
Eur. Phys. J. C (2018) 78:648
https://doi.org/10.1140/epjc/s10052-018-6134-0

Regular Article - Theoretical Physics

Regge trajectories for the mesons consisting of different quarks

Jiao-Kai Chena

School of Physics and Information Science, Shanxi Normal University, Linfen 041004, China

Received: 8 July 2018 / Accepted: 3 August 2018 / Published online: 14 August 2018
© The Author(s) 2018

Abstract By applying the Bohr–Sommerfeld quantization
approach to the quadratic form of the spinless Salpeter-type
equation (QSSE), we show that the obtained Regge trajecto-
ries for the mesons consisting of unequally massive quarks
take the form M2 = β (cll + πnr + c0)

2/3 + c1, which have
the same form as the Regge trajectories for charmonia and
bottomonia. Then we apply the obtained Regge trajectories to
fit the spectra of the strange mesons, the heavy-light mesons
(the D, Ds , B and Bs mesons) and the bottom-charmed
mesons. The fitted Regge trajectories are in agreement with
the experimental data and the theoretical predictions, which
demonstrates that the newly proposed Regge trajectories can
be applied universally to the light mesons, the heavy-light
mesons and the heavy mesons. By fitting the spectra of the
mesons composed of different quarks, the concavity of these
Regge trajectories are illustrated, which is of cardinal signif-
icance for the potential models.

1 Introduction

The Regge trajectory is one of the effective approaches for
studying hadron spectra [1–22]. For one newly proposed
Regge trajectories, checking its universality is an impor-
tant and necessary task. In Ref. [23], the authors applied
the rotational states of the string with massive ends includ-
ing the spin-orbit correction to describe the Regge trajecto-
ries for the light, strange, charmed, bottom mesons, and for
the Δ/�/Λ/Λc baryons. In Ref. [24], the authors used the
Regge-like formula (M − mQ)2 = πσ L to analyze all the
heavy-light mesons and the baryons which can be assumed
consisting of one heavy quark and one light cluster of two
light quarks.

In Ref. [25], we proposed one new form of the Regge
trajectories,
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M2 = β (cll + πnr + c0)
2/3 + c1, (1)

where M is the meson mass, l is the orbital angular momen-
tum, nr is the radial quantum number. β and cl are univer-
sal parameters. c0 and c1 vary with different trajectories. As
applying the formula (1) to fit the bottomonia and charmo-
nia, the results are excellent. In the present work, we use the
quadratic form of the spinless Salpeter-type equation (QSSE)
[26–33] to discuss the Regge trajectories for the mesons con-
sisting of different quarks. We find that the obtained formula
can be written in the same form as the Regge trajectories in
Eq. (1). The fitted Regge trajectories agree with the exper-
imental data and the theoretical values. By fitting data, we
notice that the Regge trajectories for these meson are con-
cave, which is of cardinal significance for the potential mod-
els because this property of the Regge trajectories can assist
in the choice of the appropriate dynamic equation and poten-
tial to describe mesons.

This paper is organized as follows. In Sect. 2, the new form
of the Regge trajectories for mesons composed of different
quarks is obtained from the QSSE, which has the same form
as that for heavy quarkonia. In Sect. 3, the obtained Regge
trajectory is applied to fit the spectra of the strange mesons,
the heavy-light mesons and the bottom-charmed mesons. In
Sect. 4, the universality and concavity of the newly proposed
Regge trajectories are discussed. We conclude in Sect. 5.

2 Regge trajectories from the QSSE

In this section, the QSSE is briefly reviewed at first. Then the
orbital and radial Regge trajectories for the mesons consisting
of unequally massive quarks are obtained from the QSSE
by employing the Bohr–Sommerfeld quantization approach
[13,34], which have the same form as the Regge trajectories
for heavy quarkonia obtained in Ref. [25].
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2.1 QSSE

It is well known that the Bethe–Salpeter equation [35,36] is
an appropriate tool to deal with bound states. In Ref. [27],
the authors obtained a first principal Bethe–Salpeter equa-
tion, and then reduced it to the eigenvalue equation for the
square mass operator [26–30] by means of a three dimen-
sional reduction

M2 = M2
0 +U, (2)

where

M0 = ω1 + ω2 =
√
m2

1 + p2 +
√
m2

2 + p2,

〈p|U |p′〉 = 1

(2π)3

√
w1 + w2

2w1w2
Î inst
ab (p,p′)

√
w′

1 + w′
2

2w′
1w

′
2

σ a
1 σ b

2 .

(3)

In the above equations, M is the bound state mass, p the c.m.
momentum of quarks, m1 and m2 their constituent masses,

ω′
1 =

√
m2

1 + p′2 and ω′
2 =

√
m2

2 + p′2. Î inst
ab (p,p′) is the

instantaneous kernel. Neglecting any reference to the spin
degrees of freedom of the involved bound-state constituents,
Eq. (2) reduces to the QSSE which is written in configuration
space as [29–33]

M2Ψ (r) = [ω1 + ω2]2 Ψ (r) + UΨ (r), (4)

where ωi is the square-root operator of the relativistic kinetic
energy of constituent

ωi =
√
m2

i − Δ. (5)

Δ is the Laplacian. Let m1≥m2, there is the inequality for
M2

0

4(m2
2 + p2)≤M2

0 ≤4(m2
1 + p2). (6)

In case of |p|�m1,m2, there is

M2
0 ≈ 4p2 + 2(m2

1 + m2
2).

In case of |p|	m1,m2, there is

M2
0 ≈

(
2 + m1

m2
+ m2

m1

)
p2 + (m1 + m2)

2.

For simplicity, we assume that U takes the following form

U = − A

r
+ Br, (7)

which is a variant of the well-known Cornell potential [37].
A and B vary with the discussed mesons. For example, A =
2(mb+mc)α and B = 2(mb+mc)σ for the bottom-charmed
mesons, where mc and mb are the charm quark mass and the
bottom quark mass, respectively. α = αs4/3, αs is the strong
coupling constant of the color Coulomb interaction. σ is the
string tension.

2.2 Regge trajectories for the mesons composed of
different quarks

Due to the ω1ω2 term, the Regge trajectories can not be
obtained directly from Eq. (4). Using Eqs. (4), (6) and (7),
we propose two auxiliary equations

M2
i Ψ (r) = 4(m2

i + p2)Ψ (r) +
(

− A

r
+ Br

)
Ψ (r),

i = 1, 2, (8)

where

p2 = p2
r + p2

φ

r2 . (9)

Following Refs. [13,25] to employ the Bohr–Sommerfeld
quantization approach [34], the orbital Regge trajectories
and the radial Regge trajectories can be easily obtained from
Eqs. (8),

M2
i ∼ βl l

2/3, βl = 3B2/3,

M2
i ∼ βnr n

2/3
r , βnr = (3πB)2/3. (10)

In case of the power-law potential V (r) = Bra (a > 0), the
orbital Regge trajectories for large l are

M2
i ∼ βl(a)l2a/(a+2) (l � n), (11)

where βl(a) reads

βl(a) = 22a/(a+2)B2/(a+2)
(

1 + a

2

) (
2

a

)a/(a+2)

. (12)

The radial Regge trajectories are

M2 ∼ βnr (a)n2a/(a+2)
r (nr � l). (13)

The Regge slope is

βnr (a) = 22a/(a+2)B2/(a+2)

[
aπ

B(1/a, 3/2)

]2a/(a+2)

, (14)

where B(x, y) is the beta function [38].
Using Eqs. (4), (6), (8) and (10), we assume that for Eq. (4)

with the potential (7) the radial Regge trajectories are of the
form

M2 = βnr

(
nr + c′

0

)2/3 + c′
1, (15)

and the orbital Regge trajectories take the form

M2 = βl
(
l + c′′

0

)2/3 + c′′
1 . (16)

By considering Eqs. (15) and (16), we find that the Regge
trajectories for mesons composed of different quarks can be
rewritten in the same form as the Regge trajectories for heavy
quarkonia [25], see Eq. (1).

In Ref. [25], we have shown that the new form of the Regge
trajectories [Eq. (1)] are appropriate to the heavy quarkonia.
In this work, we show that Eq. (1) can also be appropriate to
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Fig. 1 The radial Regge trajectories for the strange mesons. The used
data are listed in Table 1. The well-established states are given by the
solid dots. The unwell-established states or the states needing confir-

mation are given by circles. Open squares are predicted masses by the
fitted Regge trajectories. The dashed lines are the fitted linear Regge
trajectories and the solid lines are the fitted curves by using Eq. (1)

the mesons consisting of different quarks. The new form of
the Regge trajectories is expected to be universal for mesons.
The good fit by employing Eq. (1) illustrates this conclusion.

3 Regge trajectories for the mesons constituting
of different quarks

In this section, we employ the Regge trajectory formula
M2 = β (cll + πnr + c0)

2/3+c1 [Eq. (1)] to fit the spectra of
the strange mesons, the heavy-light mesons and the bottom-
charmed mesons. The parameters of the Regge trajectories
are obtained by fitting the experimental data or theoretical
values. The fitted radial and orbital Regge trajectories are in
agreement with the experimental data or the theoretical pre-
dictions. The linear Regge trajectories are also given and we
find that the new form of the Regge trajectories are better
than the linear ones.

3.1 Strange mesons

The universal parameter β is calculated by fitting the radial
Regge trajectories for K 0 and K ∗(892), β = 0.96 for the
strange mesons. The universal parameter cl is obtained by
fitting the orbital Regge trajectories for K ∗(892), cl = 4.47.
c0 and c1 vary with different Regge trajectories. The fitted
radial and orbital Regge trajectories are shown in Figs. 1

and 2. The fitted and predicted masses of the strange mesons
by the Regge trajectories are listed in Table 1 and they are in
good agreement with the experimental data and the theoret-
ical values.

K (1830) is suggested to be the 31S0 state [41,43,44].
K ∗

0 (1950) is taken as the 23P0 state [41] and K2(2250) as a
2D2 state [17,41]. The mass of K1(1650) is 1793 ± 59+153

−101
MeV [42] and K1(1650) is in favor of a 2P state [41]. In
Refs. [41,43], K ∗

2 (1980) is assumed to be the 23P2 state or
the 13F2 sate [28]. As K ∗

2 (1980) is treated as 13F2 sate, the
dominant decay channel is shown to be K1(1270)π which is
not observed in experiments. K4(2500) is the possible can-
didate of the 2G state [17,41] and the fitted value is in accor-
dance with the experimental data. K ∗

5 (2380) is assigned as
the 13G5 state and needs confirmation [39]. Its mass is larger
than the fitted value.

3.2 Charmed mesons

By fitting the radial Regge trajectories for D0 and D∗(2007)0,
the universal parameter β is calculated, β = 1.89 for the
charmed mesons. cl is obtained by fitting the orbital Regge
trajectories for D0, D∗(2007)0 and D∗

0(2400)0, cl = 3.02.
c0 and c1 vary with different Regge trajectories. In Fig. 3 are
the fitted radial and orbital Regge trajectories for the charmed
mesons. The fitted and predicted masses of the charmed
mesons by the Regge trajectories are listed in Table 2 and
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Fig. 2 Same as Fig. 1 except for the orbital Regge trajectories

Table 1 Masses of the strange mesons (in MeV). The experimental
data are from PDG [39]. The fitted results by using the Regge trajecto-
ries [Eq. (1)] are shown in comparison with the theoretical values of GI
[40], EFG [17] and PWLM [41]. ? denotes the possible candidates for

the unwell-established states or the mesons needing confirmation. FO
and FR denote the fitted results by the orbital Regge trajectories and by
the radial Regge trajectories, respectively

State J P Meson PDG [39] GI [40] EFG [17] PWLM [41] FR FO

11S0 0− K 0 497.611 ± 0.013 461.5 482 497.7 497 489

21S0 0− K (1460) 1460 1454 1538 1457 1464 1451

31S0 0− K (1830)? 1830 2065 2065 1924 1829

41S0 0− 2248 2087

13S1 1− K ∗(892) 891.66 ± 0.26 902.8 897 896 891 892

23S1 1− K ∗(1410) 1414 ± 15 1579 1675 1548 1414

33S1 1− 2156 2156 1983 1735

43S1 1− 2287 1979

13P0 0+ K ∗
0 (1430) 1425 ± 50 1234 1362 1257 1425 1426

23P0 0+ K ∗
0 (1950)? 1945 ± 10 ± 20 1890 1791 1829 1945

33P0 0+ 2160 2160 2176 2228

11P1 1+ K1(1270) 1272 ± 7 1352 1294 1364 1272 1340

21P1 1+ K1(1650)? 1793 ± 59+153
−101 [42] 1897 1757 1840 1793 1805

31P1 1+ 2164 2164 2177 2090

13P1 1+ K1(1400) 1403±7 1366 1412 1377 1403

13P2 2+ K ∗
2 (1430) 1425.6 ± 1.5 1428 1424 1431 1426

13D1 1− K ∗(1680) 1717 ± 27 1776 1699 1766 1716

11D2 2− K2(1770) 1773±8 1791 1709 1778 1758

21D2 2− 2238 2066 2121 2078

13D2 2− K2(1820) 1816±13 1804 1824 1789 1817 1816

23D2 2− K2(2250)? 2247±17 2254 2163 2131 2248

33D2 2− 2388 2497
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Table 1 continued

State J P Meson PDG [39] GI [40] EFG [17] PWLM [41] FR FO

13D3 3− K ∗
3 (1780) 1776 ± 7 1794 1789 1781 1775

13F2 2+ K ∗
2 (1980)? 1973 ± 8 ± 25 2151 1964 2093 1954

11F3 3+ 2131 2009 2075 2060

21F3 3+ K3(2320) 2324 ± 24 2524 2348 2340 2303

13F3 3+ 2143 2080 2084 2114

13F4 4+ K ∗
4 (2045) 2045 ± 9 2108 2096 2058 2045

11G4 4− 2422 2255 2309 2303

21G4 4− K4(2500)? 2490 ± 20 2779 2575 2520 2498

13G4 4− 2433 2285 2317 2354

13G5 5− K ∗
5 (2380)? 2382 ± 14 ± 19 2388 2356 2286 2269
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Fig. 3 The radial and orbital Regge trajectories for the charmed mesons. The used data are listed in Table 2. The well-established states are given
by solid dots. The unwell-established states or the states needing confirmation are given by circles. Open squares are predicted masses by the fitted
Regge trajectories

they are consistent with the experimental data and the theo-
retical values.

D(2550) is taken as a candidate for the 21S0 state by the
helicity distribution analysis [45], and DJ (2580) is assumed
to be the same state because the resonance parameters of
DJ (2580) and D(2550) are similar and BaBar assignment
[45] is consistent with the LHCb results [46]. DJ (3000) is a
possible candidate for the 2P state [47], the 31S0 state [48],
or the 3+ state [49]. D∗(2600) can be assigned to be the 23S1

state [48,50], see Ref. [51] for more discussions. D∗
J (3000)0

can be the candidate of the 33S1 state [51]. D∗
2(3000) is pos-

sibly the 33P2 state while the assignment of the 23F2 state
can not be fully excluded [52]. D(2750)0 is assigned as the

1D2 state [53,54]. D∗
1(2760) and D∗

3(2760) are assumed to
be the 13D1 state and 13D3 state [53,55–59], respectively.

3.3 Charmed-strange mesons

Due to insufficient experimental data, the radial Regge tra-
jectory for the charmed-strange mesons are obtained by fit-
ting the theoretical values in Ref. [60], β = 1.75, see Fig. 4a.
The orbital Regge trajectories by fitting the experimental data
and by fitting the theoretical values in Ref. [60] are in con-
sistence, see Fig. 4b. The universal parameter is calculated,
cl = 2.44. The experimental data and the theoretical predic-
tions are listed in Table 3.
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Table 2 Masses of the charmed mesons (in MeV). The experimental
data are from PDG [39]. The theoretical values are from EFG [16], GM
[53], KDR [54] and LNR [60]. ? denotes the possible candidates for the

unwell-established states or the mesons needing confirmation. FO and
FR denote the fitted results by the orbital Regge trajectories and by the
radial Regge trajectories, respectively

State J P Meson PDG [39] EFG [16] GM [53] KDR [54] LNR [60] FR FO

11S0 0− D0 1864.83 ± 0.05 1871 1877 1884 1874 1865 1859

D± 1869.58 ± 0.09

21S0 0− D(2550)0? 2564 ± 20 2581 2581 2582 2540 2562

DJ (2580)0? 2579.5 ± 3.4 ± 5.5 [46]

31S0 0− DJ (3000)0? 2971.8±8.7 [46] 3062 3068 3186 2904 2970

41S0 0− 3452 3468 3746 3175 3279

51S0 0− 3793 3814 4283 3535

13S1 1− D∗(2007)0 2006.85 ± 0.05 2010 2041 2010 2006 2003 2002

D∗(2010)± 2010.26 ± 0.05

23S1 1− D∗
1 (2600)? 2608.7 ± 2.4 ± 2.5 [45] 2632 2643 2655 2601 2616

33S1 1− D∗
J (3000)0? 3008.1±4.0 [46] 3096 3110 3239 2947 3004

43S1 1− 3482 3497 3789 3208 3304

53S1 1− 3822 3837 4319 3554

13P0 0+ D∗
0 (2400)0 2318 ± 29 2406 2399 2357 2341 2319

D∗
0 (2400)± 2351 ± 7

11P1 1+ D1(2420)0 2420.8 ± 0.5 2426 2456 2425 2389 2411

13P1 1+ D1(2430)0 2427 ± 26 ± 25 2469 2467 2447 2407 2427

D1(2420)± 2423.2 ± 2.4

13P2 2+ D∗
2 (2460)0 2460.57 ± 0.15 2460 2502 2461 2477 2461 2456

D∗
2 (2460)± 2465.4 ± 1.3

23P2 2+ 3012 2957 3039 2860 2893

33P2 2+ D∗
2 (3000)? 3214 ± 29 ± 33 ± 36 [61] 3407 3353 3584 3142 3214

13D1 1− D∗
1 (2760)? 2781 ± 18 ± 11 ± 6 [55,56] 2788 2817 2755 2750 2775

11D2 2− D(2750)0? 2752.4 ± 1.7 ± 2.7 [45] 2806 2816 2754 2689 2789

13D2 2− D(2740)0? 2737.0 ± 3.5 ± 11.2 2850 2845 2783 2727 2737

13D3 3− D∗
3 (2760)0? 2775.5 ± 4.5 ± 4.5 ± 4.7 [61] 2863 2833 2788 2688 2796

13F2 2+ 3090 3132 3105

11F3 3+ 3129 3108 3087

13F3 3+ 3145 3143 2998

13F4 4+ 3187 3113 3073

D∗
s1(2700)± is assigned as the 23S1 state [40,62–64].

D∗
s1(2700)± is taken as the 21S0 state in Ref. [65] or is sug-

gested to be a mixture of the 23S1 and 13D1 states [66–68].
In Refs. [57,69–71], D∗

s1(2860) and D∗
s3(2860) are taken

as the 13D1 state and the 13D3 state, respectively. In Ref.
[72], D∗

s1(2860) is interpreted as a mixture of Ds(23S1) and
Ds(13D1).

3.4 B/Bs /Bc

For the bottom mesons, the bottom-strange meson, especially
for the bottom-charmed mesons, the experimental data are
scarce and the theoretical values are used to fit the radial and
orbital Regge trajectories.

For the bottom mesons, the theoretical values in [60] are
used. The fitted universal parameters are β = 2.69 and cl =
1.74. The Regge trajectories are shown in Fig. 5, and the
experimental and theoretical values are listed in Table 4.

BJ (5840)0 is suggested to be the 21S0 state [73,74]. The
BJ (5960)0 and B(5970)0 are probably the same state. In
[74], B(5970)0/BJ (5960)0 is interpreted as 23S1 or 13D3

states [75]. In Refs. [76,77], B(5970)0 is takes as the 23S1

state. In Ref. [78], B(5970)0 is assumed to be the 23S1, 13D1

and 13D3 states.
For the bottom-strange mesons, β = 1.75 and cl = 2.44.

The radial and orbital Regge trajectories are given by fit-
ting the theoretical predictions in Ref. [60], see Fig. 6. The
experimental and theoretical data are in Table 5.
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Fig. 4 (Color online) The radial and orbital Regge trajectories for the
charmed-strange mesons. The theoretical data are from Ref. [16] (EFG),
[53] (GM), [54] (KDR) and [60] (LNR). The experimental data (Exp)

are from Ref. [39]. The dashed lines are the fitted Regge trajectories for
the theoretical values in [60] while the solid line is for the experimental
data from [39]

Table 3 Masses of the charmed-strange mesons (in MeV). The experimental data are from PDG [39]. The theoretical values are from EFG [16],
GM [53], KDR [54] and LNR [60]. ? denotes the possible candidates for the unwell-established states or the mesons needing confirmation

State J P Meson PDG [39] EFG [16] GM [53] KDR [54] LNR [60]

11S0 0− D±
s 1968.27 ± 0.10 1969 1979 1965 1975

13S1 1− D∗±
s 2112.1 ± 0.4 2111 2129 2120 2108

23S1 1− D∗
s1(2700)±? 2708.3+4.0

−3.4 2731 2732 2719 2722

33S1 1− 3242 3193 3265 3087

43S1 1− 3669 3575 3775 3364

13P0 0+ D∗
s0(2317)± 2317.7 ± 0.6 2509 2484 2438 2455

11P1 1+ Ds1(2536)± 2535.10 ± 0.06 2536 2549 2529 2502

13P1 1+ Ds1(2460)± 2459.5 ± 0.6 2574 2556 2541 2522

13P2 2+ D∗
s2(2573) 2569.1 ± 0.8 2571 2592 2569 2586

13D1 1− D∗
s1(2860)±? 2859 ± 12 ± 24 2913 2899 2882 2845

11D2 2− 2931 2900 2853 2838

13D3 3− D∗
s3(2860)±? 2860.5 ± 2.6 ± 6.5 2971 2917 2860 2857

13F2 2+ 3230 3208

11F3 3+ 3254 3186

13F4 4+ 3300 3190

By fitting the theoretical values in Ref. [79], we obtain the
Regge trajectories for the bottom-charmed mesons, β = 3.49
and cl = 1.75, see Fig. 7. In Table 6 are the experimental
and theoretical values.

Up to date, only two Bc states have been observed. B+
c

is well established [80–84]. Bc(2S) was observed by the
ATLAS Collaboration [85] but has not been confirmed [86].

4 Discussions

In this section, two important properties, the universality and
the concavity, of the Regge trajectories are discussed.

4.1 Universality of the new form of the Regge trajectories

In Ref. [25], we obtained one new form of the Regge trajecto-
ries [Eq. (1)] from the QSSE and showed that heavy quarko-
nia can be well described by Eq. (1) by fitting the spectra of
charmonia and bottomonia. In the present work, the case of
the mesons consisting of unequally massive quarks are con-
sidered and the obtained Regge trajectories have the same
form as the Regge trajectories for heavy quarkonia. Then we
apply the obtained Regge trajectories to fit the spectra of the
strange mesons, the heavy-light mesons (the D, Ds , B and
Bs mesons) and the Bc mesons. The fitted Regge trajectories
are in agreement with the experimental data and the theo-
retical predictions. The new form of the Regge trajectories
is expected to be appropriate also for the light unflavored
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Fig. 5 (Color online) The radial and orbital Regge trajectories for the bottom mesons. The theoretical data are from Ref. [16] (EFG), [88] (AMSAS),
[87] (KDR) and [60] (LNR). The experimental data (Exp) are from Ref. [39]. The dashed lines are the Regge trajectories by fitting the theoretical
values in [60]

Table 4 Masses of the bottom mesons (in MeV). The experimental data are from PDG [39]. The theoretical values are from EFG [16],KDR [87],
LNR [60] and AMSAS [88]. ? denotes the possible candidates for the unwell-established states or the mesons needing confirmation

State J P Meson PDG [39] EFG [16] KDR [87] LNR [60] AMSAS [88]

11S0 0− B0 5279.62 ± 0.15 5280 5287 5277 5268

21S0 0− BJ (5840)0? 5863 ± 9 5890 5926 5822 5877

31S0 0− 6379 6492 6117 6288

41S0 0− 6781 7027 6335 6631

13S1 1− B∗ 5324.65 ± 0.25 5326 5323 5325 5329

23S1 1− BJ (5960)0? 5969.2 ± 2.9 ± 5.1 ± 0.2 [73] 5906 5947 5848 5905

33S1 1− 6387 6508 6136 6308

43S1 1− 6786 7039 6351 6647

11P1 1+ B1(5721)0 5726.0 ± 1.3 5723 5733 5686 5755

13P2 2+ B∗
2 (5747)0 5739.5 ± 0.7 5741 5740 5704 5769

13D3 3− 6091 6085 5871 6031

13F4 4+ 6385 6252
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Fig. 6 (Color online) The radial and orbital Regge trajectories for the bottom-strange mesons. The theoretical data are from Ref. [16] (EFG), [89]
(GMS), [87] (KDR) and [60] (LNR). The experimental data (Exp) are from Ref. [39]. The dashed lines are the Regge trajectories by fitting the
theoretical values in [60]

mesons, for example, see Fig. 8. Therefore, we conclude
that the new form the Regge trajectories [Eq. (1)] can be
appropriate not only for the heavy mesons but also for the
light mesons, not only for the mesons composed of the same

quarks but also for the mesons composed of different quarks,
that is to say, Eq. (1) is expected to be universal for mesons.

The parameters βnr of the radial Regge trajectories and
βl of the orbital Regge trajectories are listed in Tables 7 and
8, respectively. For mesons except for the light mesons, βnr
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Table 5 Masses of the bottom mesons (in MeV). The experimental data are from PDG [39]. The theoretical values are from EFG [16], GMS [89],
LNR [60] and KDR [87]. ? denotes the possible candidates for the unwell-established states or the mesons needing confirmation

State J P Meson PDG [39] EFG [16] GMS [89] LNR [60] KDR [87]

11S0 0− B0
s 5366.82 ± 0.22 5372 5366 5366 5367

13S1 1− B∗
s 5415.4+1.8

−1.5 5414 5400 5417 5413

23S1 1− 5992 5948 5966 6029

33S1 1− 6475 6319 6274 6575

43S1 1− 6879 6617 6504 7087

11P1 1+ Bs1(5830)0 5828.63 ± 0.27 5831 5830 5795 5842

13P2 2+ B∗
s2(5840)0 5839.84 ± 0.18 5842 5836 5815 5840

13D3 3− 6191 6109 6016 6172

13F4 4+ 6475 6328
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Fig. 7 (Color online) The radial and orbital Regge trajectories for the
bottom-charmed mesons. The theoretical data are from Ref. [90] (EFG),
[91] (SJSCP), [92] (DKR) and [79] (LNR). The experimental data (Exp)

are from Ref. [39]. The dashed lines are the Regge trajectories by fitting
the theoretical values in [79]

Table 6 Masses of the bottom mesons (in MeV). The experimental data are from PDG [39]. The theoretical values are from EFG [16],KDR [87],
LNR [60] and AMSAS [88]. ? denotes the possible candidates for the unwell-established states or the mesons needing confirmation

State J P Meson PDG [39] EFG [90] SJSCP [91] DKR [92] LNR [79]

11S0 0− B+
c 6275.1 ± 1.0 6272 6272 6278 6330

21S0 0− Bc(2S)±? 6842 ± 4 ± 5 6842 6864 6863 6850

31S0 0− 7226 7306 7244 7171

41S0 0− 7585 7684 7564 7408

13S1 1− 6333 6321 6331 6404

13P2 2+ 6761 6712 6775 6779

13D3 3− 7029 6990 7026 6998

13F4 4+ 7277 7244

and βl increase with the quark mass, and there is the relation
βnr > βl . The exception of the light mesons maybe arises
from the complexity of the light mesons.

4.2 Concavity of the Regge trajectories

In Refs. [23,90,93–98], the fitted curves showed evidently
the concavity of the Regge trajectories although the authors

did not point out explicitly the curvature of the meson Regge
trajectories. In Refs. [14,99,100], the authors noticed the cur-
vature of the Regge trajectories for mesons but a few Regge
trajectories were fitted, therefore, the generality of the con-
cavity can not be illustrated.

In Ref. [25], we have shown that the bottomonia and char-
monia can be well described by the concave formula (1).
In Sect. 3, the strange mesons, the heavy-light mesons (the
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Fig. 8 The radial Regge trajectories for π [25]

Table 7 βnr of the radial Regge trajectories. βnr = βπ2/3. n represents
the up quark or down quark

n̄ s̄ c̄ b̄

n 2.78a 2.06 4.05 5.77c

s 2.06 −b 3.75c 6.24c

c 4.05 3.75c 4.33 7.49c

b 5.77c 6.24c 7.49c 10.94

aThe coefficient is from the radial Regge trajectory for π0

bThe radial Regge trajectories for η′(958) and for φ(1020) seem convex
which need confirmation. See Ref. [101] for more discussions
cThese coefficients are from the radial Regge trajectories by fitting the
theoretical values in Refs. [60,79]

Table 8 βl of the orbital Regge trajectories. βl = βc2/3
l . n represents

the up quark or down quark

n̄ s̄ c̄ b̄

n 3.89a 2.61 3.95 3.89c

s 2.61 2.36b 3.17c 4.34c

c 3.95 3.17c 3.53 5.01c

b 3.89c 4.34c 5.01c 9.27

aThe coefficient is from the orbital Regge trajectory for ρ(770)
bThe coefficient is from the orbital Regge trajectory for φ(1020)
cThese coefficients are from the orbital Regge trajectories by fitting the
theoretical values in Refs. [60,79]

D, Ds , B and Bs) and the bottom-charmed mesons are dis-
cussed by the formula (1). The Regge trajectories [Eq. (1)]
are appropriate also for some light unflavored mesons, for
example, see Fig. 8. The Regge trajectories will be concave
if the spectra can be described by a concave formula, there-
fore, the concavity of the Regge trajectories for these mesons
is independent of the models which the employed formula
comes from. See Ref. [101] for more discussions.

It is one of the fundamental properties whether the meson
Regge trajectories are linear, concave, convex or have the
inflection points. For the potential models, the concavity of
the Regge trajectories is of cardinal significance because it
is related to the choice of the appropriate dynamic equation
or the appropriate potential. If the confining potential is lin-

ear [102–116], the Schrödinger equation produces the con-
vex Regge trajectories while the spinless Salpeter equation
[13,117], the Dirac equation [118] and the Klein–Gordon
equation [119–123] give the linear Regge trajectories. The
QSSE [25,31,101] and the eigenvalue equation for the square
mass operator lead to the concave Regge trajectories. There
exist other possibilities. For example, if the confining poten-
tial takes the form r0.1 [124,125] or r1/2 [126–128], all
dynamic equations mentioned above can yield the concave
Regge trajectories. In this case, more information is needed
to choose the appropriate dynamic equation and the corre-
sponding confinement potential.

5 Conclusions

In this paper, we obtain the radial and orbital Regge trajecto-
ries for the mesons composed of unequally massive quarks
from the QSSE by employing the Bohr–Sommerfeld quan-
tization approach. The obtained Regge trajectories have the
same form as the Regge trajectories for heavy quarkonia [25],
M2 = β (cll + πnr + c0)

2/3 + c1. By fitting the spectra of
the strange mesons, the heavy-light mesons (the D, Ds , B
and Bs mesons) and the bottom-charmed mesons, we show
that the fitted Regge trajectories are in agreement with the
experimental data and the theoretical predictions. By com-
bining the results in Ref. [25] and in the present work, we
expect that the new form of the Regge trajectories will be
universal for mesons.

By fitting the spectra of mesons, the concavity of these
Regge trajectories is illustrated. This property is of cardinal
significance for the potential models because it can assist
in the choice of the appropriate dynamic equation or the
appropriate potential to describe mesons. If the confinement
potential is linear, the Schrödinger equation arouses the con-
vex Regge trajectories while the Dirac equation, the Klein–
Gordon equation and the spinless Salpeter equation will pro-
duce the linear Regge trajectories. The QSSE [Eq. (4)] and the
eigenvalue equation for the square mass operator [Eq. (2)] can
give the concave Regge trajectories. Therefore, the QSSE and
the eigenvalue equation for the square mass operator are pre-
ferred if the confinement potential is linear. If the confinement
potential takes the form r0.1 or r1/2, all the dynamic equations
mentioned above can yield the concave Regge trajectories.
In this case, more information is needed to choose the appro-
priate dynamic equation and the corresponding potential.
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