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Abstract Properties of quarkonia-like states in the charm
and bottom sector have been studied in the frame work of rel-
ativistic Dirac formalism with a linear confinement potential.
We have computed the mass spectroscopy and decay proper-
ties (vector decay constant and leptonic decay width) of sev-
eral quarkonia-like states. The present study is also intended
to identify some of the unexplained states as mixed P-wave
and mixed S-D-wave states of charmonia and bottomonia.
The results indicate that the X(4140) state can be an admix-
ture of two P states of charmonium. And the charmonium-
like states X(4630) and X(4660) are the admixed state of
S—-D-waves. Similarly, the X (10610) state recently reported
by Belle II can be mixed P-states of bottomonium. In the
relativistic framework we have computed the vector decay
constant and the leptonic decay width for S wave charmo-
nium and bottomonium. The leptonic decay widths for the
JPC = 17~ mixed states are also predicted. Further, both
the masses and the leptonic decay width are considered for
the identification of the quarkonia-like states.

1 Introduction

In recent years remarkable experimental progress has been
achieved in the investigation of charmonium-like and botto-
monium-like states. The latest experimental results on heavy
flavor hadrons have gained renewed interest in heavy fla-
vor physics [1,2] to understand the properties of strongly
interacting hadrons. Conditions seemed to be very differ-
ent for spectra above and below the flavor threshold region.
In the region above the open-charm threshold, a number of
charmonium-like states (the so-called “X Y Z” states) have
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been discovered with unusual properties. These states might
be exotic states, mesonic molecules or multi-quark states [1].
Most of these unknown states do not fit in the standard
charmonium and bottomonium spectra [3,4]. All the nar-
row charmonium states below the open-charm threshold have
been observed experimentally and their mass spectrum can
be well described by potential models [5]. We have sufficient
knowledge of 1.(1S) and n.(2S5). The BESII/BEPCII facil-
ity in Beijing has shed more light on these spin-singlet states
by collecting a new record of ¥ (3686) decays in electron—
positron annihilations [6]. Recently, BESIII showed that the
Y (4260) is split up into two resonant states: one with a mass
of 4222.0 + 3.1 + 1.4 MeV/c? and the other with a mass of
4320.0 & 10.4 4 7.0 MeV/c? in their cross section measure-
ment of eTe — +J /v for center of mass energies from /s
=3.77-4.60 GeV [7]. A large amount of data on charmonium
and bottomonium production is available at RHIC [8—12] and
at the LHC [13-19], significantly extending our understand-
ing of quarkonium production in deconfined matter [20]. To
understand all these, we have to go beyond the conventional
quark or quark—anti-quark bound systems. There are var-
ious issues related to higher excited states which are still
to be resolved. In this context, phenomenological models
either non-relativistic quark model (NRQM) or the relativis-
tic quark model have been developed to study the properties
of heavy mesons (charmonium and bottomonium) [21-23].
In the present study we compute the masses of charmo-
nium-like and bottomonium-like states in a relativistic frame
work. The mass spectroscopy of charmonium and bottomo-
nium states is observed experimentally with high accuracy
[2]. But the masses of the S-wave charmonium states beyond
3S and the bottomonium states beyond 4S are not very
well resolved. There are many other X, Y and Z states
above the ¢ and bb threshold which also are required to
be identified. For example 1 (3770), Y (4008), Y (4220),
Y (4260), Y (4330), Y (4360), X (4630), Y (4660), X (10610),
Y5, (10880) have the same J € value 17~ and this justifies
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Table 1 Experimental status of some of the negative parity and positive parity quarkonia-like states

Exp. state Exp. mass (MeV) JP Process (mode) Experiment

Y (4008) 4008™)3! 1~ ete™ >yt J/y) Belle [26]

¥ (4160) 4191 +5 1- ete™ = /v Belle [27]

Y (4220) 4222.0+£3.1+ 1.4 1~ ete” = y@ta=J/v) BESIII [7]

Y (4260) 426378 1- ete” = y(tnTJ/Y) BABAR [28,29], CLEO [30], Belle [26]
ete™ = (wtn=J/Y) CLEO [31]
ete — @707 /y) CLEO [31]

Y (4330) 4320.0 £10.4 +7.0 1- ete” = y@tan=J/y) BESIII [7]

Y (4360) 4361 + 13 1~ ete” - y(rtnmy2S) BABAR [32], Belle [33]

X(4630) 463477, 1~ ete™ = y(AFAD) Belle [34]

Y (4660) 466412 1- ete” - y(rtnmy2S) Belle [33]

Y),(10888) 10888.443.0 1- ete” — y(rtnTY®S)) Belle [35,36]

X (10610) 10609 + 4.0 1+ efem — Y(28)/Y(3S)n " Belle [2]

he(1P) 352541 £0.16 1t ¥ (2S) = 70(yn.(15)) CLEO [40,41]

hy(2P) 10259.8713 1+ T(5S) — ntr(..) Belle [42]

X (3940) 394217 +6 9? ete™ > J/YX Belle [2]

X (4020) 4025.5%39 £3.1 ? ete” — (D*D#)°x" BESIII [2]

X (4140) 4143+ 429+ 12 ?? Bt — J/yoK+ CDF [2]

X (4350) 4350.6745 £ 0.7 ? etem = ete I/ BELL 2]

one to see them as belonging to the quarkonia-like states
[24]. According to PDG 2016, the earlier states have been
now renamed: Y(4260) as X(4260), Y(4360) as X(4360),
Y (4660) as X(4660) and Y;,(10888) as T (10860). Some of
these states can be either hidden charm (X, Y, Z.) or hidden
bottom (Y, and Z) states and are located above the open-
charm or open-bottom threshold. It is well known that their
decay properties can also throw light on their identity. Thus
we incorporate a computation of leptonic decay properties of
these 17~ states for comprehensive understanding of these
quarkonia-like states. The ultimate goal of this study is to
describe the status and properties of the X, Y, Z states with
the help of a phenomenological model. However, this task
is quite challenging, as more and more new quarkonia-like
states are observed.

1.1 J? =1~ states

In an initial-state radiation (ISR) process, BaBar observed
peaks near 4300 MeV/c? in the 7tz ~J /¢ and 7~/
channels. The partial widths for these two decay channels
are larger than that required to observe charmonium states.
As these states are produced via the ISR process, they have
JP =17 [25]. Some of these 1~ states are listed in Table 1.

1.2 JP =17 states

X(3872) was observed by BELLE [2], then after it was con-
firmed by BABAR [37] and its J P yalue 11 was determined

@ Springer

by LHCb [38]. Another unknown state, Z(4475), which was
produced in a charmonium-rich B meson weak decay pro-
cess, has a mass close to the excited charmonium. It is
believed that this state is a strong candidate for the hidden
charm tetraquark state [39]. From experimental observations
it might be possible that a state with J* value 17 can be a
molecular or tetraquark kind of state. In the present study
we also look at these states as an admixture of P-waves of
quarkonium states. Some of these 17 states are also listed in
Table 1. The present study, based on relativistic Dirac for-
malism, is an attempt to understand the quarkonia-like states
below and above the ¢ and bb states.

The paper is organized as follows. In Sect. 2 we briefly dis-
cuss our relativistic quark model based on the Dirac formal-
ism. In Sect. 3, the leptonic decay width and decay constant
of 17~ quarkonia are computed and the results are compared
with the available experimental results and with other theo-
retical model predictions. Section 4 addresses the mixing of
two nearby mesonic states and predicts the status of experi-
mentally known unresolved negative parity and positive par-
ity states. A summary and the conclusion of the present study
are presented in Sect. 5.

2 Theoretical frame work

One of the most successful ways to construct the quarkonium
system is to solve Dirac equation for the quark and anti-quark
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Table 2 Model parameters fitted in our model for the charmonium and
bottomonium systems

System parameters bb cc

Quark mass (in GeV/c?) my ;= 4.67 meje =127
—0.246 —0.146

Vo (GeV) (n+1)142 (n+1)301

Potential strength (1) (GeV?) 0.18 0.084

in a confinement potential. For the present study we have
considered the confinement through a linear potential. The
form of the model potential is expressed as

1
Vi =30+ 1) 00 V). 4))

Here, X is the strength of the confinement part of the poten-
tial [43]. V) is a constant negative potential depth [44—46].

The wave function which satisfies the Dirac equation with
a general potential is given by [47,48]

(@ p+me)Py(r) = [Eq — V(r)yoly (1), @)
YE; —a.p—my — V()] (r) =0, 3)
where
(35 =G0 - (55)
o0 0-1 —o0; 0
@)

V(r) is a potential which consists of a scalar + vector part.
The main feature to use scalar plus vector potential is that it
is applicable for the bound states of both mesons and baryons
[43].

The solution of the Dirac equation can be written in
two component (positive and negative energies in the zeroth
order) form as [44-46,48]

1//(?})
nlj = n_ 5
v l,/(’”) (wélj) (5)
where
v =N 1-( ig(r)/r )yz- # 6
nlj "\ (e f@ry/r )T

i(oF)f(r)/r

g(r)/r
and N; is the overall normalization constant [44-46,48].
The normalized spin angular part is expressed as

Y () = Nuj ( ) (—D)IF1 Y. (1)

, o
Dijm ) =Y (m, 3o msl o mp) Y ®)

mjp,msg

Here the spinor x 1y, are eigenfunctions of the spin operators

[44-46,48],
0

(1
“\o) X3

X

D=

1
2

The reduced radial parts g(r) and f(r) of the Dirac spinor
Y1) (r) are the solutions of the equations given by [44-46,48]

dzdi(;) + [(ED FmED —my ~ vl T 1)} 8() =0
(10)

and

&)

Kk —1)
+ [(ED +mg)lEp —mg — V(r)] — T} f(r)=0;
(11)

dr?

it is appropriate to define a new quantum number « [44-
46,48] by

—(I+D=—(j+3) for j=1+1,
K = 12)
I=(j+3%) for j=1-1.
On converting these equations into dimensionless form
[44-47]

2

Lslo) | [e—pl-o——”("f”}f(p) ~o, (13)
dp P

d>f(p) o k=1
L0, [e . T} ¢(0) =0, (14)

where p = r’—O is a dimensionless variable with suitably cho-

sen scale factor ro = L and the corresponding
) L EAmA 3
energy eigenvalue is given by [44—46],

¢ = (Ep —my — Vo)(mq + Ep)32.7 . (15)

The solutions of f(p) and g(p) are normalized to get [44—
46]

/O LF2(p) + g2(0)1dp = 1. (16)

Now the wave function for the quarkonium system can be
constructed by using positive and negative energy solutions
of the Dirac equation. The mass of the particular quark—anti-
quark system can be written as [44-46]

Myg=Ep +Ef — Ecn (17)

here, E.,, in general can have a state dependence, which we
absorb in our potential parameter Vy. Thus, we make V) state
dependent.

In these calculations, we incorporate additionally, the j—j
coupling, spin—orbit and tensor interactions of confined one
gluon exchange potential (COGEP) [43—46]. The mass of the
state thus represented by Mas+1y , as [44-46],

LS

Masiip, =Moo niliji, mabja) + (V)5 + (V5

T
)+ (V)

(18)
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Table 3 S-wave mass spectrum for bb and ¢¢ bound states (in MeV)

Table 4 P-wave mass spectrum for bb and ¢¢ bound states (in MeV)

Bottomonium

Bottomonium

nL State Present Experimental [2] [50] [51] [52] [53]

nL State Present Experimental [2] [50] [51] [52] [53]

1S 1351 9460.99 9460.30 + 0.26  9460.43 9460.38 9460 9608
1189 9390.7 9399.0 + 2.3 9392.38 9392.91 9390 9607
2S 2357 10024.1 10023.26 + 0.31 10023.80 10023.3 10015 10023.3

2155 9999.3 9990.88 9987.42 9990 ...

38 338 10356.2 103552 + 0.5 10345.80 10364.2 10343 10353.3
3180 103253 ... 10323.40 10333.9 10326 . ...

48 4381 10576.2 10579.4 + 1.2 10575.20 10636.4 10597 10580
415y 10554.4 ... 10558.30 10609.4 10584 . ..

58 538, 10758.5 ... 10755.40 . .. 10811 10865
510 107384 ... 1074140 ... 10800 . ..

Charmonium

nL State Present Experimental [2] [50] [54] [55] [53]

1S 138) 3096.7 3096.90 & 0.006 3097.14 3097 3090 3096.9
118y 2977.8 2983.4 4 0.5 2979 2982 2979

28 235) 3684.4 3686.097 + 0.025 3689.95 3673 3672 3686
2180 3630.5 3639.2 + 1.2 3633.49 3623 3630 ...

38338 40224 ... 4030.32 4022 4072 3769.9

3180 3990.8 ... 3991.99 3991 4043 ...
4S8 435) 42664 ... 4273.49 4273 4406 4040
418y 4262.1 4244.11 4250 4384 ...
58 5381 4441.5 4464.12 4463 4159 ...
5180 4439.2 ... 4440.12 4446

where the j—j coupling term is expressed as [43,44,44-46,49]

ity _ o (jria MIjijaljrja I M) | (19)
00" (Eg+mg)(Eg+mp)

here, o is the j—j coupling constant. (j j2JM|ﬁj2|j1j2JM)
contains the square of the Clebsch—Gordan coefficient. The
spin—orbit interaction and tensor interactions are expressed,
respectively, by [43—46,49]

2 a72
Q0" 4 (Eg +mo)(Eg+mg) 2r
®LF x (Po — Py)-(60 — 05)1(DG(r) + 2D ()
+I7 x (Po + Py)-(oi — o )(Dy(r) — D) (20)
and
2 A72
r o NoNg
Voo) = =7 Eqtmg) 0to
(Eg +mg)( Q+mQ)
D{(r)  Di(r)
- > 21
® (( 3 >SQQ) ey

Where SQQ = [3€0Q.f)(ch..f) - O'Q..CTQ] and 7 = 7o — 7y
is the unit vector in the relative coordinate [44—46].

@ Springer

1P 13P, 99123 9912.21 +0.26 9907.89
1P; 9901.8 9892.78 +0.26 9887.63
3Py 9889.2 9859.44 +0.42 986229 9861.39 9864 9811
1'P; 9854.1 9899.3 4+ 0.8 9896.07 9899.93 9909 9812

2P 23P; 10265.9 10268.65 4+ 0.22 10267.65 10271.2 10264 10044
23 P 10258.9 10255.46 + 0.22 10255.74 10254.8 10249 10043
23 Py 10234.7 10232.50 + 0.40 10240.85 10230.5 10220 10042

9912.3 9921 9812
9904.7 9903 9812

21 P 102649 ... 10260.70 10261.8 10254 10043
3P 3P, 105169 ... 10516.28 ... 10528 10272
33P; 10508.8 10512.1 423  10507.24 ... 10515 10271
33Py 104976 ... 10497.07 ... 10490 10270
31P; 105402 ... 10511.30 ... 10519 ...
4P 43P, 107070 ...
43P 107065 ...
43Py 10703.8 ...
4'p; 107046 ...
Charmonium

nL State Present Experimental [2] [50] [54] [551 [53]

1P 13P; 3554.2 3556.20 +0.09 3570.00 3554 3556 3467
13P; 3513.0 3510.66 +0.07 3490.94 3510 3505 3468
13Py 34184 341475+ 0.31 3392.11 3433 3424 3468
1'P, 35187 352538 +£0.11 3523.88 3519 3516 3467

2P 2P, 39212 39272426  3949.01 3937 3972 3815
23 P 3901.8 3902.55 3901 3925 3815
23 Py 38249 3844.49 3842 3852 3814
2P| 3956.2 3921.91 3908 3934 3815

3P 33 P, 4203.7 421178 4208 4317 4163
33 P 4174.6 417847 4178 4271 4162
33 Py 4136.0 4136.84 4131 4202 4160
31p; 4231.1 419235 4184 4279

4P 43P, 4415.1
43Py 4409.1
43Py 4383.2
41p; 44464

The running strong coupling constant ¢ is computed as
[44-46]

4
52
11—2nplo 2
( 3 f) g(A2QCD>

(22)

oy =

withny= 3 and Agcp = 0.250 GeV for charmonium and n¢
=4and Agcp = 0.156 GeV for bottomonium. In Eq. (20)
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Table 5 D-wave mass spectrum for bb and ¢ bound states (in MeV)

Bottomonium
nL State Present Experimental [2] [50] [51] [52] [53]

1D 1°D3 101404 ...
13D, 10138.7 10163.7 + 1.4
13Dy 101360 ...
1'D> 100682 ...
2D 23D; 10398.7 ...
23D, 10397.1 ...

10176.68 10163.1 10157 9980
10162.26 10157.3 10153 9980
10147.31 ... 10146 9980
10166.00 10158.6 10153 9980
10447.09 10455.7 10436 10175
10437.52 10450.3 10432 10174

23Dy 103957 ... 10427.59 ... 10425 10174
21D, 103360 ... 10440  10451.4 10432 10174
3D 33D; 106209 ... 10651.86 ...
33D, 106193 ... 10644.62 ...
33D 10616.8 ... 10637.12 ...
31D, 105643 ... 10646.50 . ..
4D 43D3 108209 ... 10816.93 ...
43D, 108193 ... 10811.09 ...
43Dy 108169 ... 10805.03 ...
4'D, 10768.8 ... 10812.60 ...
5D 5°D3 11005.2 ... 10955.6
53D, 11003.7 ... 10950.7
53Dy 110014 ... 10945.6
51Dy 10956.7 ... 10952.0
Charmonium

nL State Present Experimental [2] [50] [54] [551 [53]

1D 13D; 3769.6 3843.95 3799 3806 3805

13D, 3756.1 ... 3787.72 3798 3800 3807
13D, 37453 3773.134+0.35 3729.41 3787 3785 3808
1'D; 3662.2 3802.30 3796 3799 3806
2D 23 D3 4060.7 4132.53 4103 4167 4143
23D, 4048.4 4095.17 4100 4158 4145
23D, 4038.9 4056.43 4089 4142 4145
21D, 3968.9 4104.86 4099 4158 4143
3D 33D; 4317.2 4350.66 4331
33D, 4307.0 432244 4327
33Dy 4300.6 4293.18 4317
31D, 4236.2 4329.76 4326
4D 43 D3 4552.0 4526.41
43D, 4541.6 4503.63
43D, 4533.6 4480.01
41D, 4477.6 4509.54
5D 53 D3 4768.7 4673.96
53D, 4758.9 4654.80
53D 4751.6 4634.92
51Dy 4699.9 4659.77

— Present

_ 11100+ @ Experimental result
> 11000—_ _ 3—
= 10000] 533 st 5Dy
= 10800] —! 4°p R—
% i 3 4'p J - 3
2 107004 4°3g . T -_— 4'D 4Dy
g 10600 o 45, 3'p, __? TT
S 10004 33— 3 g 'p, 3Dy

10400 4 1 1 — 3 —_
= ] 3'S 2°p
E 10300 & 0 1 I 2’D
o ] 2P = 2D i)
m 10200 53 —1 2 2
& 10100 ] 1 2150 L 3p — 3
g 100004 9T @ g'p ' 1'p b
€ 9900 Q' . 2
O 9800
g 9700

9600 3
& 9500 l_os_l 1's,
<Et 9400 -9

BOF+——T—"—TT T T T T T T T T

STATES

Fig. 1 Mass spectrum of Bottomonium

the spin—orbit term has been split into symmetric (og +0)
and anti-symmetric (o — CTQ) terms.

We have adopted the form of the confined gluon propaga-
tors which are given by [43-46,49]:

Do(r) = (% + az) exp(—r2c2/2). 23)

Di(r) = %exp(—rzc%/zx (24)

where o1 = 1.035, ap = 0.3977, ¢cg = 0.3418 GeV, ¢; =
0.4123 GeV, y = 0.8639 are the fitted parameter as in [49].
Other model parameters employed in the present calculation
are listed in Table 2.

The hyperfine splittings of ground and radial excitation
of the bottomonium and charmonium are important for the
study of the radiative transition amplitudes. The high preci-
sion experimental data have provided an accurate description
of the hyperfine and fine structure interactions of quarkonia.
The hyperfine splitting for S-wave and the ratio of the spin—
orbit splittings for P-wave charmonium and bottomonium are
given by Eqs. (25) and (26), respectively.

AMpp(nS) = M(n3S)) — M(n'Sp), (25)

3py  ase3
R— M Py) — M( Pl). 26)
MQ@GP) — MGPy)

The computed S-wave, P-wave and D-wave mass spectra
of bottomonium and charmonium are tabulated in Tables 3,
4 and 5. The corresponding energy level diagrams are shown
in Figs. 1 and 2, respectively. The hyperfine splitting for S-
wave and the spin—orbit splitting ratio for P-wave is tabulated
in Tables 6 and 7.

@ Springer
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1 — Present
% 4800 @ Experimental result —
J 3 — 3
£ 4004 55, 5'D o)
s 1 o 4'p, —
g #4007 ° 4's, — E 4'o,
s w0l ¥ % 3P AP R & )
g 14S sy 0 = 3D ,
£ 4000 -2 o 3P ey
e 1378, o ! 2 2'D Ds
L 3800 ! — 3o 2
o 2’8 2°p e
<. 1 Colp ' — p
¢ 3600 2°g 2 1 | J
= ] 1 ° 2+ 1D
2) —
W 3400 ?
& 1 1Py
o 32004 |3 |
2 {1 ' 15
= 3000+ -9
L T T T T T T 1
STATES

Fig. 2 Mass spectrum of Charmonium

3 Decay constants and leptonic decay width of 17~
quarkonia

The leptonic decay width is a tool to understand the compact-
ness of the mesonic system. We know that the leptonic decay
width of J/W is reasonably predicted by the phenomenologi-
cal model. At the same time heavy quarkonium states are pre-
cisely most sensitive to the short range one gluon exchange
interaction between quarks and anti-quarks [63].

In a relativistic quark model, the vector decay constant
is expressed through the meson wave function f(g) in
momentum space as given by [64]

23 [ 5 (m+E TGP,
fV_Vqu< z —m)>f(61)- 27

Table7 The ratios of spin—orbit splittings (R) for P-wave bottomonium
and charmonium

Bottomonium

State (nP) Present Experimental [2] [23] [50]
1P 0.83 0.60 0.80 0.80
2P 029 0.56 0.60 0.80
3P 072 ... 0.72 0.78
4P 0.18

Charmonium

State (nP) Present Experimental [2] Lattice QCD [56] NRp model [56]

1P 043 047 0.46 0.62
2P 025 ... .. 0.64
3P 0.75
4p 0.23
Here E = /¢ 2 + m? and +/3 is the color factor. M is the

mass of vector state. The leptonic decay width is expressed
as [64]
foy 4 an S \%

'V —>e'e )—gna eQﬁ' (28)

The computed decay constants and leptonic decay widths
in the case of charmonium and bottomonium sates are pre-
sented in Tables 8 and 9, respectively. The ratio of ?Z E’fﬁ; for
bottomonium and charmonium states are listed in Table 10.
Along with the mass predictions, the leptonic decay widths
are also important for the identification of the structures of
quarkonia-like states.

Table 6 The hyperfine splittings (in MeV) for S-wave bottomonium and charmonium

Bottomonium

State (ns) Hyperfine splitting Present Experimental [2] [23] [50]
1S AM(1S) = M(13S;) — M(1'Sp) 70.2 70 60 68
28 AMQS) = M(23S)) — M(2' Sp) 24.8 (~ 25) 24 30 33
3S AM@3S) = M(33S1) — M(3'Sp) 30.9 (~ 31) 27 22
48 AM4S) = M#@38)) — M(4'Sp) 21.8 (~22) 26 17
58 AM(5S) = M(53S1) — M(5'Sp) 20.1 14
Charmonium

State (ns) Hyperfine splitting Present Experimental [2] Lattice QCD [56] NRp model [56]
1S AM1S) = M(13S)) — M(11Sp) 118.9 (~ 119) 116 114 108
28 AM@2S) = M(238)) — M(2'Sy) 53.9 (~ 54) 49 41 42
3S AM@3S) = M(33S)) — M(3'Sp) 31.6 25 29
48 AM4S) = M(#38)) — M(4'Sp) 43 3

58 AM(5S) = M(53S1) — M(5'Sp) 23

@ Springer
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Table 8 Vector decay constant (F, in MeV) of the S-wave and D-wave
bottomonium and charmonium states

Bottomonium

State Present Experimental [2] [57] [58] [59] State Present

1S 7054 7155 831 665 867 1D  208.3
2S 5549 498 £8 566 475 673 2D 181.3
3S 436.8 430+4 507 418 595 3D 151.4
4S8 3324 336+£18 481 388 549 4D 1354
58 286.5 .- 458 367 516 5D 113.1
Charmonium

State Present Experimental [2] [57] [58] [60] State Present

1S 4199 416 +6 462 393 589 1D 1025
28 285 304+ 4 369 293 328 2D 839
3S 218 e 329 258 244 3D  65.6
4S 165.7 - 310 .-~ .-~ 4D 542
5S 1062 --- 290 ... ... 5D 423

Table 9 Leptonic decay width (in keV) of the S-wave and D-wave
bottomonium and charmonium states

Bottomonium
State Present Experimental [2] [50] [51] [43] State Our

1S 1.30 1.34 £0.018 1.203 1.33 1.809 1D  0.106
28 0.76 0.612 +0.011 0.519 0.62 0.797 2D  0.078
3S 0.45 0.443 4 0.008 0.330 0.48 0.618 3D  0.051
4S 0.26 0.272 £ 0.029 0.241 0.40 0.541 4D  0.042
5S 0.18 019 - .. 5D 0.028

Charmonium

State Present Experimental [2] [50] [61] [62] State Our

IS 5.63 5.55+0.14 494 189 5469 1D  0.27
28 219 2.48 £ 0.06 1.686 1.04 2.140 2D 0.17
3S 1.20 0.959 0.77 0.796 3D  0.099
4S  0.63 0.654 0.65 0288 4D  0.064
58 024 0489 ... ... 5D 0.044

4 Quarkonia-like states as mixed quarkonia states

It is well known that many of the hadronic states which are
observed and yet not clear as regards their structure can be
the admixture of the nearby iso-parity states. In general, the
mass of a mixed state (M), ) can be expressed in terms of the
two mixing states (n/ and n'l’) as

Mur =l a® | My + (1— | a® )My (29)

Here | a® | = cos? # and @ is the mixing angle. With the help
of this equation we can obtain a mixed state configuration and
mixing angle [50]. The computed masses and their leptonic

Table 10 The ratios of E‘i‘j E'l’ g; for bottomonium and charmonium states

4, (Y(S)

Toras Present Experimental [2] [68]
Bottomonium

%ﬁﬁ; 0.58 0.46 0.50
51%83 0.35 0.33 0.36
7&':: o 0.20 0.20 0.29
L 0.13 . 0.24
Charmonium

%ﬁg 0.39 0.43 0.48
% 0.21 - 0.32
%ﬁ‘ﬁ; 0.11 - 0.24
E:%gﬁi 0.04 - 0.19

decay widtsh of the S—D-wave admixture states are presented
in Table 11. In this context we consider the admixture of
nearby P-waves for the predictions of some of the 17 states
and for other 1™ states we consider the S—D-wave mixing
[44,65,66]. The mixed P wave states can be expressed as
[44,65,66]

%) :ﬁﬁpnﬂﬁﬂm (30)
3 3
1B) =—\ﬁ|3P1>+,/%|1P1>. 31)
3 3

Here |«), | B) are states having the same parity. We can write
the masses of these states in terms of the predicted masses of
the pure P wave states (3 Py and ! P)) as [44,65,66]

2 3 1 1

M(la)) = gM( Py) + §M( Py), (32)
2 1,

M(B) = FMCPY) + 3 M( Py). (33)

The computed mixed P-wave states for the positive parity
quarkonia-like states are listed in Table 12 and the experi-
mental states which are close to these mixed states are also
listed for comparison (Table 10).

5 Result and discussion

In the framework of the Dirac relativistic quark model, we
have studied the mass spectrum of bottomonium-like and
charmonium-like states. To obtain these mass spectra we
have solved the Dirac equations with a linear plus constant
confinement potential. In our calculations, spin-dependent
interactions are included to remove the degeneracy of the
states. The predicted bottomonium and charmonium spec-
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Table 11 Mixing angle and the leptonic decay widths of S—D-wave admixture states

Experimental state J” mixed state configuration % mixing of S-wave Mass of mixed state (MeV)

Mixed state leptonic decay width (keV)

Our Experimental Our Experimental
Charmonium-like states
Y (4008) 1= 235 and 2° D, 8.6 4008.4 40081113] [26] 0.347 0.862 4= 0.241 [72]
¥ (4160) 1~ 338 and 33D, 39.2 4191 4191 £512] 0.534 0.48 £0.22 keV [2]
Y (4220) 1~ 335 and 3° Dy 28.7 4220.7 4222.0£3.1£1.4[7] 0.417 NA
X(4260) 1~ 338 and 33D, 14.41 4260.5 4251 +£9[2] 0.258 NA
X(4360) 1~ 43S;and 4° D, 64.97 4360 4346 £6 (2] 0.431 <0.57eV [2]
X(4630) 1= 5%S; and 53D, 37.92 4634 463417 [34] 0.117 NA
X(4660) 1= 535; and 53Dy 34.37 4645 464319 (2] 0.110 <0.45eV [2]
Bottomonium-like state
T (10860) 1~ 538 and 5°Dy 45.45 10880.1 10891 £ 4 [2] 0.096 0.31 +0.07 keV [2]

NA not available

Table 12 Masses of mixed P-wave +4-ve parity states

Experimental state Mixed state configuration Present (MeV)
Charmonium-like states

X(3940) 23p; and 2! Py 3939.06
X(4020) 23P; and 3' P, 4011.56
X(4140) 23p; and 3' Py 4121.33
X(4350) 43P and 3' P, 4349.76
Bottomonium-like state

X(10610) 43Py and 3! Py 10595.63

tra are in good agreement with the experimental data and
other available theoretical data. We have also predicted the
4S and 5S states for charmonium and bottomonium and
compared them with the available theoretical results. The
predicted masses of the S-wave bottomonium states 335,
(10356.2 MeV) and 43S} (10576.2 MeV) are in accordance
with the experimental results as quoted in the particle data
group (PDG 2016) [2]. The predicted masses of the S-wave
charmonium states, 3! Sy (3990.8 MeV), 41 S (4262.1 MeV)
and 5! Sy (4439.2 MeV), are in accordance with other model
predictions [50,54,55]. The computed P-wave bottomonium
states 23 P> (10265.9 MeV), 23 P; (10258.9 MeV) and 23 P,
(10234.7 MeV) are in good agreement with experimen-
tal [2] results of 10268.65 + 0.22, 10255.46 4+ 0.22 and
10232.50 £ 0.40 MeV, respectively. For charmonium, the
predicted P-wave mass of 3921.2 MeV for the 2° P, state is
in very good agreement with the available experimental result
0f3927.2 + 2.6 MeV [2]. The masses of 3P, 4P and 1D to 4D
states and their fine structure splitting for bottomonium and
charmonium are in fairly good agreement with the available
experimental results and other theoretical predictions. The
predicted states such as x,(3P), xp(4P), Y(3D), Y(4D)

@ Springer

and Y (5D) of bottomonium and x.(2P) to x.(4P), 2D to
5D states of charmonium are not available experimentally.
In this paper, we have also examined the vector decay con-
stant and leptonic decay widths for nS states of bottomo-
nium and charmonium within the relativistic framework. The
decay widths of Y(nS) — ete™ and ¥ (nS) — ete™ are
shown in Table 9. All the results for the vector decay constant
and leptonic decay width are calculated without QCD cor-
rections. The calculated leptonic decay widths for Y (35) and
Y (4S) are in good agreement with the available experimental
data, but the calculated values for Y (2S) are slightly higher
than the experimental value. In the case of the 1/ (3S5) state
of charmonium, the vector decay constant and the leptonic
decay width are slightly higher than the experimental result.
Our results for f;/y1s) and fy(2s) are in good agreement
with the lattice QCD results of 399 4 4 GeV and 143 + 81
MeV, respectively [67]. It is observed that the leptonic decay
widths decrease with radial excitations. From this we can
conclude that the relativistic treatment is important for higher
excited states.

To understand the structure of some of the newly found ‘X
Y Z’ quarkonia-like—states with hidden charm and hidden
bottom flavors, we consider here the possibilities for the mix-
ing of 3P, and ! P; and of 3S; and 3 D, iso-parity states. The
calculated mixed states of 3 P;—! P; and 3$;-3D; are listed
in Tables 11 and 12 respectively. The corresponding leptonic
decay widths of the 17~ admixture states are also listed in
Table 11.

Now, we briefly summarize the structure of some of the newly
found quarkonia-like states based on our results of the masses
and the leptonic decay widths.

e The X(3940) has been observegl in the D* D channel with
J P value 17 but not in the DD decay mode [69]. Look-
ing into its parity, the possible identification of this state



Eur. Phys. J. C (2018) 78:227

Page 9 of 12 227

could be one of the charmonium-like states. However,
the predicted 2P states are lower than this mass, while
the 3P states are slightly higher than this mass. Based on
our analysis of mixed states, we predict X(3940) as an
1T state with admixture of 23 P; and 2! P; charmonia.
Similarly, we predict X(4020) as an admixture of 23 Py
and 3! Py state with J© = 17 having mass 4011.56 MeV.
The Particle Data Group has renamed Y(4140) to
X(4140) [2]. Many attempts are made to study this state.
According to Ref. [70] this state might be a candidate of
the tetra-quark state but because of the unknown value
of JF, its status is still not confirmed. According to our
analysis it does not fit into the admixture of P-states. But
it fits well with the pure charmonium 33 Py state where
one predicts its J© value to be 0.

The X(4350) state whose J © value is not known experi-
mentally is predicted as an admixture of 43 P; and 3! P;
states having a mass of 4349.76 MeV or it might be a pure
charmonium 4! P state with J* value 1. Similarly, the
X(10610) is also found to be an admixture of 4> P; and
31 Py states of bottomonium having a mass of 10595.63
MeV with J equal to 1F.

For the better identification of some of the 1~ states, we
have considered both the predicted masses and their lep-
tonic decay widths in accordance with our previous study
[50] as the successive mass differences [(n—1)S — nS] as
well as the leptonic decay widths of 1~ states of quarko-
nia, which have shown to follow a specific decreasing
pattern, characteristic of the bound state.

Accordingly, our predicted mass for the ¥ (3S) state as
4022.4 MeV and its leptonic decay width as 1.21 keV do
not follow with the experimental mass of ¥ (3770) state
and its experimental leptonic decay width of 0.262 £+
0.018 keV [2]. But according to our predicted mass of
the 13Dy state as 3745.3 MeV and its computed lep-
tonic decay width of 0.27 keV, we have indications that
¥ (3770) is the right candidate for a pure charmonium
13D, state.

In 2013, the Belle Collaboration updated the analysis of
ete” — J/ynta~ witha 967 fb~! data sample and
shows the invariant mass distribution of J /v, the
distribution is fitted with two coherent resonances. The
existence of Y(4008) state was further confirmed [71]
consistent with Belle’s previous results [26]. There are
some theoretical approaches to understanding the struc-
ture of Y(4008) after Belle’s confirmation [26]. Liu dis-
cussed some possibilities for the Y (4008), including both
the (3S) charmonium states and the D*D* molecular
state. For both possibilities, he found the branching ratio
of Y(4008) — J/yn%70 is comparable with that of
Y (4008) — J/ymw T~ [72]. Li and Chao studied the
higher charmonium states in the non-relativistic screened
potential model, and they predicted the Y(4008) as the

(3S) charmonium state [73]. Chen, Ye, and Zhang found
that the Y(4008) is difficult to identify 33, pure char-
monium [74]. The Y(4008) was studied by Maiani, Pic-
cinini, Polosa, and Riquer in their type-II diquark—anti-
diquark model, and interpreted it as a tetraquark state [75]
and they have also assigned Y(4360) as the first radial
excitations of Y(4008) tetraquark state. In [76], Zhou,
Deng, and Ping also predicted the Y(4008) as a tetraquark
state cqgcg with JPC¢ = 17~ and n®5*t'L; = 1'P;.
They have used a color flux-tube model with a four-body
confinement potential to interpret the status of Y (4008).
According to Dian-Yong Chen, the Fano-like interfer-
ence induces an extra broad structure in Y (4008) —
atmn~J/¥ as a companion peak to Y(4260) and also
it is explained why Y (4008), Y(4260) and Y(4360) are
absent in the experimental data of the R value scan [77]
and they have concluded that appearance of Y (4008) peak
is due to the interference of ¥ (4160) /v (4415) with the
continuum of Y (4008) — m = J /¢ [77]. However,
very recently BESIII could not confirm the existence of
Y (4008) [7]. In this context, Y(4008) is still a controver-
sial state.

In the present study, the predicted mass of Y(4008) is
found to be close to 23Dy charmonium state with just
8.6 % mixing with the 23§; charmonium state. How-
ever, the computed leptonic decay width of the admixture
state (0.347 keV) is much lower than the experimentally
reported value of 0.86 keV [72]. Thus by considering both
the mass and the leptonic decay width together, it is dif-
ficult to confirm or understand the structure of Y (4008).
We look forward to more refined experimental data for
better understanding of this state.

According to the present study, the state ¥ (4160) is found
to be an admixture of 33D (60.8 %) and 33S; (39.2 %)
states with its leptonic decay width as 0.534 keV, which is
in accordance with the experimental result of 0.48 £0.22
keV [2].

The state Y (4260) was observed by the BaBar Collabo-
ration in the J /¥ 7t~ channel in the initial state radi-
ation (ISR) process [28]. It was confirmed by CLEOc
[30], Belle [26] and an additional analysis done by BaBar
[78], with mass values varying in different analyses. The
decay modes of the Y (4260) into J /v and other char-
monium states indicate the presence of a cc content.
From PDG [2], the masses of some radial excitations,
¥ (2S) and ¥ (1P) are well established, but the masses
of Y (35), ¥ (4S), ¥ (1P), ¥(2P) and vy (1D) still need
more experimental investigation. Some theoretical inter-
pretations for the Y (4260) are hybrid mesons (mixing of
cc and ccg) [79-82], tetraquark state [83], hydrocharmo-
nium [84-86], hadronic molecules of DD, (2420) + c.c.
[87], wxco [88] etc. For the wx .o molecule, the predicted
leptonic decay width is only about 23 eV [88]. By Llanes-
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Estrad Y(4260) was proposed to be a conventional char-
monium ¥ (45) state and also estimated to have a leptonic
decay width as 0.2-0.35 keV [89]. Wen Qin, Si-Run Xue
and Qiang Zhao have predicted the upper limit of the Y
(4260) leptonic decay width to be about 500 eV [90]. The
LQCD also predicts the leptonic decay width as < 40 eV
for a hybrid charmonium state [91].

According to new results from BESIII [7], Y(4260) is nota
simple peak. This measurement of the eTe™ — n = J /¢
cross section was done by using both a small number of high-
statistical data points and a large number of low-statistics data
points [7]. They found the resonance Y(4260) is described
as a combination of two peaks Y(4220) and Y(4330) [7].
However, the structure and interpretations of Y(4220) and
Y (4330) are not yet understood. Recently, Gao, Shen and
Yuan have predicted that the value of the leptonic decay width
for Y(4220) can be as large as 200 eV or even higher based on
current information [92]. So the peaks observed by BESIII
will provide more information as regards their structure. Thus
the states Y(4260), Y(4220) and Y(4330) have opened up
new challenges in the charm sector.

According to the latest PDG 2016 [2], the earlier state
Y (4260) is now renamed as X(4260). We have analyzed the
status of X(4260), Y(4220) and Y (4330) states.

According to the present study the Y(4220) state is not fit
to be seen as a pure charmonium state but fit to be seen as an
admixture of (33 D1)(71.3 %) and (33 $1)(28.7 %) states with
its estimated leptonic decay width as 0.417 keV.

The second resonance reported by BES 111, Y(4330) with
mass 4326.8 & 10 MeV, is close to our predicted 33D1 state
having a mass of 4300.6 MeV and a predicted leptonic decay
width of 0.099 keV.

If we now consider X(4260) as a pure ¥ (4S) state with
the predicted mass equal to 4266.4 MeV, then its leptonic
decay width is predicted as 0.63 keV, which is higher than
the upper limit of 0.500keV [90]. And if we consider X(4260)
as a mixed state of Y(4220) and Y(4330) with a mixing prob-
ability of 0.67 : 0.33, then its leptonic decay width has to be
0.258 keV. The recent experimental measurements of BESIII
[93,94] suggests a comparatively very small leptonic decay
width for X(4260) [88]. Thus, the X(4260) state can neither
be identified as a pure state nor as a mixed state. The X(4260)
state might be an exotic state or a hadronic molecular state.
We require more experimental data for the confirmation of
the X(4260) state.

e Another controversial state is Y(4360), havinga J © value
17, which has now been renamed as X(4360) [2]. This
state may be a diquark—anti-diquark type tetraquark state
or it may be a mixed S-D-wave charmonium state [95].
The present analysis suggests it to be a mixed 43S} and
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43D charmonium state with a leptonic decay width of
0.431 keV.

e X(4630) is compatible with our 1™~ mixed charmonium
state with an admixture of 535 and5> D states having a
mass of 4634 MeV and its predicted leptonic decay width
as 0.117 keV.

e The structure of Y(4660) is also interesting because this
state was neither observed in ete™ — y;srpTpJ /Y
process, nor in the mass distributions of a cc in the final
stage of e~ e™ collision experiment [96]. Other theoreti-
cal approaches suggested it to be a molecular-like struc-
ture. According to latest PDG [2], Y(4660) has been
renamed X(4660) and its J© = 1~ value suggests that
it might be an admixture of 538, and 5°D; states, and
we have predicted its leptonic decay width to be 0.110
keV. However, the status of these states is still a mystery
and to resolve this we need more experimental results on
their leptonic decay widths.

e The Particle Data Group has renamed Y,(10888) by
T (10860) [2]. In our present study, by considering both
its mass and leptonic decay width, we find it very difficult
to assign it as the bb, 58 state. Even if we consider it as
an admixture of 5°S) and 53 Dy states, its leptonic decay
width is estimated to be equal to 0.096 keV, which is much
lower than the experimentally reported value of 0.31 £+
0.07 keV [2]. So, the status of ¥, (10888) or Y (10860) as
aconventional bottomonium state or an admixture of S—-D
states is doubted. More refined experimental observations
of Y (10860) can shed more light on the understanding
of this state.

6 Summary

In the present paper we have proposed a quark model for
hadrons. The approach is attractive due to its simplicity in
applications to quarkonia and exotic hadrons. In our model
for meson mass spectroscopy we have solved the Dirac equa-
tion to obtain the binding energy for individual quark/anti-
quark. Further the mass of the bound state is computed by
adding the binding energies of the quark and anti-quark with
the addition of a center of mass correction.

In the last few years many states have been observed at
B-factories (BaBar, Belle and CLEO), at proton—proton col-
liders (ATLAS, CMS, CDF, DO, LHCb), and at t-charm facil-
ities (CLEO-c, BES3) in the heavy quarkonium sector. These
charmonium-like and bottomonium-like states have provided
new challenges for theorists as well as for experimentalists
because it reveals the inner mechanisms of hadrons. There
is no confirmation regarding XYZ states as exotic states,
molecular states and as regards a hybrid structure. We have
predicted the status of a few unknown states as an admix-
ture of two states having the same J values and predicted
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their leptonic decay widths. The LHCb (CERN), BES-III
(China), PANDA (FAIR, Germany; after 2018) and Belle
(Japan) experiments are expected to pour more data in the
quarkonium sector. With the help of advanced experimen-
tal facilities we hope to get valuable information related to
the newly observed hadronic states. The theoretical predic-
tions will be helpful for the experimental exploration of the
hadronic states in the quarkonium sector.
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