25] and to new gravitational
wave solutions [6,43].

We would like to understand the generality of the result in
(140) in a similar way as we did it for the parity even case. For
parity reasons, the Levi-Civita symbol has to be linearly or in
odd powers in the corresponding ansatz. Since again, as in the
even part of X"‘ﬂ v8,, we start with an tensor expression of

type ( ) we need additionally a tensor of type ( ) Clearly

the contravariant components of the metric g*# qualify for
such a purpose. Thus, the simplest possible ansatz, see also
(140), is to start with a 6th order tensor density as follows:

MePrYIV mgaugﬁyﬁv + mgwgﬁuﬁv + mgaﬁgﬂwv

+ l/~4gow"9/3m/‘S + MSgﬁugayav + MGgﬁyé‘aMU
+ 8PP MY+ uggP e Y 4 puggh? 7P
+ Mlog,uég(xﬂyv + M]]guvgaﬂyﬁ + Mlzgyvgaﬂué
+ p13g™ e P (141)

The w1, 2, ..., 13 are arbitrary constants. We now lower
again the indices 1 and v and antisymmetrize at the same
time with respect to the index pairs o and y §, respectively:
B B

Mlep 1ys] oy
+ (w1

+ (o

v = M118uv€
— 15) 8P 4 (g —

— ly gl
H10) 8, €

jg) 8l el
b — (12 — piz) 87 %P

<gy[a8ﬁ]8w _ ga[agﬂ]yw) _

(142)

1
+§(—/L2+M3+M6 — 7)

Having established the required antisymmetries, we can
now identify the odd piece of the constitutive tensor as

oddyab ¥3 (g)

1
=- mePl el (143)

Here we have to recall an algebraic trick that we had
already applied in discussing the electromagnetic 4th order
constitutive tensor, see [22, Eq. (D.1.65)]. Since in four
dimensions the indices have always four values, any expres-
sion antisymmetrized over five indices vanishes identically.

. afyde-- [aByée]-- _
Thus, for an arbitrary tensor 7. ,we have T =
0. Accordingly, we have, for example, TP 73l = 0 or, if
we evaluate the brackets,

TPePYd = TagpBys o TBoopyd o v eBpd | i aByp.
(144)
Looking now at (142), we have typically S[ﬁaﬂ]y‘s”. With
T, = (Sﬁ, we find
la Blydv — g[B alyd Bas s .B Bys
8L el ey = gl MOl - 81 ePAOY - §) ePVAY 4 §) ePVOC.
(145)

By such methods, we can derive several identities for the
Levi-Civita symbol in 4 dimensions:

1
Pl 531 + 70l 5")3)] =3 e g0, (146)
Q [y[u Bi]] + 8)/3[0![M 8‘/)3]] =0, (147)
g\, — glaghly =2 gably 58, (148)

Let us come back to (143) with (142). We decompose the
de-terms in symmetric and antisymmetric pieces with respect
to the lower indices:

olaghlyd, — sleghlvd, . gleofiyd (149)

R it (150)

As aresult, the §e-terms in the second and third lines of (142)
can be rearranged as follows:

(1 — ps + pa — ug) 55‘:8’3”%)
+ (9 — p10 — 12 + p13) 5([3188]“‘?1;)

+ (1 — ps — pa + ug) 80P
+ (o = o+ iz = puiz) 8" (151)
Next, we write
1
85’15’3])’5‘,) =3 (35’15/3])/8”) + 68:58]0”3”))
1
2 (sleghlvs - slv Slep
*3 (5 %8 v)) : (152)
o, = L (60, 4 e,
1 ly 8]a/3 Blyé
2 (5 — 3.8 v>) : (153)
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Consequently, the expression (151) transforms into
(U1 — ps — g + j1g — (o +f10 — (12 + [413) 5[[38‘9])’%]

1
+= (w1 — (s + g — g — o + 1o + pm12 — 113)

2
o )

1
+§ (1 —ps+ g —pug+pg — 10 — 112 + (U13)
[ 8 ly .8
x (8(e™0) 5" y))

where we used the identity (147). We recall that (154) belongs
to the second and third line of (142).

In the last step, it remains to use (146) in the last line of
(154) and to substitute (148) into the last line of (142). Then,
with the constants

(154)

1
Ba = 7 (1 —ps+ g —pg+po— 10— pm12+p13+4u411) ,
Bs = 1 — s — 4 + (g — 19 + (10

+u12 — @13 + @2 — e — m3 + w7,

. 1
Be == 3 (11

the result eventually reads

— W5+ pa — g — o + 1o + L12 — (H13)

o s
Odanﬂuyav(g) 2; [/34 gP7e guv + Bs Pl [ 81&

6o (e, = o) )] (155)

Here « is dimensionless pseudoscalar. It is necessary in order
to take into account the transformation law of this part under
improper reflections.

Therefore, the most general parity-odd part of the consti-
tutive tensor in the end boils down to just the three indepen-
dent terms with B4, Bs, and Bg. The Bs-term, being totally
antisymmetric in «fy 8, represents an f4-axion, whereas the
Bs-term describes a Bs-axion. They both represent reversible
processes. In contrast, the Bg-term corresponds to irreversi-
bility. When contracted by Fyg" and F),s", this term drops out
from the general teleparallel Lagrangian. Moreover, one can
reduce the number of independent terms in the Lagrangian by
making use of the Nieh-Yan topological invariant [41,42,46].

4.3 The general case and its irreducible decomposition

The general constitutive tensor

otﬂ y8 (g) even ozﬂ 12 (g)+0dd af yBU(g)

(156)

encompasses the parity-even piece of Eq. (139) and the
parity-odd piece of Eq. (155),
Computing the irreducible parts, we find

Rlyeb 78, (g) =101y 79 (g) =0, (157)
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whereas the nontrivial pieces read

Myeh 700 (g) =

B [rg g Mg + (B2 + o) 888 (159)
Be

[”x“f‘/%(g):;(sﬁzsﬁy ) BECED)
Wy, (g) =

1

~[ B2 = B v=golis"
X

4
% 2P

8 8
780 4 g5 ey, av}], (160)

[S]Xaﬁuyav(g) = (161)

Summarizing, a general metric-dependent constitutive tensor
encompasses two principal [y and [y parts, one axion 1y
part, and one skewon B3l part.

Calculating the traces (105)—(108) of the constitutive ten-
sor (156), we obtain

3./—
m = =L 0p1 — 36, — pr)g”. (162)
and

3./—
n = L0 - g~ 388 (163)

The antisymmetric tensors vanish, k% = [%f = 0. The parity
odd terms drops out altogether in the trace building.

4.4 Specific Lagrangians.
4.4.1 GR||: the teleparallel equivalent of GR

We found in the framework of the teleparallel equivalent
GR|| of general relativity (GR) for the 8’s in [31, Eq. (88)1°,

| or

Accordingly, the three s are related to GR in a quite definite
way, and we get a feeling for their interpretation.

The GR|| Lagrangian is distinguished from the other tele-
parallelism Lagrangians as being locally Lorentz invariant,
see, e.g., Cho [11] and Miiller-Hoissen and Nitsch [40].
Any other additional term of even parity in the gravitational
Lagrangian removes this local invariance.

Ferrarro and Guzman [14] called the constitutive tensor
x P M”‘SU(g) of (156) together with the parameters of (164)

181:_17 182:_47 183:2

(164)
Ba =0, Bs =0, Be =0

6 There occurred an computmg error The correct values in the old
conventions are /S?Id = 4 ﬂ"'d ,8°'d 1
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the supermetric. In fact, up to a conventional factor of —2,
our result agrees with their Eq. (17) in [14].

4.4.2 Von der Heyde Lagrangian

Earlier, different parity even pieces of torsion square Lagra-
ngians were compared by Muench et al. [39], see also the
literature cited therein. A particular role played in these con-
siderations the torsion square piece of a Lagrangian of von
der Heyde [24]. Its constitutive tensor [17] reads

_2J/-¢g
VdHXaﬁuyav = (8 gl g,L + 2418 ﬁ][y(;ﬁ]).
(165)
For the corresponding constitutive law, we have
v 1
Hozﬂu — 5vdHonEMy(Sv Fyév
—8
=% (F”‘ﬁu + 23[;‘;Fﬁ1/) . (166)

This law, in the teleparallel case, leads already to the correct
Newtonian approximation. The constitutive tensor (165) car-
ries the following B-values:

} vdH

As we saw, the teleparallel equivalent GR| has a slightly
different constitutive law (164).

Br=—-2, Po=—4, p3=0

(167)
s =0, Bs =0, Bs =0

4.4.3 Torsion-square Lagrangian in nonlocal gravity
(NLG)

In a nonlocal extension of GR — Nonlocal Gravity (NLG)
— the starting point [19,20] was the parameter set of GR||,
namely (164). Later, Mashhoon found it necessary, to enlarge
it by adding a supplementary piece proportional to the axial’
torsion @) FygH, see [37, Eq. (6.109)]. This yields, with an
unknown dimensionless parameter p,

—_—

B =-
Bs=—

) ﬂ2=_47

P Mashh. (168)
g )

I ’
6’ 6

It is amazing that (B4, Bs, Be) = %(,31, B2, B3). Probably
this means that Mashhoon’s additional parity odd term is
locally Lorentz invariant. Incidentally, there is a conventional
factor between Mashhoon’s p and ours.

7 In exterior calculus, we have @ F@ = %e"‘J (FP A Vg).

According to Mashhoon,® “...the mere fact of postulating

a nonlocal constitutive relation violates local Lorentz invari-
ance.” Still, the version of NLG of 2009 is based on the
reversible and locally Lorentz invariant parameter set (164)
and Mashhoon’s version corresponds to an irreversible and
possibly also locally Lorentz invariant parameter set, see the
2nd line of (168).

5 Propagation of gravitational waves

In this section, we discuss the wave propagation in our pre-
metric teleparallel theory (TG) in linear approximation.

5.1 Geometric optics approximation
We start with the source-free field equations

dHy, =0 and dF®“=0. (169)
Notice that the source term X' in (2) contains two independent
expressions: the matter energy—momentum current ™ X and
the gravitational energy—momentum current *)X. In matter-
free regions, we have (my — (. Similar to standard GR,
we will assume, in addition, @X = 0. This requirement is
applicable for small waves and means linearization of the
field equations.

In the geometric optics approximation (and, equivalently,
in Hadamard’s approach, see [22]), one derives the linear
system
H"4qy =0 and "7 F,,%q, =0. (170)
Here the components g, of the wave covector are determined
by the differential of the phase ¢ function of the wave: dp =
g0,

The second equation of (170) has the solution
Fpaa = Apa 9o — Ag” qp> (171)
with an arbitrary tensor Ag®. It is a gravitational analog of
the electromagnetic potential. We observe the gauge invari-
ance of this gravitational potential. An expression of the form
Ag® = qpC® does not contribute to the field strength F,,*.
In other words, the model is invariant under the transforma-
tions

A/ga — Aﬂa +q5C°‘, (172)

with an arbitrary vector C¥.

8 Private communication, August 2018.
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We substitute (171) into (170) and use the constitutive
relation

H" o = %x”“ap”,s Fpo®. (173)
This yields the characteristic equation
M"Y g AP =0, (174)
with fourth order characteristic tensor
M¥ o g = x""p qp qo- (175)

Inserting here the decomposition (38) of the constitutive ten-
sor, we observe that the axion-type parts [y #e Vo g and
(615 e ,vo 5 do not enter the tensor M*," 5. Consequently,
these parts do not contribute to the wave propagation as it
was already outlined in Table 1.

In the reversible case, the characteristic tensor M*,"g
satisfies the symmetry relations
M’uaufg:leg”’a. (176)
A generalized Fresnel equation can be derived as the con-

dition for the solvability of the Eq. (174) along the lines of
the algebraic computations of Itin [30].

5.2 Dispersion relation: general facts
Observe that the characteristic equation
Efy =0, with Efy:=M","g AP, (177)
represents 16 equations for the 16 variables A, 7.

For a compact representation of this system, we denote a
pair of upper and lower indices by a multi-index

Fay=1 T=1,...16 (178)
In this notation, the system (177) reads
El'=M" A, =0. (179)

The gauge transformation (172) can be rewritten as

A;j— Aj+Qy, where Qy=qpC”. (180)
The 4 linearly independent vectors C* imply that there are
likewise 4 linearly independent vectors Q ;. The identities

M“auﬁqMZMva“}ng:O (181)

@ Springer

translate into

MY o, =M1 Q;=0. (182)
These equations can be understood as 4 linear relations
between the rows (and the columns) of the matrix M7/ . Con-
sequently, the matrix M has rank 12 = 16 — 4. The con-
dition for the existence of non-trivial solutions of Eq. (179)
reads now as
Gndj(M) = 0. (183)
We used here the fourth order adjoint of the matrix M'/.
It can be constructed by evaluating the determinants of the
matrices that are left in the 16 x 16 matrix M’/ by removing
four rows and four columns. Consequently “Adj(M) is a set
of 12th order polynomials of the entries M!”. Accordingly,
it is a set of 12th order polynomials of the variables g. The
4th order adjoint can be written as a tensor with eight free
indices:
GAdj(M) g1, 5y, = O. (184)
In electromagnetism with only one gauge invariance con-
straint, there appears the 1st order adjoint matrix Adj(M)qg.
This matrix is expressed as a scalar function multiplied by
a tensor product of g, namely Adj(M)qs = A(q)quqp-
Thus, the electromagnetic dispersion relation takes the form
A(g) =0.

Similarly, in the case of the gravitational equation (184),
we have

NG (M) 1ty gyts = AQ)O1y - Q1,0 - Qg, = 0.
(185)

Thus, the gravitational dispersion relation takes the form

A(g) = 0. (186)
Here A(g) is a homogeneous polynomial of the order 16 =
24 —8 in the variable g,. We recall that in the electromagnetic
case, the corresponding form is of 4th order. This fact yields
birefringence in the wave propagation. In 3-dimensional elas-
ticity theory, the dispersion relation is of 6th order, with 3
different waves in general. In our generalized gravitational
model, there are 8 different waves in general.

In the simplest case, Eq. (186) reads (g‘)‘/3 qa q,n;)8 =0.We
discuss the metrical case in Sect. 6.

5.3 Dispersion relation decomposed

In order to clarify the nature of the Eq. (177), we decompose
the solution under the GL(4, R) irreducibly into the scalar
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A(Sg and the traceless part ,A‘aﬁ,
1
AP = AP + ASE, with A = ZA/ and A,* = 0.
(187)
Consequently, Eq. (177) decomposes into
(188)

EMt, = Muavﬂ ,A'uﬁ + M“aﬁﬂ A=0.

A similar decomposition can be performed with E*,.
Thus, we find the 1 4+ 15 equations

E* =0 and E*,— %EVV =0 (189)
or, explicitly, one equation
M g AL+ M P A=0 (190)
and 15 equations
1
C——y
+ <M“aﬂ5 — iagwﬂ@ A=0. (191)

Substituting (190) into (191), we derive the algebraic system
for the traceless variable:

N"o"g AP =0, (192)
where we introduced
Nuavﬂ = MuavﬂMppoa — M“a’opMUJVﬁ. (193)

The latter tensor is apparently traceless for both pairs of
indices:
Nty , =0, N%"g=0. (194)
Accordingly, we find a system of 15 algebraic equations for
15 variables A,". After one solves the homogeneous equa-
tion (192), one immediately finds the scalar A from (190).

5.4 Scalar waves as a special case
We consider now a special case of pure scalar waves. Let the

field A,f be identically zero: A,# = 0. Hence, we are left
with a system of two scalar equations

1
(M“aﬂﬁ—Z(SgMyyﬁﬂ)A:O’ M g A=0. (195)

The second equation has a non-trivial solution only if M%? B
= 0. Consequently we have a dispersion relation

X" 54y o = 0. (196)

Using the double-trace tensor (105), we can write it as

m*qy qp = 0. (197)
In the metric-dependent case (162), the tensor meB, up to a
factor, coincides with the Lorentz metric tensor g*#. Thus
we recover the standard light cone of general relativity,

B (198)

2”94 qp = 0.

5.5 A separable case

We assume now that two terms in the left-hand side of
Egs. (190) and (191) vanish independently. In other words,
we assume that the system separates into two independent
subsystems. In [28], a similar type of consideration allowed
to extract the teleparallel equivalent of GR from a set of met-
ric based models. Thus we have 15 equations for 15 variables

1
(M“a”ﬂ - Za{;MVyvﬁ> AP = (199)
and 1 equation for 1 variable
M*PsA=0. (200)

5.6 Gauge conditions

In electromagnetism, gauge invariance can be restricted by
applying a gauge fixing condition. The Lorenz gauge condi-
tion is the unique diffeomorphism invariant expression. For
wave solutions, it takes the form Ayg® = 0. Note that this
condition can be formulated only on a metric manifold.

In teleparallel theory, we are able to formulate a similar
condition in a premetric form:
APgs =0. (201)
A more general gauge condition can be proposed in the form
of
Ki1APqps + KaAgPqs = 0. (202)
Here K and K> are arbitrary constants. The exceptional case
for K1 = 1 and K> = —1, namely
AdPap — ApPay =0, (203)
is invariant under the gauge transformation A,? — A.f +
g« C# and, accordingly, does not represent a gauge condition.
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6 Gravitational waves in a metric model

Let us now specialize to the metric-dependent constitutive
tensor (156). The analysis of the wave propagation in the geo-
metric optics approximation is straightforward. Here we will
confine our attention to the parity-even case (139). Recently
a related paper was published by Hohmann et al. [27].

6.1 Characteristic system

We substitute the constitutive tensor (139) with its parity even
pieces into (175). As a result, M#,",,(g) = xP7 4", (g) x
qyq, takes the form

J=g
183" () = Y2 28180 (8707 — aa")
— B [(q285 — q’gqa) 8" — (g8 — gﬁ”qa)qu]

- ﬂz[(qzéﬁ—q qu)r?” (9”85 — 8""q,) 4u “

(204)
We can immediately derive the contractions
MBS =M P =2 1 =3pr3) (75 — aPau)
(205)
where g2 := g%} qaqp- Consequently,
3«/
Moy = "% 28— 38— B3 . (206)

Furthermore, we verify that the tensor (204) has the following
properties:

MPY gy =0,  MPY,q5=0, (207)
V=g
Mh gt = LR g — b= ) (78" = 074" g
(208)
V=g
Mo q® = 3= 2B — B2 = B3) (4% ~a"4") qu-
X
(209)

Interestingly, for the GR|; case of (164), the right-hand sides
of (208) and (209) vanish, i.e., the tensor M#," . turns out
to be transversal to the wave covector g, in all four indices.

Taking into account these properties, the wave propagation
system (177) yields

@1~ pr =P (46" —aa") quA =0, (210)
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In the generic case, when 281 — B2 — B3 # 0, we find the
relation

a* Ap"a, = qp Av'quq”, Q11)
which implies
a*> Ap"qu =ap A quq". (212)

We will use this in subsequent derivations.

Let us now turn to the decomposed equations (191) and
(192), Using (205), (206), and A," = 0, we can recast (191)
into
3g°A = A, quq". (213)
This is derived for the generic case by assuming 28
B3 # 0, otherwise (191) is trivial.

Finally, we turn to the traceless part (192) of the wave
propagation equation. Substituting (204)—(206) into (193),
and then making use of (212), we can rewrite (192) in the
equivalent form

_3,32_

6p1a> (4 AP0 — aPq, A7)
— 3830% (P AL — qug” A7)

+ P = ) (4% — aPau) Aaug” =0, 214)
Quite remarkably, the coupling constant 8 does not con-
tribute.

Decomposing (214) into symmetric and antisymmetric
parts, we obtain the two equations

@81 — ) {3 (4784 — " u) (0?85 — 4" )

-~ (ngozﬂ - qaqﬁ) q“q”} Ay =0, (215)
2B1 + B3) (q25éf - q"qa) (4252 - Q”qﬁ)ﬂw =0.
(216)

Two important observations are in order. Firstly, we see that
the symmetric A,y and skew-symmetric ,A[,,] variables
decouple from each other and are governed by two separate
dynamical equations. Secondly, the symmetric A ;) mode
remains the only one when coupling constants satisfy 281 =
— B3 and, similarly, the antisymmetric A{,,; mode remains
the only one when the coupling constants satisfy 28; = 3.

In the generic case (when 28] # — B3 and 281 # B3),
both modes are dynamical. In principle, one can proceed by
deriving the Fresnel equations for each mode in a way sim-
ilar to classical electrodynamics. However, one can choose
an alternative way and analyze the propagation equations by
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using the method of spin-projection operators. The corre-
sponding tools were earlier developed in metric gravity [52]
and in its teleparallel formulation [40]. Their application is
straightforward. Ultimately we conclude that the wave equa-
tions describe the massless spin-0, spin-2 and spin-1 modes
propagating along the light cones g2 = 0.

6.2 Waves in GR}, the teleparallel equivalent of GR

In order to understand more clearly what happens in GR, it
is instructive to analyze the wave propagation equation from
scratch. Plugging (204) into (175), we find for (174), after
some straightforward algebra and lowering the index pu,
(2B1 — B2 — B3)

X {4A(€72gaﬁ — qaqp) — 8apq"q" Apv + rozAﬂyqy}

— @B+ ) |97 Aap) — 4ud” Ay — 49" Atar |

+ 281 — B0  Awp) — 40q” Ayp) — 4pa" Atay)

— 4A(G°gup — dudp) + 8upq"q" A} = 0. (217)
Contracting with g"‘ﬁ, we find
(281 =382 — B3) (4407 = q"q" A ) = 0. @18)

whereas contraction with ¢ yields

@81 — B = B) (=ap0" 0" A + 0% Apyq” ) = 0. (219)

In the generic case, we recover the earlier findings (211)
and (210). Making use of this, we see that the first line in
(217) vanishes, whereas the remaining equation reduces to
the system (215) and (216).

However, GR|| represents a very special case when the
coupling constants (164) are such thatboth28; — B> — 83 = 0
and 281 + B3 = 0. As a result, the first two lines of (217)
disappear, and the propagation equation has only a symmet-
ric traceless part. The bottom line is that in GR)| Eq. (217)
reduces to

qzhaﬂ - Qathyﬂ - Qﬂthay =0, (220)
after we introduce the familiar variable

! 14
haﬂ = A(ozﬁ) — 2Agaﬂ = A(aﬂ) — EgaﬂAV . (221)

Accordingly, we indeed recover the result of GR with the
massless spin-2 graviton propagating along the light cone.
In other words, GR| is completely consistent with Einstein’s
theory with respect to the propagation of gravitational waves.

7 Conclusions and outlook

Recently, in Ref. [29], we developed a novel framework for
a premetric teleparallel theory of gravity (TG). Here we con-
tinue this study on TG by paying attention specifically to TG
models with a general local and linear constitutive law.

In Sect. 2, we constructed the Tonti diagram of TG which
explicitly displays the generic structure of the theory.

Our main new results are presented in Sect. 3 where the
irreducible decomposition of the premetric constitutive ten-
sor is established in full detail. This issue was not analysed
in the earlier literature. Here we considered two types of
such decompositions with respect to the permutation group,
namely one related to S4 x S> and the other one with respect
to Se. The relations between these two decompositions are
explicitly derived and the physical meaning of the different
irreducible pieces clarified.

After establishing for the constitutive tensor these pre-
metric results, we turned in Sect. 4 to a special case: The
spacetime continuum is supposed to carry a metric tensor.
We constructed the most general metric dependent constitu-
tive tensor that is cubic in the metric tensor. It includes both,
parity even and parity odd parts. Thereby extending earlier
results, we for the first time obtained the most general family
of teleparallel consitutive tensors. In particular, a parity odd
Lagrangian was newly found, and its physical interpretation
fixed.

In Sect. 5, the propagation of gravitational waves are
derived for the premetric case in the geometrical optics
approximation. Additional propagating modes of spin 1 and
0 are extracted. Our results are generally consistent with the
recent findings reported in [27].

Subsequently, in Sect. 6, the metric case is addressed. The
GR limit is naturally embedded in our formalism.

The results presented here can serve as a basis for the
study of expanded gravitational models including axion and
skewon effects. In particular, violation of Lorentz invariance
can be meaningfully addressed in our premetric set-ups.
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Appendix: Young decomposition

Here we briefly explain how to determine the GL(4, R)
decomposition of the order- (g) constitutive tensor X qg.y sv-

The decomposition rules for tensors of other valence, say
order-2 or order-4, can easily be derived. In four dimensions,
the decomposition of X o, 5» With the symmetry properties

X@puysv =0, Xapusyp =0, (35)

consists of the following seven pieces:

3 ) ’ bl

., , . (222)

Let us label them from A to A7, respectively. Each diagram
Ai (i = 1...7) has corresponding dimensions according to

. n+p—«o
dim V* = 1_[ _—
@.B)en hook(«, B)
dimsh = e — O (223)
=7 7 1] hook(x)
XEA
We find
dimV* =126, dimV* =70, dimV* =50,
dim V™ = 64, dimV*» =10, dimV* = 10,
dim V7 = 6, (224)
as well as
dim 8¢ =9, dimS;> =10,  dim S, =5,
dimSgt =16,  dimSg’ =5, dim §¢° = 10,
dim §§7 = 9. (225)

With the relevant Young diagrams now given, we can extract
the projection operators in the standard fashion and arrive at
the irreducible decomposition of x gy uvp-

For each A; we may extract projection operators in the
standard way: we can fill f* copies of the A; Young dia-
gram with numbers to create all allowed Young tableaux, and
then create the corresponding projection operator onto that
subspace by summing over the induced Young symmetrizers:

@ Springer

wo N & e
P :=FZIP(Y]-’>, (226)
j=1
(I))Zaﬂp.yév = IP;;I (XvaﬂuySU) ’ (227)

where P (Y;i ) is the Young symmetrizer corresponding to

the j-th Young tableaux of A;, and ) XapBuysv denotes the
I-th irreducible piece of the constitutive tensor. The Young
tableaux with non-trivial symmetrizers are as follows:

. [1]3]5]6] [1[3]4]6]
MiooTy 1375 . (228)
113[5]6] [1][3]4]6]
Ao 2] . 2] ) (229)
4] 5]
. [1[3]5] [1]3]4
*3: 1ale] [2]5]6] (230)
1]13]4] [1]3]5] [1][3]5] [1][3]4]
Ao (206] L [2]4] L [2]e] . [2]5] . (23D
15] 6] [4] 6]
114]6] [1]3]6] [1][3]6]
215 . [2]4] . [2][5] . (232)
3] 15] 4]
1[4] [1]3] [1]3
As: |2[5],(2]4]. (2|5} (233)
6] [5]6] [4]6
156 [1[3]4] [1[3]5] [1]4]6] [1][3]6]
o 12 12] 12] 12] 12]
] - ) T
4] 6] 6] 15] 5]
(234)
1[5] [1]3] [1]4] [1][3] [1]4] [1]3
oo 1216] [214] [2]6] [2]6] [2]5] [2]5
7i ,i ’i »i 7; 74 .
4] [e] [5] [5] [e] [6
(235)

For example, IP (Yé\ 4) can be computed as follows:

P (Y24) =P () = S136 0 S24 0 A125 0 A3

= [1+(12) + (13) + (23) + (123) + (32D)]

o[l+ (24)]
o[l —(12) — (13) — (23) 4 (123) + (321)]
o[l —(34)] (236)

where S13¢ denotes symmetrization between the 1st, 3rd, 6th
index; similarly, A34 denotes antisymmetrization between
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1p, = diag(WP, PP, ®Op, Op Op, Op (Dp)
X

( \

\ LY

Fig. 2 The resolution of the identity on the 576-dimensional vector
space Ty has a block-diagonal structure in terms of the canonical Young
projection operators {/!P : T [ e T){ with I = 1,...,7. We depict

these operators by 1 x 1 blocks, with the relative width of f*/ x d; /576.
Provided f* > 1, these operators can be further decomposed into non-
canonical operators /)P : T){ — T){ with j = 1,..., f*. We depict

this internal ambiguity by inserting f*/ x f*! smaller blocks

the 3rd and 4th index, and so on. In the last lines we switched
to the more convenient cycle notation. Note that in our con-
ventions the Young symmetrizers are not normalized.

The exact expressions are lengthy, so we make some com-
ments:

(i) Using the Young decomposition technique, the 576-
dimensional tensor space of X oy uvp, call it T ¢, can be
decomposed into the direct sum of lower-dimensional
vector spaces T; with I = 1,...,7. Denoting the
projection operators onto these lower-dimensional sub-
spaces via )PP : T; — T!, the identity element on T 5

. X
can be written as

7
i, =P = Di=DPx). (237)
=1

(i) Inasuitable matrix representation of 7, callitp (Ty) =
R, the operators (/TP can be thought of as ( f*/d;) x
(f*1dy) matrices, where f denotes the degeneracy of
T]

(iii) On T~,various auxiliary projection operators /-/)IP can
be defined such that

rH

Op =P "IP. (238)
=1

We emphasize that the operators /-/) P are not canonical, that
is, they are only determined up to arbitrary linear transforma-
tions G : ,o(T){ ) — ,o(T){ ). For a graphical representation of
statements (i)—(iii), see Fig. 2.

We now use computer algebra [10,16] to obtain explicit
expressions which are a bit lengthy. To compress our results,
we define a projector C (its index representation C g;%\) by

1
C:= 1 [1—(12) — (45) + (12)(45)] ,
1
Carva = 3% 055 % = 38p =905, (39

Observe that C> = C, indeed. This projector antisym-
metrizes in the two index pairs o and y § such that any con-
stitutive tensor satisfying the relation Xog; 80 = X[aplulyslv
has eigenvalue 1 with respect to this operator:

Cpawk v

afys X pouwiv = )v(ozﬁp,y(Sv . (240)

In general, C z;%‘ projects a general order-6 tensor without

any symmetries, call it T'4g;,) sy, Onto a tensor that has the
symmetries of the constitutive tensor. In that sense we make
use of this projector to shorten our exact expressions for the
irreducible decomposition of the constitutive tensor by a fac-
tor of 4. We obtain:

D X apuysv

1
_ L powi
- zocaﬁws

( - )?prrwkp.v - )V(p(rw)mp, + Xp(rp,wkv
+)?pauka + )?pavwku + )?pava.)\ - )?pwa)»;w - )?pwa)»vu
_)zpw)»a/w - )zpw)»avu - )?pw;mvk - )?pwu)um

_Xpwunux - Xpwux;m + )zp;wa))nu + )?p;ma)vk

+)Zpuwa}»u - Xpuwkva - Xpuvaw}» + )zp;ww)ua + )zpvaw)»p.
+)Epuawu)» + )Zpua)alp. - )Zpuw)»ua - )vauaw)» + )Epvuw)»a
+)Z(u)»pa;w + )Zw}»pavu - )?wku,oov - iwlupva - )?wkvpau
_)Z(u)uvpua + )?wupa)»v + )v(wupav)\ - )?wukpav - )Ewu)»pva
_)vaupak - X{UMUPU)\ - )V(w;wp)ua + )vapa)\u + )vapau}»
_Xkukpnu - )V(kapfta - Xvwvupkrr)a (241)
2) v
( )Xaﬂuyﬁv

1 2 . . .
= Tgcggfg ( — Xpowrw — Xpowrvu T X poporv

+vaauwv)» + vaavwlu + vaava.)» - vawakuu
_)?pwa)»vu - )?pw)»(r/w - )?pw)»(rvu - )?pwu(rvk
_Xpwu.)»un - Xpwuou.)» - )?pwuku.n + )?pu.na)ku
+)zp;wa)v)u + )zpuwnku - )zpuwkvn - )?p;wawk + )?puvw)m
+)Zpuaw)»p. + )zpuawux + )zpua)akp. - )zpuwkua - )zpu;ww)u
+)Epvuw)»a + )Zw)»pa;w + )V(a))»pavu - )V(w)»upov
7)?(4))»/4/)110 - )v(a))»vpau - )v(wlvpua + )?wupa)»v
+)Z(uupavk - )Zwu)»pav - )\{wulpva - )zwvupa)\ - )?wuvpa)u

_)Ew,uvp)»a + )vapaku + )vapap.)\

_Xvwv)\pnu - )V(wv)npu(r - XV(I)U}L/))\.(T)a (242)
(3))E(xﬂuy6v
1 A ~ v v
= %ngfg ( — Xpowiuy + X powrvp + 2x PODUVL
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+)zpap,w)\u + )zpa,u.a)v)u - )zpavwku - )Zpava.k
*)pra)»pw + )prakvp. + 2)V(pwa;wk + )V(pwxauv
7)Epw)uavu - 2)V(pwk/4va + zipwp,alv + )v(pwp,av)»
_)zpwukva - Z)prvalu - )prvau)» + )prvkua
+)Ep;u7a))»v + )Epuaa)v)» + )Epuwa)»v + Z)Epua)avk
+)Epuw)»vo + )Ep;waw)» - )Ep;ww)\a - )Epvow}»u
_)Epvaa)uk - )Epvwo)up. - Z)Epva)auk - )Epva))\p.a
_)V(pvawk + XVPV[J.(U)\.O' - )V(w)»pa;w + )V(wkpavu
+2)V(m)up;wa + )Za))\p.pav + )V(w)»u,puo - )Zw)»vpap.
_)Zw)\vpp.o - )Ewp.pa)uv + )Zwu,pav)\ + 2)V(wup)»v0
+)pr.)\pdv + )V(a);uuplm - )V(mp.vpa)\ - )V(wp,vp)m'
+Xva)v,oo)»p. - vapou)» - 2)V(va)4w - X&)U)\.ﬂﬂ'ﬂ
_Xva)vlp#a + )V(a)up,pak + )vau.p)»a

*2)?/41);7040)» + z)zuvaka + Z)V(uvaax + 2)?uva)»a) ’ (243)

4) ~
¢ )Xaﬁp,yﬁu

4 2 . . .
= ECZ;;% ( — X powhpuv + X powhvu + 4Xpauw)»v

+)Epaua)v)» - )Epaku)» + )Epwa)»;w + Z)Epwa)\vu
_)Epwa;wk + )Epa))»a/,w + )Epa))»avu + )Epa))»p.va
+4)Epwp.a)~v + )Epw,u.av)» + )Epw,u.)\va + )Epwvau)»
+2)Epkaua + )Epp.aa))»v - 2)V(pp,awv)\ - )V(pp,a)a)»v
_)V(p;uuav)u + Z)Epp.w)»va + 2)V(pp,voa))\ - )V(pp,vw)»a
_)Epvoa))\p. - 2)V(pv0'wu.k - 2)V(pvw0')4/, + )V(pvaxr;/.)\
+2)V(pva))\p.o + )V(pvp,dwk + vaumko + kapo‘;w
_2)\610)\/);/.\)0 - )V(wkupva - )V(wp,pa)w - Xva)upkva
_Xva)u)\pav - 2)V(w/4)npva + )V(m;w,o)\a - )V(vaaku
+2)\€vaau)\ + )V(va)»p.a - )V(va.pa)u

+)Z WYUPALT + )V(;wpa(u)» - 2)2 HVwpod — )prwpxa) s (244)

(S)Xvaﬂuyév

1 e . .
= %Cf;g;ué (Xpawlpw + Xpowhvp — 2Xpaw;w)»

+2)\€pauwkv - )Epaua)v)» - )Epaku)» + 3)\6pwakuv
_)Epwa)»vp. + )Epa))»a/,w - SXpwkovu + zipwua)\v
+)V(pa)uov)» + 3)V(pwp.)»va + z)zpwvaku - 3XVP(1)VO'[1)\.
_)V(pa)v)uuo - )V(puoa))»v + S)V(pp,awv)\ - 35(,0#1»01\1
_)Zpu,w)»va - XVP}LUO'QJ)\. - )Zp;ww)ta - )vaoa))\p.
+vavoa)uk + )Epvwo)\p. - S)V(pva))»p.a + 3)V(pvp,0'a))»
_)Epvpm))ta + )Ewkpo;w + )V(a))\pdvp, + 2)V(w)npp.va
_Xvwkupva + 2)V(a))»vpou. - )Ea))»vpua - Xkupakv
_SJV(muan)L - )Ea)u)\pav + )V(w/ikpvo - pr.vpa)»
_35(&);1,1)/))»0 + 3)‘€a)upa)‘u - XVH)U/)O}I.)\. - Xvwv)»pa/l.
+55€ka/>/1.(7 - Xva)w/.pcf)» + )V(va.p)ucr

_2)\6 MVpwAo + 2)\6 uvaak) 5 (245)

(6)Xaﬂuy5u

1 A . . v
= RCZ;;UE ( - ZXpaw;wA + 3Xpa/,m))»v + X povoru

_)V(pa)a)»/,w + )V(pa)a)»vp. - 3)V(pw)uopw - )V(pw)uow,c

_4;( POUCIY 3)V(,ow/,wv)» - )V(,owu)»va - 4)2 POVO AL
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_Xpwuap.x + )zpwv)»p.a - 3)V(puawuk + )V(puwolv
+)Zpuwkva + )Zp;waw)» - )vaawu)» - )Epvwo)»p.

+3)\6pvwlua - )?pvuoa)k - )?w)»papw - )Ew)upavu
+2)?w)»p;wa - )v(wlupav + )?wkupva + )zwkvpau
+)Ew)\vpm7 + 3)\6wupo)~v - )Ew,u.pavk + )v(wu)»pav
+3)Ewukpva + )Ew;wpa}» - )Ewp.vp}»a + )vapa)\u

_3)?vaap,)~ + )Za)v)»pap. + )va)u,opw + )Za)vupo)»

_3)\650\)/1/))«7 - 2XV;/_upa))La + 2)?;4,vaak>v (246)
7) ~
¢ )Xotﬂptyév
1 A v v v
= Z*OCQ);;)(S (2)( powipy T 2Xp<1wp.v)\ + 4Xp(rp_w)»v
_2)V(pa;4wuk - z)v(pm)w)»p_ + 3)v(pa)a)qw - 3)pra)»vu
_)zpw)»a;w + )zpwkavp. - zipwuakv - )?pw;mvk
+3)V(pwukva + Z)Epwvakp. + )V(pwvaul - 3)? PWVALT
*2)V(pp.aw)uv + )V(p,u.aka - 3)?puwa)»v - 3)2puw)»va
73)?/)#1}0(1)}» + 3)v(pvawuk + 3val)(l)0)\.[,é - )vaw)»ua
+3)\6pvuawk - Z)Epv;,cwka - )Zo))»pauv - )Zw)»pcrvu
+)Ew)\/4pva - Z)Zw)»vpau + )Ewkvpua + )Ew,u.pa)»v
+5)‘€wupavk + )Ewu)»pav + )Za)u)»pva + )Ewp,vpa)»
+)Ew,u.vpka - )vapa)»/,t - XH)UPO'IJ.A + )vakpo‘p.
_Sikapp.(r + Xvva.pak - )?wvu.p)na + 2)?;/,upwko>~ (247)

It has been verified by computer algebra that the above
expressions indeed belong to orthogonal subspaces.
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