
Eur. Phys. J. C (2018) 78:235
https://doi.org/10.1140/epjc/s10052-018-5718-z

Regular Article - Theoretical Physics

Regge trajectories for heavy quarkonia from the quadratic form of
the spinless Salpeter-type equation

Jiao-Kai Chena

School of Physics and Information Science, Shanxi Normal University, Linfen 041004, China

Received: 4 February 2018 / Accepted: 6 March 2018 / Published online: 19 March 2018
© The Author(s) 2018

Abstract In this paper, we present one new form of the
Regge trajectories for heavy quarkonia which is obtained
from the quadratic form of the spinless Salpeter-type equa-
tion (QSSE) by employing the Bohr-Sommerfeld quanti-
zation approach. The obtained Regge trajectories take the
parameterized form M2 = β(cll +πnr + c0)

2/3 + c1, which
are different from the present Regge trajectories. Then we
apply the obtained Regge trajectories to fit the spectra of
charmonia and bottomonia. The fitted Regge trajectories are
in good agreement with the experimental data and the theo-
retical predictions.

1 Introduction

The Regge theory [1,2] is based on Lorentz invariance, uni-
tary and analyticity of the scattering matrix and has nothing
with quarks and gluons. Due to its generality, the Regge the-
ory is still an indispensable tool in phenomenological stud-
ies. The Regge theory is concerned with almost all aspects
of strong interactions. One of the most distinctive features of
the Regge theory is the Regge trajectory which is one of the
effective approaches for studying hadron spectra [3–7].

It is known that the Regge trajectories for the hadrons
constituting of light quarks are approximately linear [8–16],
that is, the mass M is related to the spin J and the principle
quantum number n by

M2 = α J + βn + const., (1)

where α and β are the Regge slopes which are almost equal
for light mesons. For heavy mesons, α will be smaller than
β [6,17–19]. In Ref. [20], the authors show that the Regge
trajectories are nonlinear in case of both fixed and running
coupling constants by using the perturbative QCD. In Ref.
[21], the authors show by analyzing the data from the UA8
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and ISR experiments at CERN that the effective Pomeron
Regge trajectories require a term quadratic in t . In Ref. [22],
the authors scrutinize the hadronic Regge trajectories in the
framework of the string model and the potential model, and
recognize that the Regge trajectories for mesons and baryons
are not straight and parallel lines in general in the current res-
onance region both experimentally and theoretically. In Ref.
[23], the authors show that meson trajectories are nonlinear
and intersecting by fitting experimental data. In Ref. [6], the
authors argue that the hadronic Regge trajectories are essen-
tially nonlinear and can be well approximated by a specific
square-root form. In Refs. [24,25], the quasilinear Regge tra-
jectories for heavy mesons are discussed. In Refs. [26–28],
the authors obtain an interpolating mass formula which gives
the nonlinear Regge trajectories.

The idea of nonlinear Regge trajectories is not new [29–
35]. Different models and different potentials will effect the
Regge trajectories [6,36,37]. Different from the massless
string model which produces the linear Regge trajectories,
the relativistic string with massive ends will result in the
complicated behavior of the Regge trajectories [38–41]. In
Ref. [42], the authors obtain the nonlinear Regge trajecto-
ries from the gauge/string correspondence. In Ref. [6], the
authors present a phenomenological string model for square-
root Regge trajectories. In Refs. [43–45], the square-root
trajectory is obtained by combining both Regge poles and
cuts. The Schrödinger equation with the Cornell potential
produces the Regge trajectories M2∼βl4/3, and the linear
Regge trajectories demands the confining potential rising
as r2/3 [46]. In Ref. [47], the authors show that the Regge
trajectories become linear for the Dirac equation with the
linear confinement for large orbital angular momenta. The
Regge trajectories for the Klein-Gordon equation are con-
sidered in Refs. [48–50]. In Ref. [51], the authors obtained
the linear, non-intersecting and parallel Regge trajectories by
calculating the numerical solutions of the relativistic Thomp-
son equation. In Ref. [52], the authors obtain the nonlinear
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Regge trajectories by including spin dependent terms in a
three-dimensional reduction of the Bethe-Salpeter equation.
In case of the spinless Salpeter equation, the Cornell poten-
tial or the linear potential can yield linear Regge trajectories
[53,54]. In Ref. [55], the authors find straight Regge trajecto-
ries in case of light-light quarkonia starting from a first prin-
ciple Salpeter equation. In Ref. [56], the authors discuss the
Regge trajectories by solving the eigenvalue equation with
the quadratic mass operator. In this paper, we obtain one new
form of the Regge trajectories from the quadratic form of
the spinless Salpeter-type equation (QSSE) [57–60] with the
Cornell potential or the linear potential. As the obtained new
Regge trajectories employed to the spectra of charmonia and
bottomonia, the fitted data are in very good agreement with
the experimental data and theoretical predictions.

This paper is organized as follows. In Sect. 2, the new
form of the Regge trajectories is obtained from the quadratic
form of the spinless Salpeter-type equation with the Cor-
nell potential and the power-law potentials. In Sect. 3, the
obtained Regge trajectory is applied to fit the spectra of bot-
tomonia and charmonia. We conclude in Sect. 4.

2 Regge trajectories from the quadratic form of the
spinless Salpeter-type equation

In this section, we review briefly the QSSE at first. Then
we present the orbital and radial Regge trajectory formulas
obtained from the QSSE by employing the Bohr-Sommerfeld
quantization approach [5,61], which are different from the
known Regge trajectories.

2.1 QSSE

The Bethe-Salpeter equation [62,63] is based on the relativis-
tic field theory and is an appropriate tool to deal with bound
states. In Ref. [64], a first principal Bethe-Salpeter equation
is obtained by using the only assumption that ln W (W being
the Wilson loop correlator) can be written in QCD as the sum
of its perturbative expression and an area term. By means of
a three dimensional reduction, the Bethe-Salpeter equation
becomes the eigenvalue equation for the square mass opera-
tor [56–58,64,65]

M2 = M2
0 +U, (2)

where

M0 = ω1 + ω2 =
√
m2

1 + p2 +
√
m2

2 + p2,
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Fig. 1 The radial Regge trajectory of π

Fig. 2 Choice of parameters for various models incorporating the lin-
ear potential or the screened linear potential. The joined black line
(Ours) is for σ = β3/2/(12mb) (β = 5.1 GeV2) which is from Eq.
(24). σ is the string tension, mb is the mass of the bottom quark

In the above equations, M is the bound state mass, p the c.m.
momentum of quarks, m1 and m2 their constituent masses,

ω′
1 =

√
m2

1 + p′2 and ω′
2 =

√
m2

2 + p′2. Î inst
ab (p,p′) is the

instantaneous kernel. Neglecting any reference to the spin
degrees of freedom of the involved bound-state constituents,
Eq. (2) reduces to the quadratic form of the spinless Salpeter-
type equation which is written in configuration space as [52,
57–60]

M2Ψ (r) = [ω1 + ω2]2 Ψ (r) + UΨ (r), (4)

where ωi is the square-root operator of the relativistic kinetic
energy of constituent

ωi =
√
m2

i − Δ. (5)

mi are effective masses in the phenomenological model.
The relativistic corrections with U are small for heavy con-
stituents and will make calculations complicated. Just like the
case of the spinless Salpeter equation [66–70], we assume
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Fig. 3 Radial Regge trajectories for bottomonia. Open squares are predicted masses by the fitted Regge trajectories. The well-established states
are given by solid dots and the unsigned states are given by circles

0 1 2 3

90

95

100

105

l

M
2 (

G
eV

2 )

ηb(1S)

hb(1P )

M2 = 88.341 + 9.655l

M2 = 88.535 + 5.1(
√

6l)2/3

(a)

0 1 2 3
100

102

104

106

108

110

112

114

l

M
2 (

G
eV

2 )

ηb(2S)

hb(2P )

M2 = 99.98 + 5.283l

M2 = 89.763
+5.1(

√
6l + π − 0.3)2/3

(b)

0 1 2 3
90

95

100

105

l

M
2 (

G
eV

2 )

Υ(1S)

χb2(1P )

M2 = 88.497 + 8.755l

M2 = 88.892 + 5.1(
√

6l + 0.04)2/3

(c)

0 1 2 3

102

104

106

108

110

112

l

M
2 (

G
eV

2 )

Υ(2S)

χb2(2P )

M2 = 100.466 + 4.979l
M2 = 88.578

+5.1(
√

6l + π + 0.42)2/3

(d)

Fig. 4 Same as Fig. 3 except for the orbital Regge trajectories

that U in Eq. (4) can be taken to be nonrelativistic for
simplicity although the kinetic energies of the constituents
are taken to be relativistic. In the nonrelativistic limit, the
configuration-space U reduces to

U = 2(m1 + m2)V (r), (6)

whereV (r) is the usual nonrelativistic potential. In this paper,
the Cornell potential [71,72] and the power-law potentials are
considered,

V (r) = −α

r
+ σr, σra . (7)
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Table 1 Bottomonium masses (in units of MeV) fitted by the radial
Regge trajectories [Eq. (26)]. The experimental masses are from PDF
[90]. The fitted results by using the Regge trajectories [Eq. (26)] are

shown in comparison with the theoretical values of EFG13 [91], GM15
[92], SOEF16 [93] and DLGZ17 [94]. ? denotes the possible candidates
for the unwell-established states

State Meson J PC PDG [90] Fitted EFG13 [91] GM15 [92] SOEF16 [93] DLGZ17 [94]

11S0 ηb(1S) 0−+ 9399.0 ± 2.3 9418 9398 9402 9455 9390

21S0 ηb(2S) 0−+ 9999.0 ± 3.5+2.8
−1.9 9982 9990 9976 9990 9990

31S0 ηb(3S) 0−+ 10,298 10,329 10,336 10,330 10,326

41S0 ηb(4S) 0−+ 10,557 10,573 10,623 10,584

51S0 ηb(5S) 0−+ 10,782 10,851 10,869 10,800

61S0 ηb(6S) 0−+ 10,985 11,061 11,097 10,988

13S1 Υ (1S) 1−− 9460.30 ± 0.26 9461 9460 9465 9502 9460

23S1 Υ (2S) 1−− 10023.26 ± 0.31 10,023 10,023 10,003 10,015 10,015

33S1 Υ (3S) 1−− 10355.2 ± 0.5 10,338 10,355 10,354 10,349 10,343

43S1 Υ (4S) 1−− 10579.4 ± 1.2 10,596 10,586 10,635 10,607 10,579

53S1 Υ (10860)? 1−− 10891.1 ± 3.2+1.2
−2.0 10,820 10,869 10,878 10,818 10811

63S1 Υ (11020)? 1−− 10987.5+6.4+9.1
−2.5−2.3 11,023 11,088 11,102 10,995 10,997

11P1 hb(1P) 1+− 9899.3 ± 0.8 9900 9900 9882 9879 9909

21P1 hb(2P) 1+− 10259.8 ± 0.5 ± 1.1 10,259 10,260 10,250 10,240 10,254

31P1 hb(3P) 1+− 10,536 10,544 10,541 10,516 10,519

41P1 hb(4P) 1+− 10,772 10,804 10,790

51P1 hb(5P) 1+− 10,982 11,016

13P0 χb0(1P) 0++ 9859.44 ± 0.42 ± 0.31 9860 9859 9847 9855 9864

23P0 χb0(2P) 0++ 10232.5 ± 0.4 ± 0.5 10,232 10,233 10,226 10,221 10,220

33P0 χb0(3P) 0++ 10,512 10,521 10,522 10,500 10,490

43P0 χb0(4P) 0++ 10,751 10,781 10,775

53P0 χb0(5P) 0++ 10,963 11,004

13P1 χb1(1P) 1++ 9892.78 ± 0.26 ± 0.31 9895 9892 9876 9874 9903

23P1 χb1(2P) 1++ 10255.46 ± 0.22 ± 0.50 10,246 10,255 10,246 10,236 10,249

33P1 χb1(3P) 1++ 10512.1 ± 2.1 ± 0.9 10,519 10,541 10,538 10,513 10,515

43P1 χb1(4P) 1++ 10,753 10,802 10,788

53P1 χb1(5P) 1++ 10,963 11,014

13P2 χb2(1P) 2++ 9912.21 ± 0.26 ± 0.31 9912 9912 9897 9886 9921

23P2 χb2(2P) 2++ 10268.65 ± 0.22 ± 0.50 10,269 10,268 10,261 10,246 10,264

33P2 χb2(3P) 2++ 10,544 10,550 10,550 10,521 10,528

43P2 χb2(4P) 2++ 10,780 10,812 10,798 10,744

53P2 χb2(5P) 2++ 10,989 11,022

In Ref. [55], the authors find straight Regge trajectories
for the light-light case starting from a first principle Salpeter
equation. As a well-defined standard approximation to the
Bethe-Salpeter equation, the spinless Salpeter equation [73–
75] yields the linear Regge trajectories for the linear potential.
In Ref. [56], the Regge trajectories for the light-light quarko-
nium systems are calculated by using both the linear mass
operator and the quadratic mass operator, respectively. The
authors notice the differences between two kinds of Regge
trajectories. In the following, we will propose one kind of
nonlinear Regge trajectories from the QSSE [Eq. (4)] which
has a quadratic mass operator.

2.2 Bohr-Sommerfeld quantization approach

In this subsection, we follow Ref. [5] to employ the Bohr-
Sommerfeld quantization approach [61] to obtain the orbital
Regge trajectories and the radial Regge trajectories from the
QSSE.

In case of equally massive constituents (m1 = m2 = m),
the quadratic mass operator of the QSSE with the Cornell
potential reads from Eq. (4)

M2 = 4
(
p2 + m2

)
+ U(r), (8)
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Table 2 Bottomonium masses (in units of MeV) fitted by the orbital
Regge trajectories [Eq. (26)]. The experimental masses are from PDF
[90]. The fitted results by using the Regge trajectories [Eq. (26)] are

shown in comparison with the theoretical values of EFG13 [91], GM15
[92], SOEF16 [93] and DLGZ17[94]

State Meson J PC PDG [90] Fitted EFG13 [91] GM15 [92] SOEF16 [93] DLGZ17 [94]

11S0 ηb(1S) 0−+ 9399.0 ± 2.3 9409 9398 9402 9455 9390

21S0 ηb(2S) 0−+ 9999.0 ± 3.5+2.8
−1.9 1000 9990 9976 9990 9990

13S1 Υ (1S) 1−− 9460.30 ± 0.26 9460 9460 9465 9502 9460

23S1 Υ (2S) 1−− 10023.26 ± 0.31 10,024 10,023 10,003 10,015 10,015

11P1 hb(1P) 1+− 9899.3 ± 0.8 9890 9900 9882 9879 9909

21P1 hb(2P) 1+− 10259.8 ± 0.5 ± 1.1 10,259 10,260 10,250 10,240 10,254

13P2 χb2(1P) 2++ 9912.21 ± 0.26 ± 0.31 9913 9912 9897 9886 9921

23P2 χb2(2P) 2++ 10268.65 ± 0.22 ± 0.50 10,268 10,268 10,261 10,246 10,264

11D2 ηb2(1D) 2−+ 10,161 10,163 10,148 10,123 10,153

21D2 ηb2(2D) 2−+ 10,475 10,445 10,450 10,419 10,432

13D3 Υ3(1D) 3−− 10,183 10,166 10,155 10,127 10,157

23D3 Υ3(2D) 3−− 10,476 10,449 10,455 10,422 10,436

11F3 hb3(1F) 3+− 10,383 10,346 10,355 10,322 10,339

21F3 hb3(2F) 3+− 10,665 10,614 10,619 10,573

13F4 χb4(1F) 4++ 10,404 10,349 10,358 10,340

23F4 χb4(2F) 4++ 10,661 10,617 10,622

11G4 ηb4(1G) 4−+ 10,578 10,513 10,530

21G4 ηb4(2G) 4−+ 10,837 10,770

13G5 Υ5(1G) 5−− 10,598 10,532

23G5 Υ5(2G) 5−− 10,830 10,772

where

p2 = p2
r + p2

φ

r2 , U = 4m
[
−α

r
+ σr

]
. (9)

Due to the central interaction, the orbital angular momentum
pφ = L is a constant of the motion. From the conservation of
the total energy M of the bound state, the radial momentum
pr can be written as

pr = ± 1

2r

√
(M2 − 4m2)r2 − 4L2 + 4αmr − 4mσr3

= ± 1

2r

√
g(r). (10)

Solving g(r) = 0 gives the three roots of g(r). r j ( j =
0, 1, 2) are

r j = 2

√−P

3
cos

(
θ + 2π j

3

)
+ E

3σ
, (11)

where

E = M2 − 4m2

4m
,

P = − 1

3σ 2

(
E2 + 3σα

)
, cos θ = −Q

2

√
27

−P3 ,

Q = − 1

27σ 3

(
2E3 + 9σαE − 27

σ 2

m
L2

)
. (12)

As r1 ≤ 0 ≤ r2 ≤ r0, the turning points are r− = r2 and
r+ = r0. The radial motion takes place between two turning
points, r− and r+.

The action variables in the Bohr-Sommerfeld quantization
approach [61] read

Js =
∮

ps dqs, (13)

where s is the degrees of freedom of the bound state,qs and ps
are the coordinates and conjugate momenta. The integral is
performed over one cycle of the motion. The action variables
should be quantized,

Js = (ns + cs) h, (14)

where h is the Planck constant, ns (≥ 0) is an integral quan-
tum number. cs is a real constant, cs = 1/2 [76]. Using Eqs.
(13) and (14) to quantize Jφ gives L = l + cφ , cφ = 1/2.
Quantization of Jr yields

m r+ (Er1 + 2α) K (η) + m E r+ (r+ − r1) E(η)

− 3L2 Π(π/2, γ, η) − 3

2
π nr+

√
r+ − r1

√
mσ = 0, (15)
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where

n = nr +cr = nr + 1

2
, η = r+ − r−

r+ − r1
, γ = 1− r−

r+
. (16)

In the above equation, nr is the radial quantum number. K (x),
E(x) and Π(π/2, x, y) are the complete elliptic integrals of
the first, second and third kind, respectively [77].

As angular momenta becomes large, l 	 nr , r− ≈ r+ and
η ≈ 0. Then, θ = π , K (η) = E(η) = Π(π/2, γ, η) = π/2.
Keeping the leading terms in Eq. (15), the Regge trajectories
can be obtained

M2 ∼ βl l
2/3, βl = 6

(
2m2σ 2

)1/3
. (17)

As the radial quantum number becomes large, i.e., nr 	 l,
r1 ≈ r− ≈ 0, η ≈ 1. Substituting r1 = r− = 0 into Eq. (13)
yields

M2 ∼ βnr n
2/3
r , βnr = (12mπσ)2/3 . (18)

In case of the power-law potential V (r) = σra (a > 0), the
orbital Regge trajectories for large l are

M2 ∼ βl(a)l2a/(a+2) (l 	 n), (19)

where βl(a) reads

βl(a) = 4(mσ)2/(a+2)
(

1 + a

2

) (
2

a

)a/(a+2)

. (20)

In Ref. [52], the Regge trajectories similar to Eq. (19) are
obtained under the semiclassical limit, however, the authors
did not discuss in detail the linear potential case. As nr
becomes large, we have the radial Regge trajectories from
Eq. (13)

M2 ∼ βnr (a)n2a/(a+2)
r (nr 	 l). (21)

The Regge slope is

βnr (a) = 4 (mσ)2/(a+2)

[
aπ

B(1/a, 3/2)

]2a/(a+2)

, (22)

where B(x, y) is the beta function [77].
The new form of the Regge trajectories [Eqs. (17) and

(18)] are obtained from the QSSE (4) by taking the nonrela-
tivistic approximation (6) and neglecting the spin dependent
interactions. If higher corrections are considered, the form
of the Regge trajectories will become complicated. More-
over, the employed Bohr-Sommerfeld quantization approach
is a semiclassical method and is used as an approxima-
tion method. Therefore, the obtained Regge trajectories are

Fig. 5 Choice of parameters for various models incorporating the lin-
ear potential or the screened linear potential. The joined black line
(Ours) is for σ = β3/2/(12mc) (β = 2.02 GeV2) which is from Eq.
(24). σ is the string tension, mc is the mass of the charm quark

approximate. For simplicity, we assume the heavy quarko-
nium Regge trajectories take the simple form. The radial
Regge trajectory Eq. (18) can be extended to be of a more
general form

M2 = βπ2/3 (
nr + c′

0

)2/3 + c′
1, (23)

where

β = (12mσ)2/3. (24)

And the orbital Regge trajectories (17) can be extended to be

M2 = β31/3 (
l + c′′

0

)2/3 + c′′
1 . (25)

By considering Eqs. (23) and (25) and fitting experimental
data, we assume that the heavy quarkonium Regge trajectory
take the parameterized form

M2 = β (cll + πnr + c0)
2/3 + c1. (26)

In Eq. (26), β is an universal parameter which has a theo-
retical value according to Eq. (24). The fitted β for both the
bottomonium Regge trajectories and the charmonium Regge
trajectories agree well with Eq. (24). cl is also an universal
parameter. The fitted cl for the bottomonium Regge trajec-
tories (cl = √

6) and for the charmonium Regge trajectories
(cl = √

5.34) deviate from the corresponding theoretical
value cl = √

3. c0 and c1 vary with different trajectories.
The obtained new form of the Regge trajectory [Eq. (26)]

is an approximation to the exact unknown one. Out of expec-
tation, by fitting the theoretical values of the Υ (Υ (1S),
Υ (2S), Υ (3S), Υ (4S), Υ (5S) and Υ (6S)) and ψ (J/ψ(1S),
ψ(2S), ψ(3S) and ψ(4S)), we find the obtained Regge tra-
jectory [Eq. (26)] is in good agreement with the theoreti-
cal values obtained by solving the eigenvalue equation for
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Fig. 6 Radial Regge trajectories for charmonia. The well-established states are given by solid dots and the candidate states are given by circles.
Open squares are predicted masses by the fitted Regge trajectories
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Fig. 7 Same as Fig. 6 except for the orbital Regge trajectories

a squared bound state mass [65]. It suggests that the new
Regge trajectories [Eq. (26)] can be applicable not only to
QSSE but also to Eq. (2). Moreover, the new form of the
Regge trajectories agree well with the experimental data, see
Sect. 3.

2.3 Regge trajectories from the Schrödinger equation, the
spinless Salpeter equation and the QSSE

There are many discussions on the Regge trajectories in the
framework of the Bethe-Salpeter equation and many reduc-
tions of it (see the Introduction), however, most of these
discussions rely on the numerical solutions and the explicit
formula of the Regge trajectories is not given due to the
complexity of these equations. In this subsection, we list the
explicit formulas of the Regge trajectories for the equations
which can be handled easily.

For simplicity, the power-law potentials are considered in
this subsection, see Eq. (7). The nonrelativistic Schrödinger
equation reads

Eψ(r) = p2

2μ
ψ(r) + σraψ(r). (27)

The radial and orbital Regge trajectories obtained from Eq.
(27) read [5,46], respectively,

M2∼l4a/(a+2), for large l,

M2∼n4a/(a+2)
r , for large nr , (28)

where M = m1 +m2 + E . As a relativistic expansion of the
Schrödinger equation and a well-defined standard approxi-
mation to the Bethe-Salpeter equation, the semirelativistic

123



235 Page 8 of 12 Eur. Phys. J. C (2018) 78 :235

spinless Salpeter equation reads

Mψ(r) =
[√

p2
1 + m2

1 +
√
p2

2 + m2
2

]
ψ(r) + σraψ(r).

(29)

The radial and orbital Regge trajectories obtained from Eq.
(29) read [5,53,54], respectively,

M2∼l2a/(a+1), for large l,

M2∼n2a/(a+1)
r , for large nr . (30)

In case of the QSSE, the radial and orbital Regge trajectories
read from Eqs. (19) and (21), respectively,

M2∼l2a/(a+2), for large l,

M2∼n2a/(a+2)
r , for large nr . (31)

For the Schrödinger equation, the linear Regge trajectories
need the confining potential rising as r2/3; for the spinless
Salpeter equation, the linear Regge trajectories demand the
linear confining potential; for the QSSE, the linear Regge
trajectories need the harmonic-oscillator-type potential.

From Eqs. (28), (30) and (31), we can see that the expo-
nents in the radial and orbital Regge trajectories diminish as
the bound-state equations vary from the Schrödinger equa-
tion to the spinless Salpeter equation and then to the QSSE.
Eqs. (28), (30) and (31) show that different dynamic equa-
tions will result in different Regge trajectories although both
Eqs. (8) and (29) are reduced from the Bethe-Salpeter equa-
tion and the Schrödinger equation can be obtained from
Eqs. (8) and (29) by nonrelativistic approximation. The good
agreement of the fitted data with the experimental data (see
Sect. 3) suggests that the QSSE and the eigenvalue equation
for the square mass operator [Eq. (2)] will be better than the
Schrödinger equation and the spinless Salpeter equation for
heavy quarkonia.

3 Regge trajectories and mass spectra of heavy
quarkonia

In this section, we employ the obtained new form of the
Regge trajectories to fit the spectra of charmonium and bot-
tomonium. Experimental data are used as inputs to deter-
mine the parameters of the Regge trajectories. Then the fitted
Regge trajectories can predict the masses of the unobserved
states. In this work, the linear Regge trajectories are also fit-
ted by the experimental data and we find that the new form
of the Regge trajectories are better than the linear ones.

3.1 Nonlinear Regge trajectories

For light mesons, the Regge trajectories are suggested to be
linear although the parameters take different values [78–83].
By fitting the experimental data, we find that the new Regge
trajectory is better than the linear one even for π mesons, see
Fig. 1 [84]. For heavy quarkonia especially for bottomonia,
the Regge trajectories deviate significantly from the linearity.
The differences between the results obtained by the linear and
the results obtained by the nonlinear Regge trajectories are
shown in Figs 3, 4, 6 and 7.

For the baryon Regge trajectories within the quark-
diquark models [85], the radial Regge trajectories for the
heavy, light vector mesons [86], the Regge-like relation for
the heavy-light systems [87], and the light meson Regge tra-
jectories [8,9,88], the linear confining potential plays domi-
nant role. Similarly, the linear confining potential also dom-
inates the new form of the nonlinear Regge trajectories (26),
which can be seen from the derivation in the subsection 2.2.
The good fitting of the experimental data by the Regge tra-
jectory (26) confirms this observation and suggests that the
contributions of the color Coulomb potential to the heavy
quarkonium Regge trajectories is subordinate.

3.2 Masses of Bottomonia

Using the experimental data of the well-established states, the
parameters of the radial Regge trajectories, the orbital Regge
trajectories and the linear Regge trajectories are determined.
Using the masses of pseudoscalar mesons ηb(nS) and the
masses of the vector mesons Υ (nS), the universal parame-
ter β is calculated, β = 5.1 GeV2 for bottomonia which is
consistent with the theoretical value. According to Eq. (24),
there is a relation between the heavy quark mass m and the
string tension σ . The chosen value of β for bottomonium
is reasonable because the fitted β can be obtained by rea-
sonable mb and σ , see Fig. 2. (In Fig. 2, the data are from
various models with various potentials which incorporating
the linear potential or the screened linear potential.)

The universal parameter cl is calculated by fitting the
orbital Regge trajectories for ηb(1S) and Υ (1S), cl = √

6
for bottomonia. c0 and c1 vary with different Regge trajecto-
ries. The fitted Regge trajectories are shown in Figs 3 and 4.
The fitted and predicted masses of bottomonia by the Regge
trajectories are listed in Tables 1 and 2 and they are in good
agreement with other theoretical predictions.

The mass of Υ (10860) resonance is 10891.1 ± 3.2+1.2
−2.0

[90]. Υ (10860) is usually assigned as Υ (5S) [113–116]
while it is regarded as one of the strong candidates for the
exotic hadron in Ref. [117] due to the unexpectedly large par-
tial widths which disagree with the expectation for a pure bb̄
state. The mass of Υ (11020) resonance is 10987.5+6.4+9.1

−2.5−2.3.
And Υ (11020) is signed as Υ (6S) [113,114,116]. In Ref.
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Table 3 Charmonium masses (in units of MeV) fitted by the radial
Regge trajectories [Eq. (26)]. The experimental masses are from PDG
[90]. The fitted results by using the Regge trajectories [Eq. (26)] are

shown in comparison with the theoretical values of GI85 [131], BGS05
[119], EFG13 [91] and LC09 [120]. ? denotes the possible candidates
for the unwell-established states

State Meson J PC PDG [90] Fitted GI85 [131] BGS05 [119] EFG13 [91] LC09 [120]

11S0 ηc(1S) 0−+ 2983.4 ± 0.5 2984 2975 2982 2981 2979

21S0 ηc(2S) 0−+ 3639.2 ± 1.2 3639 3623 3630 3635 3623

31S0 X (3940)? 0−+ 3942+7
−6 ± 6 3973 4064 4043 3989 3991

41S0 X (4160)? 0−+ 4156+25
−20 ± 15 4233 4425 4384 4401 4250

51S0 ηc(5S) 0−+ 4452 4811 4446

61S0 ηc(6S) 0−+ 4645 5155 4595

13S1 J/ψ(1S) 1−− 3096.900 ± 0.006 3097 3098 3090 3096 3097

23S1 ψ(2S) 1−− 3686.097 ± 0.010 3686 3676 3672 3685 3673

33S1 ψ(4040)? 1−− 4039 ± 1 4015 4100 4072 4039 4022

43S1 Y (4260)? 1−− 4263+8
−9 4271 4450 4406 4427 4273

53S1 ψ(5S) 1−− 4488 4837 4463

63S1 Y (4660)? 1−− 4664 ± 12 4679 5167 4608

13P0 χc0(1P) 0++ 3414.75 ± 0.31 3414 3445 3424 3413 3433

23P0 X (3915)? 0++ 3918.4 ± 1.9 3919 3916 3852 3870 3842

33P0 χc0(3P) 0++ 4225 4292 4202 4301 4131

43P0 χc0(4P) 0++ 4467 4698

13P1 χc1(1P) 1++ 3510.66 ± 0.07 3511 3510 3505 3511 3510

23P1 X (3872) ? 1++ 3871.69 ± 0.17 3872 3953 3925 3906 3901

33P1 χc1(3P) 1++ 4145 4317 4271 4319 4178

43P1 χc1(4P) 1++ 4373 4728

13P2 χc2(1P) 2++ 3556.20 ± 0.09 3556 3550 3556 3555 3554

23P2 χc2(2P) 2++ 3927.2 ± 2.6 3927 3979 3972 3949 3937

33P2 χc2(3P) 2++ 4203 4337 4317 4354 4208

43P2 χc2(4P) 2++ 4431 4763

Table 4 Charmonium masses (in units of MeV) fitted by the orbital
Regge trajectories [Eq. (26)]. The experimental masses are from PDG
[90]. The fitted results by using the Regge trajectories [Eq. (26)] are

shown in comparison with the theoretical values of GI85 [131], BGS05
[119], EFG13 [91] and LC09 [120]

State Meson J PC PDG [90] Fitted GI85 [131] BGS05 [119] EFG13 [91] LC09 [120]

11S0 ηc(1S) 0−+ 2983.4 ± 0.5 2983 2975 2982 2981 2979

13S1 J/ψ(1S) 1−− 3096.900 ± 0.006 3097 3098 3090 3096 3097

23S1 ψ(2S) 1−− 3686.097 ± 0.010 3686 3676 3672 3685 3673

11P1 hc(1P) 1+− 3525.38 ± 0.11 3526 3517 3516 3525 3519

13P2 χc2(1P) 2++ 3556.20 ± 0.09 3556 3550 3556 3555 3554

23P2 χc2(2P) 2++ 3927.2 ± 2.6 3928 3979 3972 3949 3937

11D2 ηc2(1D) 2−+ 3808 3837 3799 3807 3796

13D3 ψ3(1D) 3−− 3832 3849 3806 3813 3799

23D3 ψ3(2D) 3−− 4128 4217 4167 4220 4103

11F3 hc3(1F) 3+− 4030 4094 4026 4071

13F4 χc4(1F) 4++ 4050 4095 4021 4093

23F4 χc4(2F) 4++ 4302 4425 4348 4434
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[118], the authors propose that Υ (10580), Υ (10860) and
Υ (11020) are likely mixtures of conventional bb̄ bottomo-
nia and pairs of B B̄ or Bs B̄s mesons.

3.3 Masses of charmonia

The universal parameter β for the radial charmonium Regge
trajectories is determined by the masses of pseudoscalar
mesons ηc(nS) and the masses of the vector mesons ψ(nS),
β = 2.02 GeV2 for charmonia. According to Eq. (24), the
possible values of the charm quark mass mc and the string
tension σ are reasonable, see Fig. 5.

The universal parameter cl is calculated by fitting the
orbital Regge trajectories for ηc(1S) and J/ψ(1S), cl =√

5.34 for charmonia. c0 and c1 vary with different Regge
trajectories. The fitted Regge trajectories are in Figs 6 and 7.
The fitted and predicted masses of charmonia by the Regge
trajectories are listed in Tables 3 and 4 and they are in agree-
ment with other theoretical predictions.

The X (3940) is proposed as the ηc(3S) charmonium state
[125–128] and X (4160) as the ηc(4S) state [129]. In Refs.
[119,120,130], the authors argue that the above assignments
would imply anomalously large Ψ (nS)−ηc(nS) mass split-
tings .

X (4040) is a hopeful candidate for ψ(3S) [132–135].
Y (4260) is assigned as a normal cc̄ state ψ(4S) [136,137]. In
Refs. [138,139], the authors argue that Y (4260) is a molecu-
lar state. In Refs. [120,121], Y (4660) is taken as a candidate
for canonical charmonium state. In Refs. [140,141],Y (4660)

is taken as tetraquark state candidate. In Refs. [142,143],
Y (4660) is regarded as a ψ ′ f0(980) molecule. Y (4660) was
also suggested to a baryonium state [144]. The mass of
Y (4660) is 4664±12 MeV, which is about equal to the pre-
dicted mass [4679 MeV] by the fitted Regge trajectory of
charmonium state 63S1, see Fig. 6b and Table 3.

X (3915) is usually identified as the χc0(2p) of charmo-
nium based on its mass and likely J PC [130,145] and this
assignment has some problems [146].

X (3872) is a candidate for χc1(2P) [130]. In Ref. [145],
X (3872) is excluded as being the yet-unobserved conven-
tional charmonium state χc1(2P). X (3872) is also discussed
in the D0 D̄∗0 hadronic molecular scenario [147].

In Fig 6c and d, masses of X (3915) and X (3872) are
used to fit the Regge trajectories. In Fig. 6a, X (3940) and
X (4160) lie on the pseudoscalar Regge trajectory. X (4040),
X (4260) and Y (4660) lie on the vector Regge trajectory, see
Fig. 6b.

4 Conclusions

In this paper, one new form of the Regge trajectories
is proposed based on the quadratic form of the spinless

Salpeter-type equation and the Bohr-Sommerfeld quantiza-
tion method. The obtained Regge trajectories for the Cornell
potential or for the linear potential take the parameterized
form M2 = β (cll + πnr + c0)

2/3 + c1. The parameters
β and cl and the coefficient π before nr are universal for
bottomonia and charmoniua, respectively. It is shown that
the experimental data are very well described by the radial
Regge trajectories and the orbital Regge trajectories for both
bottomonia and charmonia. The good agreement of the fitted
data with the experimental data suggests that the QSSE and
the eigenvalue equation for the square mass operator [Eq.
(2)] will be good for heavy quarkonia.

One distinctive feature of the new form of the Regge tra-
jectories is that the new form of the heavy quarkonium Regge
trajectories and the curvature are determined by the quadratic
form of mass operator and the linear potential for long dis-
tances which has been validated by lattice QCD calculations,
while the contributions of the color Coulomb potential for
short distances to the Regge trajectories for heavy quarkonia
will be subordinate to that of the linear confining potential.
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