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Abstract Inhomogeneous cosmological models such as the
Stephani universes could, in principle, provide an explanation for the observed accelerated expansion of the Universe.
Working with a concrete, popular model of the Stephani cosmology – the Stephani-Da̧browski model, we found that it is
entropically viable. We also comment on the energy conditions and the two-sheeted geometry of the spacetime. However, similar to the LTB models, despite satisfying the holographic principle, Stephani cosmology has difficulty satisfying all the constraints from observations.

1 Introduction: inhomogeneous cosmologies and their
constraints
One of the most important breakthroughs in modern cosmology is the discovery that the expansion of the Universe1 is
accelerating [1,2]. This suggests the existence of a positive
cosmological constant, , that could be a source for the vacuum energy density that drives said expansion. However, the
field theoretical prediction for the vacuum energy density
is some 10120 order of magnitudes larger than the observed
value, so a considerable amount of effort has been put into
explaining why the vacuum energy should in fact not gravitate (see, e.g. [3]), and something else has to account for the
accelerated expansion of the Universe.
One possibility is that the accelerated expansion could be
driven by the inhomogeneity of the Universe, instead of some
mysterious form of dark energy. Despite the assumption in
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the standard Friedmann–Lemaître–Robertson–Walker
(FLRW) cosmology that the Universe is homogeneous and
isotropic, this could well be an over simplification, since
there exist inhomogeneities on scale less than 150 Mpc [4].
(See also, [5].) It is therefore conceivable that inhomogeneity might affect the expansion rate of the Universe [6–13]. In
fact, local inhomogeneities are important for several reasons.
For example, even if there is indeed a cosmological constant,
effects from local inhomogeneities would result in an effective value, instead of the true value of the cosmological constant [14]. In [15], it was pointed out that a local underdensity originated from a 3σ peaks of the primordial curvature
perturbations field is sufficient to induce a correction to the
value of a cosmological constant of the order of 1.5%, which
is not a small correction in the era of high precision cosmology. Furthermore, failure to take local inhomogeneities into
account could lead to the wrong conclusion of an evolving
dark energy, even though the Universe contains only a constant  [16]. In addition, there is an apparent discrepancy
between local and large scale estimations of the current value
of the Hubble parameter, which has been known for a few
years now (see, e.g., [17]). This tension has been made worse
with recent observations. The recent result of Riess et al. [18],
based on Cepheids, gives H0 = 73.24 ± 1.74 km s−1 Mpc−1 ,
which differs from the Planck’s cosmic microwave background (CMB) result of H0 = 66.93 ± 0.62 km s−1 Mpc−1
[19] by 3.4σ . One possible way to resolve this tension is
to consider local inhomogeneities, i.e., different probes are
actually observing a different H0 [20–22].
The most well-known inhomogeneous cosmology is
probably the spherically symmetric Lemaître-Tolman-Bondi
(LTB) universes [23–25]. Unlike FLRW universes in which
1

We use capital letter “Universe” to refer to the universe we are actually
living in, lower letter “universe” for a generic one.
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both pressure p, and density ρ, of the fluid are assumed to be
only functions of time, in LTB models the density can vary
from place to place, i.e., ρ = ρ(t, r ). Nevertheless, pressure
is still only a function of time. The properties of the LTB universes had been thoroughly investigated [26–30], and their
observational prospects studied [31].
Unfortunately, LTB cosmology suffers from quite a number of problems. First of all, there is a fine-tuning issue concerning our position in the center of the void: a mere 1%
displacement from the center would give rise to a significant
dipole in the CMB [32,33], beyond what has been actually
observed. One could argue that perhaps by sheer coincidence
we are at the center of the void, but this is no better than
accepting the smallness of  as being “natural”. In addition,
the models fail to fit observations if various sources of data are
fitted simultaneously [34]. Specifically, the combined data
sets of Type Ia supernovae (SNIa) and baryon acoustic oscillation (BAO) are in tension if one considers a wide enough
redshift range for the BAO observations [34–37]. The tension
further increases if Lyman α forest features of the BAO are
included. In addition, taking into account simultaneously the
supernovae observations, the local Hubble rate, the smallangle CMB, and the kinematic Sunyaev-Zel’dovich (kSZ)
effect, it has been shown that – at least the simple versions
of – LTB models are effectively ruled out [38]. These challenges to LTB models suggest that inhomogeneities of this
type is not able to serve as an alternative to , and at most
only partially account for the observed accelerated expansion. That is, one should still include , which results in the
so-called LTB models. Even then, it has been argued that
inclusion of  does not enhance the viability of the models
[39].
There are, however, other inhomogeneous solutions to the
Einstein field equations, that could perhaps achieve what
LTB models have failed to do. In this work, we consider
the Stephani universes (1967) [40,41]. It is “complementary” to the LTB models in the sense that it holds density ρ constant in space, but allows pressure to vary, i.e.,
ρ = ρ(t), p = p(t, r ). A Stephani universe is the most general conformally flat solution with an expanding perfect fluid
source [42]. The special case in which the model is spherically symmetric was known in the literature much earlier in
the papers of Wyman [43] and Kustaanheimo-Qvist (1948)
[44]. In this context, spherically symmetric means isotropic
with respect to one point.2
A notable property of the Stephani universes is that the
spatial scalar curvature is a function of time, k = k(t). This
means that spatial curvature could evolve and change sign
2 Recall that if a universe is isotropic with respect to any point then it is
homogeneous. All our current observations were of course, effectively
with respect to one point, namely our location in the Universe. Thus,
observations have not ruled out an inhomogeneous Universe.
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throughout the cosmic history. In contrast, the spatial scalar
curvature in the LTB universes is a function of the spatial
coordinates only. Both the Stephani and LTB models will
reduce to FLRW universes in the homogeneous limit. Due to
the time dependence in k, the global geometry and topology
of Stephani universes are quite subtle, especially in the neighborhood when k changes sign [45]. Though a generic, nonspherically symmetric, Stephani universe has no spacetime
isometry, it admits three dimensional constant time hypersurfaces, which are maximally symmetric just like in the
Friedmann models [45]. It is worth mentioning that the first
inhomogeneous models that were tested with actual astronomical data were, in fact, the Stephani models, in the work
of Da̧browski and Hendry [46]. On the other hand, the LTB
models were first tested observationally a few years later by
Célérier [47] and Tomita [48], and more recently by other
authors [33,49–51]. Nevertheless, LTB models have been
more extensively studied compared to the Stephani ones.
Recently, however, Balcerzak et al. performed a rather
critical examination of some Stephani models and showed
that they fall short of being a viable substitute for dark
energy [52]. In particular, using a joint constraint from SNIa
BAO, CMB and the expected data from redshift drift, the
authors showed that unless the inhomogeneity parameter is
sufficiently small (thus rendering it ineffective to model the
accelerated expansion), the behavior of the matter field in the
current epoch deviates significantly from dust. The authors
remark that the Stephani models are therefore probably rather
similar to the LTB ones, that is, one must still include  in
a realistic Stephani universe. This raises an interesting question: just how similar are these two classes of solutions to the
Einstein Field Equations? After all, at least on first glance,
their inhomogeneities are of very different nature.
Observations aside, theoretical considerations are also
important in putting constraints on a cosmological model.
While cosmology studies structures at the very large scales,
one finds that, surprisingly, the search for the ultimate theory
of quantum gravity – which becomes important at the smallest scale, may have some implications to cosmology. It is well
known that the Bekenstein-Hawking entropy of a black hole
is proportional to the area of its event horizon. This suggests
that the underlying degrees of freedom lives on the boundary of the black hole system, much like a hologram. Further
investigations had led to the formulation of the “holographic
principle” [53–55], which seems to be a robust feature of
any consistent theory of quantum gravity. The holographic
principle is, according to Witten, “a real conceptual change
in our thinking about gravity” [56]. In string theory, we find
the AdS/CFT correspondence [57], which relates the gravitational physics in the bulk of an asymptotically Anti-de Sitter
(AdS) spacetime with the physics of a quantum field theory on the boundary of the spacetime. This has allowed us to
study, among other things, strongly coupled quantum system
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like the quark-gluon plasma produced at the RHIC collider,
with toy models involving black holes in an asymptotically
AdS spacetime [58]. The basic tenet of the holographic principle, even for spacetimes that are not asymptotically AdS,
is this: the maximum number of degrees of freedom in a volume of space is bounded by the area of the boundary. That
is, the holographic principle provides an entropy bound.
The applications of the holographic principle to cosmology was first carried out by Fischler and Susskind [59], and
in the past decades had been extensively studied [60–75].
Such applications of the holographic principle are difficult
tasks, primarily due to the absence of a natural boundary as
in the case of the event horizon of a black hole, since most
notions of “horizons” in cosmology are not globally defined
[76]. Nevertheless, a variety of applications in the cosmological context has been found, such as to deduce the most
probable value of the cosmological constant [77,78], to put
a maximal bound on the number of e-foldings in inflation
[79–81] (see, however, [82]), and to explain the suppression
of the low multipoles in the CMB anisotropy power spectrum
[74,83,84].
In the work of Wang et al. [70], it was shown that in contrast to flat homogeneous models, the holographic principle
may break down in some LTB models. However, “entropically realistic” models (with model parameters chosen to
reproduce the “correct” matter entropy of the current epoch;
see also footnote 9) with fractal parabolic solutions always
satisfy the holographic principle. This means that the holographic principle can serve as a test to rule out cosmological
models, and/or to narrow down the allowed range of model
parameters. However, satisfying the holographic principle is
of course not a guarantee that the models can fit all observational data. Even if one takes seriously the holographic
principle as being fundamental, it is only a necessary condition, not a sufficient one, for a viable cosmological model.
The LTB models provide just such an example – a cosmology
that satisfies the holographic principle but fails to fit observations. The main purpose of this paper is to study whether
Stephani models behave in a similar way.
We found that this is indeed the case. Working with a specific model of the Stephani universe (the Stephani-Da̧browski
model), we show that it is entropically viable – both the
holographic principle and the generalized second law are
satisfied. However, from the observational point of view,
the model is problematic. We show directly the tension that
arises from the attempt to fit observational data to determine the model parameter. Specifically, if the value of the
“inhomogeneity parameter” is chosen to fit H0 (with some
assumptions to be specified), then the model does not fit the
supernovae constraint well. With some caveats, our finding
supports the claim of Balcerzak et al. that Stephani models
have problems fitting simultaneous constraints from observations. Their analysis, which concluded that the inhomogene-
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ity parameter must be small is rather indirect, the argument
presented is of the reductio ad absurdum kind. Though less
comprehensive, our simple analysis shows the difficulty of
data fitting in a more direct manner.
The remainder of this paper is organized as follows. In
Sect. 2 we will review the Stephani models, focusing on the
spherically symmetric case. In Sect. 3 we study the properties
of the apparent horizon and show that the locations of the particle horizon and the apparent horizon in a specific Stephani
model are not of the same order of magnitude, in contrast
to the case of FLRW k = 0 cosmology. In Sect. 4, We calculate the entropy density and the total entropy value within
the apparent horizon. Though the matter entropy decreases
with time, the total entropy monotonically increases with
time, in accordance to the (generalized) second law of thermodynamics. We also study the holographic principle in this
model and found that again, much like in some LTB models, the holographic principle holds in this particular model of
Stephani cosmology. We briefly comment on the energy conditions. In Sect. 5 we will discuss the observational aspects
for the model. We show that, assuming the age of the Universe to be 13.7 billion years, the inhomogeneous parameter
cannot simultaneously satisfy the observational data of Type
Ia supernovae (using the Union2.1 data [85]) and the Hubble parameter, whilst also serve to explain the accelerated
expansion of the Universe, so the situation is much like that
in the LTB models. In Sect. 6, we summarize our results.
The upshot is this: together with the previous study [52], our
work suggests that – at least the simple versions of – Stephani
models cannot by themselves hope to explain the accelerated
expansion of the Universe, so at best one can only consider
-Stephani models, much like that for -LTB.
2 A review of the stephani universes
The spherically symmetric Stephani models with a nonuniform pressure fluid is an exact solution of Einstein field
equations that is conformally flat (Weyl tensor vanishes). The
pressure in this model is non-uniform in the sense that it
depends on both the temporal and spatial coordinates, namely
t and r . This is to be contrasted with the LTB model, in
which the inhomogeneity arises from the non-uniform density instead of the pressure. An interesting property of the
Stephani universes is that comoving observers do not follow geodesics – the expansion scalar , and the acceleration
vector u̇ a , are nonzero in this cosmology. This should be contrasted with the LTB universes, in which  and the shear σab ,
are nonzero.
The metric tensor of a general Stephani universe is given
by
ds 2 = −c2 D 2 dt 2 +

R 2 (t)
(dx 2 + dy 2 + dz 2 ),
V2

(1)
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where
V = 1+

ds 2 = −c2 D 2 (t, r )dt 2 +

k(t) 
[x − x0 (t)]2 + [y − y0 (t)]2 + [z − z 0 (t)]2 ,
4


V̇
Ṙ
D = F(t)
−
V
R





∂
=F
∂t



V
R



× dθ 2 + sin2 θ dφ 2
(2)

R
,
V

(3)

and

k = C 2 (t) −


1
R 2 (t),
c2 F 2 (t)

R 2 (t)
dr 2 + r 2
V 2 (r, t)

(4)

.

(9)

Furthermore, C(t) = A · R(t), where A = const., and we
will take the ansatz [86]
⎧
⎪
R(t) = βt 2 + γ t + η,
⎪
⎪
⎪
⎪
⎪
⎪
⎨V (r, t) = 1 − β2 (βt 2 + γ t + η)r 2 ,
c
(10)
4β
R(t)
⎪
⎪
k(t)
=
−
,
⎪
2
c
⎪
⎪
⎪
⎪
⎩γ = ±√4βη + 1.

with C, F, R, x0 , y0 , z 0 being arbitrary functions of time.
The function R(t) is the scale factor, measured in kilometers or megaparsecs, while F(t) is measured in seconds. The
speed of light is c = 3 × 105 km/s. The spatial scalar curvature, which is a function of time, is dimensionless. The
quantities D(r, t) and V (r, t) are also dimensionless.
This metric satisfies Einstein field equations with a perfect
fluid source with energy density ε satisfying

Here β, γ , η are parameters with dimensions [β] =
km2 /(s2 Mpc), [γ ] = km/s and [η] = Mpc, respectively.4
We note that the expansion scalar of this geometry is given
by

8π G
ε = 3C 2 (t),
c4

We can therefore define the Hubble parameter by

(5)

and pressure p satisfying
   −1

∂ V
8π G
dC
2
p = −3C (t) + 2C(t)
,
c4
dt
∂t R

=

H :=
(6)

3(V Ṙ − R V̇ )
.
R

V Ṙ − R V̇

=
.
3
R

(11)

(12)

For V = 1 + (1/4)kr 2 , with the imposed condition that
(d/dt)(k/R) = 0, we get simply the familiar looking

where we have restored G and c explicitly for clarity.
From now onwards, we shall set x0 = y0 = z 0 = 0, so that
the observer is situated at the center r = 0. Consequently,

H=

1
V = 1 + k(t)r 2 ,
4

By assuming a perfect fluid energy-momentum tensor
μ
μ
T ν = (ρc2 + P)u μ u ν + Pδ ν , the time-time component of
the Einstein equations, which is the generalized Friedmann
equation, is given by

(7)

and so V̇ = r 2 k̇/4.
There are two exactly spherically symmetric Stephani
models which will reduce to the Friedmann universe in the
homogeneous limit [86]. The first model satisfies the condition (∂ 2 /∂t 2 )(V /R) = 0 and the second one fulfills the
condition (d/dt) (k/R) = 0. In this paper, for simplicity we
only investigate the second model which is characterized by
an inhomogeneity parameter β. By imposing the condition
(d/dt)(k/R) = 0 and choosing the function F such that3
F Ṙ/R = −1, one can show that D = 1/V . The metric then
reduces to, with the speed of light still kept explicit,
3


−

F Ṙ
dt = t
R

in Eqs. (2–9) of [87].
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 2
8π G
Ṙ
4β
+
ρ.
=
R
R
3

(8)

(13)

(14)

Like the Friedmann models, the critical density is ρcr =
3H 2 /8π G. Define the density parameter as usual by (t) :=
ρ(t)/ρcr (t). By inserting the present value for the time,
t = t0 , in Eq. (14) we obtain
4β
8π G
+
ρ0 = inh,0 + m,0 = 1,
2
R0 H0
3H02
4

The sign is chosen so that

Ṙ
.
R

(15)

This ansatz is taken from [86], and so should be more appropriately
called the Stephani-Da̧browski model. That is, it is a very specific case
of the Stephani class of solutions. In [88], Barrett and Clarkson referred
to it simply as the Da̧browski model, which is referred to as “Model I”
in [87]; but not the same as models given in [89], which is marked in
[87] as Model II.
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where H0 is the present value of the Hubble parameter
H = Ṙ/R, while m,0 = ρ0 /ρcr,0 is the matter density of the Universe, and inh,0 denotes the “inhomogeneity density”, which is the dark energy density in this model.
Explicitly, the inhomogeneity density is directly proportional
to β:

In the convention in which the scale factor is unitless,
 t0
c
d H (t0 ) =
dt 

0 a(t )
 t0
c
=
dt  ≈ 1028 cm ≈ 3240.78 Mpc.
2/3
0

3H0 t 
2

(18)
inh,0

4β
=
.
R0 H02

(16)

Since density is positive, this imposes the condition that the
inhomogeneity parameter β should be positive in this subclass of models.5 (Negative densities have nevertheless been
considered in cosmological contexts in [90].) By the expression of k(t) in Eq. (10), this also implies that k(t) < 0 at
all time, so we are dealing with a negatively curved Stephani
universe.
From the observational point of view, the inhomogeneous
spherically symmetric Stephani models were first studied to
provide a possible explanation for the observed accelerated
expansion of the Universe [91]. It was shown that these models can fit the accelerating expansion of the Universe with
the same accuracy as the CDM model [92,93]. As it turned
out, such models are characterized by a higher value of the
density parameter m,0 compared with the standard CDM
model. Furthermore, these models are consistent with the
location of the CMB peaks. In [94], the exact luminosity distance and apparent magnitude formulas were applied to the
Union2 557 SNIa sample [95] to constrain the position of a
non-centrally located observer. It was found that even at 3σ
confidence level, an observer outside the center r = 0 in a
spherically symmetric Stephani universe cannot be further
than 4.4 Gpc away from it. This is comparable to the size of
a void in LTB models. The authors also evaluated the best fit
for the inhomogeneity density: inh = 0.77, for a specific
model that allows a barotropic equation of state at the center
of symmetry.

3 Particle horizon and apparent horizon in stephani
cosmology
Recall that in a matter-dominated flat FLRW cosmology, the
particle horizon size is given by


t

d H (t) = a(t)r := a(t)
0

5

c dt 
.
a(t  )

Note that our sign of β is opposite from that of [52].

(17)

The size of the apparent horizon in the same universe is given
by c/H0 ≈ 4166.67 Mpc. Note that these two horizons are
comparable in size, of the order O(104 ) Mpc.
For the Stephani model, the particle horizon is
d H (t0 ) =
where

r0 :=

t0
0

R0
· r0 ,
V0

(19)

c
dt  .
R(t  )

(20)

Explicitly in terms of the ansatz parameters,
√
4βη + 1t0 + η
d H (t0 ) =
· r0 ,
√
β
2
1 − c2 (βt0 + 4βη + 1t0 + η)r02
βt02 +

(21)

with


t0

r0 :=

βt 2 +

0

√

c
dt  ≈ 3.6052 × 105 . (22)
4βη + 1t + η

We must take extra caution at this point due to the nontrivial geometry – in Stephani cosmology with k < 0, the
spatial section actually consists of two disconnected sheets
[45]. To see this, consider the spatial distance [45]


r0

(t0 ) :=
0



1 + 21 |k(t0 )|1/2 r0
R(t0 )
R(t0 )
.
dr =
ln
V (t0 , r )
|k(t0 )|1/2
|1 − 21 |k(t0 )|1/2 r0 |

(23)
It is clear that (t0 ) diverges as one approaches the “branch
point”
r B (t0 ) :=

2
.
|k(t0 )|1/2

(24)

The spatial section t = t0 thus consists of two disjoint sheets:
the “near sheet” r < r B (t0 ), and the “far sheet” r > r B (t0 ).
This is true for all spatial slices of fixed t. The far sheet is of
no physical interest since the observer is situated at r = 0,
which is in the near sheet. For our model,
k=−

4β R0
≈ −2.8573 × 10−11 ,
c2

(25)
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and
r B (t0 ) = 3.7416 × 105 .

(26)

The fact that k is extremely small is, by itself, a good thing,
since the observed spatial curvature of the Universe is close
to being flat.
The particle horizon corresponds to r0 ≈ 3.6052 × 105 ,
which is rather close to the branch point, but nevertheless is
still within the near sheet, and is thus physical. Evaluating
d H (t0 ), we obtain 4.0779 × 1029 cm, which is one order of
magnitude larger than the value for flat FLRW universe.
For a spherically symmetric spacetime, the dynamical apparent horizon can be obtained from the condition
|∇r |2 := ∇r, ∇r  = 0, with the result [96,97]
2
rAH
Ṙ 2 (t) +

k(t) 2
k 2 (t) 4
rAH −
r − 1 = 0,
2
16 AH

(27)

that is,

√

2β(βt 2 + 4βη + 1t + η) 2
4βη + 1)2 −
rAH
c2
√
β 2 (βt 2 + 4βη + 1t + η)2 4
−
rAH − 1 = 0.
(28)
c4
If we substitute in the values of the various parameters, we
would obtain two positive solutions6 :
2
rAH
(2βt +

r1 ≈ 0.5291, r2 ≈ 2.6456 × 1011 .

(30)

Since the root r2 is located in the far sheet, let us consider
only r1 . The physical apparent horizon is
r̃ := r

R(t)
=
V (r, t)

c
Ṙ(t)
R(t)

2

.
+

(31)

k(t)
R 2 (t)

We note that if k(t) = 0, ±1, then Eq. (31) will reduce to
the physical apparent horizon for the FLRW universes [62],
where it is just the Hubble radius in the case of a spatially
flat Friedmann solution.
With the aforementioned value of r1 , Eq. (31) gives at
present time,
r̃1 ≈ 0.0139 Mpc ∼ 1022 cm.

(32)

6

The large difference between the values of the two roots is due to large
numbers involved in the coefficients, such as c. If we have substituted
in β = η = t = c = 1 instead, we would get two positive roots of the
same order of magnitude:
r1 =

√
√
1
1
3 − 5 , r2 =
−1 + 5 .
2
2

(29)

We note a remarkable fact (most likely a coincidence) that r2 is exactly
the golden section conjugate.

123

This value is much smaller than the particle horizon 1029 cm
≈ 32407.7929 Mpc. Therefore, unlike the flat FLRW universe case, in which the size of the particle horizon is comparable to that of the apparent horizon, the apparent horizon
in this Stephani model is much smaller than its particle horizon.

4 Entropy and holographic principle
In this work, we will take the holographic principle to mean
the inequality S  A/(4l 2p ), where l p is the Planck length. To
apply the holographic principle in the Stephani models, we
first need to identify a boundary surface. Unlike the case of
a black hole, there is no natural, globally defined boundary,
like the event horizon. Following [70], we shall use the apparent horizon for this purpose. Although an apparent horizon
depends on the choice of spacetime foliation, it is a natural surface in the context of cosmology. After all, foliation
dependence is less of a concern here – the fact that the Universe looks more or less homogeneous and isotropic, and
that its spatial curvature looks flat, are all statements that
are based on a special choice of frame. Furthermore, since
apparent horizon is defined quasi-locally it always exists in
most cosmological contexts, unlike say, the particle horizon.
In addition, the first and second law of thermodynamics seem
to hold when one works with apparent horizon in the context
of an accelerated expanding (homogeneous and isotropic)
universe driven by dark energy of time-dependent equation
of state, but not the cosmic event horizon [98]. Working with
the apparent horizon is therefore well motivated [62,99].
In order to calculate the entropy (of the matter field) within
the apparent horizon, we need to specify the local entropy
density. As is well-known, when a particle species becomes
non-relativistic and decouples from the primordial plasma of
the early Universe, its entropy will be transferred to other particles which are still in thermal equilibrium with the plasma
(see any cosmology textbook, e.g., [100]). Consequently, the
massless particles such as photons dominate the entropy of
the Universe.7 . It is therefore fair to assume that the entropy
of the Universe is produced before the dust-filled era (photons produced by stars are negligible).
From thermodynamics, the local entropy density for the
dust-filled Universe.8 still dominated by relativistic parti7

We emphasize that here we only discuss the matter degrees of freedom. The entropy for matter alone can in fact decrease in an expanding universe [101] The total entropy budget of any realistic universe
should of course include gravitational entropy, and entropy as a whole
is increasing (the second law of thermodynamics), which resuts in the
observed arrow of time.

8

For a spherically symmetric Stephani cosmology, the matter is a fluid
with nonzero pressure gradient. The dust assumption is only valid for
an observer located at r = 0.
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cles is, s = ( + P)/T . Here  = ρc2 is the radiation
energy density given by αT 4 , with T being the temperature of the Universe, α being the radiation constant, and
P = ρc2 /3 is the pressure of the radiation. Therefore,
s = ( + P)/T = (4/3)(ρc2 /T ). Assuming that during the
expansion of the Universe, the radiation is that of a blackbody, and by assuming that the number density of photon
is (approximately) conserved, for the inhomogeneous background we have the following relations
h̄ν
h̄ν 
, ν  = ν(1 + z),
=
kB T 
kB T

(33)

where h̄ is the reduced Planck constant, and kB is the Boltzmann constant.
The general expression for redshift in any cosmology is
given by [102,103]:

Finally, the total entropy inside the apparent horizon is
obtained via
 rAH
s(t, r ) dv,
(40)
Sm =
0

where dv is the volume element of metric (9), namely, dv =
R 3 (t)(V −3 (r, t))r 2 sin θ dr dθ dφ. We have emphasized with
a subscript m that this entropy is the entropy of the matter
sector only.
With the above equations, the total entropy, Eq. (40), can
be calculated:

 
R(t) 3 rAH 2
16π
3
r dr
αT
Sm =
3
V (r, t) e 0


R(t) 3
16π
3
=
.
(41)
αT 3rAH
9
V (r, t) e
In Eq. (41), the emitter position is

1+z =

(u a l a )e
νe
=
,
νo
(u b l b )o

(34)


re =
0

where the indices “o” and “e” stand for the observer and
the emitter positions, respectively. Here l a = dx a /ds is the
vector tangent to the null geodesics, x a = (t, r, θ, φ), with
s being an affine parameter, and u a is the corresponding 4vector velocity whose only nonvanishing component being
u t = −cD(r, t).
For metric (9), one obtains [87]
V2
l =
F R2



t

lr = ±

V2
R2



V
R

1−

 −1
,t

,

h2
,
r2

(35)

(36)

V (r, t)
,
R(t)

(37)

and consequently, the expression for the redshift, Eq. (34),
becomes
1+z =

Ve R
.
Re V

(38)

From Eq. (33) we have T  = T (1 + z), thus the local entropy
density is given by
4 αT 4
4
ρc2
4 αT 3
=
= αT 3 =
s(r, t) =
.
T
3 T
3
3 (1 + z)3

c
dt,
R(t)

(42)

and the radiation constant is
α=

π 2 k 4B
15c3 h̄ 3

.

(43)

Taking te ∼ 1011 s, the time at the end of radiation era, and
the associated temperature Te ∼ 1 eV ≈ 11600 K, we find
that the apparent horizon is located at
rAH = r1 (te ) ≈ 0.8305.

(44)

Evaluating the entropy in Eq. (41), we obtain
Sm ≈ 1.0742 × 1058 J/K.

as well as l θ = 0 and l ϕ = hV 2 /R 2 r 2 .
Therefore we have
l t u t = −c

te

(45)

In natural units, this is Sm ∼ 1081 .
It is usually said that the entropy of the present observable
universe is of the order 1090 . That value is of course based
on the usual assumption of flat FLRW cosmology. The fact
that we obtained a much smaller number is not a cause for
alarm since we have used the apparent horizon, which in this
model is far smaller than the particle horizon. In addition,
the value of the matter entropy is model-dependent and by
itself does not invalidate a model unless the value is extremely
small or extremely large9 . In fact, if one were to calculate the
entropy within the apparent horizon in the present epoch, one
would find a smaller value, Sm ∼ 1080 . In this cosmology,
In [70], the authors use S ∼ 1090 as an input to constrain the LTB
models. In this work, we already have the model, its parameters fixed by
observational requirements. Our input is instead, the age of the Universe.

9

(39)
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r1 [te > r1 [t0 ]. In fact, the coordinate radius of the apparent horizon is decreasing with time, and so does the matter
entropy. However, this is not a violation of the second law of
thermodynamics, since although r1 decreases as a function
of time, the physical area
A=

4πr12 R 2 (t)
V 2 (r, t)

(46)

is increasing in time. See Fig. 1. At t = te , the entropy
associated with the apparent horizon is S H ∼ 10110 in natural
units. This increases to S H ∼ 10111 at the current epoch.
Since S H is much larger than the matter entropy, their sum
is dominated by S H , so it is clear that the sum of the two
entropies increases with time, and so the (generalized) second
law is not violated. In addition, the holographic principle is
also respected by a large margin.
We emphasize again that the decrease in the matter entropy
as the Universe expands is not without precedence – a similar
phonemenon has been observed even in a flat FLRW universe
with a positive cosmological constant [101]. However, there
are some differences: firstly, the cosmological event horizon was used in [101], not the apparent horizon, but most
importantly, whereas Sm is monotonically decreasing in the
Stephani model we study, it exhibits an increasing phase at
early times in the flat FLRW case when the Universe is decelerating.
Finally we comment on the energy conditions. A perμ
fect fluid energy-momentum tensor given by T ν = (ρc2 +
μ
P)u μ u ν + Pδν , with energy density given by
ρ=

3

2 > 0.
2
8π G β t + γ t + η

that SEC cannot be satisfied since R(t) = βt 2 + γ t + η > 0.
However, the WEC is satisfied if and only if
r 2 (βt 2 + γ t + η) = r 2 R(t) <

c2
.
β

(51)

Since Eq. (50) always holds, DEC holds whenever WEC
does. The reason we want to discuss the energy conditions
is as follows: the generalized second law of thermodynamics
is a consequence of null energy condition (NEC) [105,106].
Our claim that the generalized second law holds (and also
that physical apparent horizon size is increasing) should be
consistent with this. NEC is the weakest of the energy conditions – it holds as long as WEC does. Interestingly, we note
that although WEC is violated for sufficiently large coordinate radius r , it is always satisfied in the “near sheet”, where
r < r B , with r B defined in Eq. (24), and k = −4β R/c2 . In
fact Eq. (51) is exactly the condition that r should be within
the “near sheet”. Therefore DEC, WEC, and NEC hold in
the Stephani-Da̧browski model since we are confined to the
“near sheet” of the geometry. This is consistent with our findings that apparent horizon is increasing in size, and that the
generalized second law holds.

5 The challenge from observational constraints
Let us take H0 = 72 km s−1 Mpc−1 . (The conclusion is not
very sensitive to the exact choice of H0 , we can relax it in
the range 60  H0  80.) Note that

(47)
H0 =

2βt0 + γ
2βt0 + γ 2
H0 inh,0 .
=
R0
4β

(52)

Let us consider the following three inequalities:
ρ + 3P/c2 = −
ρ + P/c2 =

3βr 2 /c2

 > 0,
4π G β t 2 + γ t + η

1−

βr 2 (β t 2


+γ t

+ η)/c2

4π G β t 2 + γ t + η

2

> 0,

This yields
(48)
(49)

and
ρ − P/c2 =

2 + βr 2 (β t 2 + γ t + η)/c2
> 0,

2
4π G β t 2 + γ t + η

(50)

If Eq. (48) is satisfied, then the strong energy condition (SEC)
is satisfied. Similarly, the weak energy condition (WEC)
is satisfied if Eq. (49) holds. The dominant energy condition (DEC) is satisfied if both Eqs. (49) and (50) are satisfied. These energy conditions were previously investigated
in [104] in the context of future sudden singularities. We see

123


γ = 2β


2
− t0 ,
H0 inh,0

(53)

which provides a constraint on the sign of the parameter
γ . Namely, γ > 0 if t0 < 2/(H0 inh,0 ) = R0 H0 /(2β).
Taking inh,0 = 0.72, we get 2/(H0 inh,0 ) ≈ 0.03858.
Taking the age of the Universe as 13.7 billion years, or
t0 = 0.014 sMpc/km, we see that γ > 0, so we take
√
γ = 4βη + 1. Note that if we allow a range 60  H0  80,
and 0.6  inh,0  0.8, then 0.03125  2/(H0 inh,0 ) 
0.05556. Even the lower end of this range is still larger than t0 .
Of course the age of the Universe in this Stephani model can
be tuned by choosing different values of the various parameters, the inequality can be satisfied as long as the age difference is not too large. We choose the commonly accepted age
of the Universe, 13.7 billion years, as the input in this work.

Eur. Phys. J. C (2018) 78:405
10110

10104

Sm , S H

Fig. 1 The plots for the matter
entropy Sm (bottom), and the
apparent horizon entropy S H
(top) against time. The entropies
are in natural units (hence
dimensionless), while time is
measured in the unit sMpc/km.
Note that the holographic
principle requires that Sm < S H .
This is always satisfied in this
model. The sum S H + Sm
always satisfies the generalized
second law, i.e., it increases with
time
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Thus, equating γ = 4βη + 1 with Eq. (53), and with
the value of t0 substituted, we have


4βη + 1 ≈ 0.04916β.

(54)

On the other hand, H0 gives
72 =

√
2βt0 + 4βη + 1
.
√
βt02 + 4βη + 1 + η

(55)

The simultaneous Eqs. (54) and (55) can be solved to give
the value of β and η. We have:
β ≈ 24.4925, η ≈ 0.004591.

(56)

We can now test whether this model satisfies other observations, such as SNIa. There is, however, a caveat worth
emphasizing: due to the varying pressure, a test particle that
follows a geodesic will not be comoving in this model. Even
if a cluster of objects are initially comoving, it is not clear
if they will remain comoving as the Universe expands [52].
The redshift in standard cosmology λ0 /λe = a0 /ae , where
“e” denotes quantities associated with the emitter position,
is modified to be
a0
λ0
= Ve
λe
ae

(57)

in this Stephani cosmology. As emphasized in [52], this is
true only for light emitted by comoving sources. It is therefore crucial to know if the astrophysical sources that we are
considering are, in fact, comoving. In [52], it is assumed that
the departure from a comoving motion is sufficiently small
so that we may treat SNIa as comoving objects. We will make
the same assumption here.

The apparent magnitude m is given by the magnituderedshift relation [102,107]

5
log10 e
m = M − 5 log10 u a;b L a L b + 5 log10 cz +
o
2



u a;bc L a L b L c
2
,
(58)
×
4− 
2 z + O z
u a;b L a L b
o
where M is the absolute magnitude, u a;b = (1/3)h ab −
u̇ a u b , L a := l a /(u b l b ), h ab := gab + u a u b , and u a u a = −1.
Here the semicolon in the subscript denotes a covariant
derivative as usual. The quantity  is the expansion scalar,
while u̇ a is the acceleration vector, whereas h ab is the operator that projects vectors onto spacelike hypersurfaces.
Following the same procedure as performed in [87], we
can obtain
  2

βt − γ t + η
m = M + 25 + 5 log10 cz
2βt − γ


2
(βt − γ t + η)
+1.086z 1 + 2β
.
(59)
(2βt − γ )2
Note that the luminosity distance is [52]:
2c(1 + z)
d L (z) =
H0



x −1 − (1 + z(x))
,
inh,0

(60)

where x := R/R0 is defined implicitly via the relation
z(x) = x −1 − 1 −

1

×
x



inh,0
4

2

dx 

x −1 inh,0 + x −3(1+ω) (1 − inh,0 )

.
(61)
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Fig. 2 The apparent magnitude
m − M with respect to the
redshift z. The bottom curve
(black) corresponds to the
Stephani model with parameters
β = 24.4925 and
η = 0.004591, which are fixed
to satisfy dark energy density
and the Hubble parameter
simultaneously. The top curve
(red) corresponds to the best fit
obtained via MCMC method

Fig. 3 The apparent magnitude
μ with respect to the redshift z,
with various of values inh,0 .
The top curve (red) corresponds
to inh,0 = 0.9998, the middle
curve (black) corresponds to
inh,0 = 0.7200, and the bottom
curve (green) corresponds to
inh,0 = 0.0041. Since inh,0
can only take values between 0
and 1, this means the model
cannot fit observational data

The distance modulus is thus


μ(z) = 5 log10

(1 + z)
2c
H0



x −1 (z) − (1 + z)
inh,0


+ 25,
(62)

123

which leads to Eq. (59) above. Note that Eq. (59) is of course
an approximation that neglects redshift of O(z 2 ) and above,
however it is sufficiently good for observations fitting, since
SNIa data are for low redshift z ∈ (0, 2).
The plot of Eq. (58), utilizing the SNIa data from
Union2.1, is shown in Fig. 2. The model with values of
β = 24.4925 and η = 0.004591 obtained from considering
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Fig. 4 v = rs /DV with respect
to the redshift z, with various of
values inh,0 . The top curve
(red) corresponds to
inh,0 = 0.9998, the middle
curve (black) corresponds to
inh,0 = 0.7200, and the bottom
curve (green) corresponds to
inh,0 = 0.0041. Since inh,0
can only take values between 0
and 1, this means the model
cannot fit observational data

the Hubble parameter and the dark energy density (labeled
“theory”), does not fit the data well. The best fit from utilizing Markov Chain Monte Carlo (MCMC) method yields
+0.000116
instead β = 2.53347+0.68621
−0.68105 , and η = −0.000190−0.000115 .
Thus MCMC prefers the inhomogeneity parameter β to be
an order of magnitude smaller, and in addition η should be
of a different sign and smaller in magnitude.
This shows that the model cannot simultaneously satisfy
constraints from SNIa, the Hubble parameter, and the dark
energy density.
To be more confident of our results, we can consider
the full expression Eq. (62) instead of the approximation
Eq. (58). Furthermore, we observe that instead of fitting the
model parameters η and β, we can instead varies inh,0 . This
is because they are related via Eq. (53), and inh,0 takes values between 0 and 1. By doing so we obtain Fig. 3. We see
that in the admissible range of inh,0 , we cannot fit supernovae data. (We show 3 representative values in the plot:
a small value 0.0041, corresponding to a matter-dominated
universe, a large value 0.9998 which corresponds to a universe that is almost all dark energy, and 0.72, which is close
to the observed value.) That is, the best fit β and η from
MCMC above cannot actually satisfy 0 < inh,0 < 1.
Since sole supernovae data is often not enough to constrain
observationally the parameters of the cosmological models
[52,94], let us be more comprehensive in the analysis. We
can consider the volume distance [52]

c
DV (z) =
H0



4z x −1 (z) − (1 + z)
inh,0
h(x(z))

1/3
,

(63)

where h(x) = H (x)/H0 , to investigate how well the model
can fit data from baryon acoustic oscillations (BAO). The
result is shown in Fig. 4: where we have plotted the quantity
v=

rs
,
DV

(64)

against redshift z. Here rs denotes the size of the comoving
sound horizon during the baryon dragging epoch. See [52]
for details. For the admissible range of inh,0 , all the curves
obtained deviate quite far away from the two observational
data (here to allow comparison with the results in [52], which
employed the BAO data at z = 0.2 and z = 0.35, we also do
the same).
The shift parameter, which is used in the context of CMB
(z = 1090) is given by
H0 
1 − inh,0 (1 + z d )−1 d L
R=
c

 1


 xd − (1 + z d )
= 2 1 − inh,0
,
(65)
inh,0
where rd ≡ r (x(z d )) is the coordinate distance at decoupling
(again, see [52]). This quantity was estimated from 7-year
WMAP observations [108] to be
R = 1.725 ± 0.018.

(66)

For the model under study, we found that for inh,0 =
0.72, 0.0041, 0.9998, we get R = 0.2683, 0.8468, 0.0086,
respectively. Thus, again we see that this model does not fit
data. (In [52], SNIa and BAO data fit well if one allows the
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fluid to have significant departure from dust, but even then
the CMB shift constraint cannot be simultaneoulsy satisfied.)
From the above analysis of supernovae and BAO data, as
well as the shift parameter, we see the same conclusion is
reached, namely the Stephani-Da̧browski model does not fit
data, as long as one assumes the standard age of the Universe,
13.7 billion years. This does not rule out fitting the observational data if one allows the Universe to be older [109]. This
will, however, likely affect the thermal history of the Universe and the analysis regarding entropy in this work will
need to be revised carefully.

6 Conclusion
Although the concordance CDM model assumes a flat
FLRW cosmology, which is homogeneous and isotropic,
such an assumption might be an oversimplification. The
effect of local inhomogeneity, if not carefully taken into
account, may result in the wrong inferred value of the cosmological constant [14], or the impression that dark energy is
evolving while in fact it is just a constant  [16]. Of course,
it would have been a huge achievement for inhomogeneity
cosmology if it could completely do away with . This does
not seem possible with the LTB models, which introduce
inhomogeneity via ρ = ρ(r, t). In this work, we investigated a specific model of Stephani cosmology – the StephaniDa̧browski model, which introduces instead, p = p(r, t),
and found that it too have difficulty satisfying observational
constraints. This is despite the fact that, like some LTB models, the entropic bound required from the holographic principle remains satisfied. This implies that the holographic bound
is not tight enough to serve as a good indicator for a viable
cosmology. In other words, satisfying the holographic principle is a necessary but not sufficient condition. We also
found that in Stephani universes, it is possible that the particle horizon is located far away from the apparent horizon,
in contrast to a flat FLRW universe, in which these two horizons are close (i.e., their distances from the origin r = 0
are of the same order of magnitude). It is interesting that in
the Stephani-Da̧browski model, as the universe expands, the
matter entropy decreases monotonically while the apparent
horizon entropy increases, maintaining the overall increase
in the total entropy as required by the generalized second law.
This is consistent with our observation that the null energy
condition (in fact, also the weak and dominant energy conditions) holds in the “near-sheet” of the spacetime geometry.
To conclude, although Stephani cosmology is quite different from LTB cosmology, one still cannot do away with , at
least in the simplest models such as Stephani-Da̧browski’s.
We note that we have not yet utilized fully the features
allowed by the Stephani solutions. In particular, off-centered
observers can be considered [94]. Furthermore, in the model
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studied in this work, the spatial curvature is always negative, whereas spatial curvature is allowed to evolve and
change sign in a generic Stephani cosmology. Whether such
a cosmology could better accommodate observational data
remains to be further examined. It would also be interesting
to study how the matter entropy behaves in a more complicated Stephani model, and whether the holographic principle
and the generalized second law could help to impose some
theoretical constraints.
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