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Abstract Quasilocal formulations of black hole are of
immense importance since they reveal the essential and minimal assumptions required for a consistent description of
black hole horizon, without relying on the asymptotic boundary conditions on fields. Using the quasilocal formulation of
Isolated Horizons, we construct the Hamiltonian charges corresponding to local Lorentz transformations on a spacetime
admitting isolated horizon as an internal boundary. From this
construction, it arises quite generally that the area of the horizon of an isolated black hole is the Hamiltonian charge for
local Lorentz boost on the horizon. Using this argument further, it is shown that, observers at a fixed proper distance
l0 , very close to the horizon, may define a notion of horizon
energy given by E = A/8π Gl0 , the surface gravity is given
by κ = 1/l0 , and consequently, the first law can be written
in the quasilocal setting as δ E = (κ/8π G)δ A.

1 Introduction
The laws of classical dynamics of black hole horizons have
been shown to be identical to the laws of thermodynamics [1–5]. This implies that black holes are thermal objects
and hence, there must exist a deep connection between the
dynamics of spacetime (gravity) and thermodynamics of
horizons. Hawking’s result that black holes can be assigned
a temperature T = κ/2π , and the first law of black hole
mechanics requires that black holes of area A must have thermodynamic entropy given by S = A/4G [3–8]. The search
for the statistical mechanical explanation of this entropy has
led to deeper understanding regarding its origin from the
appropriate microscopic states residing on the black hole
horizon. Indeed, the microscopic state counting exercise in

string theory and in loop quantum gravity, not only gives
the semi-classical Bekenstein–Hawking area law but also
gives the quantum mechanically important logarithmic corrections. The detail matching of the miroscopic computation
of entropy with the Bekenstein–Hawking area law, is believed
to indicate that these two are candidate theories for quantum
gravity. However, in absence of any fully established theory
of quantum gravity, one may try for a deeper understanding
of the classical laws of black hole mechanics in search of
clues relating thermodynamical quantities with gravitational
or geometric quantities.
It has been argued in [9,10], in the context of stationary
black holes, that it may be possible for observers, fixed at
a proper distance l0 from the horizon, to define a notion of
energy (E) proportional to the horizon area (A), given by
E = A/8π Gl0 . This connection between E and A has been
derived using the physical process version of the first law of
black hole mechanics where one considers the change in the
black hole parameters due to absorption of infalling matter.
Surprisingly, the relation between energy and the horizon
area, does not get any contribution from matter fields [9].
This is an important result, since it establishes a correlation
between geometry and thermodynamics on the horizon, as
perceived by a local observer.
Thus, it is worthwhile to check if this relation can also be
obtained from the phase space or Hamiltonian perspective.
The absence of matter contributions in the above mentioned
result hints at the existence of transformations which act nontrivially on the gravitational fields but act trivially on matter
fields like the Maxwell fields. Clearly, these are nothing but
the local Lorentz transformations.1
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Note that these transformations may however, have a non-trivial action
on the fields transforming under half-integral spin representations of the
Lorentz Lie algebra, but, we shall not consider them here.
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In order to account for the action of the local Lorentz transformations on the phase-space of general relativity, we must
use the first order tetrad-spin-connection formalism since
the second order metric formalism is insensitive to them.
Having identified these transformations one can look for a
subset of these that keep the black hole boundary conditions intact. Since black hole horizons are non-expanding
marginally trapped null surfaces (NEH), it is therefore natural to look for the local Lorentz transformations which map
the NEH to itself. As is well known, these must belong to
I S O(2)  R, the little group of the Lorentz group [11] that
keeps a null vector invariant. Further, using the covariant
phase-space formalism for first order gravity one can derive
the expression for the charges corresponding to these transformations. Since these are local gauge transformations, their
bulk Hamiltonian generators are zero by the equations of
motion. However, due to presence of a horizon we get non
trivial contributions from the boundary. In other words, a
subgroup of these transformations turn out to be genuine
physical symmetries rather than being pure gauge. Indeed,
we show that a certain class of null Lorentz boosts have non
trivial charges and are therefore genuine symmetries. These
charges are precisely the area of the horizon. We appropriately adopt the expression for these charges to derive the
quasilocal first law discussed in [9].
In the following, we give a description of our arguments
used in the subsequent sections and our results. In Sect. 2, we
briefly review the geometry of weak isolated horizon (WIH)
and argue that both Rindler and black hole horizons satisfy
the boundary conditions of a WIH. This is not surprising since
given a spacetime with a non-extremal horizon, all stationary
observers at a small distance l0 from the horizon perceive the
near horizon geometry to be Rindler spacetime, the horizon
being generated by the boost Killing vector field of that metric (see [12,13] and references therein). We use this fact to
extend the phase-space of isolated horizons (which already
contains black hole spacetimes) to include the Rindler horizons as well. Thus black hole horizons and Rindler horizons
belong to the same space of solutions of Einstein’s theory
which admit a WIH as an inner boundary (this is possibly
true for other theories of gravity too, but we do not concern
ourselves with those theories here).
In Sect. 3, we obtain the horizon area as a charge corresponding to the local Lorentz boosts. Note that for Rindler
horizons as well as for black hole horizons in general relativity, the area is canonically conjugate to the boost Killing
vector generating the horizon [14–17]. However, in our case,
the horizon area is a charge arising due to the local ‘Lorentz
boosts’ and not due to ‘boost vector fields’.
In Sect. 4, we obtain the quasilocal first law for black hole
mechanics. We use an improved notion of symmetries (called
Lorentz–Lie derivative) where one insists that the coordinate invariance be extended to allow for non-invariance that
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can be compensated by the gauge transformation of the
gauge fields [18–23]. The action of diffeomorphism generated by a Killing vector field ξ a on the tetrad eaI is given by
£ξ e I = (ξ ) I J e J , with (ξ ) I J being a local Lorentz transformation matrix. While the tetrads adapted to the horizon are
Lie dragged by the boost Killing vector, the tetrads adapted
to the stationary observer, just outside the horizon, are not.
This is because they are boosted with respect to those adapted
to the horizon. The Lorentz–Lie derivative can then be effectively used to find this relative boost. Likewise, on the isolated horizon phase-space, a local boost Lorentz transformation gets fixed through the action of the horizon generating spacetime boost vector field. Besides, since the horizon
generating boost vector field is a time translational on the
horizon, the corresponding Hamiltonian should rightly be
regarded as energy. This leads the relation between the horizon area and energy and to the quasilocal first law for black
hole mechanics.
Finally, we would like to point out that the approach
that we develop below, to construct the Lorentz charges and
hence the quasilocal first law of black hole mechanics, to our
knowledge, has not been dealt with before in the literature.
There are constructions of Lorentz charges in the context of
asymptotically locally AdS spaces in [24–26] and horizon
Noether charge for a combination of diffeomorphism and
local Lorentz transformations in [27] in the context of black
hole entropy. Further, such constructions have also been considered in the context of black hole mechanics [28–30] However, our approach differs substantially both in motive and in
methodology.
2 Isolated horizon as the inner boundary of spacetime
The formalism of isolated horizons is useful to model a black
hole horizon. They are black hole analogues of isolated equilibrium states in thermodynamics and correspond to black
hole horizons which are not interacting with the surroundings. An Isolated horizon does not require the existence of
time like Killing vector fields in the neighbourhood of the
horizon, only the intrinsic and extrinsic geometry is enough.
It is defined to be a null hypersurface which is expansion
free, having constant surface gravity and on which the Einstein field equations hold. It has found important application
in establishing the quasilocal2 definition of mass (M) and
angular momentum (J ) of black holes, and in the proof of
the first law of black hole mechanics [31–34].
We first describe the geometrical set-up and the boundary
conditions. Let us consider a 4-manifold M equipped with
2

The word quasilocal refers to the fact that the first law and the charges
which appear in the first law for the horizon requires not only the crosssection of the horizon but also a finite element of the horizon, that is
not only a point but also a finite neighbourhood.

Eur. Phys. J. C (2018) 78:550

Page 3 of 8 550

a metric gab having signature (−, +, +, +). Let Δ be a null
hypersurface in M generated by a future directed null vector
field a . The coordinate system on (a coordinate patch of) Δ
is given as follows. Consider a cross-section S0 of Δ with
i (i = 1, 2) . The tangent on this patch is then
coordinates x⊥
a
given by  = (∂/∂λ)a , with λ being the affine parameter.
Let us, without any loss of generality, choose the value of
the affine parameter on S0 as λ = 0. Further, we denote the
spatial cross-sections which foliate the horizon by Sλ which
are essentially surfaces of constant λ. Thus, if P is any point
i ), where λ is the affine sepon Sλ , it’s coordinates are (λ, x⊥
aration of the point P from S0 . We are however interested
in a specific class of null surface which being isolated horizons, are generated by a Killing vector field l a = (∂/∂v)a ,
existing only on the horizon. The generators l a are null and
hence the parallel transport of l a is also proportional to l a .
Then, l a ∇a l b = κ(l)l b , where κ(l) is the acceleration corresponding to the null normal l a . In the context of black hole,
this plays the role of surface gravity. If surface gravity is
constant, the horizon generating parameter v is related to the
affine parameter λ through λ = a eκ v + b. Note that if ξ
is a positive function on the null surface, then ξl a is also
horizon generating. The expansion θ(l ) of the null normal
l a is defined by θ(l ) = q ab ∇a lb , where ∇a is the covariant
derivative compatible with gab and q ab is the metric on Sv .
The surface Δ, equipped with the class [ξl a ] of null normals, is called a weak isolated horizon (WIH) in (M, gab )
if the following conditions hold [31–34]:

the basis vector. In this basis the spacetime metric is given
by gab = −2l(a n b) + 2m (a m̄ b) .
These conditions hold not only for black hole horizons but
also for Rindler horizons. For a stationary observer at a small
distance l0 from a non-extremal black hole horizon perceives
it as a Rindler horizon. This Rindler horizon is also expansion
free and furthermore the surface gravity is also constant and
hence also satisfy the boundary conditions of a WIH. This
is the key similarity between a Rindler horizon and a black
hole horizon.3
Now, given that the internal boundary is an isolated horizon, one may construct the space of solutions which admit
an isolated horizon as an internal boundary. For this, we
work with the first order Palatini Lagrangian and the covariant phase space formalism. Given a Lagrangian, the on-shell
variation gives δL = dΘ(δ) where Θ is called the symplectic potential. It is a 3-form in space-time and a 1-form in
phase space. Using this symplectic potential, one constructs
the symplectic current J (δ1 , δ2 ) = δ1 Θ(δ2 ) − δ2 Θ(δ1 ) −
Θ([δ1 , δ2 ]), which, by definition, is closed on-shell. The symplectic structure is then defined to be:

1. Δ is topologically S 2 × R.
2. The expansion θ(l) = 0.
3. The equations of motion hold on Δ and the vector field
−T a b l b is future directed and causal on Δ.
4. There exists an one form ω(l) on Δ which is lie dragged
£l ω(l) = 0.



All these boundary conditions are intrinsic to Δ and also
imply the existence of a Killing vector field ξl a on Δ. The
first condition is only a topological restriction while the second condition, that the horizons be expansion free, applies to
black hole horizons and also to Rindler horizons. The third
condition ensures that equations of motion and energy condition hold. Note that the first three conditions hold true for
all vectors in the equivalence class [ξl a ]. It may be easily inferred from the above conditions that the one-form
(l)
ωa = −κ(l) n a + π̄ m a + π m̄ a exists on Δ. The fourth
condition indicates that the one form is Lie dragged on the
horizon. This condition also ensures that the surface gravity κ(l) is a constant on the horizon. We use the null tetrad
(l, n, m, m̄) such that 1 = −n · l = m · m̄ and all other
scalar products vanish. This basis is especially suited for the
setup since one of the null normals l a matches with one of


Ω(δ1 , δ2 ) =

J (δ1 , δ2 )

(1)

M

where M is a space-like hypersurface. Since d J = 0 provided the equations of motion and linearized equations of
motion hold, this implies that when integrated over a closed
region of spacetime bounded by M+ ∪ M− ∪ Δ (where Δ is
the inner boundary considered),




J−
M+

J +
M−

Δ

J = 0,

(2)

where M+ , M− are the initial and the final space-like slices,
respectively. For the case
 whenWIH is an internal boundary, third term is exact, Δ J = Δ d j, and the hypersurface
independent symplectic structure is given by:




Ω(δ1 , δ2 ) =

J−
M

j

(3)

SΔ

where SΔ is the 2-surface at the intersection of the hypersurface M with the boundary Δ. The quantity j (δ1 , δ2 ) is
called the boundary symplectic current and its integral, the
boundary symplectic structure.
As we have said before, we are interested in constructing the space of solutions of general relativity, and we shall
3

Note that in a Minkowski spacetime, the Rindler horizons for accelerated observers also acts as information barriers (in the classical sense).
However, obstruction of information is observer dependent; the Rindler
horizon does not block information from an inertial observer just as a
freely falling observer can access the inside of a black hole by crossing
it.
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use the first order formalism in terms of tetrads and connections. This formalism is naturally adapted to the nature of the
problem in the sense that the boundary conditions are easier to implement, construction of the covariant phase-space
becomes simpler and the action of local Lorentz transformations are easier to disentangle. For the first order theory, we
take the fields on the manifold to be (ea I , Aa I J ), where ea I
is the co-tetrad, Aa I J is the gravitational connection. The
Palatini action in first order gravity is given by [33,34]:
SG = −


 IJ

1
Σ ∧ FIJ
16π G M

(4)

where Σ I J = 21  I J K L e K ∧ e L , A I J is a Lorentz S O(3, 1)
connection and FI J is a curvature two-form corresponding
to the connection given by FI J = d A I J + A I K ∧ A K J . Our
strategy shall be to construct the symplectic structure for the
action given in Eq. (4). Let us first look at the Lagrangian
for gravity. The symplectic potential in this case is given by,
16π G Θ(δ) = −Σ IJ ∧ δ AIJ . The symplectic structure is
given by [33,34],

1
δ[1 Σ I J ∧ δ2] A I J
Ω(δ1 , δ2 ) = −
8π G M

1
−
δ[1 ψ δ2] 2 .
(5)
4π G SΔ
The function ψ is a potential for the surface gravity κ(l) and
is defined by £l ψ = κl and 2  is the area two form on the
spherical cross sections SΔ of the horizon. The field ψ is
assumed to satisfy the boundary condition that ψ = 0 at
some initial cross section.

3 Lorentz transformations and charges on Δ

A I J → (Λ−1 ) I K A K L Λ L J + (Λ−1 ) I K dΛ K J

(6)
(7)

where Λ I J is the Lorentz transformation matrix. The variations of the co tetrads and the connection due to infinitesimal
Lorentz transformations, Λ I J = (δ I J + ε  I J ), are given by
(note that  JI are the generators of the Lorentz transformations
and  is a book keeping parameter for the order of variation),

123

δ A

IJ

= d

IJ

+

(8)
A I K  KJ

+A

JK

 KI .

(9)

We also require the expression for the variation of Σ I J . After
a bit of algebra, one can show that,
δ Σ I J = ε I J K L  K M e M ∧ e L
=  K J ΣI K −  K I Σ J K .

(10)

The action of the Lorentz transformations on the fields in the
bulk symplectic structure is obtained as follows:

1
Ω B (δ , δ) = −
( K J Σ I K −  K I Σ J K ) ∧ δ A I J
16π G M
−δΣ I J ∧ (d I J + A I K  K J + A J K  I K ) (11)
The third term may be rewritten as
δΣ I J ∧ d I J = d(δΣ I J  I J ) − δ (dΣ I J )  I J
= d(δΣ I J  I J ) + δ(A I K ∧ Σ K J + A J K ∧ Σ I K ) I J
(12)
Therefore, the contribution only survives on the crosssections of the horizon

1
Ω B (δ , δ) =
δΣ I J  I J .
(13)
16π G SΔ
To evaluate the above expression, we must determine the
form of  I J . Note that the WIH reduces the local Lorentz
group S L(2, C) to I S O(2)R, the little group of the Lorentz
group [11]. More precisely, the WIH boundary conditions
are invariant under a subgroup of the local Lorentz group.
Explicitly, the Lorentz matrices associated with the transformations which keep the WIH boundary conditions invariant
are given by
Λ I J = − ξl I n J − ξ −1 n I l J + 2m (I m̄ J ) ,

We shall work in the first order tetrad-connection formulation of gravity. This is essential since the second order metric
variables are not ideally suited to study the transformations
associated with local Lorentz transformations. In the previous section, we have used this first order theory to construct
the symplectic structure. To evaluate the charges arising due
to local Lorentz transformations, we take a local basis consisting of the co-tetrads e I . The co-tetrads and the connection
transform under a Lorentz transformation in the following
way.
e I → ΛI J e J

δ e I =  I J e J

(14)

Λ I J = − 2l(I n J ) + (e m I m̄ J + c.c.),
iθ

(15)

Λ I J = − l I n J − (n I − cm I − c̄m I + |c| l I )l J
2

+ (m I − c̄l I )m̄ J + (m̄ I − cl I )m J

(16)

The generators corresponding to these transformations are
obtained to be:
B I J = (∂Λ I J /∂ξ )ξ =1 = −2l[I n J ] ,

(17)

R I J = (∂Λ I J /∂θ )θ=0 = 2im [I m̄ J ] ,

(18)

PI J = (∂Λ I J /∂Re c)c=0 = 2m [I l J ] + 2m̄ [I l J ] ,

(19)

Q I J = (∂Λ I J /∂Im c)c=0 = 2im [I l J ] − 2i m̄ [I l J ] ,

(20)

where B generates boost on Δ, R generates rotation on the
spherical cross-sections of Δ. The generators P, Q generate
transformations which keep the direction of l and n invariant
respectively. The  I J in equation (13) can thus be either of
these above four generators. We recall that the expression
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of Σ I J in terms of a null basis adapted to Δ is given in the
following form (when pulled back on the horizon):
Σ

IJ

[I

= 2l n

J] 2



 + 2n ∧ im l [I m̄ J ] − i m̄ l [I m J ]

(21)

Given the generators of the Lorentz transformations in Eqs.
(17)–(20), it immediately follows that the bulk term survives
only for null boosts −2ηl [I n J ] with η as a finite parameter
for the null boost and the Hamiltonian charge δ Q is given by
Ω B (δη , δ) = δ Q =

η
δA
8π G

(22)

where η is the parameter of transformation and A is the area
of the cross-section. If the phase-space is restricted such that
the boost parameter η is a phase-space constant, then the
Hamiltonian is obtained to be:

ηA
(23)
δQ = δ
8π G
We will further assume that η is constant on the horizon. This
is necessary so that the null normal l transforms within the
class [ξl], discussed before. This is also necessary to keep
the boundary condition of a (WIH) intact. Transformation
with arbitrary η keeps only the boundary conditions upto
condition (3) invariant.
We shall show in the next section that the natural value
of η is 1/l0 and then, the Hamiltonian charge turns out to
be A/8π Gl0 . This result holds true for an observer who is
residing at a fixed proper distance l0 away from the horizon.
The relationship between the Hamiltonian and horizon area
that appears is more than a coincidence. It shows that the
boosts which reside on the horizon are the ones which create a physical charge and is related to the area. As we shall
show, this fact is related to the fact that for this near the horizon observer the internal boosts are related to the spacetime
boosts.
To complete the argument, we show below that the boundary symplectic structure does not contribute to the Hamiltonian. Let ψ be a potential for κ(l) defined by £l ψ = κ(l)
and hence, dψ = −κ(l) n + α(l) m + ᾱ(l) m̄. Then, dδη ψ
can at most depend on m and m̄, and can be written as
dδη ψ = δη α(l) m + δη ᾱ(l) m̄. Thus, £ δη ψ = 0. Therefore
δη ψ is a function only of coordinates on S 2 and can be set
equal to zero at the initial cross-section. On the other hand
δη 2  = 0. Therefore the boundary contribution vanishes i.e
j (δη , δ) = 0. We also look at contributions from spacelike
rotations given by, l → l, n → n, m → eiθ m,. Under these
transformations δκ = δn = 0 which implies that one can
set δθ ψ = 0 and hence δη 2  = 0. Therefore j (δθ , δ) = 0.
Finally, one may also look at null rotations keeping l fixed,
given by l → l, n → n − cm − c̄m̄ + cc̄l, m → m − c̄l,, for
which it follows that δc 2  = 0 and j (δc , δ) = 0.

4 Local Lorentz boosts on the horizon and the first law
In this section, we shall show that the natural value of η
is l0 and in the process, try to decipher the meaning of the
Hamiltonian charge obtained in the previous section in Eqs.
(22) and (23). We show below that one needs a better notion
of derivatives, called the Lie–Lorentz derivatives, to handle
fields which are Lorentz–Lie algebra valued spacetime fields.
To exemplify, let us consider the electromagnetic one form
A and find how it behaves under a diffeomorphism under a
vector field χ a . The result is:
£χ A = χ · F + d(χ · A).

(24)

This Lie derivative is not gauge invariant but can be made so
by subtracting the gauge transformation term d(χ · A), if we
define a new Lie derivative by


£χ A = £χ A − d(χ · A).

(25)

Invariance of the electromagnetic vector field may be taken

to be that £χ A = 0. This is modified form of invariance
requirement where one insists that the coordinate invariance
be extended to allow for non-invariance that can be compensated by the gauge transformation of that vector field, that is
the invariant gauge potential is vanishing upto a total deriva
tive, £χ A = d(λχ ). The modified derivative £χ is sometimes
called the Lie–Maxwell derivative.
Similar to the case for electromagnetic fields, one may also
demand the existence of a derivative for the Lorentz transformations. Note that such kind of derivatives are useful since in
many cases, even if the spacetime has a Killing vector (χ a ),
£χ gab = 0, but the co-tetrad is not lie dragged, £χ eaI = 0,
which happens since the tetrad also suffers Lorentz transformations in the process of being Lie dragged. To take
care of this additional Lorentz transformations that the tetrad
frame undergoes, one usually defines a Lie–Lorentz deriva
tive, which is a derivative £χ eaI = 0. If the spacetime contains
a Killing vector, one can show that such a choice of derivative is always possible [22,27]. Then, for these spacetime, in
these tetrad frames, the action of a diffeomorphisms can be
realised as local Lorentz transformations. Particularly, consider the case that χ a is a Killing vector field and that it’s
action on e I is given by:
£χ e I = (χ ) I J e J ,

(26)

where (χ ) I J is an infinitesimal Lorentz transformation
(associated to χ a ) and hence is antisymmetric in the Lorentz
indices. It is simple to show that £χ gab = 0 [22,27].
We determine the  I J for the near horizon spacetime. First,
note that the near horizon metric is expanded in the following
form for a Kerr-like isolated horizon:

123
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dr 2
+ 2r 2 N (θ )dτ dφ + 2r 2 N̄ (θ )dτ dθ
κ2
+2r M(θ )dr dθ + 2r M̄(θ )dr dφ + X (θ )dθ 2

ds 2 = −r 2 dτ 2 +

+2Y (θ )dθ dφ + Z (θ )dφ 2 + higher orders

(27)

where N (θ ), N̄ (θ ), . . . are functions of spacetime [35].
This metric explicitly shows the fall-off conditions on the
fields. As may be noted, ∂τa is the Killing vector field and
when written in the inertial coordinates, directly translates
to the boost vector field. The tetrads corresponding to these
metrics may be chosen to be
e0 = r dτ + O(r 2 ), e1 =

dr
+ O(r )
κ

1
t
∼ o(r 2 ), rr t = 0,
rt t = , ttt ∼ o(r 2 ), tθ
r
φ

t
θ
∼ o(r 3 ), θt
∼ o(r 2 ), θt ∼ o(r 2 )
ttr = r κ 2 , θt

rθt = 0, ttθ ∼ o(r 2 )

(29)

It is simple to check that the tetrad fields suffer change when
carried along by the observer. More precisely, the tetrads
transform and mix among themselves
κ
(30)
χ a ∇a e0b = = e1b + O(r )e0b + O(r )
r
κ
χ a ∇a e1b = = e0b + O(r )
(31)
r
These tetrads are not parallely propagated by the observer.
Such a result is not surprising since tetrad frames rotate when
they are carried along by the observer. The ones which are
parallely transported are constructed by a linear combination
of these tetrads and may be given by:
é0 = e0 cosh σ τ + e1 sinh σ τ
é1 = e1 cosh σ τ + e0 sinh σ τ ,

(32)

where the σ = (1/l0 ) is the boost parameter. These tetrads
in Eq. (32) are the ones which have a direct one-to-one relationship with the tetrads on the horizon. More precisely, the
observer (fixed outside at a distance l0 ) can construct a tetrad
basis (éa0 , éa1 ) which is parallely propagated along χ a . It is
simple to observe that the action of the Lie–Lorentz derivative on this transformed primed tetrad is given by
£τ e0 = (1/l0 ) e1 , and £τ e1 = (1/l0 ) e0 ,

(33)

which implies that, in the notation of (26) and using the fact
that ∂τa is the boost Killing vector field,  1 0 = 1 =  0 1
with the boost parameter σ = (1/l0 ). Note that the The
tetrad frames are boosted by diffeomorphisms just like a local

123

which is the Hamiltonian charge corresponding to the boost
transformation, as obtained by an observer at a distance l0
from the horizon. Clearly, this value A/8π G l0 is also the
quasilocal energy as perceived by the observer. Hence we
get that E = A/8π G l0 which is exactly the result of [9].

(28)

and the velocity four vector is χ a = (1/r )∂τa . To progress
further, we need to obtain the connection coefficients. Using
the metric (27), it is possible to find that the connections 
behave in the following fashion:

Δ

Lorentz transformation in that precise sense [compare Eqs.
(26) and (33)]. Then, we get from the Eq. (22) (where, now
σ plays the role of the boost parameter instead of η),

A
.
(34)
δQ = δ
8π G l0

5 U(1) gauge transformations of the Electromagnetic
field
For the electromagnetic fields, the symplectic structure has
two terms, one from the bulk and one from the surface
1
Ω E M (δ1 , δ2 ) = −
2π


M

δ[1 A ∧ δ2]

∗

1
F−
2π


Δ

δ[1 Ψ δ2] ∗ F
(35)

Here, the scalar Ψ is defined as £χ Ψ = (χ · A). There is a
caveat though: if the condition £χ A = d(λχ ) holds not only
on the horizon but also on the entire bulk, then, the contribution from the electromagnetic field does not arise. Consider
a gauge transformation A → A + dϕ. The contribution from
the bulk term comes out to be


1
ϕ
∗
∗
δ
d(ϕ δ F) =
F
(36)
Ω(δ, δϕ ) =
4π M
4π SΔ
where ϕ is a constant on Δ. The boundary contribution can
be shown to be zero by the following argument.
dΨ = (l.A)n + αm + ᾱ m̄
dδη Ψ = 0

(37)
(38)

Therefore one can set δη Ψ = 0 on the horizon cross-sections.
The boosts along the observers trajectory at a fixed distance (l0 ) outside the horizon may however induce a gauge
transformations of the electromagnetic field for a charged
black hole. It therefore remains to be shown that the contribution from the electromagnetic part of the action to the
first law vanishes. The electromagnetic field in the neighbourhood of the horizon is Aa = (dτ )a ,  is a constant
(using the metric 27). It follows that to the leading order,
χ a ∇a Ab = r2 (dr )b . By similar arguments as in the previous section, one should choose a Aa = Aa + ∂a ϕ, such that
χ a ∇a Ab = 0. The choice of ϕ for this condition to hold is
dϕ = dt. It therefore follows that £τ A = £τ A = 0.
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6 Discussion
In this paper, we have shown that (a) the energy of a black hole
as determined by an observer at a distance l0 from the horizon is A/8π Gl0 , and (b) that the first law for these observers
is given by δ H = κδ A/8π G, with κ being an universal constant for these observers with value 1/l0 . These are actually
based on the result (which we derive in Sect. 3) that the horizon area is the Hamiltonian charge for local Lorentz boosts
and (as shown in Sect. 4) that such Lorentz boosts may also
arise out of the action of boost isometries on fields with internal Lorentz indices. These are the main results of our paper.
Some further comments are in order. Firstly, we emphasize
that these results are obtained as boundary charges arising out
of invariance of boundary conditions under Lorentz transformations. It must also be pointed out that the quasilocal
energy may also be derived from the boundary terms which
survive on the horizon in the second order metric formulation.
This may be seen as follows: the boundary Hamiltonian on
a cross-section of a null surface due to an infinitesimal coordinate transformation
xa → xa + a (x) is given by: H =

(1/8π G) d 2 Σ ab ∇[a b] , where d 2 Σ ab is an element of the
cross-section and a is the diffeomorphism generated by the
Killing vector χ a , which in the inertial frame of the Rindler
spacetime is given by χ a = (x/l0 ) (∂/∂t)a + (∂/∂ x)a .
In the inertial coordinates, the value of the surface element
√
is 21 q d 2 x⊥ and ∇[a b] gives a value of 1/l0 . Thus, the
Hamiltonian is A/8π Gl0 . Note that since this is a second
order metric formulation, it does not sense the action of local
Lorentz transformations. On the other hand, our derivation
of the local Lorentz boost and the horizon area is in the first
order formalism. This gives an alternate perspective to the
quasilocal first law. Thirdly, the limiting case of extremal
black holes is not easy to treat using the method described
here since the Rindler description of the near horizon structure itself breaks down in that case. However since Eq. (23) is
independent of whether the isolated horizon is extremal, one
can argue that a first law holds for extremal isolated horizon
with η being an undetermined constant. Fourth, the result of
[9] assumes the existence of the first law in a certain form,
which indeed arises if one considers general relativity (their
subsequent construction, however, is independent of specific
nature of the theory of gravity), but may be entirely different if one considers other theories of gravity, for example a
scalar tensor theory. Then, it remains to see how the arguments of [9] may change and what new results may arise.
Furthermore, if one considers the additional Holst term, one
may also get contributions from the rotation part of the Little
group, and may have important implications for the simplicity constraints and the quantisation. These and other related
matters will be discussed in a subsequent paper.
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