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Abstract We examine the evolution of an inhomoge-
neous mixture of non-relativistic pressureless cold dark
matter (CDM), coupled to dark energy (DE) characterised
by the equation of state parameter w < −1/3, with
the interaction term proportional to the DE density. This
coupled mixture is the source of a spherically symmetric
Lemaître–Tolman–Bondi (LTB) metric admitting an asymp-
totic Friedman–Lemaître–Robertson–Walker (FLRW) back-
ground. Einstein’s equations reduce to a 5-dimensional
autonomous dynamical system involving quasi–local vari-
ables related to suitable averages of covariant scalars and
their fluctuations. The phase space evolution around the crit-
ical points (past/future attractors and five saddles) is exam-
ined in detail. For all parameter values and both directions of
energy flow (CDM to DE and DE to CDM) the phase space
trajectories are compatible with a physically plausible early
cosmic times behaviour near the past attractor. This result
compares favourably with mixtures with interaction driven
by the CDM density, whose past evolution is unphysical for
DE to CDM energy flow. Numerical examples are provided
describing the evolution of an initial profile that can be asso-
ciated with idealised structure formation scenarios.

1 Introduction

Current observational evidence supports the existence of an
accelerated cosmic expansion, likely driven by an unknown
form of matter–energy, generically denoted “dark energy”
(DE), and usually described by suitable scalar fields or (phe-
nomenologically) as a fluid with negative pressure [1–4].
Observations also point to the existence of cold dark matter
(CDM) clustering around galactic halos, usually described
in cosmological scales by pressure–less dust, while ordinary
visible matter (baryons, electrons and neutrinos) and pho-
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tons (radiation) comprise less than 5% of the total contents
of cosmic mass–energy.

While both dark sources only interact with ordinary mat-
ter and radiation through gravitation, it is very reasonable to
assume that there is some form of interaction between them.
This assumption cannot be ruled out, given our ignorance
on the fundamental nature of these sources. In fact, poten-
tially useful information on the primordial physics behind
dark sources may emerge by fitting various assumptions of
such interactions to observational data, given the fact that
interactive DE and CDM is consistent with the dynamics of
galaxy clusters [5] and the integrated Sachs-Wolfe effect [6].
Several models of coupled dark sources can also be found in
the literature motivated by particle physics, thermodynamics,
etc. [1,2,7–11].

Observations also suggest that at sufficiently large scales
the Universe is well described by linear perturbations of all
sources (dark and visible) in an homogeneous Friedman–
Lemaître–Robertson–Walker (FLRW) background metric,
with non–linear dynamics (whether Newtonian or relativis-
tic) needed to explain the observed local structure [12].
The interplay of local and cosmic dynamics at all scales
must comply with the observed anisotropy of the Cos-
mic Microwave Background (CMB) [1–4]. Evidently, this
dynamics depends on the assumptions made on DE and
CDM, which leads to a model dependent power spectrum
that should be contrasted with observations at large scales
and in structure formation (from data and from numeri-
cal simulations). The observed data should provide inter-
esting constraints on assumptions about the dark sources.
In particular, different DE models have been considered
in the linear order perturbation scheme in the literature
[13–16].

Conventionally, structure formation scenarios are studied
by non–linear Newtonian dynamics (analytically [17,18] and
through numerical simulations [19], see review [20]), since
CDM is assumed to be practically pressure–less and DE can
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be modelled (or approximated) by a cosmological constant.
However, once we assume a fully dynamical DE source with
non–trivial pressure and non–trivial interaction with CDM,
it is necessary to utilise General Relativity (whether pertur-
batively or not) to obtain a valid description of its evolution,
since Newtonian gravity can (at best) mimic sources with
pressure when adiabatic conditions are assumed (see discus-
sion in [21]). While considering a scalar field is the most
common approach to dynamical DE, a phenomenological
description by means of fluids with negative pressure can
also be useful. Ideally, fully relativistic inhomogeneous DE
and CDM interacting sources should be examined through
high power numerical relativistic codes (whether assuming
a continuous modelling or N–body simulations). However,
since the latter codes are in their early development stages
[22–25], we can resort to more idealised (yet still relativistic
and non–perturbative) description by means of inhomoge-
neous exact solutions of Einstein’s equations.

In most of the literature the term “Lemaître–Tolman–
Bondi (LTB) models” is broadly understood to denote spher-
ically symmetric exact solutions endowed with the LTB
metric and associated with a pure dust source [26–28].
These solutions have been extensively studied (with zero and
nonzero cosmological constant) and used in a wide range
of astrophysical and cosmological modelling (see extensive
reviews in [29–32]). In particular, a better understanding
of their theoretical properties follows by describing their
dynamics in terms of “quasi–local scalars” [33–36] (to be
denoted henceforth as “q–scalars”), which are related to aver-
ages of standard covariant scalars and satisfy FLRW dynam-
ical equations and scaling laws [35].

Since the deviation from a homogeneous FLRW back-
ground can be uniquely determined (in a covariant man-
ner [35]) by fluctuations that relate the q–scalars and the
standard covariant scalars, the full dynamics of Einstein’s
equations is equivalent to the dynamics of the q–scalars
and their fluctuations (see discussion in [36]). The q–scalars
and their fluctuations allow for a consistent dynamical sys-
tems study of the models (with zero cosmological constant
in [37,38] and nonzero in [39]). An important theoretical
connection with cosmological perturbation theory follows
from the fact that the fluctuations of the q–scalars provide an
exact analytic (and covariant) generalisation of gauge invari-
ant cosmological perturbations in the isochronous gauge
[38,40].

It is less known that LTB metrics admit energy momen-
tum tensors with nonzero pressure in a comoving frame.
For a perfect fluid the pressure must be uniform (zero pres-
sure gradients), which allows to interpret the source as a
mixture composed by a homogeneous DE fluid interact-
ing with inhomogeneous dust representing CDM (see [41]).
For fluids with anisotropic pressure, the latter supports non–
trivial pressure gradients, leading to a similar description in

terms of q–scalars and their fluctuations as in pure dust LTB
models. For anisotropic fluids the anisotropy of the pres-
sure can be related to the fluctuation of the q–scalar associ-
ated with the isotropic pressure. Since setting up fluid mix-
tures is possible and a wide variety of equations of state
are admissible, LTB metrics with these sources have been
used to model inhomogeneous mixtures of DE and CDM
[42,43].

In order to extend earlier work in [42,43] and to explore a
generalisation of previous work in [39] that considered DE as
a cosmological constant, we studied recently [44] a dynam-
ical systems analysis of an LTB interactive mixture of CDM
(dust) and DE (fluid with p/ρ = w, w = const. < −1/3),
under the assumption of an interaction driven by CDM: i.e.
the interaction term J is proportional (via a dimensionless
constant α) to the CDM dust density.

In the present paper we undertake a dynamical systems
analysis of a similar (yet qualitatively different) configura-
tion: we assume the same EOS for CDM and DE, but with
the interaction now driven by DE, with J now proportional
to the DE density. As we show along the paper, the result-
ing evolution is qualitatively different in both cases. Strictly
speaking we should also consider a quasi–homogeneous
radiation source that is dominant in early cosmic times.
However, as we show in Appendix A, the radiation term
does not change the qualitative past evolution and has neg-
ligible effects for large cosmic times. Therefore we will
not consider this source in the analysis of the CDM–DE
mixture.

While the phase space of both (CDM or DE driven) mix-
tures contains as critical points five saddles and past/future
attractors. The attractors have very different properties:

• The CDM driven mixture examined in [44]: the phase
space position of the past attractor (Big Bang) depended
on the parameters α and w. For α > 0 (energy trans-
fer from DE to CDM) the past attractor describes a
well behaved CDM dominated scenario. However, for
α < 0 (energy transfer from CDM to DE) the DE den-
sity became negative in phase space regions around the
past attractor (irrespective of initial conditions), thus sig-
nalling an unphysical past evolution that is inconsistent
with all observational data. This problem was already
noticed in the literature with this type of CDM-DE mix-
tures based on FLRW metrics [1,2,7,8].

• The DE driven mixture examined here. As opposed to
the system in [44], the past attractor is now fixed and the
future attractor depends on the choice of parameters α

and w. Thus, regardless of the sign of α (directionality
of interaction energy flow), the past evolution is now a
physically plausible CDM dominated scenario (compat-
ible with observations) while the position of the future
attractor describes various plausible DE dominated sce-
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narios that depend on the parameter choices. For α < 0
the future attractor is unphysical (CDM density becomes
negative). In this case, the phase space evolution must be
appropriately restricted.

Since all observations examine cosmic evolution along our
past null cone, the physical plausibility of the models must
be determined primarily from their past phase space evolu-
tion (the future evolution is much more open to speculation).
Hence, a comparison between our results and those of [44]
suggests that the DE driven mixture should be favoured, as it
exhibits a wider parameter consistency with a past evolution
compatible with observations.

The plan of the article is summarised as follows. In Sect.
2 we present the q–scalar formalism to set up the evolution
equations of for an LTB metric whose source is a mixture of
CDM and DE with the coupling term proportional to the DE
density. In Sect. 4, the resulting dynamical system is studied
and the critical points are classified for different ranges of
the free parameters. In Sect. 5, we define a set of initial con-
ditions for the system obtained from a general initial profile
and, then, we numerically solve the evolution equations for
it for three different choices of the free parameters leading
to three different evolutions. In Sect. 6, we summarise the
findings. Finally, in Appendix A we prove that adding a radi-
ation source does not change the qualitative evolution of the
CDM-DE mixture. Throughout the paper we consider units
for which c = 1.

2 LTB spacetimes, q–scalar variables and coupled dark
energy model

Following the methodology described in [42,43] (sum-
marised in [44]), we consider a LTB metric in a comoving
frame given by

ds2 = −dt2 + R′2 dr2

1 − K
+ R2[dθ2 + sin2 θ dφ2], (1)

where R = R(t, r), R′ = ∂R/∂r , K = K (r), with the total
energy–momentum tensor given by

T ab = ρuaub+phab+�ab, ua = δat , hab = gab+uaub,

(2)

where ρ(t, r) and p(t, r) are the total energy density and
isotropic pressure, while the traceless anisotropic pressure
tensor is �a

b = P(t, r) × diag[0,− 2, 1, 1]. Structure for-
mation in standard cosmology occurs when expansion of the
universe is ruled out by non-relativistic matter (dust) and the
radiation source present has a much smaller energy density

than the dust source. Since we are interested in structure for-
mation scenarios in LTB metrics, we assume that the energy–
momentum of our metric is a CDM and DE fluid mixture with
the following decomposition of (2)1

T ab = T ab
(m) + T ab

(e) ⇒ ρ = ρ(m) + ρ(e),

p = p(m) + p(e), P = P(m) + P(e), (3)

where the indices “(m)” and “(e)” (whether above or below)
respectively denote the CDM and DE mixture components
(we adopt this convention henceforth).

The total energy–momentum tensor is conserved: ∇b

T ab = 0, but the decomposition above leads to the con-
servation law for the mixture components

∇bT
ab
(m) = ja = −∇bT

ab
(e) , (4)

where ja is the coupling current that characterises the inter-
action of both sources. In order to keep the symmetry of the
metric, we assume that this current is a vector parallel to
the 4–velocity, so that ja = Jua and hca ja = 0 hold. The
projection along ua is

ua∇bT
ab
m = J = −ua∇bT

ab
e . (5)

while the spatially projected conservation equation hac∇b

T ab = 0 holds for all the evolution.
We have now five state variables A = ρ(m), ρ(e), p(m),

p(e), J which depend on (t, r). As shown in [42–44], we
associate to each of them a q–scalar Aq and a fluctuation δA

by the following rule2

A �→ Aq =
∫ r

0 A R2 R′ dx
∫ r

0 R2 R′ dx
,

δA = A − Aq

Aq
= A′

q/Aq

3R′/R
, (6)

where the lower bound of the integrals above x = 0 marks
a symmetry centre such that R(t, 0) = Ṙ(t, 0) = 0, with
Ṙ = ua∇a R = ∂R/∂t . In particular, it is straightforward to
show (see [43]) that

p(m)
q = p(m) − 2P(m), δ

p
(m) = 2P(m),

p(e)
q = p(e) − 2P(e), δ

p
(e) = 2P(e). (7)

Other covariant scalars associated with (1) and (2) are the
Hubble expansion scalarH = (1/3)∇aua = (R2R′) /̇(R2R′)

1 Strictly speaking we would have to include a radiation source that is
nearly homogeneous to account for a radiation dominated era at early
cosmic times. We have not include this source in (3) because, as shown in
Appendix A, it does not introduce significant changes in the qualitative
behaviour of the solutions.
2 Notice that Aq is related to the proper volume average of A with
weight factor

√
1 + K . See comprehensive discussion in [35].
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and the spatial curvature K = (1/6)3R = 2(K R)′/(R2R′),
where 3R is the Ricci scalar of constant t hypersurfaces.
Their respective q–scalars are given by

Hq = Ṙ

R
, Kq = K

R2 . (8)

while for the interaction term we have J = Jq(1 + δ J ),
whose dependence on state variables will be determined fur-
ther ahead.

For the mixture (3) to describe CDM and DE we will
choose the following equations of state (EOS) (the same as
in [44]):

CDM (dust): p(m) = 0 ⇒ δ
p
(m) = 0, (9)

DE (barotropic fluid): p(e) = wρ(e) ⇒ δ
p
(e) = δ

ρ

(e),

(10)

where we have assumed that w = p(e)/ρ(e) < −1/3 is a
constant. Given the EOS’s (9) and (10), we will adopt the
following convention

δm ≡ δ
ρ

(m), δe ≡ δ
ρ

(e). (11)

Notice that (7) and (10) imply that only the DE source con-
tributes to the anisotropic pressure: P = P(e) = δ

p
(e)/2.

As shown in [42–44] Einstein’s equations reduce to the
following system of evolution equations3

Ḣq = −H2
q − κ

6

[
ρ(m)
q + (1 + 3 w )ρ(e)

q

]
, (12a)

˙
ρ

(m)
q = − 3Hq ρ(m)

q + Jq , (12b)

˙
ρ

(e)
q = − 3Hq (1 + w) ρ(e)

q − Jq , (12c)

δ̇m = − 3Hq
(
1 + δm

)
δH − Jq

ρ
(m)
q

(
δm − δ J

)
, (12d)

δ̇e = − 3Hq
(
1 + w + δe

)
δH + Jq

ρ
(e)
q

(
δe − δ J

)
,

(12e)
˙δH = −Hqδ

H (
1 + 3δH

)
+ κ

6Hq

[
ρ(m)
q

(
δH − δm

)

+ (1 + 3w)ρ(e)
q

(
δH − δe

)]
, (12f)

together with the algebraic constraints

H2
q = κ

3

(
ρ(m)
q + ρ(e)

q

)
− Kq , (13)

2H2
qδ

H = κ

3

(
ρ(m)
q δm + ρ(e)

q δe
)

− Kqδ
k . (14)

3 The system (12a)–(12f) can be used to determine the metric coeffi-
cients R and R′ in (1) by supplying the following two evolution equa-
tions Ṙ = RHq , 
̇ = 
Hqδ

H with 
 = R′/R, which follow from
the first equation in (8) and the second equation in (6) for A = H.

where κ = 8π G/3, (14) follows from (13) by applying the
second rule of (6), δk = (K − Kq)/Kq , while Jq is the q–
scalar associated (via (6)) to the energy density flux defined
from the (or defining a) local J .

Notice that (13) is the quasi–local Hamiltonian constraint,
which (from (8)) takes the functional form of an FLRW Fried-
man equation. Also, the evolution Eqs. (12a–12c) for the
q–scalars Hq , ρ

(e)
q , ρ

(m)
q are formally equivalent to FLRW

equations for a CDM-DE mixture with EOS (9) and (10).
This reinforces the interpretation of the q–scalars as aver-
aged LTB scalars that mimic at every comoving shell r = ri
the corresponding scalars of an FLRW background metric.
In fact, as shown in [33], an asymptotic FLRW background
follows as all fluctuations δm, δe δH, δ J vanish in the limit
r → ∞ for all t , which is equivalent to the fact that in this
limit the full system above reduces to the FLRW evolution
Eqs. (12a–12c) and the Friedman equation in (13).

The autonomous system (12a–12f) can be solved numeri-
cally for a choice of w and Jq , which determines δ J through
(6). In the present work we will consider an interaction term
Jq proportional to the DE density and Hubble q–scalars as
follows:

Jq = 3 αHq ρ(e)
q ⇒ δ J = δH + δe, (15)

where α is an dimensionless coupling constant. Note that the
interaction energy flows from DE to CDM for α > 0 and
from CDM to DE for α < 0.

Interactive mixtures with the EOS (9) and (10) and the
interaction energy flux term (15) were considered for an
FLRW cosmology in [1,2,13,15]. This type of FLRW models
provide background for a first order gauge invariant pertur-
bation treatment that yields linear evolution equations for the
associated perturbations of all sources, including the interac-
tion term J , which can be considered as a phenomenological
“black box” or (ideally in principle) related to some (yet
unknown) early Universe physics.

As shown in [40], the dynamics of LTB metrics in the
q–scalar formalism yields (through evolution equations like
(12a–12f)) an exact non–linear generalisation of linear gauge
invariant cosmological perturbations in the isochronous
gauge (for any source compatible with the LTB metric). The
advantage of using numerical solutions of (12a–12f) lies in
the possibility to examine in the non–linear regime the con-
nection between the assumptions on the CDM–DE interac-
tion mediated by J and observations on structure formation
in the galactic and galactic cluster and supercluster scales.

3 The dynamical system

The q–scalar formalism described in the previous section
allows us to define suitable dimensionless functions that
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transform the system (12a–12f) into an autonomous five-
dimensional dynamical system that is amenable to a quali-
tative phase space analysis, analogous to that undertaken in
[44].

For the density scalar functions we define below the fol-
lowing q–scalars that are analogous to the � factors in FLRW
cosmologies

�m
q = κρ

(m)
q

3H2
q

,
�̇m

q

Hq
= κ

˙
ρ

(m)
q

3H3
q

− �m
q Ḣq

Hq
, (16a)

�e
q = κρ

(e)
q

3H2
q

,
�̇e

q

Hq
= κ

˙
ρ

(e)
q

3H3
q

− �e
qḢq

Hq
, (16b)

transforming the Hamiltonian constraints in (13)–(14) into
the following elegant forms

�m
q + �e

q − 1 = �k
q , �k

q = Kq

H2
q
, (17)

2δH = �m
q δm + �e

q δe − �k
q δk . (18)

Next, we introduce a dimensionless coordinate ξ(t, r) that
will serve as the phase space evolution parameter, so that for
all comoving curves r = ri we have

∂

∂ξ
= 1

Hq

∂

∂t
. (19)

In terms of ξ and using the interaction term defined in
(15), the system (12a–12f) is transformed into the follow-
ing dynamical system

∂�m
q

∂ξ
= �m

q

[
−1 + �m

q + (1 + 3 w) �e
q

]
+ 3 α�e

q , (20a)

∂�e
q

∂ξ
= �e

q

[
(1 + 3 w)

(
−1 + �e

q

)
+ �m

q − 3 α
]
, (20b)

∂δm

∂ξ
= −3 δH

(
1 + δm

) + 3α
�e

q

�m
q

(
δe + δH − δm

)
,

(20c)
∂δe

∂ξ
= −3δH

(
1 + w + δe + α

)
, (20d)

∂δH

∂ξ
= −δH

(
1 + 3δH

)
+ �m

q

(
δH − δm

)

2

+ (1 + 3 w) �e
q

(
δH − δe

)

2
. (20e)

The system (20a–20e) can be solved numerically for a set
of initial conditions for every comoving shell r = ri once
we fix the free parameters of the model, w and α. We can
compute afterwards Hq(ξ, ri ) from

∂Hq

∂ξ
= Ḣq

Hq
= −Hq

(

1 + 1

2
�m

q + 1 + 3w

2
�e

q

)

. (21)

Once we have computed the phase space variables �m
q , �e

q ,

δm, δe, δH, all relevant quantities can be obtained: The q–
scalars associated with the CDM and DE densities and the
spatial curvature and its fluctuation δk follow directly from
(16a)–(16b), (17), (18) and (21), while all local quantities
follow from A = Aq(1 + δA) for A = H, K, ρ(m), ρ(e), J .

Additionally, it is possible to recover physical time from
the phase space evolution parameter ξ(t, r) from evaluating
at each fixed r = ri ,

t (ri ) =
∫ ξ(t,ri )

0

dξ ′

Hq(ξ ′, ri )
, (22)

though it is important to bear in mind that hypersurfaces of
constant ξ and t do not coincide, thus for every scalar A
we have [∂A/∂r ]t 
= [∂A/∂r ]ξ (the appropriate integrabil-
ity conditions are discussed in detail in [39]). Taking this
into account, the LTB metric functions follow from evaluat-
ing R = exp

(∫ Hqdt
)

and R′ = R exp
(− ∫ Hqδ

Hdt
)

for
Hq , δH as functions of (t, r).

3.1 Homogeneous and inhomogeneous subspaces

As in [39,44], we can split the phase space of (20a–20e) into
two interrelated projection subspaces:

The homogeneous subspace It is defined by the phase
space variables �m

q and �e
q , since they are fully deter-

mined by the evolution equations (20a)–(20b), which do
not involve the other phase space variables δm, δe, δH.
In fact, for every trajectory (fixed r ) these evolution equa-
tions are formally identical to FLRW equations for the
analogous variables.4

The inhomogeneous subspace It is defined by the remain-
ing three phase space variables δm, δe, δH, as these pro-
vide a measure of the departure of the local scalars from
their homogeneous FLRW counterparts.

The study of the phase space will be undertaken by looking
at its trajectories in terms of these two projections.

3.2 Critical points

The critical points of the system (20a–20e) and their respec-
tive eigenvalues are shown in Table 1. As expected, they
depend on the free parameters w and α, save for PC1. The
critical point PC1 is in fact a line parallel to the δe axis. The

4 Including a quasi–homogeneous radiation source leads to a 3–
dimensional homogeneous subspace. We show in Appendix A that this
extra degree of freedom does not introduce significant changes in the
qualitative phase space evolution of �m

q and �e
q .
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Table 1 The critical points and their respective eigenvalues of the system (20a–20e)

Critical points
(
�m

q , �e
q , δ

m , δe, δH
)

Eigenvalues

PC1 (1, 0, 0, δearbitrary, 0) λ1 = 0, λ2 = − 3
2 , λ3 = −3 (w + α), λ4 = λ5 = 1.

PC2
(
1, 0, −1, −(1 + w + α), − 1

2

)
λ1 = −3 (w + α), λ2 = λ3 = 3

2 , λ4 = 5
2 , λ5 = 1.

PC3
(
1, 0, −1, −(1 + w + α), 1

3

)
λ1 = −3 (w + α), λ2 = − 5

2 , λ3 = 1, λ4 = λ5 = −1.

PC4
(− α

w
, 1 + α

w
, 0, 0, 0

)
λ1 = λ2 = 1 + 3(w + α), λ3 = λ4 = 3(w + α),

λ5 = − 3
2 (1 + w + α) .

PC5
(
− α

w
, 1 + α

w
,− 4 w α+3 w2+α2+α+w

α
,−(1 + w + α), w + α

)
λ1 = 1, λ2 = 1 + 3( α + w), λ3 = − 3

2 (1 + 3(w + α)) ,

λ4 = 3(w + α), λ5 = −3(w + α)

PC6
(− α

w
, 1 + α

w
, −(1 + w + α), −(1 + w + α), − 1

2 (1 + w + α)
)

λ1 = 1 + 3 (α + w), λ2 = 3
2 (1 + w + α),

λ3 = 5+9 (w+α)
2 ,

λ4 = 3
2 (1 + 3(w + α)) , λ5 = 3 (w + α).

PC7
(− α

w
, 1 + α

w
, −(1 + w + α), −(1 + w + α), 1

3 + α + w
)

λ1 = −1 − 3 (w + α), λ2 = −1,

λ3 = 1 + 3 (w + α), λ4 = − 5+9 (w+α)
2 , λ5 = 3(w + α)

Fig. 1 a Critical points and numerical trajectories of the dynamical
system (20a–20e) in the homogeneous projection for α = 0.1 and
w = −1.0. For other choices of the parameters with α > 0 the point
PCA will be in a different position, and, consequently, the invariant
line will have a different slope. For some initial conditions choice, the
trajectory evolves to the future attractor PCA from the �m

q = 0 axis or

from the past attractor PCA, or it diverges. bCritical points and numer-
ical trajectories of the dynamical system (20a–20e) in the homogeneous
projection for α = −0.1 and w = −1.0. For some initial conditions
choice the trajectory evolves to �m

q = 0 axis in the future, or it diverges

eigenvalue λ1 of PC1 is zero, corresponding to a eigenvec-
tor that is also parallel to the δe axis, indicating that near
the line there is no evolution of the space phase trajectory
in that direction. For α < 0, the critical points PC4, PC5,
PC6 and PC7 are non physical as their component �m

q is
negative, which means the CDM energy density should be
negative. We will examine below the homogeneous subspace
closely.

3.3 Homogeneous subspace

The homogeneous subsystem for α > 0 has the following
critical points (see Fig. 1):

• future attractor: PCA = [�m
q ,�e

q ]PCA = [−α/w, 1 +
α/w]

• past attractor: PCR = [�m
q ,�e

q ]PCR = [1, 0]
• saddle point: PCS = [�m

q ,�e
q ]PCS = [0, 0].

Both, PCA and PCR can be considered as critical points of
the phase space that would result from an FLRW model, or as
a projection of the PC1−PC7 points over the [�m

q ,�e
q ] sub-

space in a full five-dimensional representation. In the former
case, the trajectories in the phase-space are computed for a
given set of initial conditions with δm = δe = δH = 0
and live completely in the homogeneous space, while in the
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later case the trajectories are computed with a general choice
of δm, δe and δH and are represented in the homogeneous
subspace as projections of the five–dimensional space trajec-
tories over the [�m

q ,�e
q ] subspace. Additionally, in a simi-

lar way as in the interaction used in [44], we have a one–
dimensional invariant subspace (a line) given in this case by

�e
q = −w + α

α
�m

q ⇒ ∂

∂ξ

(

�̂e + w + α

α
�̂m

)

= 0,

(23)

where we used (20a–20b). This invariant line contains both
the saddle point and the future attractor. Hence, the system
can evolve from the saddle point to the future attractor (for
initial conditions with �m

q (0) < −α/w), or from past infin-
ity (ξ → −∞) to the future attractor (for �m

q (0) > −α/w).
The [�m

q ,�e
q ] plane is divided in two regions by this invariant

line: the region where trajectories evolve from the �m
q = 0

axis to the future attractor and the region where the trajec-
tories evolve from the past attractor. The later region con-
tains part of the attraction basin of PCA: trajectories that
evolve from the past attractor to the future attractor, repre-
senting an ever expanding scenario where initially there is
only CDE with CDM density increasing from the interaction
with DE. This region also contains trajectories for which
�m

q , �e
q → ∞, which correspond to comoving layers that

bounce (since �m
q , �e

q diverge as Hq → 0). We will not
consider the evolution of such trajectories.

For α < 0 the future attractor PCA lies in an unphysical
phase space region marked by negative �m

q . For trajecto-
ries emerging from the past attractor the physical evolution,
which can only be defined up to the invariant line, describes
an expanding scenario in which energy density flows from the
CDM to the DE component until the CDM density vanishes
on the comoving shells (at different times for different shells).
However, the fact that the past evolution is not unphysical
makes the coupling term (15) acceptable also when α < 0, as
has been stated in the literature [45] deling with these CDM-
DE mixtures in FLRW cosmologies. This stands in sharp
contrast with the coupling used in [44], where α < 0 leads
to grossly unphysical past evolution, which implies consid-
ering only the coupling with α > 0 (as in FLRW cosmology
scenarios).

In [46], the authors define the ratio between CDM and DE
energy densities ρm/ρe in a FLRW homogeneous model. For
an interacting term proportional to the DE energy density,
they show that the ratio is positive defined, and decreases
from infinity monotonously as the universes expands. Given
that for every shell of our LTB metric we have an homoge-
neous subsystem, we can define the same ratio for the q-scalar
densities at every shell as ρ

(m)
q /ρ

(e)
q = �m

q /�e
q and the evo-

lution of every shell can be deduced from the trajectories in

the homogeneous phase space. For α > 0, the shells whose
trajectories evolve from the past attractor to the future attrac-
tor present a ratio that is positive defined and decreases from
infinity (as �e

q = 0 for the past attractor) asymptotically to a
constant value given by α/(α − w) (as the shell reaches the
future attractor). For the shells whose trajectories evolve from
the �m

q = 0 axis to the future attractor, the ratio increases
from null to a future value given by α/(α − w). Finally, for
the shells whose trajectories evolve to infinity, the ratio will
decrease from infinity (at the past attractor) to a different
positive constant value at the instant the shell bounces. For
α < 0, all the shells have trajectories that evolve from the
past attractor, for which the ratio diverges. For the trajecto-
ries in the α < 0 case that evolve to the �m

q = 0 axis, the
ratio will decrease asymptotically to null, while for the shells
that bounce the ratio will evolve to a fixed positive ratio.

3.4 Initial conditions, scaling laws and singularities

To specify initial conditions to integrate the dynamical sys-
tem (20a)–(20e) we need to provide an initial value formu-
lation for the LTB models under consideration. Proceeding
as in [44], we specify initial conditions given at an arbitrary
hypersurface t = t0 (subindex 0 will denote henceforth eval-
uation at t = t0). It is useful to write LTB metric (1) in the
following FLRW–like form

ds2 = −dt2 + L2

[

2 R′

0
2dr2

1 − Kq0R2
0

+ R2
0 (dθ2 + sin2 θdφ2)

]

,

(24)


 = 1 + L ′/L
R′

0/R0
, (25)

where L = L(t, r) is analogous to the FLRW scale factor.
Since the LTB metric admit an arbitrary rescaling of the radial
coordinate, we can always define a convenient radial coordi-
nate by specific choices of R0(r). We can identify L = 0 as
the locus of the Big Bang singularity, while 
 = 0 marks the
locus of a shell crossing singularity [39].

From (8), (12a), (12b) and (12c) we can see how the q–
scalars scale as their equivalent FLRW scalars, that is

Kq = Kq0

L2 , ρ(m)
q = ρ

(m)
q0

L3

[

1 + α

w + α

(

1 − 1

L1+w+α

)]

, ρ(e)
q

= ρ
(e)
q0

L3(1+w+α)
, (26)

which lead to

H2
q =

(
L̇

L

)2

= κ

3L3

{

ρ
(m)
q0

[

1 + α

w + α
(1

− 1

L1+w+α

)]

+ ρ
(e)
q0

L1+w+α

}

− Kq0

L2 , (27)
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Initial conditions to integrate the system (20a–20e) fol-
low from specifying initial profiles ρ

(m)
0 (r), ρ(e)

0 (r) and
K0(r) and a given choice of R0(r). The initial profiles of
the q–scalars ρ

(m)
q0 (r), ρ

(e)
q0 (r), Kq0(r) and the fluctuations

δm0 , δe0, δH0 follow directly from (6) with R = R0. For sim-
plicity, ξ can take as initial value ξ0 = ξ(t0, r) = 0 for all
r , which sets the initial conditions for the dynamical sys-
tem: �m

q0 = �m
q (0, r), �e

q0 = �e
q(0, r), δm0 = δm(0, r),

δe0 = δe(0, r) and δH0 = δH(0, r). This choice of initial
value of ξ means that ξ = 0 and t = t0 mark the same
hypersurface, though hypersurfaces of constant t and ξ are
different for ξ 
= 0 and t 
= t0.

Whether comoving shells expand or bounce/recollapse
can be determined from (27) by looking at the roots of Hq

through L̇2 = L−1Q(L) where

Q(L) = L3H2
q = H2

q0

[

a + b

L3(w+α)
+ cL

]

= H2
q0

[
a + b e−3(w+α)ξ + c eξ

]
, (28)

with: a = �m
q0 + α �e

q0

w + α
, b = w �e

q0

w + α
, c

= 1 − �e
q0 − �m

q0 = �k
q0. (29)

where we used the fact that dξ = Hqdt leads to ξ = ln(L).
For each choice of initial conditions �m

q0, �e
q0 and free

parameters w and α, if Q(L) has real roots for a given comov-
ing shell, the latter will bounce at the value of ξ where Q = 0.
Conversely, if Q(L) has no real roots the layer has an ever
expanding evolution. For the remaining of the paper we will
only consider the phase space evolution of expanding layers.

To obtain analytic solutions we need to solve (27) and
obtain 
 from the relation L ′/L = R′

0(
 −1)/R0, where the
radial derivatives must be evaluated for constant t (see [44])).
The scaling laws for the fluctuations can be found from (26).
For example, using the definition of δe, it is straightforward
to show that

δe = −(1 + w + α) + 1 + w + α + δe0



⇒ 


= 1 + w + α + δe0

1 + w + α + δe
, (30)

which can (in principle) be used to evaluate 
 once we have a
solution t = t (L , r) of (27). Since analytic solutions of (27)
may only exist for very restricted values of α,w, scaling
laws like (30) are not useful. In general, the evolution of the
models needs to be determined numerically.

If 
 = 0 we have a shell crossing singularity, which means
that initial conditions should be found to avoid this happening
(it is not possible to provide simple guidelines for this, as
in dust solutions with zero cosmological constant, see [29–
31,34]). As shown in previous work (for example [44]) the q–
scalar formalism fails at shell crossing singularities because

the fluctuations δm, δe, δH diverge. Hence, we will select
initial conditions such that shell crossings are avoided: 
 > 0
holds throughout the full phase space evolution.

4 Critical points in terms of the parameters w and α

In this section the critical points of the system are studied
for different possibilities of the free parameters w and α. As
both parameters are widely used in the FLRW model, we will
consider a parameter range that is common in Cosmology.

The constant EOS parameter w plays a similar role as
in analogous CDM-DE mixtures based on FLRW models.
While observational data seems to favor the �–CDM model
for which w = −1 holds exactly, small variations from this
value are still possible [4]. We will henceforth adopt the cur-
rent terminology, in the literature by referring to DE with
w > −1 as “quintessence models” and w < −1 as “phan-
tom models”. The latter models present several theoretical
problems, such as the violation of the second law of thermo-
dynamics once we assign an entropy to the phantom fluid, or
the presence of a negative kinetic energy of the phantom field
term (when described by a scalar field) [1,2]. In this article
we will consider quintessence and phantom models with w

close to −1.
Considering the same interaction in the present article,

the CDM–DE mixture in FLRW geometry examined in [48]
finds that the second law of thermodynamics (based on the
entropy of DE as an effective field) is violated if α < 0,
while the entropy is zero for a scalar field in a pure quan-
tum state. In [6,13,14] and for a similar coupling term with
positive defined coupling constant, the authors find that the
observational data suggest that α is smaller than 0.003 to
1σ , and smaller than 0.01 to 2σ , while a value of order 0.1
is ruled out at better than 99.95%. On the other hand, in
[49] the evolution of linear perturbations in a FLRW back-
ground sharing our assumptions on CDM, DE and Jq leads
to the bounds − 0.22 > 3α > − 0.90 to comply with the
constraints of CMB anisotropy. These results are specially
interesting, since the dynamics of LTB solutions described
by q–scalars and their fluctuations can be mapped to linear
perturbation on an FLRW background [40]. While the spher-
ical symmetry of LTB models allows for the description of a
single structure, the latter can be studied exactly in full non–
linear regime. In the present paper we will assume positive
and negative values of α. For the positive values, we will
assume α = 0.1, even if the observational data suggest it is
a too high value for a similar but not equal coupling term
[6,13,14], for illustrative purposes.

The critical points PC4 − PC7 share the values �m
q =

−α/w and �e
q = 1 − α/w of the homogeneous projection,

but are distinct in the inhomogeneous projection coordinates.
The points PC5 and PC7 are always saddle points in the
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range of free parameters considered. For a choice of parame-
ters such that 1+w+α > 0, the critical point PC4 is a future
attractor as all their eigenvalues are negative defined, while
PC6 is saddle point. On the other hand, when 1+w + α = 0,
PC6 has the same components as PC4, and behaves as a non
hyperbolic point as one of its eigenvalues are null while the
rest are negative defined. Finally, for 1 + w + α < 0, PC6
is the future attractor while PC4 is a saddle point.

Figure 1 shows the homogeneous subspace together with
the critical points PCR, PCA, PCS and the invariant line
for both cases: α > 0 in panel (a) (in this case we have
chosen α = 0.1 and w = −1), and α < 0 in panel (b)(α =
−0.1 and w = −1). Some numerically computed trajectories
are shown for illustration purposes only. We have chosen
to represent arctan(�m

q ) vs. arctan �e
q in order to deal with

finite values in the plots. The same criterion is used for the
rest of the homogeneous projection plots.

Figure 2 shows the two inhomogeneous projections of the
system (20a–20e) and some numerically computed trajec-
tories. Panel (a), (b) and (c) represent the projection with
�m

q = −α/w and �e
q = 1 − α/w and the critical points

PC4, PC6 and PC7 for different choices of w and α > 0:
panel (a) shows a set of parameters where 1 + w + α > 0
and the future attractor is PC4; panel (b) shows a set with
1 + w + α = 0 where PC4 and PC6 are the same point;
and, finally, panel (c) shows a set of parameters is represented
where 1 + w + α < 0 and the future attractor is PC6. The
critical point PC5 is not represented as it is always a saddle
point with a large δm component, far away from the rest of
points. Panel (d) shows the projection �m

q = 1 and �e
q = 0

for α = 0.1 and w = −1, although choosing a different
value of w and α will not change the general behavior of the
points or the trajectories. The projection with �m

q = −α/w

and �e
q = 1 − α/w will be unphysical when α < 0. The

projection �m
q = 1 and �e

q = 0, on the other hand, will
be physically plausible and phenomenologically identical to
that in panel 2d in the α > 0 case.

4.1 Energy density flow from DE to CDM (α > 0)

In this case all seven critical points are physical. The attractor
is a different point for the different choices of w and α, as
stated above. The presence of a future attractor for α > 0
allow us to find initial profiles that present inhomogeneities
in the attraction basin of it, i.e the fluctuations (δ functions)
evolving to constant values given by the components of the
corresponding critical point. This behaviour is examined fur-
ther ahead.

4.1.1 Quintessence and cosmological constant cases

When w ≥ −1 and α > 0, the critical point PC4 acts as a
future attractor and the trajectories nearby evolve to it. On the

other hand, the critical point PC2 is a past attractor as all the
eigenvalues of the system computed near PC2 have positive
values. The rest of the critical points are saddle points with
their own attraction subspace generated by the corresponding
eigenvectors.

Panel 1a shows the homogeneous subspace for w = −1:
it is formally identical to that of the w > −1 case, except
for the position of the future attractor and the shape of the
invariant line. In the panel 2a, the inhomogeneous projection
�m

q = −α/w and �e
q = 1 − α/w is shown for the w > −1

case. The attractor PC4 is also shown together with some
trajectories in its vicinity that evolve to it. Also, the saddle
points PC6 and PC7 are displayed (the point PC5 is not
shown given that it is located far away and is always a saddle
point). Finally, panel 2d displays the inhomogeneous sub-
space with �m

q = 1, �e
q = 0, plotted for the w = −1 case

but, again, it is phenomenologically identical to the w > −1
case. In this projection the past attractor PC2 and the saddle
points PC1, PC3 are also displayed.

4.1.2 Phantom dark energy case

The points PC4 and PC6 can be (respectively) a future
attractor and a saddle point when 1 + w + α > 0 or
(respectively) a saddle point and a future attractor when
1 + w + α < 0. Finally, when 1 + w + α = 0 both points
have the same coordinates and the point is non-hyperbolic,
i.e. it is an attractor in some directions and there is no evolu-
tion near it in other directions. The rest of points behave in
a similar way as in the previous cases for any choice of free
parameters.

The homogeneous subspace is identical to that of panel 1a
except for the position of the PCR point and the slope of the
invariant line. In the panel 2c, the inhomogeneous projection
�m

q = −α/w and �e
q = 1 − α/w is displayed for a choice

satisfying 1+w+α < 0. The point PC4 is a saddle point and
the point PC6 is now the attractor of the system, in contrast
with the case 1 + w + α < 0 that will be similar to the
quintessence and cosmological constant cases. Finally, the
inhomogeneous subspace with �m

q = 1, �e
q = 0 is as in the

previous case similar to that in 2d.

4.2 Energy density flow from CDM to DE (α < 0)

When α < 0, the energy flows from the CDM to DE. In
this case only PC1, PC2 and PC3 have physical meaning
while the rest of the points represent values with �m

q < 0.
In the homogeneous subsystem, the future attractor PCA is
no longer physical and consequently the invariant line is also
non physical. The trajectories in the homogeneous subsystem
evolve from the past attractor to the �m

q = 0 axis or to infinity.
When a given shell reaches the �m

q = 0 axis, we can assume
that the CDM content of that shell has been consumed by the
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Fig. 2 Critical points and numerical trajectories of the dynamical sys-
tem (20a–20e) in the inhomogeneous projections. a Inhomogeneous
subspace δm vs. δe vs. δH with �m

q = −α/w and �e
q = 1 − α/w for

α = 0.1 and w = −0.9. b Inhomogeneous subspace δm vs. δe vs. δH

with �m
q = −α/w and �e

q = 1 − α/w for α = 0.1 and w = −1.0.

c Inhomogeneous subspace δm vs. δe vs. δH with �m
q = −α/w and

�e
q = 1 − α/w for α = 0.1 and w = − 1.15. d Inhomogeneous sub-

space δm vs. δe vs. δH with �m
q = 1 y �e

q = 0 for α = 0.1 and
w = −1.0

coupling term. Such points occur at different values of ξ (and
thus different cosmic times). The evolution of the mixture is
only physically meaningful up to these points.

There is no significative difference between the homoge-
neous space for the different possibilities of the parameter w.
Although the trajectories follow a different curve for every
choice of w and α, they all evolve form the critical point
PCR. Panel 1b shows schematically the homogeneous sub-
space for α < 0. The behavior of PC1, PC2 and PC3 in the

inhomogeneous subspace with �m
q = 1,�e

q = 0 is identical
to the α > 0 case, plotted in the panel d of Fig. 2.

The lack of future attractor for the δA functions (A =
m, e,H, phase space variables of the inhomogeneous sub-
space) in this case makes it possible for some of their ini-
tial profiles to make them evolve: to infinity (shell cross-
ing), or to some δA < −1. From their definition in (6) the
values δA = −1 imply A = 0 if Aq 
= 0 (we assume

A = ρ
(m)
q , ρ

(e)
q , H to be positive). Consequently, it is not

123



Eur. Phys. J. C (2018) 78 :233 Page 11 of 18 233

possible to keep an evolution with a δA for more negative
values than the limit −1, as this would imply negative local
densities. We can argue that the evolution equations yield
unphysical conditions if (somehow) δm, δe < −1 holds. In
the next section, we explore this problem for a specific initial
profile.

5 Numerical example of idealised structure formation
scenarios

In this section we consider suitable initial profiles of local
densities and spatial curvature to obtain a numerical exam-
ple of potentially interesting structure formation scenarios.
In each case we choose an appropriate form for R0(r) defined
for the interval r ∈ [0, rmax] and examine the evolution equa-
tions for fixed values of r specified by a partition of n ele-
ments in this interval.

To look at the numerical evolution of the initial pro-
files we define the dimensionless time parameter (different
from ξ ) given by t̄ = Hst where Hs is an arbitrary con-
stant with time inverse dimensions (in cosmological appli-
cations it is customary to choose Hs = H0). This rescaling
of time introduces a rescaling of the remaining variables:
H̄q = Hq/Hs, κ ¯ρ(m)/3 = κρ(m)/(3H2

s ), κ ¯ρ(e)/3 =
κρ(e)/(3H2

s ). For simplicity we will drop the bars on the
normalised variables and will set the arbitrary scale as
Hs = 1, which fixes the energy density normalisation scale
as κ/(3H2

s ) = 1 (see [44]).

In order for the initial profiles to define a structure forma-
tion scenario we need some of the “inner” shells (values of r
around the symmetry centre r = 0) that initially expand, but
at some t bounce and collapse (Hq changes sign from posi-
tive to negative), whereas “outer” shells continue expanding
(Hq > 0 holds for all t). The bounce is defined by Hq = 0,
hence we can define for each r a value t = tmax(r) such that
Hq(tmax(r), r) = 0. Notice that the dynamical systems study
we have undertaken does not examine phase space trajecto-
ries of shells that have bounced and then collapse (Hq → 0
evolving towards Hq < 0), as both coordinates [�m

q , �e
q ]

of the homogeneous projection diverge as Hq → 0. The
numerical study given in this section will compensate for
this deficiency.

For the mixed expanding/collapsing type of evolution
described above we need the following homogeneous sub-
space trajectories: (1) the outer ever expanding shells must
evolve from the past to the future attractor (or to the �e

q
axis when α < 0); (2) inner shells must evolve from the
past attractor to infinity �e

q , �m
q → ∞ as t → tmax. For a

bounce/collapse regime (and pending on specific initial con-
ditions), the variables of the inhomogeneous subspace could
also diverge or not evolve to the future attractor.

As mentioned before, if δA = −1 on a given shell and
Aq 
= 0, then A = 0, which for positive definite quantities
(densities) implies that the LTB dynamical yield an unphys-
ical evolution for decreasing δA < −1. This problem tends
to occur specially in the cases with α < 0, when no physical
attractor is present, but it may also occur for some configura-
tions in the α > 0 cases, where the inhomogeneous attractor

Fig. 3 a Homogeneous projection of the trajectories of the system
(20a–20e) for the different shells of the configuration with initial con-
ditions given by (31) and w = −1.0, α = 0.1. The grey line represents
the invariant line for this choice of parameters. The points represents

the initial values of �m
q and �e

q for each shell r = ri . b Inhomogeneous
trajectory of the system for the different shells with initial conditions
represented as red dots. Refer to the text for a detailed discussion of the
panels
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Fig. 4 Local profiles of different scalar functions for the configuration with initial conditions given by (31) and w = −1.0, α = 0.1 at different
instants of time. a local scalar H. b local scalar ρ(m). c local scalar ρ(e). d scalar J . Refer to the text for a detailed discussion of the panels

is physical but the initial profiles were set with the initial δA

functions out of its attraction basin.
We have chosen the following initial profiles to be used to

probe the models for three different sets of free parameters
α, w

ρ
(m)
0 = m10 + m11 − m10

1 + tan(r)3 , m10 = 0.00, m11 = 9.10;
ρ

(e)
0 = 0.55;
K0 = k10 + k11 − k10

1 + tan(r)2 , k10 = −4.10, k11 = 7.50;
(31)

together with the coordinate choice R0(r) = tan(r). Hence,
we consider a partition of n = 20 elements for r going from
0 to π/2.

5.1 Positive α and 1 + w + α > 0

Considering the numerical values α = 0.1 and w = −1
together with the configuration (31), the shells r1−6 of the
partition collapse while the rest evolve to the future attrac-
tor PC4, as the initial values for all the shells are in the
attraction basin of PC4. Figure 3a shows the homogeneous
projection of the configuration with the invariant line of the
system in grey, and the initial conditions for every shell as
red points. Figure 3b shows the inhomogeneous projection
of the trajectories, and the initial conditions as red points.

Figure 4 displays the radial profiles of the local scalars
A = H, ρ(m), ρ(e) and J at different instants of time in the
plane arctan(A) vs. arctan(R0(r)). For t = 0.50 no shell
has collapsed yet, for t = 0.70 shells 1, 2 have collapsed,
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Fig. 5 a Homogeneous projection of the trajectories of the system
(20a–20e) for the different shells of the configuration with initial con-
ditions given by (31) and w = −1.0, α = 0.1. The grey line represents
the invariant line for this choice of parameters. The points represent the

initial values of �m
q and �e

q for each shell r = ri of the partition. b
Trajectory of the system for the different shells with initial conditions
represented as red dots. Refer to the text for a detailed discussion of the
panels

for t = 1.00 the shells 3, 4 have collapsed, for t = 2.00
shell 5 has collapsed and the last inner shell is about to col-
lapse. Finally, for t = 4.00 all inner shells have already col-
lapsed and outer shells evolve into a homogeneous profile.
For expanding trajectories the q–scalars and the fluctuations
δA for the outer shells tend to their attractor values, while
the profiles of local scalars A tend to a constant profile, as
δA → 0 (A = m, e,H) for the attractor PC4. It takes a
long time for the functions to evolve into their attractor val-
ues. The evolution of the these profiles to a constant pro-
file can be appreciated in panel 4a for the local scalar H at
t = 4.00, 6.00, 9.00 and in the panel 4b for the local scalar
ρ(m) at the instants t = 4.00, 6.00, 9.00. The local scalar
ρ(e), which was initially constant, needs an even longer time
to evolve into a constant profile, but the line representing it
at t = 9.00 is clearly more homogeneous at the outer shells
than in previous instants.

5.2 Positive α and 1 + w + α < 0

We choose α = 0.1 and w = −1.15. Only the shells r1−3

collapse, while the rest evolve towards the attractor PC6.
As for the other choice of parameters, the initial δA func-
tions are in the attraction basin of PC6. In this case, the
inhomogeneous projection of the attractor is not zero as
δm = δe = 0.05, δH = 0.05/2. Consequently, from (6), the
profiles of ρ(m) and ρ(e) do not evolve to a constant profile
as in the previous case, but to a profile whose r–dependence

is given by ρ(m) = ρ(e) = R0.15(1.05), while the local H is
given by H = R0.07(1 + 0.05/2).

Figure 5a shows the homogeneous projection of the con-
figuration with the invariant line of the system in grey,
and the initial conditions for every shell as red points. Fig-
ure 5b shows the inhomogeneous projection of the trajecto-
ries evolving to the future attractor, and the initial conditions
as red points.

Figure 6 displays profiles of local scalars at different
instants of time. At the instant t = 0.80 no inner shell has
collapsed yet, at the instant t = 1.00 shells i = 1, 2 have
already collapsed and at the instant t = 2.00 all the inner
shells have collapsed. Since the q–scalars and fluctuations
δA for the outer shells tend to their attractor values while
trajectories expand, the profiles of local scalars tend to the
terminal profile shown in panel 6a for H at t = 4.00, 6.00
and in the panel 6c for ρ(e) at instants t = 4.00, 6.00.

5.2.1 Negative α

For any choice of α < 0, the future attractor is no longer
physical. To illustrate this case, we chose α = −0.1 and
w = −1. The shells r1−4 collapse while outer shells, r5−20,
keep their expanding evolution up to a point where δm = −1
and the LTB evolution is no longer physical. In particular
for this profile and this choice of parameters the function δm

tends to −1 very rapidly for the outer shells.
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Fig. 6 Local profiles of different scalar functions for the configuration with initial conditions given by (31) and w = −1.15, α = 0.1 at different
instants of time. a scalar H. b scalar ρ(m). c scalar ρ(e). d scalar J . Refer to the text for a detailed discussion of the panels

Figure 7a shows the homogeneous projection of the con-
figuration with the invariant line of the system in grey, and
initial conditions for every shell as red points. All the outer
shells evolve to the �m

q = 0 axis. Figure 7b displays the plot
δm vs. ξ for the outer ever expanding shells i = 5 − 19. The
first shell to reach the value δm = −1 is i = 20, which is not
represented in the figure as δm → −1 occurs immediately
for this shell. The value ξi for which δm = −1 occurs (i.e.
δm(r = ri , ξi ) = −1) puts an upper limit to the range of ξ

for which we can use Eqs. (20a–20e) to obtain all the local
scalars.

Figure 8 shows local profiles of various scalars at different
instants of time. The profile of the local scalar ρ(m) tends
to zero for every shell at the instant mentioned earlier. This

behaviour is shown in Fig. 8b for different instants of time. At
the instant t = 0.50 the shells 17 − 20 display an unphysical
evolution. At the instant t = 1.00 the shells 14 − 17 join
the shells mentioned before and are then followed by shells
8 − 13 before the instant t = 2.00. On the other hand, the
inner shells have not collapsed at the instant t = 0.50. At
t = 1.00 the shells 1−3 have already collapsed and the shell
4.00 is about to follow. By the instant t = 2.00, all the inner
shells have collapsed. The rest of the panels represent the
profiles of the other local scalars. In every case, the scalars
of the outer shells are not computed from the instant at which
the LTB evolution becomes unphysical.
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Fig. 7 a Homogeneous projection of the trajectories of the system
(20a–20e) for the different shells of the configuration with initial con-
ditions given by (31) and w = −1.0, α = −0.1. The grey line represents

the invariant line for this choice of parameters. The points represent the
initial values of �m

q and �e
q for each shell r = ri . b δm vs ξ for the

outer shells. Refer to the text for a detailed discussion of the panels

6 Conclusions

We have undertaken a full study of the phase space evolution
of expanding and interactive CDM-DE mixtures, under the
assumption that the interactive term (see (15)) is proportional
to the DE energy density. These mixtures are the source of
an inhomogeneous and spherically symmetric exact solution
of Einstein’s equations characterised by an LTB metric. The
present article, together with a recent article [44], generalise
previous work [39] for a CDM source with DE modelled by
a cosmological constant.

As in [39,44], we examined the dynamics of these LTB
solutions by means of q–scalars and their fluctuations, which
transform in a natural way Einstein’s equations into a dynam-
ical system evolving in a 5–dimensional phase space. The lat-
ter was studied in terms of two interrelated subspace projec-
tions: the 2–dimensional homogeneous subspace whose vari-
ables are q–scalars (�m

q , �e
q ) analogous to covariant scalars

of an FLRW model with same type of CDM-DE mixture,
and a 3–dimensional subspace involving the fluctuations of
the q–scalars (δm, δe, δH) that control the inhomogeneity of
the models (deviation from FLRW).

The critical points associated with the phase space are
listed in Table 1: a past attractor, a future attractor and 5 saddle
points. All of them (save the past attractor) depend on the two
constant free parameters of the solutions: the EOS parameter
w and the proportionality between the interaction term and
DE density, α, whose sign determines the directionality of
the interaction energy transfer (CDM to DE for α > 0 and
DE to CDM for α < 0). The phase space evolution was

examined for “quintessence” models (−1 < w < −1/3)
and “phantom” models (w < −1), keeping in either case w

close to the value -1 that is favoured by observations.
It is important to compare our results with those found in

our recent study in [44] involving a similar CDM-DE mix-
ture, but with the interaction term proportional to the CDM
density through the dimension–less constant α. The main
difference between this assumption and that of the present
work (interaction proportional to DE density) is in the param-
eter dependence of the past attractor, which in both mixtures
can be associated with the initial Big Bang singularity. For
the mixture of [44] the phase space position of this attractor
depended on α, w, while in the present mixture it does not,
which means that it is a fixed point in the phase space.

The above mentioned difference in the phase space posi-
tion of the past attractor has very important consequences,
as all available cosmological observations survey our past
light cone. For α < 0, and for every set of initial conditions,
the past attractor in [44] was located in an unphysical phase
space region (DE density becomes negative), hence α > 0
(energy flows from CDM to DE) was the only physically
plausible choice that can be (in principle) compatible with
observational constraints for all choices of EOS parameter
w. As a contrast, in the mixture examined here we found
that regardless of the sign of α the past attractor is fixed,
taking physically plausible values: an Einstein de Sitter state
with zero DE density and positive CDM density with unity
Omega factor (�e

q = 0, �m
q = 1). Hence, both directions of

the interaction energy transfer are (in principle) compatible
with observations.
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Fig. 8 Profiles of different local scalars for the configuration with initial conditions given by (31) and w = −1.0, α = −0.1 at different instants
of time. a scalar H. b scalar ρ(m). c scalar ρ(e). d scalar J . Refer to the text for a detailed discussion of the panels

Since the future attractors correspond to times much
beyond the present cosmic time, they cannot be contrasted
with observational data, and thus are more amenable to spec-
ulation. For the case examined in [44] this attractor simply
marked a fixed de Sitter state (�m

q = 0, �e
q = 1). How-

ever, in the present study the phase space position of the
future attractor depends on the choice of w, α, and for α < 0
this position is not in a physically meaningful phase space
region (CDM density becomes negative). While this can be
problematic (as all trajectories must terminate in this attrac-
tor), it can still be acceptable provided we only consider the
evolution of the models up to phase space points where the
CDM density vanishes. Such points correspond to values for
which δm = −1 that mark different cosmic times for differ-

ent comoving shells. On the other hand, for α > 0, the shells
with initial conditions in the attraction basin evolve to a point
where both CDM and DE reach a terminal energy density. In
this case a choice of parameters with 1+w+α > 0 lead to a
final homogeneous state, as the phase space variables of the
inhomogeneous subspace (the fluctuations) tend to zero. For
1+w+α < 0 the comoving shells evolve towards a nonzero
density profile, since the fluctuations tend to nonzero values
that depend on the radial coordinate.

The comparison between the results of the present work
and those of [44] provide what can be, perhaps, the most
interesting conclusion that follows from the present article:
if CDM and DE are assumed to interact, then mixtures in
which the interaction term is proportional to the DE density
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(as in this paper) offer more possibilities for educated spec-
ulation, and thus could be preferable over those in which it
is proportional to the CDM density (as in [44]). The reason
for this is, as explained before, that the past attractor (which
determines the past evolution surveyed by observations) is
always physical for any reasonable choice of parameters, in
contrast with the coupling used in [44] where the choice of
α < 0 was not possible.

We also examined three structure formation scenarios,
given (for example) by the profile in (31). These initial condi-
tions correspond to inner expanding shells that are not in the
attraction basin while the rest of the expanding shells (outer
shells) that evolve to the attractor or to the �m

q = 0 axis. The
inner shells will evolve to a point where they bounce and start
a collapse. The outer shells expand forever and evolve into a
profile determined by the choice of 1 +w +α, as mentioned
before. Some examples of those scenarios can be found in
Sect. 5, where we have computed the local scalar functions
over physical time t .

It is also important to compare our results (and those of
[44]) with those obtained for DE models or similar CDM-
DE mixtures in FLRW cosmologies [1,2,7,8,13–16,48,49],
since the dynamics of LTB solutions described by q–scalars
and their fluctuations can be mapped to linear perturbation on
an FLRW background [40]. While the spherical symmetry
of the LTB models allows for the description of a single
structure, the evolution of the latter can be studied exactly
throughout the full non–linear regime.

We believe that our results can provide interesting clues to
test theoretical assumptions on dark sources (DE and CDM)
in terms of observations in the scales of structure formation
and in the non–linear eegime. In fact, it is straightforward
to generalise LTB models to non–spherical Szekeres mod-
els, which are endowed with more degrees of freedom and
thus allow for a fully relativistic description and modelling
of multiple structures [50–52]. We are currently undertaking
further efforts to extend the present work to probe non–linear
observational effects of theoretical assumptions on CDM and
DE sources. In particular, we aim at considering “spheri-
cal collapse models”, as well as less idealised non–spherical
models, whose source is the type of CDM–DE mixtures we
have examined here, but now attempting to fit more realistic
observational constraints of structure formation.
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Appendix A. Inhomogeneous dark fluid mixture with a
near homogeneous radiation source

The early Universe is well described by an ultra–relativistic
fluid with a near radiation equation of state. Hence, we
should, strictly speaking, add a third radiation–like fluid (as
we are assuming that baryons are included in ρ(m)) to the
dark fluid mixture described in section 2. Since (following the
inflationary paradigm) early Universe sources must be nearly
homogeneous, we can assume that this radiation–like source
satisfies p(r) = ρ(r)/3 and its fluctuation should be negligi-
ble: δ(r) = ρ(r)/ρ

(r)
q − 1 ≈ 0, hence ρ(r) ≈ ρ

(r)
q ≈ ρ(r)(t).

Evidently, adding this radiation–like source has negligible
effects on the inhomogeneous subspace, but leads to trans-
formed 3–dimensional homogeneous subspace. The Hamil-
tonian constraint (13) becomes

H2
q = κ

3

(
ρ(r)
q + ρ(m)

q + ρ(e)
q

)
− Kq , (A.1)

with ρ
(r)
q determined by the evolution alw ρ̇

(r)
q + 4Hqρ

(r)
q =

0. The 3–dimensional homogeneous subspace has a third
dynamical variable �r

q = κρ
(r)
q /(3H2

q) together with �m
q and

�e
q , leading to the following dimensionless homogeneous

evolution equations

∂�m
q

∂ξ
= �m

q

[
−1 + �m

q + (1 + 3 w) �e
q + 2 �r

q

]

+3 α�e
q , (A.2)

∂�e
q

∂ξ
= �e

q

[
(1 + 3 w)

(
−1 + �e

q

)
+ �m

q − 3 α

+2�r
q

]
, (A.3)

∂�r
q

∂ξ
= �r

q

[
−2 + 2�r

q + �m
q + (1 + 3 w) �e

q

]
. (A.4)

The critical points of the homogeneous subspace are now

• future attractor: PCAr = [�m
q ,�e

q ,�
r
q ] = [−α/w, 1+

α/w, 0]
• saddle point 1: PCS1r = [�m

q ,�e
q ,�

r
q ] = [0, 0, 0]

• saddle point 2: PCS2r = [�m
q ,�e

q ,�
r
q ] = [1, 0, 0]

• past attractor: PCRr = [�m
q ,�e

q ,�
r
q ] = [0, 0, 1].

The first two critical points respectively correspond, exactly,
to the critical points PCA and PCS of the dark mixture with-
out radiation. The critical point PCS2r , which corresponds
to the critical point PCR of case without radiation, is a saddle
point with two eigenvectors related to two positive defined
eigenvalues that generate the [�m

q ,�e
q ] subspace, with the

�r
q axis acting as an attraction direction. Finally, there is a

past attractor in which only the radiation term is nonzero.
Some trajectories of this 3–dimensional homogeneous

subspace evolve from the past attractor (where the radiation
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energy density dominates the expansion) to the future attrac-
tor directly. The existence of these trajectories would be the
only significant change in comparison with the radiation–
less evolution that we have described. However, while those
trajectories are theoretically possible, they are not of physi-
cal interest because (i) they do not affect late time evolution
near the future attractor and the do not lead to structure for-
mation (assuming this radiation fluid becomes a photon gas
after baryon–photon decoupling).

There exist several initial conditions of the homogeneous
subspace that lead to trajectories evolving from the past
attractor to the proximity of the point PCS2r (where CDM
dominates the expansion and both the radiation and DE
sources have much smaller energy densities than the CDM
source) and then evolve in the [�m

q ,�e
q ] plane to the future

attractor for α > 0 (or to the �e
q axis when α < 0), or to infin-

ity. The evolution of later trajectories from the instant they
reach the proximity of the PCS2 will be identical to those
presented in the scenario without radiation. In this sense, the
addition of a radiation source extends the past of evolution
of the trajectories of the radiation–less case presented in this
work, allowing them to evolve to a true past attractor where
the homogeneous radiation dominates the expansion.
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