Eur. Phys. J. C (2018) 78:507

THE EUROPEAN ) CrossMark

https://doi.org/10.1140/epjc/s10052-018-5976-9 PHYSICAL JOU RNAL C
Regular Article - Theoretical Physics
Interactions of irregular Gaiotto states in Liouville theory
Sang-Kwan Choi', Dimitri Polyakov'-2, Cong Zhang'
! Center for Theoretical Physics, College of Physical Science and Technology, Sichuan University, Chengdu 6100064, China
2 Institute of Information Transmission Problems (IITP), Bolshoi Karetny per. 19/1, Moscow 127994, Russia
Received: 17 January 2018 / Accepted: 7 June 2018 / Published online: 18 June 2018
© The Author(s) 2018
Abstract We compute the correlation functions of irreg- |Uy) = Un10)
ular Gaiotto states appearing in the colliding limit of the Uy =: 62’1;/:0 and$ . o)

Liouville theory by using “regularizing” conformal transfor-
mations mapping the irregular (coherent) states to regular
vertex operators in the Liouville theory. The N-point cor-
relation functions of the irregular vertex operators of arbi-
trary ranks are expressed in terms of N-point correlators
of primary fields times the factor that involves regularized
higher-rank Schwarzians of the above conformal transfor-
mation. In particular, in the case of three-point functions the
general answer is expressed in terms of DOZZ (Dorn-Otto-
Zamolodchikov-Zamolodchikov) structure constants times
exponents of regularized higher-derivative Schwarzians. The
explicit examples of the regularization are given for the ranks
one and two.

1 Introduction

Irregular (coherent) Gaiotto states emerge in Liouville field
theory in the colliding limit, relevant to extensions of the AGT
conjecture to Argyres-Douglas type of gauge theories with
asymptotic freedom [1,3,6-8,14,19]. The irregular states of
rank N are the simultaneous eigenstates of N + 1 Virasoro
generators:

Ly|UN) = pn(m)|Un)
N <n <2N ()

and are annihilated by higher positive Virasoro generators
(n > 2N). This generalizes the definition of primary fields
(which technically have rank zero). Just as the regular vertex
operators for primary (rank zero) fields in Liouville theory
can be expressed as V, =: €% : (where aq can be regarded
as “electric” charge), the irregular vertex operators for rank
N coherent states can be constructed as
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where a1, o3 ... correspond to coefficients of the multipole
expansion and are related to the geometry of the region where
the colliding operators are located (e.g. with «; being a char-
acteristic size of the region). These coefficients are related to
Virasoro eigenvalues p, (N) according to

1 N
(N = 5 }ganaw ?3)

Computing correlation functions describing interactions of
the irregular states in Liouville theory is known to be a
hard and tedious problem, especially beyond two-point func-
tions and rank one case [5,6,9,14,15]. These correlation
functions are important objects as they define the corre-
lators in Argyres-Douglas gauge theories; namely, the N-
point correlators of Argyres-Douglas theories are idenfied
with the M-point colliding limit of 2d CFT so that M =
My 4+ M5 + --- + My. Presumably, the correlators of the
irregular states are also related to instanton expansions in
these asymptotically-free theories, although our understand-
ing of this correspondence is not yet complete.

In this work we address this problem by using the confor-
mal transformations that maps operators for coherent states
into regular vertex operators, expressing the interactions of
the irregular states in terms of regular correlators in Liouville
theory. In particular, since the structure constants of the Liou-
ville theory are known, this conformal transformation makes
it possible to express the cubic interactions of the irregu-
lar states of arbitrary rank in terms of Dorn-Zamolodchikov
correlators in Liouville theory. The final formula for the cor-
relators, however, is complicated, since it involves the gener-
alized higher-derivative Schwarzians of the conformal trans-
formation that are singular at the insertion points of the cor-
relators and have to be regularized in a rather tedious way. In
our work, we limit ourselves performing this regularization
for the case of 3-point functions of the rank two irregular
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vertex operators. The rest of this paper is organized as fol-
lows. In the Sect. 2, we study the behavior of correlators
under the conformal transformation mapping the irregular
blocks into regular and derive the general result expressing
N-point correlators of irregular vertices of arbitrary ranks in
terms of regular conformal blocks. The answer involves the
higher-derivative generalized Schwarzians of this conformal
transformation that need to be regularized. In the Appendix
section we explicitly perform such a regularization for three-
point correlators of the rank two states. In the concluding
section we discuss the implications of our results.

2 Conformal map: irregular to regular states

Consider a rank p irregular vertex operator:
P n
W (@0, a1, ..o pl§) =: eZn=0¥"% - () @)
where ¢ is Liouville field and the N-point correlators
N . .
Ay = <ﬂ Wy, (@ ... a;f,.’|s,-)> ©)
j=1
Consider conformal transformation:

f) = e R ©)

p
=Y ;0" (€dp)Wp (&)
n=0
1 & nilno! U
"3, 2 G e ©

ny,n2=0

(N

This infinitezimal relation is straightforward to integrate (e.g.
by imposing a composition constraint). The integrated form
of (7) for finite conformal transformations z — f(z) is then
given by

P n
Wp(@) = Wy(f(2) = exp{ao¢ )0 Bug (£ (20 )end 9 (f(2))
n=1gqg=1
V4

+ Z nl!n2!an]anzsnlmz(f(z);Z)} (8)

ny,ny=0

Here

" ¢...0"
Bug(f@:= ) 0019 ©)

.nglr(np!..r(ng)!

nlny...ng

are the restricted length ¢ Bell polynomials in derivatives of
f, with the sum taken over the ordered length ¢ partitions
of n =ny + ... +nyg; with 0 < n; < ny.... < ny ang
r(n;) is multiplicity of element n; in the partition (e.g. for
8=24+3+3¢g(1) =0,92) =1 and g(3) = 2). Next,
Suy|n, are the generalized rank (1, ny) Schwarzians of the
conformal transformation f(z), defined according to [23]:

ny  ny p
Suina (f32) = n1!1n2! ST Y Y Y nhtmtagmmm gy gy — 1))

k1=1ky=1m;>0m2>0 p>0g=1

% aman]Ikl (f(2); Z)asznzlkz(f(Z); Z)Bplq(glv cees gp7q+])

milma! p!(f/(z))kitka
a5+ f

d ZJ+‘1

__n—s—1 1\ .
xgy =211+ (=1) )—(s+1)f/(z)’s

=1,.,.p—q+1 (10)

with the small € parameter introduced in order to control
regularizations. This transformations maps the half-plane to
compact Riemann surface with all the the points &, ...&x
(originally located on the real line) are glued together at
zero for € = 0 (and are infinitely close to each other if €
is nonzero). Gluing points together is the trick that will be
used below to compare correlation functions before and after
conformal transformations. First of all, let us check how the
conformal transformation (6) acts on individual irregular ver-
tices. Itis straightforward to check that the transformation (6)
maps irregular vertex operators (4) into regular. To see this,
first consider the infinitezimal transformations of W,. We
have

1 dz
SWp®) = 3 [yg @) 909 - Wp@)]
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for ny, ny # 0 with the sum over the non-negative numbers
m1, my and p taken over all the combinations satisfying

my+my+p=k +k

Also, Sojo(f:2) =In(f'(2)) . Sijo = Soj1 = % and Sy1
is a usual Schwarzian derivative (up to conventional factor
of é). As z — &;, the coefficients in front of derivatives 99¢
(g # 0) in the exponent of Wp( f(2)), determined by the
length g Bell polynomials in f, are damped exponentially
as ~ e~ ¢, so only the regular part ~ a¢ survives and the
operators become regular in new coordinates. On the other
hand, the price paid for the regularity is the appearance of
the generalized Schwarzians Sy}, (f; z) in the transforma-
tion law for the irregular vertices. All of these Schwarzians
have inverse power behavior in € and must be regularized
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as € — 0. The final step is to compute the overlap defor-
mation resulting from contractions of 7(z) = % 2 00 :
with different vertex operators (i.e. each of d¢’s contract-
ing with different vertex) and to integrate it. This altogether
is equivalent to integrating the Ward identities and, in the
limit € — 0, the integrated overlap deformation determines
the difference between the correlators computed on the half-
plane and on the Riemann surface defined by the conformal
map f(z), with the transformation laws (8) for the vertex
operators. The relevant infinitezimal overlap transformation
of the N-point correlator is given by

BOUEVIGPAN(EI5 . SN) = AN(Ela EN)
Pj Dk
Y Y Y S
j=1k=j+1nj=1n=1
€(§)) ne €@ )
19, ——>I7 Oy ————— 11
( b =g M gy ) (1

It is straightforward to integrate it to obtain the contribution
of the overlap to the deformation of Ay under the finite con-
formal transformation z — f(z). The result is

restricted Bell polynomials of the conformal transformation
(6)) are singular at the insertion points of the irregular vertex
operators and need to be regularized. In the Appendix sec-
tion, we show how to perform such a regularization explicitly
for the rank two irregular states (p; = p2 = p3 = 2) and for
N = 3.1Italready turns to be quite cumbersome. It is straight-
forward to show, in particular, that in a particularly simple
case of two-point function of the rank 1 irregular states, this
regularization procedure reproduces the inner product calcu-
lated at [9, 13]. To obtain this product, one has to take the limit
& =0,&% — ocoin(5) (N =2; p;1 = p> = 1). In this limit,
the overlap factor vanishes, and all the contributions stem
from the regularizations of the Schwarzians at §; and &>:

Ar(wy, w2)|w1=0,w2%oo
— e%ﬂfsul(f:él)-l-%ﬁzz&u(f:éz)-‘rvtlﬁlsou(f:$1)+012ﬂ250\1(f’§2)52

where

f"(2)
f(@)

Soin(f;2) =

N—-1 N i Pk
ANGE1. o EN) = AN(F(ED. ... fEN)exp YooY Y ale
j=1k=j+1n;j=1n=1
-1
Z "Zk ( n,lnjfpj(f(%‘j);%-j)Bnklnkfpk(f(Ej);Ej) B 1 ) (12)
=0 pi=0 (f (&) — f &)+ Pi=pk (E; — £ T PP
The relation between the correlators of the irregular and reg-
ular states is given by the transformation law (8) divided by
the overlap deformation (12). Thus for N-point correlator of
irregular states of arbitrary rank one has:
N pj G G N-1 N Pj p 0
ANGL e E8) = SN G E) X exp 1 5D D0 D e e Sun(f (2): 2)legy — Z 3 Y Y wla®
J=l k=1 I=1 j=1k=j+1nj=1m=1
-1
Z "Zk njlnj—p; (FE))5 ) Bagpm—pi (F (§)3 §1) (13)
(f(&)) — f(E)nTmPimPk & - Ek)”f+"k Pi~ ”"
=0 pr=0 4
where Sy is the N-point correlator of regular Liouville pri-
maries: f/// f//
S ; (=) — (=
MO WU 111 (f;2) = 6(f/) 4(f/)
SN (EL. oo ) = (%0 P (61)...e%0 () (14) s
f@=e 78 7 (15)

This reduces the problem of describing the interactions of
irregular states of arbitrary rank in terms of those of the reg-
ular states.

In particular, for N = 3, S3 is well-known and related
to the regular Liouville S-matrix [21,22]. However, the
Schwarzians and overlap factors (involving sums over the

are the generalized Schwarzians that need to be regularized
and $> is the inner product for the Liouville primaries. Using
the regularization relations (18) in the Appendix along with
(3), one easily recovers the inner product [9,13]. The gener-
alizations of this regularization procedure for higher number

@ Springer



507 Page 4 of 12

Eur. Phys. J. C (2018) 78:507

of points and for higher ranks are in principle straightforward
but require far more tedious calculations.

3 Conclusions

In this work, we analyzed interactions of the irregular states
in Liouville theory by using conformal transformations that
map the irregular vertex operators into regular. In particular,
this allows to express three-point functions of irregulars of
arbitrary rank in terms of Liouville structure constants given
by DOZZ (Dorn-Otto-Zamolodchikov-Zamolodchikov) for-
mula. The price one pays is the appearance of the objects,
such as higher-derivative Schwarzians and overlap factors
(sums over restricted Bell polynomials), in the transforma-
tion law for the vertices. They are singular at the insertion
points and need to be regularized by a rather cumbersome
procedure. Interestingly, all these objects appear in the solu-
tion of the well-known number theory problem of finding the
closed analytic expressions for numbers of restricted parti-
tions [23]. In the current paper, we restrict ourselves to the
maximum rank two and the three-point function. In our future
work (currently in progress), we hope to be able to develop
the algorithm which simplifies the regularization scheme
and can be applied to analyze the higher-rank interactions.
Irregular states, apart from being relevant to AGT conjecture
(extended to Argyres-Douglas class of gauge theories) also
appear in the interplay between open string field theory and
higher-spin gauge theories, as the irregular vertex operators
can be understood as generating wavefunctions for higher-
spin vertex operators in bosonic string theory. Given certain
constraints on oc,(qm), the irregular vertices of the lower ranks
(1 and 2) form non-trivial solutions of open string field theory
(OSFT) equations of motions, describing certain special lim-
its of collective higher-spin configurations. Using the formal-
ism developed in this paper we hope to extend these particu-
lar solutions to arbitrary ranks in order to describe the OSFT
solutions describing general collective higher-spin vacua in
string theory. These solutions, in general, are parametrized
by nontrivial number theory identities, particularly involving
higher-order Schwarzians and Bell polynomials. We hope
that classifying these solutions may be useful to elucidate
deep underlying relations, existing between number theory,
bosonic strings and higher spin gauge theories.
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4. Appendix

In this section, we perform explicit regularizations of the
higher-derivative Schwarzians and the overlap factors, for
the case of rank 2 irregular states. We limit ourselves to 3-
point functions.

4a. Transformation

For each irregular vertex operator of rank 2, the conformal
transformation law is

podtal dp+a20%p Z—>_f£2)

1
exp [060175 + a1 Bij13¢ + a2 (B21d¢ + B2pd*¢) + Ea(z)Soxo

1
+apa St + 200025210 + *06%51\1 + 2010081 + 2t¥§52|2}

2
(16)
where

, 11" 1 /AN 1 7\ 2
Sojo =log f*,  Sij0 = L, S = f, _ (L ,
2 f f 12\ f/

S _1](7///77(]('//) S _7(f7//)~71f//f‘///
TTep s\ ) s\ ey

1 f(4)

24 o

1 f(S) f(4) f// 1 f/// 2

2 '~ wr a (7)

l(f//) f/// - i <f//)4

6 (f) I

Next, consider the overlap transformation to the 3-point cor-
relator. The overlap contribution between (V (&1), V(&2))
is given below, the overlaps between V(£1), V(&) and
V (&), V(&) are obtained similarly, by replacing variables

o, B, & accordingly. Denote f1 = f(&1) and f> = f(&). We
have:

overlap ( (09 tendp i’ s ) eﬂo¢+ﬁ18¢+ﬂz82¢(§2)>

2@ exp[ —apfolog(fi — f2) — O‘lﬁoL
fi—r2
f f1 fz
+aof—— = a1 (f (fi — £)?

a7
(7))

+apB2 (
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—wf o 20D f;
(fi— 2> (ii—H?3
B 15 2f{(f)?
ap2 ((fl - f)? * (f1 — f2)3>
canpy [ IS 2GS
(fi— 2> (fi— )3
LU 6UDN)?
(fi— 3 (ii—H*
T aofllog(r — &) + 1L
&1—&
_aof aifi afo
s1—-& E—-8)? G -&)?
_aofy 2ep 2010 bazfo ]
E—-&)? G -8 E-&)° E-&)*
(17)

4b. Regularization: 2-point function
We start by regularilizing the 2-point function first. We have:
Ay = <6060¢+061 dp+a20¢ (& )eﬂ0¢+/31 dp+p20¢ (%-2)> ,

1

f(z) — e_i<ﬁ+ﬁ>

(18)
Regularizing generalized Schwarzians:
For eao¢+a18¢+a232¢(él)’
~log (ie-i/ L ~t 1
Sojo ~ log (le ! ), S1j0 22’ St 1264 + g2
s 7 i g 1 1
20 24E4 283 201 183 512,
323 19 1
S~ — (19)

48088 12&6 + 284

For ePod A0 +520°6 (£)) 15 — —&)5.

Regularizing the overlap part:

Denote X = 1/&{‘2 and F| = ¢'X1, Here we omit the free
correlator part. Below, one by one, we present the regularized
coefficients in frontof o; B;; i, j = 0, 1, 2 in the exponential.
@00

1
—1 F — —
0g< 1 F1>

(20)

a1Bo
iFE((FF —1) X2+ 2iX3)

(21)
(1)

0P
i ((Ff —1) X2 4+ 2i F} X3)
(Fp 1)’

(22)

a1 B

F? 2
—14<4i (F{‘ - 1) X2X3 + (Ff - 1) X3
2
(Fi=1)

s (—i (Ff=1)xs-3(F? - 1)2
x X4+ <F14 FAFE 4 1) X%) > 23)

azpo
F2
——14<4i (Ff‘ - 1)
(Ff 1)
2
% X2 X3 + (Ff— 1) X§—2<—i(Fl4— 1)X5
3 2
+i (Flz—1) X3—3(F12—1)
4 2 2
x X4 + (F1 +AF? 4+ 1) X3)) (24)

apB

1 (4 2 2 2
(4 (R - 1) F2X2X3 + (F1 - 1)
(Ff = 1)

X F2X2 — 2( —i <F14 - 1) F2X;s

3 2
+i(FE=1) X3 =3(F2=1) F?
XXy + (F} +4F7 + Fy) fo%)) (25)

azp

_3(55—12—1)6[% (2 +1) (F7 - 1)3

3
xX3 +24i (F2+1) (F2 = 1) X3

2
—18(Ff+4F2+1) (FE = 1) X3x;

2 2 4 2 ?
+3(FE=1) (15i (Ff = 1) Xe+20 (F = 1) Xs
3

—2(Fi+4r2+1)X7) +6(FE = 1) Xo((F7 1)
X3 + 3i <F12— 1) (3 <F14— 1) X4

+i (F! +4FF +1) Xs)
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=31 (Ff + 11Ff + 112 +1) X3)
6 (F2 = 1) x3 (9 (FF +3Ff =3F7 1)

XXy +2i (Ff + 1LF} + 11FE +1) Xs )

+4 (F18 +26F + 66F + 26F% + 1) Xg] (26)

a1 B2

—F126|:—3i (F2+1) (F2—1)°
3(FP 1)
x X3 — 24i (F2 +1) (Ff = 1)* x3
+18 (Ff +4F2 +1) (F2 - 1)
xX3X3 =3 (Ft = 1) (151 (F = 1)
x X +20 (F2 — 1)° X5
—2(Ff +4F2 +1) X7) +6(F} - 1)
xXa( = (F2 = 1)’ X3+ 3 (FF = 1) (=31 (Ff = 1) Xa
+ (F} +4F} +1) Xs)
430 (FS + 11F} + 11F2 + 1)X§)
+6 (FE — 1) X3 (9 (FP +3F} —3F} — 1)
X X4 +2i (FO+ 11F} +11F} +1) Xs)

—4 (F} +26F + 66F]' +26F] + 1) Xg] 27)

22
F? 4
—718[—3(52—1) (F14+4F12+1>
3(F2-1)
3
xX3 = 24i (FE=1)" (F0+ 1R} + 1P +1) X3
2 3
+12(FE=1)" x3(i (FE+1) (P2 - 1)
xX3 =3 (FE = 1) (3 (Ff +3F} —3F7 = 1) X4
+i (F§ +11F{ + 11F] + 1) Xs)
+3 (FP +26F + 66} +26F7 +1) X3)
4
+4i X, (241‘ (Fi+4rP+1) (F7 1)

2 2 )\ 2 2 )2
«X243(F2=1) (20 (F2+1) (F2=1)" X5
+i (15 (FP +3F = 3F] 1)

, 6 4 2
xXo+2i (Ff + 11F + 11F] +1) X7))
2
~6(FP=1)" x5 (9(FF + 1070 — 1077 1)

XXy +2i (F} +26F + 66F}' +26F] +1) Xs)

@ Springer

+4 (F{2+56F|0 +245FF — 245F — 56F% 1) X§>
3
—2(281’ (FP=1) (FP+ 117}
2 3 21\
+IFP+1)X3 +6(Ff 1)
><X3<10iF18X6 — FP X7+ 100i FO X6 — 26 FP X7 — 66 F} X7
3
—18i (Ff = 1) (F? +1) X4 = 100i F? Xe — 26F? X7
2
+26 (Ff = 1) (Ff +4F7 +1) X5
. 2 2
—10iXg — X7) +3 (Fl - 1)
2
><<27 (FE=1)" (Fi+art+1) X3
+12i (FF + 10Ff = 10F 1) X4
3
xXs — (FE = 1) (40 (F - 1)
2
xXo+i(50 (Ff +1) (FE =1) X3
+i (14 (Ff +3F = 3F] - 1)
: 6 4 2
xXg +i (FO+ 1F} + 11} +1) Xo ) ))
— (Ff +26Ff +66F} +26F7 +1) xg)
6 (Ff = 1) X3(Fl006X4 +iXs + 1)
+FP(150X, + 57i X5 — 5) + 2FP (120X,
+151iX5 4 5) — 2F(120X4 — 151i X5 + 5)
+F2(=150Xy + 57i X5+ 5) — 6X4 +i X5 — 1)
+(F? 4+ 12070 + 1191 Ff

6 4 2 4
+2416F{ + 1191 F} + 120F] + 1)X3)] (28)

4c. Regularization: 3-point function

Now we generalize the regularization, performed above, to
the case of the 3-point forrelator of rank 2 operators. The
correlator and the conformal transformation, in the limite —
0, are given by:

<ea0¢+ﬂlla¢+a232¢(%~l) oPod+B10¢+£2070

X (g NI gy, 29)

Fo) = o (Fa+nts) (30)
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Regularization of the generalized Schwarzians
Denoting &, = &, — &, and

L I DS IR N
=gt W=Egpto 4=t o
";:12 %_13 g21 S23 ‘§>:31 g32

€1y}

Xy

For eao(b—i—oq 8¢+a282¢ (%-1)’

Sojo ~ log (ie_ix'> . Sio ~ %Xz,
2

s~ Xy
11 > B 2,

6 12
146Xg 23X,Xe 2X3Xj5
480 60 5
31X7  20Xe X3 X3
— 0 S x, - 22 32
160 2 T (32)

Sopp ~

For ePo$+B106+5:0%0 (£1) and ¢109+11 38+ (g1, replace
X with Yy and Zy, repectively.

Regularization of the overlap part

We show explicitly in the following the overlap contributions
between the irregular vertex operators at &1 and &;. The other
contributions are given by simply replacing Xy, ¥ with Xk,
Zy for &1, & and with Yy, Z; for &, &3.

Denote Dy = X; — Y; and R = ¢'P'. Again, free corre-
lators are omitted.

oo Po regularization

~log (e_ixl - e_iY1> (33)

oo P regularization

. g
m[zm = D2 = SiD3(R+1) + Dy(R — 1)}

(34)

For o1 By regularization, interchange X <> Y.

o1 B regularization

—3D3 +6D3X>

R® [11D3
(l—R)(’[ 4
L D—§+D—%+D2 B

R2(24 2 2( 2= 50 3))

D32
+D2(=3iD3 = Dy = X +4iX3) — —*

+2iD3Xy —3D4 +iDs + X5 + 6X4>

(D3 D3 1, :
+R §+7+51D2(D3+21X2)

D2
+D>(3iD3 — Dy — Xo — 4i X3) — 73

—2iD3X2 — 3Dy —iDs + X3 + 6X4>

12
+Dyr(—6iD3 —2D4 + 44X, + 8iX3)

13D5 ; 5 ,
+R + D2 + Dz(—2X2 + 5l D3)

—D3 +4iD3Xy + 12Dy + 2i Ds — 4X5 — 24X4>

1/13D3 5 .
+E B + D5 + D5(—2X> — 5iD3)
+Dy(6i D3 — 2Dy + 4X, — 8iX3) — D3
—4iD3Xo + 12Dy — 2i D5 — 4X3 — 24X4)
+6D7 (D4 — X>)

+3 (D§ +2 (—3D4 + X34 6X4>) } (35)

o By regularization

—L[l‘(R-‘r DX3(R— DO+ 12i(R+ 1)

(1-R)?° 2

xX2(R — 1)® +15i(R + DXg(R — 1)°

14 (302 <R2 1 4R + 1) —(R- 1)2)
1

xXs(R = 1° = 2i(3 (R + 1R + 11R +1) D3
2

+2(R — DX(R + 1)D;

+6D;3i <R3 +3R?—3R— 1) )X%(R — 4

3. 3 2

—51(3(R +11R +11R+1)

xD3 4+ 4(R — 1)*(R+ 1)Dy

+6D;3i (R3 +3R2 - 3R — 1) )X4(R —4

—((R*+26R*+66R? +26R + 1) D3

+5(R = D? (R? +4R+1) D3 +2(R — 1)
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x <3iD3 (R3 + 1R+ 11R + 1) (R - 1)3) Dy
12i(R — 1) (503 (R2 - 1)
+3Dyi <R2 F4R+ 1)) )x3(R —1)}

1 (D7 6 5 4
+%[ 1<R +247R® + 4293R5 + 15619R

+15619R" + 4293R2 + 247R + 1) DS

_42i(R — 1)? (RS +57RY

+302R" + 302R2 + STR + 1) D3

+30(R — 1) (03 (R6 1+ 120R5 + 1191R*
+2416R3 + 1191R% + 120R + 1)

—8i(R—1)3 <R3 +1R2+11R + 1))

xD} + 120(R = 1? (7D3(R® +25R* + 40R°
—40R? —25R — 1) + Dyi (R5 +57R* +302R3
+302R + 57R +1)) D3

+180(R — 1) (16D3 <R2 T4R+ 1) (R—1)3
+2i(7D4 (R* + 10R* ~ 10R — 1)

+Dsi (R4 +26R® + 66R® + 26R + 1)) (R—1)
+D3i (R + STR* + 302R> + 302R*

+57R + 1))D§ +360i(R — 1)3

x(7(R*+ 10R% — 10r — 1) D}

+2Dyi (R4 +26R + 66R2 + 26R + 1)

xD3 4 2(R — 1)(8D4(R + 1)(R — 1)?

+i (71)5 (R3 4+ 3R 3R 1)

+Dgi (R +11R2+ 1R + 1)) )) D

—120(R — 1)3<<R4 +26R3 + 66R? + 26R + 1)
x D3 —24i(R — 1)*(R + 1) D3

F6(R — 1) (7D4 (R3 +3R?_3R - 1)

+Dsi (R3 F 1R+ 1R + 1)) D3

13(R — 1)(i (R3 + 1R + 11R+1>

x D2 +2(R — 1)(8D5(R — )2 + 7Dy (R2 - 1)

—D7 (R2+4R+1) )))]
+X2[18i(R F1)X4(R—1)0 + 2<6D2 (R2 L4R + 1)

~(R = D?)X3(R = 1)’

@ Springer

+§i<3 (R5 +57R* +302R3 + 302R? + 57R + 1) D}
+32(R — 1) (R3 + 1R+ 1R + 1)

x D3 +36D3i (R® + 25R* + 40R> — 40R?

~25R —1)D} +24i(R — 1*(8D3 (R* + 3R — 3R — 1)
+3Dyi <R3 TR+ 11R + 1))02

—12(R — 1)2<3 (R3 + R+ 11R + 1) D?

F2(R—1) (8D4 <R2 - 1)

3Dsi (R2+4R+ 1)) ))(R— 1)2]] (36)

For o1 B, regularization, interchange X < Y.

on B2 regularization

R
e [~ (R +2036R° + 152637R"

40320(1 —

+2203488R7 + 9738114R% + 15724248 R

+9738114R* + 2203488 R + 152637R* + 2036R + 1)

xD§ — 112(R — 1)*(R® + 502R’

+14608R® + 88234R> + 156190R* + 88234R3
+14608R* + 502R + 1) D]

+56(R — 1)(2(R — D((2X2 —25)R®
+2(502X5 — 1475)R” + 8(3652X, — 2975)R®
+2(88234X, — 1925)R> + 10(31238X, + 6125)R*
+2(88234X, — 1925)R?

+8(3652X, — 2975)R? + 2(502X, — 1475)R
+2X, — 25) — i D3(R® + 1013R® + 47840R’
+455192R® + 1310354R> + 1310354R*
+455192R? + 47840R* + 1013R + 1))D§

+336(R — 1)2( —14Dsi (R8 + 246R7 + 4046R®
+11326R> — 11326R> — 4046R? — 246R — 1)
1D, (R8 +502R7 + 14608 R® + 88234 R>

+156190R* + 88234R> + 14608R> + S02R + 1)
+2(R — D((15X, + 4i X3 — 20)R’

+(1785X, + 988i X3 — 460) R®

+9(1785X> + 1908i X3 + 20)R?

+(18375X, + 62476i X3 + 1900) R*
+(—18375X> + 62476i X3 — 1900) R®

—9(1785X, — 1908i X5 + 20)R?
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+(—1785X, + 988i X3 + 460)
XR = 15X; + 4i X3 +20) ) D}

+840(R — 1)2<(R8 +502R7 + 14608 R°
+88234R> 4 156190R* + 88234 R> 4 14608 R>
+502R + 1) D? + 4i <R2 - 1) ((2X, — 25)R°

+6(82X, — 225)R> + (8094X, — 3375)R*
+4(5786 X2 + 2375)R> + (8094X, — 3375)R?
+6(82X> — 225)R +2X» — 25) D3

2R — 1)(14D4 (R7 + 119R® + 1071R®
+1225R* — 1225R3 — 1071R?> — 119R — 1)
+Dsi (R7 +247R® 4 4293R’ + 15619R*
115619R3 + 4293R? + 247R + 1)

—2(R— 1)(— 20 (R4 +26R3 + 66R? + 26R + 1)
xX2(R — 1) +3(R® + 120R° + 1191R*
+2416R? + 1191R* + 120R + 1) X5 + 6

x ((R® + 120R° + 1191R* + 2416R* + 1191 R?

F120R + 1) X4 — 4i (R6 + 56R% + 245R*
—245R — 56R — 1) X3))))D§
+6720(R — 1)? <7 <R7 + 119R% + 1071R®

+1225R* — 1225R* — 1071R* — 119R — 1) D3}
+i (D4 (R7 1 247RC + 4293R5 + 15619R*
+15619R3 4+ 4293R2 + 247R + 1)

+2(R — D)((15X + 4i X3 — 20)R®

+40(21X, + 12i X3 — 4)R?

+(3675X> + 4764i X3 + 380)R* + 9664i X3 R’
+(=3675X, + 4764i X3 — 380)R>

—40(21X5 — 12iX3 — R — 15X2 + 4i X3 + 20))
x D3 — (R — 1)(18X%R6 + DgR®

—44i X3R® + 24i X2 X3R® + 54X4R® + 16i X5R®
+432X3R° + 120D6 R — 352i X3 R’
+1344i X, X3 R + 1296 X4 R + 896i X5 R>
+270X3R* + 1191 DgR* + 836i X3R*
+5880i X2 X3R* + 810X4R* + 3920i X5 R*
—1440X32R? + 2416 Dg R — 4320X4R>
+270X3R* + 1191 DgR> — 836i X3R?

—5880i X, X3R? + 810X4R> — 3920i X5 R>
+432X3R + 120D R + 352i X3R — 1344i X, X3R
+1296X4R — 896i X5R + 18X3 + Ds

—14i Ds (R6 + 56RS 4 245R* — 245R — 56R — 1)
+2D4((2X2 — 25)R® + 120Q2X> — 5)R°

+3(794X, — 125)R* + 16(302X, + 125)R?
+3(794X, — 125)R* + 120(2X> — 5)R

02X — 25) + 44i X3 — 24i X2 X3 + 54X 4 — 16iX5))

x D3 +3360(R — 1)° <i(R7 + 247R®

+4293R> 4+ 15619R* + 15619R> + 4293R?
+247R + 1)D3 — 6(R — 1)((2X2 — 25)R®
+120(2X5 — 5)R> + 3(794X, — 125)R*
+16(302X5 + 125)R> + 3(794X, — 125)R?
+1202X2 — 5)R +2X» — 25) D3 + 6i(R — 1)
x (14D4(R6 1 56R5 + 245R* — 245R?

—56R — 1) + Dsi <R6 + 120R% + 1191R*
1+2416R? + 1191R2 + 120R + 1)
—2(R—1)( =20 (R3 TR+ 11R + 1)

X2(R — 1) 4+ 3(R% + 57R* + 302R> + 302R?
+57R + 1)X3 — 6i (4 (R5 1+ 25R* + 40R3

—40R? — 25R — 1) X34 i(R> + 57R* + 302R°
1302R* + 57R + 1)X4)))D3 “3(R—1)
><((R6 + 120R + 1191R* + 2416R> + 1191R?

+120R + 1)D] + 4(R — D((15X, + 4i X3 — 20)R°
+(375X> + 228i X3 — 20)R*

+8(75X, + 151i X3 + 20)R?

—8(75X, — 151i X3 + 20)R?

+(—375X5 + 228i X3 + 20)R

—15X> +4iX3 +20)Ds +2(R — )( — 4X3R°
+2X3R% — 24X2R% 4 D7i R> + 4i X3R3
+48i X2 X3R> — 36X2X4R> + 36X4R>

+48i X5R> — 20X R> — 100X3R* 4+ 2X3 R*
—600X3R* +57D7iR* — 12i X3R*

+432i X2 X3R* — 900X2 X4 R* + 36 X4R* + 432i X5 R*
—500X6R* — 160X3R> — 16X3R*

—960X3R> 4+ 302D7i R® + 8i X3R® — 480i X2 X3 R*
—1440X,X4R> — 288X4R> — 480i X5 R
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—800X6R> + 160X3 R* 4+ 16X3 R* 4+ 960X3 R?
+302D7i R* 4 8i X3R?> — 480i X» X3 R?
+1440X, X4 R? + 288X4 R — 480i X5 R* + 800X R>
+100X3R — 2X3R + 600X3R + 57D7i

xR — 12i X3R + 432i X2 X3R + 900X, X4R — 36 X4R
+432i X5R + S00X6R + 4X3 — 2X5 + 24X3

+D7i + 14Dg(R> + 25R* + 40R> — 40R?

—25R — 1) +2Dsi(R + 1)((2X, — 25 R*

+8(14X, — 25)R> + 6(82X, + 75)R?

+8(14X> — 25)R + 2X, — 25) + 4i X3

+48i X2 X3 + 36X2 X4 — 36Xy + 48i X5 + 20X6)>> D}

+6720(R — 1)4(14i <R6 4 56R° + 245R*

_245R? — 56R — 1) D3 - 3(D4(R6 + 120R5
+1191R* + 2416R> + 1191R? + 120R + 1)

+2(R — 1)((15X2 +4i X3 — 20)R°

+(375X2 + 228i X3 — 20)R* + 8(75X»

+151i X3 4+ 20)R® — 8(75X» — 151i X3 + 20)R?
+(—375X2 + 228i X3 + 20)R — 15X>

F4iXs+ 20))D§ —6i(R — 1)<2D4(R + 1(2X;
—25)R* + 8(14X, — 25)R> + 6(82X, + 75)R?
+8(14X2 — 25)R +2X, — 25)

~i(14Ds (R +25R* + 40R® — 40R? — 25R — 1)
+Dgi (R° 4+ 57R* + 302R> + 302R?

+57R + 1)+ 2(R — 1)(27i X4R* — 8X5R*

+270i X4R> — 208X5R> — 528X5R?

—270i X4R — 208X5R + 9i (R4 1+ 10R3 — 10R — 1)
x X2 +22(R — 1) (R2 F4R + 1) X;

—12 (R4 +26R3 + 66R? + 26R + 1) X2 X5

_27i X, — 8X5))>D3

—6(R — 1)(7 <R5 +25R* 4+ 40R3 — 40R?> — 25R — 1)
x D + (i Ds(R® + STR* + 302R?

4302R% +57TR + 1) — 2(R — 1)(—20 (R2 4R+ 1)
xX2(R — 1) + 3(R* + 26R?

+66R* +26R + 1)X3 + 6((R* + 26R® + 66R?
+26R + 1) X4

—4i(R* + 10R* — 10R — 1)X3)))Ds +i(R — 1)

x (Ds((30X, + 8i X3 — 40)R*
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+4(75X7 + 52i X3 + 20)R> + 528i X3 R?

—4(75X5 — 52i X3 + 20)R — 30X + 8i X3 + 40)
+i(2X3R* + 24X3R* + DgR* + 24i X3 X3 R*
+4i X2 X3R* + 36 X2 X4 R* + 72i X3 X4 R*

—40i X5R* + 48i X, X5R* 4+ 30X¢R* + 24i X7 R*
+4X3R3 + 48X2R® + 26Dy R’

+240i X3X3R> — 8i X2 X3 R® + 72X, X4 R®

+720i X3X4R> + 80i X5 R + 480i X, X5 R
+60X6R> 4 240i X7R> — 12X3R* — 144X3R?
+66DgR> — 216X, X4R> — 180X¢R>

+4X3R + 48X3R +26DgR — 240i X3 X3 R
+8iX2X3R + 72X2X4R — 720i X3X4R

—80i X5R — 480i X, X5R + 60X¢R — 240i X7

XR +2X3 +24X3 + Dg

—14iD; (R4 + 10R® — 10R — 1) +2D6((2X2 — 25)
R* + (52X2 — 50)R® + 6(22X» + 25)R?

+(52X2 — 50)R + 2X5 — 25) — 24i X5 X3 — 4i X2 X3
+36X2X4 — 72i X3X4 + 40i X5

—48i X X5 + 30X¢ — 24iX7))>>D2 — 1680(R — 1)*

x <(R6 +120R® + 1191R* + 2416R?

F1191R? + 120R + 1)D% + 8i (R2 _ 1)

x((2X2 — 25)R* + 8(14X, — 25)R’

+6(82X5 + 75)R* + 8(14X5 — 25)R + 2X» — 25)
x D3 + 12(R — 1)(14D4(R5 4+ 25R%

+40R? —40R?> —25R — 1) +

x Dsi (R5 +57R* +302R3 + 302R* + 57R + 1)
—2(R— 1)(— 20 (R2 4R+ 1) X2(R —1)2

+3 (R* +26R® + 66R? + 26K + 1) X3

+6 (<R4 +26R3 + 66R> + 26R + 1) X,

—4i (R*+10R* = 10R — 1) X3) )) D}

+12i(R — 1)( (R5 4 57R* 4+ 302R® + 302R>
+57R + 1) D} 4+ 4(R — 1)((15X2 + 4i X3

—20)R* + 2(75X2 + 52i X3 + 20)R> + 264i X3
xR? —2(75X> — 52i X3 + 20)R — 15X»
+4i X3 +20) D4 + 2i(R — 1)(2Ds((2X2 — 25)
xR* + (52X, — 50)R® + 6(22X, + 25)R?
+(52X> — 50)R + 2X» — 25)



Eur. Phys. J. C (2018) 78:507

Page 11 of 12 507

~i(14D6 (R* + 10R> ~ 10R — 1)

+D7i (R* + 26R> 4 66R?

+26R+1) —2(R — (2 (R3 +11R*> + 11R + 1)
xX3 — (R —1)*(R + 1)X?

+6 (3 (R3 FUR + 1R + 1)

X X4 — 4i (R3 +3R2—3R - 1) X3)

x X2 +2(—iX3(R — 1)

—9(R + 1)X4(R — 1)?

+6 (R*+ 1LR? + 11R + 1) X3 - 12

xiR3Xs5 — 36i R> X5 + 12i X5

+36i RX5 + SR*Xo + S5R? X6 + S5R X6 + 5X0)))))
% D3y — 12(R — 1)2<2((2X2 _25)R*

+(52X> — 50)R> 4 6(22X, + 25)R?
+(52X2 — 50)R +2X, — 25) D}

+2( - 14Dsi <R4 +10R3 — 10R — 1)

+Dg (R4 1 26R3 4 66R* + 26R + 1)

+2(R — 1)(27X4R> + 8i X5R> + 81X4R?
+88iXsR> — 81X4R + 88i XsR

+9 (R3 +3R?—3R — 1) X2 - 22i(R — 1)

% (R + 1)X3 + 12i (R3 + R+ 1R+ 1) X, X3
—27X4 + 8iXs)) Dy

+D3 (R*+26R* + 66> + 26R + 1)
+4Dsi(R — 1) (—ZO(R £ )Xa(R — 1)

+3 (R + 1R+ 11R + 1) X3

+6((R3 +11R* +11R + 1)

¥ X4 — 4i (R3 +3R2—3R - 1) X3)>

+2(R — 1)(— R*X3 — 3R*X3 + 3RX3

+X5 — 36R*X4X3 — 108R*X4X3 + 108RX4X3
+36X4X3 — 48R3X3X) — 144R*X3 X,
+144RX3 X, + 48X3 X2 — 60R* XX
—180R*X6X> + 180RXsX> + 60X X2
+14DgR® 4 Doi R® + 42DgR* 4 11 Doi R*
—4R3X3 + 12R?X3 — 12RX? 44X} — 54R>X?
—162R*X7 + 162R X

+54X% — 14Dy
+Dgi —42DgR + 11Dgi R +2D7i (R + 1)

((2X2 —25)R* + 102X + 5)R + 2X5 — 25)

+2Dg((15X244i X3 — 20) R3+(45X,+44i X3 + 60) R>
+(—45X, + 44i X3 — 60)R

—15X5 + 4i X3 + 20) — 96R>X3X5 — 288 R>X3 X5
+288RX3X5 + 96X3Xs + 80R> X,

—240R* X + 240RXs — 80X — 28R X3

—84R>Xs + 84R X5 + 28X8))>} (37)
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