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Abstract In our previous work we have constructed a
model of noncommutative (NC) gravity based on SO (2, 3),
gauge symmetry. In this paper we extend the model by adding
matter fields: fermions and a U (1) gauge field. Using the
enveloping algebra approach and the Seiberg—Witten map
we construct actions for these matter fields and expand the
actions up to first order in the noncommutativity (deforma-
tion) parameter. Unlike in the case of pure NC gravity, first
non-vanishing NC corrections are linear in the noncommuta-
tivity parameter. In the flat space—time limit we obtain a non-
standard NC Electrodynamics. Finally, we discuss effects of
noncommutativity on relativistic Landau levels of an elec-
tron in a constant background magnetic field and in addition
we calculate the induced NC magnetic dipole moment of the
electron.

Keywords NC SO(2, 3), gravity - NC electrodynamics -
NC Landau levels

1 Introduction

In the past several decades there has been a considerable
effort to develop a theory that would resolve singularity issues
that plague the physics of curved space—time and enable us to
think beyond the concepts of Quantum Field Theory (QFT)
and General Relativity (GR). Noncommutative (NC) Field
Theory, as a theory of fields on NC space-time, offers a
new perspective to the problem. In NC Field Theory, space—
time coordinates are proclaimed to be mutually incompat-
ible. Analogously to the Heisenberg’s uncertainty relations
for a conjugate coordinate-momentum pair of a particle, there
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exist a lower bound for the product of uncertainties Ax* Ax"
for a pair of two different coordinates. In order to capture this
“pointlessness” of space—time, an abstract algebra of NC
coordinates is introduced as a deformation of the ordinary
commutative space—time structure. These NC coordinates,
denoted by x*, satisfy some non-trivial commutation rela-
tions, and so, it is no longer the case that x*x” = x"x*. The
simplest case of noncommutativity is the so-called canonical
noncommutativity, defined by

[£4, 2V] = io",

(1.1)

where 6*Y are components of a constant antisymmetric
matrix. Abandoning the concept of commutative (classical,
smooth) space—time leads to various new physical effects,
such as UV/IR mixing [1-3], new interactions in NC defor-
mations of Standard Model [4-6], fuzzy geometry [7,8] and
many others.

Instead of deforming an abstract algebra of coordinates one
can take an alternative, but equivalent, approach in which
noncommutativity appears in the form of NC products of
functions (NC fields) of commutative coordinates. These
products are called star products (x-products). Specifically,
the canonical noncommutativity (1.1) corresponds to the NC
Moyal-Weyl x-product,

Q)

. igap 2 0
(Frd))=e" PT0F Fa)g(y)lyos

= f(x) g+ ’Eeaﬁaafma,sg(x) + 0.
(1.2)

The first term in the expansion of the exponential is the ordi-
nary point-wise multiplication of functions. The constant
deformation parameters #*# have dimensions of (length)?
and are assumed to be small.! They are considered to be fun-

! To be more precise, the Moyal-Weyl *-product should be written as

N Lk aﬁ%i
(f*8)x) = Pl T SEEDM y—xs
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damental constants, like the Planck length or the speed of
light. However, it is also possible to treat NC deformation
parameters as dynamical fields, see [9, 10].

Apart from being an interesting subject by themselves, NC
Field Theories had begun to gain interest when they were
recognised as a low-energy limit of a more fundamental the-
ory of open strings. In the work of Seiberg and Witten [11]
it is argued that coordinate functions of the endpoints of an
open string constrained to a D-brane in the presence of a
constant Neveu—Schwarz B-field, with B ~ 1/6, satisfy the
constant noncommutativity algebra (1.1). Thus, any kind of
evidence of noncommutativity of space—time, interpreted as
a low-energy effect of the String Theory, would be of great
significance.

Formulation of pure gravity in a noncommutative space—time
is a very interesting and a very important problem and it has
been investigated using different approaches [12—-16]. In our
previous work, we have established a model of pure NC grav-
ity by treating it as a gauge theory of SO (2, 3), group [17—
20]. The first non-vanishing NC correction to GR is at the
second order in the NC parameter %% and it pertains even
when metric is flat thus leading to a non-trivial NC deforma-
tion of Minkowski space [17]. Studying the deformed met-
ric of Minkowski space, it became clear that by introducing
constant noncommutativity of space—time, we are implicitly
working in a preferred coordinate system—the Fermi inertial
coordinates.

We have to remember that if one aims to explain problems
such as dark energy, inflation or construct a NC deformation
of supergravity, one needs to include matter fields and their
couplings with the gravitational field. As a first step towards
including matter fields in the SO (2, 3), NC gravity model,
we introduced non-interacting Dirac fermions. In [21] we
have found the first order NC correction to the Dirac action
in curved space—time with various new interaction terms. As
in the case of pure gravity, noncommutativity pertains in the
flat space—time limit and causes linear NC deformation of
electron’s dispersion relation. Also, the NC-deformed energy
levels are helicity-dependent, meaning that NC space—time
behaves as a birefringent medium for electrons propagating
in it.

Following the same line of investigation as in [21] we seek
to obtain a complete theory of Noncommutative Electrody-
namics in SO (2, 3), model of noncommutative gravity that
would be capable of providing some tangible predictions
concerning the potentially observable physical effects of
space—time noncommutativity. To include interacting Dirac
fermions, we upgrade the gauge group to SO (2, 3), x U(1).,

Footnote 1 continued

with the small deformation parameter k and arbitrary constant antisym-
metric matrix elements %% In the usual notation & is absorbed in the
matrix elements 6% and these are called small deformation parameters.

@ Springer

thus introducing electromagnetic field in the framework. New
interaction terms that emerge enable us to study NC Electro-
dynamics both in curved and flat space—time. In this paper we
analyse some phenomenological consequences of this new
model of NC Electrodynamics in the flat space-time.

The paper is organized as follows. To begin with, in the fol-
lowing section, we discuss coupling of matter fields with
gravity in the first order formalism. In particular, we are
interested in incorporating matter fields in the commutative
(undeformed) SO (2, 3) gauge theory of gravity. In Sect. 3 we
generalize results from Sect. 2 to the NC SO (2, 3), gravity.
Using the Seiberg—Witten map we construct actions and cal-
culate equations of motion for the NC U (1), gauge field and
the NC Dirac field. Unlike in [21], fermions are now coupled
with the NC U (1), gauge field and the NC gravity. Finally,
in Sect. 5 we formulate NC Electrodynamics induced by NC
SO (2, 3), gravity. In the limit of flat space—time, we discuss
the equation of motion of an electron in the background elec-
tromagnetic field. Especially, we find NC corrections to its
energy levels in constant magnetic field, that is, NC correc-
tions to the relativistic Landau levels. In addition, we derive
the induced NC magnetic dipole moment of an electron. We
end the paper with some discussion of the obtained results
and proposals for future research.

2 Matter fields in S O (2, 3) gauge theory of gravity

Itis well known that in the first order formalism (gauge theo-
ries of gravity) fermions couple naturally to the gravitational
field. On the other hand, to couple gauge fields to the grav-
itational field one normally requires the existence of Hodge
dual operation. The definition of Hodge dual operation in the
presence of gravitational field (curved space—time) requires
the existence of a metric tensor, which means working in
the second order formalism. This difference becomes even
more evident in the SO (2, 3) model of gravity. Namely, in
this model the basic variable is SO (2, 3) gauge field, which
splits into the SO(1, 3) spin-connection and vierbeins only
after a suitable gauge fixing (symmetry breaking) [17]. In
this section we discuss the construction of actions involving
gauge field and Dirac spinor field in the SO(2, 3) gravity
model.

Let us briefly review the basics of SO (2, 3) gravity the-
ory. We assume that space—time has the structure of D = 4
dimensional Minkowski space. The gauge field takes values
in the SO(2, 3) algebra, w,, = %a) AB M4 s, The generators

"
of the SO (2, 3) group, M 4, fulfil

[Map, Mcpl =i(mapMpc +npcMap

—nacMpp —nppMac). 2.1



Eur. Phys. J. C (2018) 78:548

Page 3 of 13 548

The 5D metric is nap = diag(+, —, —, —, +). Group

indices A, B, ... take values 0, 1,2, 3,5, while indices

a,b, ... take values 0, 1, 2, 3. A representation of the alge-

bra (2.1) is given by
i

1 1
Mgy = Z[Vaa vl = Eo'ab’ Ms, = EVa’

where y,, are four dimensional Dirac gamma matrices. Then

the gauge potential wMAB decomposes into wlfb and wu"5 =

1 a .
leﬂ.

2.2)

1 1 1
wy = za)#ABMAB = Za)ﬂ“baa;, - Z—IeZya.

The field strength tensor is defined in the usual way by

(2.3)

Fuy = dpwy — dyoy —ilwy, oy] = %FMVABMAB

= (wa’b -~ llz(ej;e’; - ezeﬁ))‘%” — Flw“5%, 2.4)
with
leab = 8,0,% — akuab i wuacwvcb _ wﬂbcwvca’
IF, = Vel — Vel =T,,° 2.5)

Equations (2.3), (2.4) and (2.5) suggest that one can identify

) M‘”’ with the spin connection of the Poincaré gauge theory,

4] M“S with the vierbeins, R W“b with the curvature tensor and

IF W“S with torsion. It was shown in the seventies that one
can indeed make such an identification and relate AdS gauge
theory with GR. Different actions were discussed in the lit-
erature, see [22-25]. A necessary step in obtaining GR from
SO (2, 3) gravity model is the gauge fixing, that is, the sym-
metry breaking from local SO (2, 3) down to local SO(1, 3).
Inordertobreak SO (2, 3) gauge symmetry one usually intro-
duces an auxiliary field ¢ = ¢p4T4 [22-24], where "4 are
4 x 4-matrices satisfying Clifford algebra {I" 4, I'p} = 2na5B.
One representation is obtained through the usual y-matrices
and it is given by 'y = (iy,¥s, ¥5). This field is a space—
time scalar and an internal-space vector. It transforms in the
adjoint representation of SO (2, 3) group, i.e.

Sep = ile, &1,

where ¢ = %8 MAB M 4 is an infinitesimal gauge parameter.

2.6)

This auxiliary field also satisfies the constraint pA¢p, = 2.
Note that this field has mass dimension —1.

In our previous work [17] we analysed the pure gravity action
inthe SO(2, 3) model and we also constructed its NC gener-
alization. We will not repeat that discussion here. For com-
pleteness we just write the gravity action before and after the
gauge fixing:

S=c181+c28 + 383,

1
: Tr/d4x M F o,

S =
'~ 64nGy

2.7)

1
2= mTr/d“x " FuyDp¢p Do + h.c.,
2.8)
I 4
5= T2k Gnl / d*x €% D¢ Dy Dy Dy p9,
(2.9)

where covariant derivative in the adjoint representation is
given by

Dy =0y —ilwy, @1 (2.10)

We break the SO(2, 3) gauge symmetry by fixing the aux-
iliary field, specifically, we set ¢ = 0 and ¢5 = [, and
obtain

1 2 :
6
+v/=8((e1 + )R — (et + 2 + 2¢)). @11

For generality, we introduced three dimensionless constants
that are a priori undetermined and can be fixed by some
consistency conditions. The Einstein-Hilbert term requires
c1 + ¢a = 1, while the absence of the cosmological con-
stant is provided with ¢1 + 2¢p + 2¢3 = 0. Applying both
constraints leaves one free parameter.

Now we study the coupling of matter fields with gravity
in the framework of the SO (2, 3) model.

2.1 U(1) gauge field

In order to include the electromagnetic interaction of elec-
trons in our framework, we upgrade the original SO (2, 3)
gauge group to SO(2,3) x U(1). Gauge potential for the
whole gauge group, the master potential, consists of two inde-
pendent parts:

Q= wy + Ay 2.12)

The first part is the already mentioned S O (2, 3) gauge poten-
tial (2.3) and the second part, A, is the electromagnetic
potential.

The field strength associated with the master gauge potential
Q2 is

Fuv =0, — 0,2, — i[2,, 2,1, (2.13)
and it can be decomposed as
Fo=Fu+Fuw, (2.14)

where the gravity field strength F),, is given by (2.4) and
Fuv =0 Ay — 0y Ay, (2.15)

isthe U (1) field strength tensor, i.e. the electromagnetic field.

@ Springer
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Following the approach of [26] we define a SO (2, 3) invari-
ant action for the U (1) gauge field as follows:

1
Su = —ETr/ d*x etvro (fIFWqungqbqb

+§ffDM¢D,,¢>Dp¢DJ¢¢) Yhe.. (2.16)

The action (2.16) includes an additional auxiliary field f

_ 1o aB _
f= 2f Map, Scf =ile f] (2.17)
with the gauge parameter
1
e = 5zsABMAB +a (2.18)

consisting of the SO(2, 3) and the U(1) part. We see from
(2.17) that the field f transforms in the adjoint representa-
tion of SO (2, 3) and it is invariant under U (1), i.e. it is not
charged. Its role is to produce the canonical kinetic term for
the U(1) gauge field in curved space-time since we cannot
define the Hodge dual operation without prior knowledge of
the metric tensor.

The full covariant derivative of the field ¢ is defined as

Du¢ = au¢ - i[Q/u o] = aud’ - i[a)/u Pl

Thus we see that the field ¢ is invariant under the U (1) gauge
transformations. This simplification is a peculiarity of the
Abelian U (1) group and it does not hold in a more general
case of non-Abelian Yang—Mills theory.

The action (2.16) can be rewritten in a more explicit form as

(2.19)

Sa = d*x e

16l
1

x {ZfABF,WCD(D,,¢>E(Dg¢>)F¢GTr<MABMCDFEFprc>

+ 55 PP PP (D) (Du) (D,9)% (Do) 9F

X Tr(MapMcplTETFTGTHTR)

+ %f”fw(Dp¢>E<Dg¢>F¢GTr(MABFEFFFG)} +h.c.
(2.20)

After calculating traces (see Appendix A) we obtain

i

_ d4x eHhvpo
321

Sa =

x {fAB F, P (D,$)E (Do) ¢° (nrGeascne

+ 2NADEBCEFG)
—2if B F,, (D) E (Do) ¢S ennErc

- ’gf“fAB(Dw)f<Dv¢>F<Dp¢>G(Dn¢>”¢ReEFGHR} +he.
(2.21)

@ Springer

The first term in (2.21) is purely imaginary and it will vanish
because we have defined S4 to be real by adding the corre-
sponding hermitian conjugate terms. Thus, after the gauge
fixing, when (D,¢)? = eZ and (Dﬂcf))5 = 0, the action
reduces to

1
Su = -3 / d*x e“”p”{f“bfweabgfef)eg
1
+ EfABfAB Gefghe,ie,{eﬁeg}

1 1
=5 [ atx e (rrekep g 1 furk 25 1,)).
(2.22)

with the vierbein determinant e = det (e;i) =./—g.
Equations of motion (EOMs) for the components of the aux-
iliary field f are

Jas =0,  fup= _ege};]:u.w (2.23)
Using these EOMs we can eliminate the auxiliary field in the
action (2.22). This leaves us with the well known action for
pure U (1) gauge field in curved space—time:

1
Sa=—g / dx e g8 FruFpo (2.24)

2.2 Dirac fermions

The Dirac spinor field ¢ transforms in the fundamental rep-
resentation of SO(2, 3) x U (1) gauge group, i.e.

S = isyr = %8ABMA31/f tiay, (2.25)
where, as in (2.18), 4B are infinitesimal antisymmetric
gauge parameters of SO(2,3) gauge group and « is an
infinitesimal gauge parameter of U(1) gauge group. The
covariant derivative of the full SO (2, 3) x U(1) gauge group
in the fundamental representation is given by

Dy =0, —iQuy = 0¥ —i(wy + Ay

=V, + %e;;yaw, (2.26)
where we introduced %M =V, —iA, asacovariant deriva-
tive for SO(1, 3) x U (1) gauge group, and V/, is the ordinary
SO(1, 3) covariant derivative. In addition, we set ¢ = —1
for an electron.

The fermionic action consists of two parts: the kinetic term
Sy kin (Which also contains the interaction) and the mass term
Sy.m- They are given by

Spin = & [t oo

[¥Du9D.6D,@Ds v — Do I DLGDGD, Y} (2:27)
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_ i m 2 4 Voo T
S‘/qu = m(T — ﬁ)/d x et 1//{D/4¢DV¢D/J¢DJ¢¢

—Du¢Dyv¢Dydpp Do + DM¢DU¢¢Dp¢Da¢}¢ +hc.,
(2.28)

and they were investigated in detail in [21], both classi-
cally and noncommutatively, but without any reference to the
electromagnetic interaction. The only difference however, is
that the covariant derivative of the Dirac field now contains
an additional term, —i A, associated with the U (1) gauge
group. This will give us the interaction term for the Dirac
field.

After the symmetry breaking the total spinor action Sy, given
by the sum of (2.27) and (2.28), reduces to

Sy = Sy.kin + Sy,m

— / d*x e &(e;’yS(vg —iAy) — m)w. (2.29)
This is the familiar action for a U (1) charged Dirac fermion
in curved space—time.

3 NC matter fields

Let us now generalize the setup from the previous section
and define actions for the NC U (1), gauge field and the NC
Dirac fermion. This problem was also treated in [26-28].
We will work in the canonically deformed NC space-time
with the NC Moyal-Weyl x-product (1.2). However, our con-
struction can straightforwardly be generalized to an arbitrary
noncommutative space—time coming from an Abelian twist
deformation.

To establish the NC field theory with SO (2, 3), x U(1),
gauge group, we introduce the NC spinor field 1///\ and the NC
gauge potential @M. The corresponding NC field strength
tensor is defined as

Fuv = 0,9, — 0,9, —i[Q, * Q] 3.1)

The covariant derivatives of the NC spinor fp\ and the auxiliary
field ¢ are defined by

(3.2)
(3.3)

Dy =0, —iQu Y,
D¢ = 0,9 — il * Pl
The fields 1’/7 and a, along with their covariant derivatives
(3.2) and (3.3), transform in the fundamental and the adjoint

representation, respectively, under NC infinitesimal gauge
transformations, i.e.

8:Du Y = iNe % Dy,
5;Du$: i[Xs H Dua]-

Sy =ihex 7,

5:¢ = i[Ac * @), (3.4)

The transformation laws for NC gauge potential and field
strength are

3.5)

We see that NC field strength ﬁl?:,w transforms in the adjoint
representation of the deformed gauge group SO (2, 3), x
U(1), just as ordinary field strength IF,,, transforms in the
adjoint representation of SO (2, 3) x U(1). In the previous
transformation rules, A is the NC gauge parameter of the full
SO(2,3), x U(1), gauge group, which in the commutative
limit reduces to (2.18).

The Seiberg—Witten (SW) map enables us to express NC
fields in terms of the corresponding commutative fields, with-
out introducing new degrees of freedom (new fields) in the
theory. NC fields are represented as power series in the defor-
mation parameter 0%#, with expansion coefficients built out
of the commutative quantities like ¢, ¥ and £2,,. For example:

N 1
Qu =9 — -eaﬁ{sza, 3R +Fg,} + 06?),

(3.6)
~ 1
b=9¢-7 0°P{Qq, (s + Dp)g} + O(62), (3.7)
=y - }1 P Q3 + Dp)¥r + 06, (3.8)

where €2, is the commutative master gauge potential (2.12),
while ¥y and ¢ are the commutative Dirac spinor and the aux-
iliary field, respectively. Using the SW map, we can derive
the first order NC corrections to the field strength, and the
covariant derivatives of adjoint and spinor field. They are
given by

Fup =F,, — %eaﬂ{sza, (g + Dp)F )}
450 By, B} + 00,
Dyu¢ = Duop — %G“ﬂma, (85 + D) Do)
+%9“ﬂ {Fap, Dpop) + O(6%),
DuV = Dy — %eaﬂga(aﬁ + Dg) Dyt

1
+§9“ﬂFWDﬂ¢ + 06?), (3.9)

with the commutative field strength tensor F, defined in
(2.14). All these results will be put into use in the next sub-
section where we turn to the NC version of the actions (2.16)
and (2.27, 2.28) and calculate their perturbative expansions
in powers of the deformation parameter 6%,

@ Springer
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3.1 NC U(1) gauge field

To construct a NC model of U (1) gauge field coupled to grav-

ity with SO (2, 3), x U (1), gauge symmetry, we canonically

deform action (2.16):

~ 1 A oA ~ PUIN

Sa = —1—6lTrf d*x P (f *xFyy * Dy * Do * ¢

i 2 » N A N A
—|—yf*f*Dl@*Dvgb*Dp(/)*D(,(p*qb) the.

(3.10)

In addition to the NC master gauge field € and the NC aux-
iliary field 3)\ we also have to introduce a NC generalization
of the auxiliary field f defined in (2.17). The NC field f
transforms in the adjoint representation of the full NC gauge

group
8:f =ilAe t 1.
The transformation laws (3.5) and (3.11) ensure that the

action (3.10) is invariant under SO (2, 3), x U (1), NC gauge
transformations.

3.11)

The general rule for calculating first order NC correction to
the »-product of two fields states that

(A+B)" = A0p + ABD + %eaﬁaaAaﬁB. (3.12)
If both of these two fields transform in the adjoint represen-
tation, one can show [29] that the following statement holds,

~ A 1 1
(A4 B)"V = = 26 (Qu. (9 + D) AB) + 56" Dy ADg B

+ cov(AM)B + Acov(BW), (3.13)
where cov(;{(l)) is the covariant part of A’s first order NC
correction, and cov (§ (¢ ), the covariant part of B’s first order
NC correction. By using this specialised rule (3.13) we sig-
nificantly reduce the amount of calculation and immediately
obtain the covariantized result, which is not the case with
the general rule (3.12). After some simplification, including
a few partial integrations, the first order NC correction to Sa
is given by

S0 Z 50 4 50

T RAf T RALS
1 O‘IB 4 Hvpo 1
= EG Tr [ d"x € E{Faﬂ’ FYFuDpd Do

+ ifDﬂFuvDa(Dp¢Da¢¢)
- f{Fau, Fﬁu}Dp¢DG¢¢ - ifFuvDa(Dp¢Do¢)Dﬂ¢
- ifFuv(DaDp¢)(DﬁDa¢)¢
- fFuv[{Fozps Dﬂd)}s Do ¢l¢
i (1
+ ;(E{Faﬁ, FAD, ¢ Dud Dyd Dy
— fA{[{Fap. Dpo}, Dyl Dpp Do d}p

@ Springer

—if*(Du(DudDud Dyd Do ) Dy

+ Dg (DM¢DV¢Dp¢)(D/S Dgd)d
+ (Do (Du¢ Dyd)(Dg D)

+ (DQDM¢)(DﬁDv¢)Dp¢)DU¢¢>>} the  (3.14)

As we can see, all terms are manifestly SO (2,3) x U(1)
invariant. This property is insured by the Seiberg—Witten
map. The f-part of the obtained first order action will be
denoted as 3:21} and the f2-part as :Stfél}f.
After the gauge fixing by choosing ¢ = 0 and ¢ = [, the
:S’\S; part becomes

6
<) <)
Shy = Zsm , (3.15)
j=1

with

1 1
1
35\;21 = _geaﬁ / d*x e { - Reabcderx”’eze;’FuﬁabedF/w,.s

. 1
t+ Fog” £ (Fuvas ejel + 5 Funeselyey)

1
+ Faﬂastd(F/wa’SEZLe‘c) + 5 fuvas eley)

1
g E e (Fy fun

+2F S fus) + 2Fap f Fveliel } (3.16)

4]
— (Vo) (f. 4 (DgF, ")

S5 D)) €lenel + el ele +eherel .

1 . .
Sipo = =g [ e [ DpFD + 1Dy )

(3.17)
oo 1 .
3‘\2;3 = 29”5‘/‘d4x e { — Eeambnédp[eﬁe}’ﬁ,dl’wfmFﬂvb"
+ Fauam Fﬂvhj (faSeffzez + fbsegel‘i'l) + Zde]:Olll]:ﬁVegez‘;

1 X
+ 76“4} (fcd (Fauam Fﬂvam + ZFD,MQSF/SMS)

4 c
4 fus oy ) | (3.18)
1
) 4
SAf.4 = _ﬁgaﬂ / d*x e eVPO

x { FOF ) (Vaed)esesel (Sopesiyrey — €sryoepa)
+ FMVCS(VMZ)@Z@;J (8opesnyrel — €sryoepa)
- Z(Vae;)e(;;h,,ﬁeieé“(f“sFMba + fapr.vaS)

1
S ALY b ed
+ ?ZGSAyre(lebea' e:zfa FMVL 8ap8ap

2
PP o = ) gapesiapelel .

1
3‘:(41}‘5 = a@"‘ﬂ / d*x e e"“"p”eaxyregez‘ege;fabFMfd

1
x ((Vaet)(Vpene) + 73 8ungop ) (3.19)
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1
Eﬁ\l;ﬁ = _3729043 / d*x e elvro

X {eSAﬂaege}Fapef(fabFu,vab + zfasFuszS)
+465,\,sgeﬁe2(f“bFWa5Fapes-|—f“5F b poes

nv atap
+ 2 Fop Fo) | (3.20)

After the symmetry breaking, the Sa?f part of the action
becomes: ‘

1
() 4 2
Sarr = 1—690"3 / d*x e Fop f~+ h.c.

= é@"‘ﬂ / d*x e faﬁ(fabfab + 2f“5fa5). (3.21)

The gravitational part (that which includes quantities like
curvature and torsion) of TS‘\X;f is purely imaginary and it
vanishes after adding its hermitian conjugate and so we are
left with (3.21).

Now we need to evaluate the action Sy = S’ + S{" on the
equations of motion (EOMs) of the auxiliary field f, up to
first order in the NC parameter #%%. The EOM:s are obtained
by varying S4in fab and f,5 independently and we calculate
EOM s up to first order in the NC parameter 6%#. The first
order action, evaluated on the EOMs of the field f, denoted as
/.Sﬁlg o> has two contributions. The first contribution comes
from evaluating the first order action 5 on the zeroth order
EOMs which have been already calculated in Sect. 2.1 and
are given by (2.23). The second contribution comes from
evaluating the zeroth order action S on the first order EOMs
for the field f. It is straightforward, although tedious, to
compute the first order EOMs, but actually there is no need
for that. It can be readily demonstrated that if we work only up
to first order, the zeroth order NC action (2.22) is annihilated
after inserting the first order EOMs for f, whatever they
may be. This is the consequence of the zeroth order equations
(2.23). Thus, we only need to insert zeroth order terms (2.23)
in the first order action /.575‘1). The resulting first order action
is a sum

6
< _ <D (1)
SAEom = Z Sacomsj T Sacomys - (3.22)
Jj=1
The corresponding terms are given by
< 1 aff d4 Y ab 2 a b
Sacomp1 = 5‘9 xe {7'— R;wab(Ra/g - ﬁeaeﬁ)
. 2
+ fp“egeg (R,wabRaﬂ"deC“e; — ﬁRaﬁnl))
. 2
+ 4.7'—pu€;(RMVacRaé’b€Z - I—ZRMqaceg)
+ Frechep Rys” (R, elhey
12 2
= 2) + FF T (Tuva = 2Tpumegey))
2 mn [ v 12 2 v 3 23
- ﬁfaﬂ(Ruu Cnmen — 17 —4l°F }—pu)}, ( . )

Sakomsa = %7“"3 f dhxe | (VoR,")(Vae ek
< (B el — B et + el
+ l%}—»o#ef (vﬂ Ty + eﬂme{’c)
— %]—‘U"(V‘,e;)(vﬂeﬂ)e;’ne{’
_ llz(vae;)ef (ezf}'ﬁ“lec — &FT )
Vekelt

1
ﬁTaﬂ’Tle Ve

+
1

+ l—z(vae;)e;(rwm (Fyteh — FyPelt)

+ Ty Flel)

2 1
+ 3T, (Val) ) (Vpelel + 7 Fap. (3.24)

1
Sbomss = — 150" / atx e {7 (Ravan

4
X (RW'"" — ﬁeZeZ’) +8Faﬂ.7-—5u>

+ Fre Ry Rﬁvb" (etepeher + etelelel
AT v v K
+ 2en €m (egeb ) ))

2
+ ﬁe;e; (2FurRg" — FaxRyy")

2
+ ﬁF‘wTa aTﬂva} 5

"

(3.25)

:9\%01\4]{4 +§£‘«%0Mf.5 = %Qaﬂ / d'xe
x { + R, (Vae?) (Vgeom)
(f””egez + Froelley — 4.7:""el‘l'eg)
— I%Rﬂfb(f“"ewe,gb + Fapeliep + 4.7-—”ﬁe)l’eg)
- llzf"”(vae,'f)(vﬂeam)
+ IEZT/“,C Vaeg) (.’F‘”(Zefeﬁd - egeﬁ()
+ 2]:ﬁ“(efe; - ege;’)
+2FPE(2e)epq — elepe)
F2F el — P T, el
- %Tﬂm(van)ef (Frel) — Fe)

4 6
7 Ryl o (P eue = Fyel) = 3 Fup )

(3.26)
1
Sitours =~ 150" / d'x e {Feeeele)
By R~ 28, ) + 455 (P
2
= 2FupFp) + 5 F Vel Rapan
4 v, 0 p ab 4 KL, 0 ¢
_ ﬁfﬂveaeb Ry, + 1—2.7-' etel (TopaTyp
. 8
+ TupaTop + TppaToy) — ﬁfaﬂ} : (3.27)
1
Shouss = 507 [ atxe Fup 7 (3.28)
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3.2 NC Dirac fermion

The non-interacting Dirac field has already been treated in the
framework of SO (2, 3), model in [21] where we proposed
an NC action for Dirac spinor coupled with gravity. It is the
canonically deformed version of the classical action given by
the sum of (2.27) and (2.28)

§w = §1/f,kin + §1//,m
i

= 5 [ate e {7 e 0,8« DB« (0« (D)

12

— (Do) % (D) % (Du) * (D) + T}
im 2\ [ 4 N .
w7 =) [ate @i [pug 0,3

* Dp$* Dgzﬁ*a
— DMZ/;* Dua* Dpa* a* DO-$

+Dﬂa* Dua’\*a* ng* Dga)\]*{b\—i—h.c. (3.29)
Expanding this action via the SW map leads to a non-
vanishing first order NC correction after the symmetry break-
ing. To include interaction, we generalize the result in [21]
by making substitutions V,, — %M = V, —iA, and
Fuy — F,y = Fy + Fuv. The fermionic mass term is also
modified due to inclusion of the U (1) gauge field. Beside the
generalization of the covariant derivative, an additional term
of the type &faﬂw appears

0f 2 .
§$,)m:T<m—7>[d4xew

_ - 1
X { —i(Vae))el/ Vg + gnub(van)(Vﬁef)O’”
1

= 3 (Vaep) (Vpey)(efie; —el'e;)a’)
1 1
- Q(Vae:i)egyﬁ 7 Raﬂ Oab
. 1 7
— §R Ma eue}gabc - l_ngaﬂaya - l_SlTaﬂaegyﬂ
1 3
— 50w — 5 Fap | ¥ +hec. (3.30)

The complete result for the first order NC correction to the
kinetic part after the substitution [i.e. inclusion of U (1) gauge
field] is given by:

1 i}
§f/},)l<in = geaﬂ/d4x ey

x { = Ry (e“VH geé‘ ava V'V )Vﬂ
1 i . ~
+ ERaﬁ“b(egya — Eeah(.deg y‘yS)VU

i ~
b d n 5
- gR(m” €ane €plege] —efeq) vy Vo
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leb “ )Vﬂ
i ~
~ " (e +2 a “J>V"
2 a cd b i o. .5 3
_gTw (eab egeceqy Vg+4l el'yg — egay >
7i
aeahc

i
+ iTO‘Mu <€M

+ "ef;ej;egy"y5%

1 ~ ~
_2<(Vaez)(ege;j—e eyt +l ’ )Vﬁvg

) 2
+i(Vael) (Vpereleled (56" va = nase ™ vy )ysvg

3%

31 a(Vﬁeb)edesede y5V

7 (VD, eZ)(efjeh

e eb”)e CVU
L Vet (diet + efo,?) s —

— 7( "leu)< le, +6‘b0'a ) B — ﬁ()’aﬂ
1

+ 157 Rap™ oab
3

e

1 5 .
— 51 R (3¢ + epae™ ) one

2 .
+ = (Vael) (Vpel) (napo™ = 2Aeliel = el'e})oy)

1
- ﬁ(vae:i)(?’e(l;yﬁ - eﬁaV“)

+ 3ifaﬂe;’y“§g

— 2i Fyuelty™ Vg — ;]—'a,g}zp +he.. (3.31)

Apart from the change in covariant derivative, the last three
terms in the action (3.31), those that include the electromag-
netic field strength F,,,, are completely new. It is important
that all three of them pertain in the limit of flat space—time
and this leads to new phenomenological consequences con-
cerning NC electrodynamics. Putting the pieces together, we
come to the action for NC electrodynamics in curved space—
time up to the first order in deformation parameter. It is given
by

0
S=504 S]/, vin Sy SAEOMf + SAEOMff (3.32)

This action is hermitian and invariant under local SO (1, 3) x
U (1) transformations. From it we can derive the Dirac equa-
tion for an electron and the Maxwell’s electromagnetic field
equations in curved noncommutative space—time. Although
this calculation is straightforward, we will not peruse it now.
Instead we will investigate in detail the flat NC space—time
limit.

4 Flat space-time NC electrodynamics in SO (2, 3),
model

Although the flat space—time limit might seem too much a
simplification, nevertheless in this section we will show that
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interesting and non-trivial results can be obtained. The action
for NC electrodynamics in flat space—time up to the first order
in 9%P is given by

< 0) <
Sflar = Sflat +Stiar

= /d4x V(iD — m)y — i/d“x FuvFHY

1 1
+ 0% / & (3 FanFpn " = S FupF" Fuy )

. 1
+ 9P / d*x w( — —0,"DgDy +

T e
2 sai2Cap VoVsDo

m 1 3i i
- (412 6l3> Oap + 4 FapD = 5 Fanr" Dy

“.1)

where we introduced flat space—time covariant derivative
D, = 9, —iA,. We notice immediately that this action
is different from actions for NC Electrodynamics already
present in the literature [30-33]. The new terms appear as
residual from the gravitational interaction and they will lead
to some non-trivial phenomena, like a deformed dispersion
relation and deformed propagator for fermions. Also, we see
the appearance of new interaction terms between fermions
and the electromagnetic field specific to the SO(2,3).,
model.

4.1 Deformed equations of motion

By varying with respect to A, we obtain NC Maxwell equa-
tion with sources in flat space—time. Up to first order the
equation is given by

1 1
JuFHr — Ze“ﬁfaﬁaﬁﬂp = S0 Fan0u
+0%P9,(F, “]-“ﬂ")

=—yyPy — —G“Pwa "Dy — —eaﬂwa PDgyr
+ Zeaﬁaﬁ(lpaapw)
24120“'3 N —e‘xﬂa Wy Dpy)

N 2eﬂﬁa Wy D) + 19“”8 ). 42)

By varying NC action (4.1) with respect to i we obtain a
deformed Dirac equation for an electron coupled to the elec-
tromagnetic field A,

(ib —m + A+ 0% Mog) ¥ =0, 4.3)

where %8 Mg is given by
1
gaﬁMaﬂ = 90!/3{ — ﬂUaaDﬁ,Dg =+

m 1
“\aiz Tz ) o

3i i " 3m 1
4.4

7i 00
méaﬁ YpV5Do—

From (4.4) we immediately see that there will be new inter-
action terms in (4.3). Remember that for electron ¢ = —1.

5 Electron in background magnetic field

We will use the deformed Dirac equation (4.3) with (4.4)
to investigate the special case of an electron propagating in
constant magnetic field B = Be,. We choose the gauge A, =
(0, By, 0, 0) accordingly. Then, an appropriate ansatz [34]
for (4.3) is

v = (‘P(y)> el EtHipxx+ip:z

x () SR

The spinor components and the energy function are all rep-
resented as perturbation series in powers of the deformation
parameter,

0 =09+ + 0%, (5.2)
x=x0+xV+006%, (5.3)
E=E9+ED 4+ 0@®?. (5.4)

Inserting the ansatz (5.1) in the Dirac equation (4.3) we obtain

L d
[EVO —pey' +iyi— — py? —m+ Byy! +9“‘3Maﬁ]

dy
w(y)) _ 55
(x m) (55)
The zeroth order (undeformed) equation is given by
d ©)
[E(O)VO — v+ iyz@ —py’ —m+ Bwl] (?(0)) =0,
(5.6)

while the first order equation is

E®,0 _ Iy 2i_ 3 _m+ Byy! §0<1)
14 pPxY 14 dy pzy Yy )

©)
_ [Emyo + Gaﬂ_/\/lalg:l (t(o)) . (5.7)
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Bearing in mind that the adjoint of (5.6) is
a
v © [E(O)yo — ey —iy2d— i —m +Byy1:| —0.
y
(5.8)

after multiplying (5.7) by ¥ from the left and integrating
over y we obtain:

E“)/dy §0,04,0 _ _Qaﬂ/dy 7O My ©,

Therefore, the NC energy correction can be calculated as

£ _ —pob fdy 1p(O)/\/lO[ﬁw(O)
Jdy g Oy 0y ©

Let us calculate explicitly the zeroth order solution ¥ (®.
From the unperturbed Eq. (5.6) we can derive the equation
for (@ spinor component. It is given by

(5.9)

d2
|:dyz — (px — B>+ (ED)2 — p2 —m? — Bag} eQ ) =o0.

Itis well known that the unperturbed energy levels of an elec-
tron in constant magnetic field (relativistic Landau levels) are

EQ = \[p? +m? +@n+s+ 1B, (5.10)

where n is the principal quantum numberandn =0, 1,2, ...,
while s = *1 are the eigenvalues of the matrix o3.
The complete undeformed Dirac spinor is

(0) . ~(0) . .
i = (94 st 11
n,s
with components
o) = 0, (5.12)
X,EOQ = m[ \/7(\/_q’n+1ff— Vn®,_0y)
n,s

+ qu)n03](ﬂs’ (5.13)

where o1 = o1 £ iop, and ¢; is the eigenvector of o3 for

eigenvalue s = +1. Functions ®,(§) (n = 0,1,...) are
Hermitian functions defined by
D, (&) ! H(é ) _£ (5.14)
= —— — ] e . .
! v2'n!s/B " VB

where H, are Hermitian polynomials and £ = By — p,.
Normalization for (5.11) gives us

2

s 5.15
BEL +m) 619

f dy §O 0y =

@ Springer

We are looking for NC shift E,, (1) s of the ordinary, undeformed
energy levels (5.10). Using the Eq. (5.9), we find

by 0 [dy Y Mapnn
)=

E\ (5.16)
Y Ty e

In particular, for 12 = —p21 — ¢ # 0 and all the other
components of the matrix #%# equal to zero, we find

) Os [ m? m

El=——F\—5—=x

s O \ 1212 31
n,s

x(l++(2n+s+l)>
(E()—I— )

2

— _Qn+s+1).
E(O)

(5.17)

In the absence of magnetic field we confirm the already estab-
lished result [21],

Os ( m? m )
T L0 2 373 )"

Er(lz 121 3l
The NC energy levels depend on s = =£1 and we see that
constant noncommutative background causes Zeeman-like
splitting of undeformed energy levels.
The non-relativistic limit of NC energy levels (5.17) is

obtained by expandmg the undeformed energy function Ej, (O)
assuming that pz, B <« m?:

1
£ =

PP+ Q@n+s+1)B

0
Eyy =m+ o
2 2
+2n+s+1)B
_(PZ ( )B) . (5.18)
8m3

Expanding (5.17), we obtain the first order NC correction to
the energy levels of a non-relativistic electron:

B = (L0 (o 22y J0E Srin £a DB
n,s 313 1212 2m2 8m4 8m4

p2+Q@n+s+ 1B
2m?

6 B2
+—(2n+s+ D(1-

3(p.+Qn+s+ 1)3)2
+
8m*

If we take p, = 0, the non-relativistic NC energy levels
reduce to

En; =EQ +E") + 00%
Os Osm 2n+s+1
+ 3? - W + 2m
Q2n+s+1)?
B 8m3

(B +6B?)

(B> +20B%) + 06?)
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_ 9 m 1 +2n+s+lB
B S TTZETE om
Qn+s+1)?

B} + 06, (5.19)

8m?3

where we introduced Berp = (B + 0 B?%) as an effective mag-
netic field. As in the case of non-interacting electrons [21],
the spin-dependent shift of mass is apparent. If we compare
this expression with the one for undeformed energy levels
E,(Loz, we see that the only effect of noncommutativity is to
modify the mass of an electron and the value of the back-
ground magnetic field. This interpretation of constant non-
commutativity is in accord with string theory. In [11] it is
argued that coordinate functions of the endpoints of an open
string constrained to a D-brane in the presence of a constant
Neveu—-Schwarz B-field satisfy constant noncommutativity
algebra. The implication is that a relativistic field theory on
NC space—time can be interpreted as a low energy limit, i.e.
an effective theory, of the theory of open strings.

From the energy function (5.19) we can derive a NC defor-
mation of the induced magnetic moment of an electron in the
n-th Landau level in the limit of a weak magnetic field:

0E, ¢
0B

fns = — —upQn+s+DA+6B),  (520)

where up = % is the Bohr magneton. We recognise
—(2n + 1) p as the diamagnetic moment of an electron and
—sup as the spin magnetic moment. The 6 B-term is another
potentially observable phenomenological prediction of our
model. It is a linear NC correction to the induced electron’s
magnetic dipole moment. We can use it to make an assess-
ment about the value of NC deformation parameter 6. First,
let us make formula (5.20) more transparent by reintroducing
units:

0E, ¢

- — —upen+s+(1+98Y. a2
Mn,s = 9B mplen —§ 7 . .

Let A yc stand for the energy scale at which nc2>n200mmutativ-
to [35] the scale of noncommutativity Ayc 2 1.0 TeV, and
so the lower bound for # would be of order 10737m?2. We will
take Ayc = 10 TeV. The relative error in the current mea-
surements of electron’s magnetic dipole moment is of order
10~13 [36], and so we estimate that the NC correction "9?3
should be of the same order. Thus the magnetic field needed
to make NC effects “visible” should be at least of order 10'!
T. This is known to be the order of magnitude character-
istic for various astrophysical objects, e.g. radio-pulsars and
magnetars, and it is far above the ordinary values of magnetic
fields produced in laboratories.

A next step would be to calculate the induced magnetisa-

tion of a material as the induced magnetic moment per unit

ity becomes important. Then we have 6 = . According

area. To do this we need to understand better the meaning
and the realization of noncommutativity in materials.

6 Discussion

In this paper we discussed coupling of matter fields with grav-
ity in the framework of NC SO (2, 3), gauge theory of grav-
ity. Using the Seiberg—Witten map we constructed the gauge
invariant actions and calculated equations of motion for the
NC U(1), gauge field and the NC Dirac fermion. Unlike in
[21], fermions are now coupled with NC U(1) gauge field
and the NC gravity. In this way we formulated NC Electro-
dynamics in curved space—time induced by NC SO (2, 3),
gravity. The flat space—time limit of this model enables one to
study behaviour of an electron in a background electromag-
netic field. Especially, corrections to the relativistic Landau
levels of an electron in a constant magnetic field are given
by (5.17) and their non-relativistic limit is (5.19). Motion of
an electron in a constant background magnetic field and NC
corrections to Landau levels were investigated in the case of
canonical noncommutaivity in [37-39] and for other types of
NC space-times in [40,41]. It can be seen both from (5.17)
and (5.19) that NC correction to (non)-relativistic Landau
levels depends on the mass m, the principal quantum num-
ber n and the spin s. In particular, the NC correction to energy
levels will be different for different levels. It would be inter-
esting to calculate the NC correction to the degeneracy of
Landau levels and we plan to address this problem in future
work. It is well known that the physics of the Lowest Lan-
dau Level (LLL) is closely related to the physics of Quantum
Hall Effect (QHE). Using the obtained results, we plan to
investigate NC corrections to the QHE. In this way, together
with the induced NC magnetic moment (5.20) and the NC-
induced magnetization in materials we hope to obtain some
constraints on noncommutaivity parameter from condensed
matter experiments.

Starting from (4.1) one can check renormalizability of the
model. It is known that, the so-called Minimal NC Electrody-
namics, a theory obtained by directly introducing NC Moyal—
Weyl x-product in the classical Dirac action for fermions
coupled with U (1) gauge field in Minkowski space,

—~ ~ —~ 1 ~ —~
S = /d4x W (iy* D, —m)y — Z/d“x Flop % MY,
(6.1)

is not a renormalizabile theory because of the fermionic loop
contributions [30-32]. It would be interesting to see if addi-
tional terms present in the NC SO(2, 3), gravity-induced
Electrodynamics (4.1) could be renormalised by using the
freedom in the Seiberg—Witten map.

The NC SO(2, 3), gravity model also enables one to intro-
duce coupling with non-Abelian gauge fields. In this way, it is
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possible to progress towards generalizing Standard Model to
a NC space—time using the setup we described in this paper.
All this open problems and research proposals we postpone
for future work.
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A AdS algebra and the I'-matrices

Algebra relations:?

{Mp.Tc} =ieapcpeMPF
{Map, Mcp} = %GABCDEFE + %(nACWBD — NADNBC)
(Mag.Tc]l =i(npclTa —nacl'p)
FI; =—ylan
Mg =voMapyo (A1)

Identities with traces:

Tr(TaT's) =4nas
Tr(T'y) =Tr(Cal'pT¢) =0
Tr(CaTslclp) =4Masncp — nacnsp +napnce)
Tr(Cal'pTclplE) = —4ieapcpE
Tr(MapMcplE) =i€apcpE
Tr(MapMcp) = —napnce +nacnep
Tr(MagTETUFTG) =2eABEFG
Tr(MapMcpTEUFTG) =icaBcpENFG
—IEABCDFNEG + IEABCDGNEF
+iEBCEFGNAD + IEADEFGNBC
—IE€BDEFGNAC — IEACEFGNBD
(A.2)
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