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Abstract In this paper, the generalized equation of state
(GEoS) for dark energy (wβ = w0 − wβ [(1 + z)−β − 1]/β)
is investigated with the combined standard ruler data from
the observations of intermediate-luminosity radio quasars,
galaxy clusters, BAO and CMB. The constraint results show
that the best-fit EoS parameters are w0 = − 0.94+0.57

−0.41,

wβ = − 0.17+2.45
−4.81 and β = −1.42 (with a lower limit of

β > − 2.70 at 68.3% C.L.), which implies that at early
times the dark energy vanishes. In the framework of nine
truncated GEoS models with different β parameters, our
findings present very clear evidence disfavoring the case
that dark energy always dominates over the other mate-
rial components in the early universe. Moreover, stringent
constraints can be obtained in combination with the latest
measurements of Hubble parameter at different redshifts:
w0 = −1.01+0.56

−0.31, wβ = 0.01+2.33
−4.52 and β = −0.42 (with a

lower limit of β > −2.40 at 68.3% C.L.). Finally, the results
obtained from the transition redshift (zt ) and Om(z) diag-
nostic indicate that: (1) The above constraints on the GEoS
model agree very well with the transition redshift interval
0.49 ≤ zt ≤ 0.88 within 1σ error region. (2) At the cur-
rent observational level, the GEoS model is practically indis-
tinguishable from �CDM, although a small deviation from
�CDM cosmology is present in the combined standard ruler
data.

1 Introduction

From many astrophysical and cosmological observations
such as Type Ia Supernovae (SN Ia) [1–4] and cosmic
microwave background radiation (CMB) [5–8], there is

a e-mail: caoshuo@bnu.edu.cn

strong evidence for dark energy (DE) with negative pres-
sure, which dominates the total energy density and causes an
accelerating expansion of our universe at late times. The most
obvious theoretical candidate of dark energy is the cosmolog-
ical constant �, which can fit the observations well, but which
is plagued with the fine-tuning problem and the coincidence
problem [9]. Numerous other dynamical DE models have
also been proposed in the literature, such as the quintessence
[10,11], phantom [12,13], quintom [14–16], Chaplygin gas
model [17–19] and holographic models [20,21] etc.

Because dark energy possesses a negative pressure and
therefore leads to a distinct equation of state (EoS):w = p/ρ,
which is quite different from the ordinary matter (cold dark
matter plus baryons), much previous work has been done
in terms of the modification and parameterizations of the
EoS which incorporates the recent prediction from observa-
tional cosmology. The most often investigated EoS param-
eterizations are w(z) = w0 + wP1z [22–24]; w(z) =
w0 + wP2 ln(1 + z) [25], and w(z) = w0 + wP3z/(1 + z)
[26,27], where w0 is the current value of the EoS parame-
ter, and wP (P = P1, P2, P3) are free parameters quantifying
the time-dependence of the dark energy EoS, which must be
constrained by various observational data. Note that the EoS
associated with the �CDM model can be always recovered
by taking wP = 0 and w0 = − 1 (see Ref. [28–32] for other
parameterizations). Recently, Barboza et al. [33] proposed a
generalized cosmic equation of state (GEoS) expressed as

w(z) = w0 − wβ

(1 + z)−β − 1

β
. (1)

From the above expressions, it is straightforward to show that
the above EoS parameterizations are fully recovered when
β → − 1.0, β → 0 and β → + 1.0, respectively. There-
fore, the introduction of the new parameter β is equivalent to
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putting the EoS parameterizations (P1)–(P3) in a more gen-
eral framework allowing more categories of cosmological
solutions [33].

From the energy conservation law, it is easy to show that
the ratio fβ = ρβ/ρ0

β evolves as [33]

fβ = (1 + z)3(1+w0+wβ/β) exp
[3wβ

β

( (1 + z)−β − 1

β

)]
.

(2)

Note that some cases of interest relating the parameters w0,
wβ and β may also be obtained:

1. β > 0 (wβ < 0 or wβ > 0): At early times the dark
energy is a subdominant component if w0 + wβ/β ≤ 0.

2. β < 0 and wβ > 0: At early times the dark energy always
dominates over the other material components.

3. β < 0 and wβ < 0: At early times the dark energy density
vanishes.

Currently, much work has been done on this generalized
EoS model with the attempt to constrain it by using various
observational data, such as SN Ia and the Hubble parameter
data [33]. On the other hand, recently, the angular size of
the compact structure in radio quasars versus redshift data
from the very-long-baseline interferometry (VLBI) observa-
tions has become an effective probe in cosmology. Reliable
standard rulers at cosmological scales are crucial for measur-
ing cosmic distances at different redshifts. In the past, there
have been controversies as regards whether the compact radio
sources could act as standard rulers [34–40]. The difficulty
lies in the fact that the linear sizes lm of compact radio sources
might not be constant, i.e., its value is dependent on both red-
shifts and some intrinsic properties of the source (luminosity,
for example). Based on a 2.29 GHz VLBI all-sky survey of
613 milliarcsecond ultra-compact radio sources, Cao et al.
[41] found that only intermediate-luminosity quasars show
negligible dependence on both redshifts z and intrinsic lumi-
nosity L , which makes it possible for them to perform as
standard rulers with a fixed comoving length. More recently,
based on a cosmological-model-independent method to cal-
ibrate the linear sizes lm of compact radio quasars, Cao et
al. [42] investigated the cosmological application of this
data set and obtained stringent constraints on both the mat-
ter density, �m , and the Hubble constant, H0, which agree
very well with those derived from the recent Planck mea-
surements. The advantage of this data set, compared with
other standard rulers including baryon acoustic oscillations
(BAO) [43–46], galaxy clusters [47] and strong lensing sys-
tems [48–53], is that quasars are observed at much higher
redshifts (z ∼ 3.0). However, in order to consider the red-
shift coverage of observations and break the degeneracy of
the model parameters, we also add, in our discussion, the

angular diameter distance measurements from galaxy clus-
ters, BAO and CMB, which have been extensively used to
probe the nature of cosmic acceleration in much previous
work [54–57].

This paper is organized as follows: In Sect. 2, we introduce
the latest data sets used in our analysis. In Sect. 3, we show the
constraint results from standard ruler data and furthermore
apply the transition redshift interval data and model diagnos-
tics in Sect. 4. Finally, we summarize the main conclusions
in Sect. 5.

2 Observational data and analysis

2.1 Quasars data

The BAO peak location is commonly recognized as a fixed
comoving ruler of about 100 Mpc [43–46]. In a similar
spirit, as extensively discussed in the literature, compact radio
sources (quasars, in particular) constitute another possible
class of standard rulers with the comoving length of about
10 pc. Following the analysis of Gurvits [35], luminosity
and redshift dependence of the linear sizes of quasars can be
parametrized as

lm = l Lm(1 + z)n (3)

where m and n are two parameters quantifying the “angu-
lar size–redshift” and “angular size–luminosity” relations,
respectively. The parameter l is the linear size scaling fac-
tor representing the apparent distribution of radio brightness
within the core. The data used in this paper were derived
from an old 2.29 GHz VLBI survey presented by Preston
et al. [58], which contains 613 milliarcsecond ultra-compact
radio sources covering the redshift range 0.0035 < z <

3.787. More recently, Cao et al. [41] presented a method
to identify a sub-sample which can serve as a certain class
of individual standard rulers in the universe. According to
the optical counterparts and luminosities, the full sample
could be divided into three sub-samples: low-luminosity
quasars (L < 1027 W/Hz), intermediate-luminosity quasars
(1027 W/Hz < L < 1028 W/Hz) and high-luminosity
quasars (L > 1028 W/Hz). The final results showed that
only intermediate-luminosity quasars show negligible depen-
dence (|n| � 10−3, |m| � 10−4), and thus they could be a
population of rulers once the characteristic length lm is deter-
mined. In our analysis, we will use the observations of 120
intermediate-luminosity quasars covering the redshift range
0.46 < z < 2.80, while the linear size of this standard ruler is
calibrated to lm = 11.03±0.25 pc through a new cosmology-
independent technique [42].

The observable quantity in this data set is the angular size
of the compact structure in intermediate-luminosity radio
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Table 1 The currently available angular diameter distance data from BAO and their references

z 0.35 0.44 0.57 0.60 0.73 2.34

DA (Mpc) 1050 1205 1380 1380 1534 1662

1σ (Mpc) ± 38 ± 114 ± 23 ± 95 ± 107 ± 96

Ref. Blake et al. [43] Blake et al. [43] Blake et al. [43] Xu et al. [44] Samushia et al. [45] Delubac et al. [46]

quasars, whose theoretical (i.e. determined by the cosmo-
logical model) counterpart is

θth(z) = lm
DA(z)

(4)

where DA is the angular diameter distance at redshift z and
the GEoS parameters p directly enter the angular diameter
distance through

DA(z;p) = c

(1 + z)H0

∫ z

0

dz′

E(z′;p)
(5)

where H0 is the Hubble constant and E(z′;p) is the dimen-
sionless Hubble parameter. For the quasar sample, the corre-
sponding χ2 is defined as

χ2
QSO(z;p) =

120∑
i=1

[θth(zi ;p) − θobs(zi )]2

σθ (zi )2 (6)

where θobs(zi ) is the observed value of the angular size and
σθ (zi ) is the corresponding uncertainty for the i th data point
in the sample. In order to properly account for the intrin-
sic spread in linear sizes and systematics we have added in
quadrature 10% uncertainties to the σθ (zi ) [42].

2.2 Other standard ruler data

In order to diminish the degeneracy between model parame-
ters we also used the accurate measurements of angular diam-
eter distances from galaxy clusters, BAO and CMB. More
importantly, the combination of high-redshift quasars and
other observational probes at lower redshifts could result in
a fair coverage of redshifts [42,59,60].

The measurements of BAO in the large-scale structure
power spectrum have also been widely used for cosmological
applications. In this work we consider the six measurements
of DA in several previous works [43–46]. These data and their
references are listed in Table 1. The detailed information as
regards these data can be found in these references. We can
obtain the angular diameter distances by using the Sunyaev–
Zeldovich effect together with X-ray emission of 25 galaxy
clusters (0.14 < z < 089) [47], where an isothermal ellipti-
cal β model was used to describe their mass distribution. For
the above two astrophysical probes, cosmological parameters

can be directly estimated by minimizing the corresponding
χ2 as

χ2
BAO/Cluster =

i∑ [Dth
A (zi ;p) − Dobs

A (zi )]2

σ 2
DA,i

. (7)

Here Dth
A (zi ;p) is the theoretical angular diameter distance

at redshift zi , which is defined in Eq. (5). Dobs
A (zi ) is the

observed angular diameter distance of the i th BAO or galaxy
cluster with total uncertainty σ 2

DA,i .
For the CMB data, the measurements of several quanti-

ties derived from Planck [61] will be used, which include
the acoustic scale (lA), the shift parameter (R), and the bary-
onic matter fraction at the redshift of recombination (�b0h2).
Firstly, the acoustic scale is expressed as

lA ≡ (1 + z∗)
πDA(z∗)
rs(z∗)

(8)

where the redshift of the photon-decoupling period can be
calculated as [62]

z∗ = 1048

[
1 + 0.00124

(
�b0h

2
)−0.738

] [
1 + g1(�m0h

2)g2
]
,

(9)

g1 =
0.0783

(
�b0h

2
)−0.238

1 + 39.5
(
�b0h2

)0.763 , g2 = 0.560

1 + 21.1
(
�b0h2

)1.81 . (10)

The comoving sound horizon can be parameterized as

rs(z∗) =
∫ t

0

csdt ′

a
= c

H0

∫ ∞

z∗

csdz

E(z)

= c

H0

∫ a∗

0

da

a2E(a)
√

3(1 + Rba)
, (11)

with Rb = 31500(TCMB/2.7K )−4�b0h2 and TCMB =
2.7255K . Note that the current radiation component is related
to the matter density as �r0 = �m0/(1 + zeq), where
zeq = 2.5×104�m0h2(TCMB/2.7K )−4. Secondly, the other
commonly used CMB shift parameter reads [63]

R(z∗) ≡
(1 + z∗)DA(z∗)

√
�m0H2

0

c
. (12)
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Fig. 1 The 68.3 and 95.4% confidence level contours for w0 versus wβ and wβ versus β for the standard ruler data. The best fit happens at
w0 = −0.94, wβ = 0.17 and β = −1.42

Model parameters can be estimated from the CMB data using
the likelihood based on the χ2 function defined as

χ2
CMB = 
PT

CMBC
−1
CMB
PCMB (13)

where 
PCMB is the difference between the theoretical dis-
tance priors and the observational counterparts. The corre-
sponding inverse covariance matrix C−1

CMB can be found in
Table 4 provided by Ade et al. [61].

We have incorporated the three standard ruler probes into
the analysis of quasar data and the total likelihood is taken to
be the products of the separate likelihoods of all cosmological
probes:

χ2
tot = χ2

QSO + χ2
Cluster + χ2

BAO + χ2
CMB. (14)

The best-fit model parameters are determined by minimizing
the χ2

tot and confidence limits on the model parameters are
obtained by using the usual 
χ2 (≡ χ2 − χ2

min) statistics,
where χ2

min is the global minimum χ2 for the best-fit param-
eters. Our calculating method is based on a Markov Chain
Monto Carlo (MCMC) method; the analysis is performed on
the publicly available CosmoMC package [64].

3 Constraints on the generalized EoS model

For the generalized wβ(z) model, the Friedmann equation for
a spatially flat universe which contains only dust matter (cold
dark matter plus baryons) and dark energy, can be expressed
as

E(z;p) = H/H0

=
√

�m(1 + z)3 + (1 − �m) fβ , (15)

Therefore, there are five independent model parameters p ≡
(�m, w0, wβ, β, H0) in this model.

For this combined standard ruler data, the best fit val-
ues for the GEoS parameters are �m = 0.304+0.016

−0.013, w0 =

−0.94+0.57
−0.41, wβ = −0.17+2.45

−4.81, β = −1.42, and H0 =
68.43+0.75

−0.71 km/s/Mpc at 68.3% confidence level. Figure 1
shows the contour plot (68.3 and 95.4% confidence levels)
in thew0–wβ andwβ–β planes for theχ2

total given by Eq. (14),
which indicates that at early times the dark energy vanishes.
Concerning the value of β, this result marginally disagrees
with the recent analysis of Barboza et al. [33], which incor-
porated the joint observations including the Constitution set
of 397 SN Ia, the CMB shift parameter R, the BAO parameter
A, and nine determinations of the Hubble parameter from the
differential ages of red-envelope galaxies [33]: w0 = −0.98,
wβ = 0.1, β = −3.04 (SN Ia+BAO+H(z)) and w0 = −1.0,
wβ = 0.28, β = 0.1 (SN Ia+BAO+CMB) [33]. Apparently,
these combined data only give a relatively weak constraint on
the model parameters, a result consistent with those obtained
with other observational data sets [33]. However, we still
obtain a lower limit for the β parameter, β > −2.70 at
68.3% C.L. Moreover, when β < −1, the EoS parameter
wβ might be reduced into a narrow strip. Therefore, β can
play an significant part amid the parameter estimations. In
order to gain an insight into this conclusion, we assign dif-
ferent values to this parameter with results shown in Fig. 2,
which exhibits variations of wβ with w0 in the truncated
planes (w0–wβ ). In the dark energy model with general-
ized equation of state, the Chevalier–Polarski–Linder (CPL)
parameterizations could be fully recovered when β = +1.0.
One can deduce that this model is only one specific pro-
jection in different parameter subspaces of the general EoS
model. Considering the physical meaning of β quantifying
the dynamical properties of dark energy, we assign differ-
ent values β = ±2.0,±1.5,±1.0,±0.5, 0 to this parameter
and obtain nine time-dependent EoS parameterizations. Evi-
dently, the greatest improvement in the parameter constraints
is apparent around β = −1, because when β < −1 (clearly
an upper limit), contours at 1σ as well as 2σ error regions
are both greatly reduced. For the eight EoS scenarios, and
H0, the best-fit values of the EoS parameters (w0, wβ ) with
1σ uncertainties are presented in Fig. 2.
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Fig. 2 The truncated planes w0–wβ with different truncated β parameters. The special case with w0 + wβ/β = 0 denoted with red dashed lines
is also added for comparison

When the β parameter is fixed at β = +2.0 and the cos-
mic equation of state takes the form w(z) = w0 − w2[(1 +
z)−2 − 1]/2, the best-fit values for the EoS parameters are
w0 = −0.88+0.40

−0.37, w2 = −0.70+1.69
−2.21 at 68.3% confidence

level. Working on the commonly used CPL parametriza-
tion with β = +1.0, we obtain w0 = −0.92+0.38

−0.31 and

w1 = −0.45+1.14
−1.76, from which one can see fairly good

agreement between our results obtained by using the stan-
dard ruler data and the concordance �CDM model. Perform-
ing a similar analysis on the cosmic equation of state with
β = +1.5 and β = −0.5, we derive the best-fit param-
eters as w0 = −0.91+0.39

−0.32, w1.5 = −0.52+1.35
−1.97; w0 =

−0.93+0.36
−0.27, w0.5 = −0.35+0.88

−1.49; and w0 = −0.94+0.35
−0.18,

w0.0 = −0.27+0.46
−1.31. Concerning the physical meaning of

different combination of w0, wa and β, in order to illus-
trate the role of dark energy played at early times of the uni-
verse, we also show the special case with w0 +wβ/β = 0 in
Fig. 2, which strongly indicates that at early times the dark
energy is a subdominant component at the 95.4% confidence

level. Next, we examine the cosmic equation of state which
allows the β parameter to be smaller than zero. When β < 0,
contours of the EoS parameters at 1σ as well as 2σ error
regions are both greatly reduced: w0 = −0.95+0.33

−0.12, w−0.5 =
−0.20+0.20

−1.13; w0 = −0.93+0.30
−0.14, w−1 = −0.21+0.21

−0.92; w0 =
−0.95+0.29

−0.12, w−1.5 = −0.14+0.14
−0.80; and w0 = −0.97+0.29

−0.10,

w−2 = −0.09+0.09
−0.67. Focusing on the physical meaning of

different combination of w0, wβ and β, our results with neg-
ative β parameters tend to support the indication that the dark
energy density vanishes at early times (at 68.3% confidence
level).

In performing the statistical analysis from the standard
ruler data set, we find that the standard rulers will shift the
matter density parameter to a higher value (�m ∼ 0.304)
and a lower value for the Hubble constant (H0 ∼ 68.45
km/s/Mpc), which is well consistent with that obtained from
the independent measurements including the recent Planck
CMB [61] and radio quasar data [42], but essentially differ-
ent from the corresponding fits derived from standard candles
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Fig. 3 The 68.3 and 95.4% confidence level contours for w0 versus wβ and wβ versus β for the combined standard ruler and standard clock data.
The best fit happens at w0 = −1.01, wβ = 0.01 and β = −0.42

(SN Ia) [65,66]. Moreover, the parameter β can play an sig-
nificant part amid the parameter estimations, i.e., with the
decrease of |β|, the other EoS parameter characterizing the
evolution of w evolving with redshift, wβ , will be more strin-
gently constrained. Finally, it is implied that at early times the
dark energy is a subdominant component (at the 95.4% confi-
dence level) or vanishes (at the 68.3% confidence level), i.e.,
the special case that at early times the dark energy always
dominates over the other material components is not pre-
ferred by the available observations.

From the observational point of view, the ages of passively
evolving early-type galaxies will provide direct measure-
ments of the Hubble parameter H(z) at different redshifts,
which constitute another type of standard probe (i.e., stan-
dard clocks) in cosmology [67]. Moreover, compared with
other types of observational data, it is more rewarding to
investigate the observational H(z) data directly, because it
can take the fine structure of H(z) into consideration and
then use the important information compiled in it. It should
be noted that H(z) measurements are always obtained from
two different techniques: galaxy differential age, also known
as cosmic chronometer (CC) and radial BAO size methods.
The latest 36 H(z) data set including 30 CC H(z) data and
six BAO H(z) data is compiled in Table 1 of Zheng et al.
[68]. In this work, considering the correlation between H(z)
and BAO, we only use 30 Hubble parameter measurements
obtained from cosmic chronometers, i.e. massive, early-type
galaxies evolving passively on a timescale longer than their
age difference. The χ2 statistics for these H(z) data covering
the redshift range of 0.07 < z < 1.965 is defined as

χ2
H =

30∑
i=1

(H(p; zi ) − Hi )
2

σ 2
H,i

, (16)

where σH,i is the 1σ uncertainty in the H(z) data.
Fitting the GEoS model to the combined standard ruler

and standard clock data, we obtain �m = 0.310+0.008
−0.019,

w0 = −1.01+0.56
−0.31, wβ = 0.01+2.33

−4.52, β = −0.42 and

H0 = 68.40+0.81
−0.67 km/s/Mpc. Figure 3 shows the contour

plot (68.3 and 95.4% confidence levels) in the w0–wβ and
wβ–β planes for this joint analysis. Apparently, the com-
bination with all available observational data gives a more
stringent constraint on the model parameters, i.e., a lower
limit for the β parameter, β > −2.40 is also determined at
68.3% C.L. More interestingly, the implication that the dark
energy vanishes at early times is still supported at the current
observational level. Therefore, it is reasonable to expect that
a large amount of the observational H(z) data will dramati-
cally minimize systematic uncertainties by design, and thus
shed much more light into the dark universe in the future
[69].

4 Model diagnostics

In order to better understand the nature of dark energy, it is
important to apply some sensitive and robust diagnostics to
illustrate the dynamic behavior of dark energy with general-
ized equation of state.

In this way, we first derive the deceleration parameter to
study the influence of the parameter β on the epoch of cosmic
acceleration

q(z) = 1

2

�m(1 + z)3 + (1 − �m)( f ′
β(1 + z) − 2 fβ)

�m(1 + z)3 + (1 − �m) fβ
,

(17)

where f ′
β(1 + z) = 3(1 +w0 + wβ

β
) fβ − 3wβ(1+z)−β

β
fβ . The

transition redshift zt , at which the universe switches from
deceleration to acceleration, is the very redshift correspond-
ing to q(z) = 0. Figure 4 shows the deceleration parame-
ter q(z) as a function of redshift with the best-fitted value
as well as the 1σ uncertainties derived from the standard
ruler data and combined standard probe data (standard ruler
and standard clock)1. The vertical lines stand for the interval

1 Considering the fact that all of the current observations only place
a lower limit on the β parameter, we just take into account the 1σ

uncertainties of the other four model parameters (�m , w0, wβ, H0).
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0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
z

−1.5

−1.0

−0.5

0.0

0.5

1.0
q(
z)

zt = (0.49, 0.88)

Standard Ruler
Standard Ruler+Standard Clock

Fig. 4 Evolution of the deceleration parameter for the GEoS model
from the standard ruler data (blue line), as well as the combined standard
ruler and standard clock data (purple line). The 1σ uncertainties are,
respectively, denoted by blue and purple shades. The dashed vertical
lines stand for the interval 0.49 ≤ zt ≤ 0.88, which corresponds to
±1σ of one of the values for zt estimated by Cunha [70]

0.49 ≤ zt ≤ 0.88, which corresponds to ±1σ of the value
for zt given by Cunha [70]. In particular, the cosmological
results from dark energy with a generalized equation of state
are in agreement with these transition redshift data within a
1σ error region.

Moreover, it is well known that Om(z) provides a null
test for the base �CDM cosmology and other evolving dark
energy models [71,72], the expression of which is related to
the Friedmann equation as

Om(z) = E2(z) − 1

(1 + z)3 − 1
(18)

It is apparent that in the base �CDM model neglecting the
radiation at low redshifts, the value of Om(z) should be
constant and exactly equal to the present mass density �m ,
while for other cosmological models, the Om(z) diagnostic
is expected to give different values. Therefore, Om(z) per-
forms the most popular probe used to test the �CDM model
and to seek evidence of evolving cosmic equation of state
[68,73].

Applying the Om(z) diagnostic to the GEoS model con-
sidered in our work, we can get the relation between the red-
shift and Om(z) for the GEoS model, which is specifically
presented in Fig. 5. Another impressive feature of Fig. 5 is
the slope of Om(z). If the value of Om(z) is a constant at any
redshift, dark energy is exactly in the form of the cosmolog-
ical constant, whereas the evolving Om(z) corresponds to
other dynamical dark energy models. On the other hand, the
slope of Om(z) could distinguish two different types of dark
energy models, i.e., a positive slope indicates a phase of phan-
tom (w < −1) while a negative slope represents quintessence

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
z

−0.4

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

O
m
(z
)

Standard Ruler
Standard Ruler+Standard Clock

Fig. 5 The evolution of Om(z) versus the redshift z for the GEoS
model from the standard ruler data (blue line), as well as the combined
standard ruler and standard clock data (purple line). The 1σ uncertain-
ties are, respectively, denoted by blue and purple shades

(w > −1) [72]. It is apparent that, in the framework of the
GEoS models with the best-fit parameters from the standard
ruler data, the slope of Om(z) is slightly smaller than zero,
which suggests that the current observational data tend to
support a quintessence cosmology. However, the combina-
tion of standard clock data implies that the GEoS model is
practically indistinguishable from �CDM. Such a tendency
is more obvious when the 1σ uncertainty of the model param-
eters is taken into consideration.

5 Conclusions

In this paper, we have examined, with the combined angu-
lar diameter distance data from the observations of milliarc-
second compact structure in intermediate-luminosity radio
quasars, galaxy clusters, BAO and CMB, to place constraints
on the generalized EoS for dark energy. Furthermore, we
have used sensitive and robust diagnostics to illustrate the
dynamic behavior of dark energy generalized EoS. Here we
summarize our main conclusions in more detail:

• Performing the statistical analysis from the standard
ruler data set, we derive the best-fit EoS parameters as
w0 = −0.94+0.57

−0.41, wβ = −0.17+2.45
−4.81 and β = −1.42,

which implies that at early times the dark energy van-
ishes. Meanwhile, although these combined data fail to
place very stringent constraints on the model parameters,
w0, wβ and β, which is consistent with those obtained
with other observational data constraints [33], for the β

parameter a lower limit of β > −2.70 is still determined
at 68.3% C.L. in this work. Concerning the value of β,
our results marginally disagree with the recent analysis
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of Barboza et al. [33], which incorporated the joint obser-
vations including the Constitution set of 397 SN Ia, the
CMB shift parameter R, the BAO parameter A, and nine
determinations of the Hubble parameter from the differ-
ential ages of red-envelope galaxies [33].

• Considering the physical meaning of β quantifying the
dynamical properties of dark energy, we assign dif-
ferent values of β to this parameter and obtain nine
time-dependent EoS parameterizations. For the truncated
GEoS models, the standard rulers will shift the stan-
dard rulers will shift the matter density parameter to a
higher value (�m ∼ 0.304) and a lower value for the
Hubble constant (H0 ∼ 68.45 km/s/Mpc), which is well
consistent with that obtained from the independent mea-
surements including the recent Planck CMB [61] and
radio quasar data [42], but which is essentially different
from the corresponding fits derived from standard can-
dles (SN Ia) [65,66]. Moreover, with the decrease of |β|,
the other EoS parameters characterizing the evolution of
w evolving with redshift, wβ , will be more stringently
constrained. More importantly, it is implied that at early
times the dark energy is a subdominant component (at
the 95.4% confidence level) or vanishes (at the 68.3%
confidence level), i.e., the special case that at early times
the dark energy always dominates over the other mate-
rial components is not preferred by the available obser-
vations.

• Moreover, stringent constraints can be obtained in combi-
nation with other observational data including the mea-
surements of Hubble parameter H(z) at different red-
shifts. For the combined standard ruler and standard
clock data, the best fit takes place at w0 = −1.01+0.56

−0.31,

wβ = 0.01+2.33
−4.52, and β = −0.42. Similarly, a lower

limit for the β parameter, β > −2.40 is also determined
at 68.3% C.L. More interestingly, the implication that the
dark energy vanishes at early times is still supported at
the current observational level.

• In terms of the transition redshift zt , at which the uni-
verse switches from deceleration to acceleration, we find
that the results from the GEoS model are in consistence
with the transition redshift data within a 1σ error region.
Applying the Om(z) diagnostic to the GEoS model con-
sidered in our work, we find that, in the framework of the
GEoS model with the best-fit parameters from the stan-
dard ruler data, the slope of Om(z) is slightly smaller
than zero, which suggests that the current observational
data tend to support a quintessence cosmology. How-
ever, the combination of standard clock data implies that
the GEoS model is practically indistinguishable from
�CDM, a tendency more obvious when the 1σ uncer-
tainties of model parameters are taken into considera-
tion. Therefore, the above conclusions still need to be

checked with future observational data such as high-
redshift radio quasars from the VLBI surveys [74,75],
which will provide much better and competitive con-
straints on the dynamical properties of dark energy.
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