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Abstract A class of AdS; x X, with 35 being a two-sphere
or a hyperbolic space, solutions within four-dimensional
N = 4 gauged supergravity coupled to three-vector mul-
tiplets with dyonic gauging is identified. The gauged super-
gravity has a non-semisimple S O (3) x (T3, T3) gauge group
and can be obtained from a consistent truncation of 11-
dimensional supergravity on a tri-sasakian manifold. The
maximally symmetric vacua contain AdS4 geometries with
N = 1,3 supersymmetry corresponding to N = 1 and
N = 3 superconformal field theories (SCFTs) in three
dimensions. We find supersymmetric solutions of the form
AdS; x X, preserving two supercharges. These solutions
describe twisted compactifications of the dual N = 1 and
N = 3 SCFTs and should arise as near horizon geometries
of dyonic black holes in asymptotically AdS4 space-time.
Most solutions have hyperbolic horizons although some of
them exhibit spherical horizons. These provide a new class
of AdS; x X, geometries with known M-theory origin.

1 Introduction

Apart from giving deep insight to strongly coupled gauge
theories and string/M-theory compactifications in various
dimensions, the AdS/CFT correspondence has been recently
used to explain the entropy of asymptotically AdS4 black
holes [1-3]. In this context, the black hole entropy is com-
puted using topologically twisted index of three-dimensional
superconformal field theories (SCFTs) compactified on a
Riemann surface ¥, [4-8]. In the dual gravity solutions,
the black holes interpolate between the asymptotically AdS4
and the near horizon AdS; x ¥, geometries. These can be
interpreted as RG flows from three-dimensional SCFTs in
the form of Chern—Simons—Matter (CSM) theories possibly
with flavor matters to superconformal quantum mechanics
corresponding to the AdS, geometry.
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Along this line of research, BPS black hole solutions
in four-dimensional gauged supergravity, in particular near
horizon geometries, with known higher-dimensional origins
are very useful. Most of the solutions have been studied
within N = 2 gauged supergravities [9-15], for recent
results; see [16,17]. Many of these solutions can be uplifted
to string/M-theory since these N = 2 gauged supergravi-
ties can be obtained either from truncations of the maximal
N = 8 gauged supergravity, whose higher-dimensional ori-
gin is known, or direct truncations of M-theory on Sasaki—
Einstein manifolds.

In this work, we give evidence for anew class of BPS black
hole solutions in the half-maximal N = 4 gauged super-
gravity with known higher-dimensional origin by finding a
number of new AdS, x ¥ solutions. This gauged supergrav-
ity has SO(3) x (T3, T3) gauge group and can be obtained
from a compactification of M-theory on a tri-sasakian mani-
fold [18]. Holographic RG flows and supersymmetric Janus
solutions, describing (1 + 1)-dimensional interfaces in the
dual SCFTs have recently appeared in [19]. In the present
paper, we will look for supersymmetric solutions of the form
AdS, x X, within this tri-sasakian compactification.

Apart from giving this type of solutions in gauged super-
gravity with more supersymmetry, to the best of the authors’
knowledge, the results are the first example of AdS, x X,
solutions from the truncation of M-theory on a tri-sasakian
manifold. The truncation given in [18] gives a reduction
ansatz for 11-dimensional supergravity on a generic tri-
sasakian manifold including massive Kaluza—Klein modes.
Among this type of manifolds, N°!* with isometry SU (2) x
SU(3) is of particular interest. In this case, there is a non-
trivial two-form giving rise to an extra vector multiplet; see
[20,21] for the Kaluza—Klein spectrum of AdS4 x N 010 This
background, discovered long ago in [22], preserves N = 3
out of the original N = 4 supersymmetry. There is another
supersymmetric AdS4 vacuum with SO (3) symmetry and
N = 1 supersymmetry, the one broken by AdSs x N 010,
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This vacuum corresponds to AdSs4 x N0 geometry, with
NO10 being a squashed version of N0,

Not much is known about the dual N = 1 SCFT, but the
dual N = 3 SCFT has been proposed in a number of previous
works [23,24]; see also [25,26]. This SCFT takes the form
of a CSM theory with SU (N) x SU (N) gauge group. Itis a
theory of interacting three hypermultiplets transforming in a
triplet of the SU (3) flavor symmetry, and each hypermultiplet
transforms as a bifundamental under the SU(N) x SU(N)
gauge group and as a doublet of the SU(2)g ~ SO(3)r R-
symmetry. There are also a number of previous works giving
holographic studies of this theory both in 11-dimensional
context and in the effective N = 3 and N = 4 gauged
supergravities [19,27-31]. Solutions given in these works are
holographic RG flows, Janus solutions and supersymmetric
AdS; x X, solutions with magnetic charges.

In this work, we consider N = 4 gauged supergravity
constructed in the embedding tensor formalism in [32]. This
construction is the most general supersymmetric gaugins of
N = 4 supergravity in which both the “electric” vector fields,
appearing in the ungauged Lagrangian, and their magnetic
duals can participate. Therefore, magnetic and dyonic gaug-
ings are allowed in this formulation. Furthermore, this for-
mulation contains the “purely electric” gauged N = 4 super-
gravity constructed long time ago in [33] and the non-trivial
SL(2, R) phases of [34,35] as special cases. We will look for
supersymmetric AdS, x X, solutions in the N = 4 gauged
supergravity with a dyonic gauging of the non-semisimple
group SO (3) x (T3, T3). The solutions are required to pre-
serve SO(2) C SO3)g, so only a particular combination
of vector fields corresponding to this SO (2) residual gauge
symmetry appears in the gauge covariant derivative. The
strategy is essentially similar to the wrapped brane solutions
of [36], implementing the twist by canceling the spin con-
nections on X; by the SO (2) gauge connection.

These AdS; x X, solutions should appear as near hori-
zon geometries of supersymmetric black holes in asymptot-
ically AdS4 space-time. Since the N = 4 gauged super-
gravity admits two supersymmetric AdS4 vacua with unbro-
ken SO(3)g symmetry and N = 1, 3 supersymmetries, the
AdS; x ¥, solutions should be RG fixed points in one dimen-
sion of the dual N = 1, 3 SCFTs. Although the structure of
the dual N = 1 SCFT is presently not clear, we expect that
there should be RG flows between these twisted N = 1, 3
SCFTs on X, to one-dimensional superconformal quantum
mechanics dual to the AdS, x X, solutions. In this sense,
the entropy of these black holes would possibly be computed
from the topologically twisted indices of the dual N = 1, 3
SCFTs. Furthermore, these solutions should provide a new
class of AdS; geometries within M-theory.

The paper is organized as follows. In Sect. 2, we review
N = 4 gauged supergravity coupled to vector multiplets and
relevant formulas for uplifting the resulting solutions to 11
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dimensions. The analysis of BPS equations for SO(2) C
SO (3)r singlet scalars and Yang—Mills equations, for static
black hole ansatze consistent with the symmetry of X, will
be carried out in Sect. 3. In Sect. 4, we will explicitly give
AdS; x X, solutions to the BPS flow equations. We sepa-
rately consider the N = 1 and N = 3 cases and end the
section with the uplift formulas for embedding the solutions
in 11 dimensions. We finally give some conclusions and com-
ments on the results in Sect. 5. In the appendix, we collect the
convention regarding ‘t Hooft matrices and give the explicit
form of the Yang—Mills and BPS equations.

2 N = 4 gauged supergravity with dyonic gauging

In this section, we review N = 4 gauged supergravity in
the embedding tensor formalism following [32]. We mainly
focus on the bosonic Lagrangian and supersymmetry trans-
formations of fermions which provide basic ingredients for
finding supersymmetric solutions. Since the gauged super-
gravity under consideration is known to arise from a tri-
sasakian truncation of 11-dimensional supergravity, we will
also give relevant formulas which are useful to uplift four-
dimensional solutions to 11 dimensions. The full detail of
this truncation can be found in [18].

2.1 N =4 gauged supergravity coupled to vector
multiplets

In the half-maximal N = 4 supergravity in four dimen-
sif)ns, the supergravity multiplet consists of the graviton
eﬁ , four gravitini I/Ii , SiX vectors Al’f, four spin-% fields
x' and one complex scalar . The complex scalar can be
parametrized by the SL(2, R)/S O (2) coset. The supergrav-
ity multiplet can couple to an arbitrary number n of vector
multiplets containing a vector field A, four gaugini Al and
six scalars ¢". The scalar fields can be parametrized by the
SO(6,n)/SO(6) x SO(n) coset.

Space-time and tangent space indices are denoted, respec-
tively, by w,v,... = 0,1,2,3 and 4,v,... = 0,1,2,3.
Indices m,n = 1,...,6 and i,j = 1,2,3,4, respec-
tively, describe the vector and spinor representations of the
SO(6)r ~ SU(4)gr R-symmetry or equivalently a second-
rank anti-symmetric tensor and fundamental representations
of SU(4)g. The n vector multiplets are labeled by indices
a,b = 1,...,n. All the fields in the vector multiplets
will accordingly carry an additional index in the form of
(Aa , )“ia7 ¢ma).

All fermionic fields and the supersymmetry parameters
transform in the fundamental representation of SU (4)g R-
symmetry with the chirality projections

vs =V vsxi=—x', ysh =1l (1
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Similarly, for the fields transforming in the anti-fundamental
representation of SU (4) g, we have

V5‘(//ll~l‘ = _Wui )

General gaugings of the matter-coupled N = 4 super-
gravity can be efficiently described by the embedding tensor
®, which encodes the information as regards the embed-
ding of any gauge group Gy in the global or duality sym-
metry SL(2, R) x SO(6, n). There are two components of
the embedding tensor E"‘M and fyynp with o = (+, —)
and M,N = (m,a) = 1,...,n + 6 denoting fundamen-
tal representations of SL(2, R) and SO (6, n), respectively.
The electric vector fields AY+ = (A™, Aj}), appearing in
the ungauged Lagrangian, together with their magnetic dual
AM~= form a doublet under SL(2, R). These are denoted col-
lectively by AM®. In general, a subgroup of both SL(2, R)
and SO (6, n) can be gauged, and the magnetic vector fields
can also participate in the gauging. However, in this paper,
we only consider gaugings with only fy v p non-vanishing.
We then set £%M to zero from now on. This also considerably
simplifies many formulas given below.

The full covariant derivative can be written as

Dy =V, — gAY fu M inp 3)

where V,, is the space-time covariant derivative including the
spin connections. #y;y are SO (6, n) generators which can be
chosen as

(tmn) p? =265, “

with nyn being the SO (6, n) invariant tensor. The gauge
coupling constant g can be absorbed in the embedding ten-
sor ®. The original gauging considered in [33] only involves
electric vector fields and is called electric gauging. In this
case, only f4pnp are non-vanishing. In the following dis-
cussions, we will consider dyonic gauging involving both
electric and magnetic vector fields. In this case, both AM+
and AM~ enter the Lagrangian, and fy,pyyp With @ = &
are non-vanishing. Consistency requires the presence of two-
form fields when magnetic vector fields are included. In the
present case with & aM — (), these two-forms transform as an
anti-symmetric tensor under SO (6, n) and will be denoted
by BN = BN The two-forms modify the gauge field
strengths to

VSXi = Xi»  V5Ai = —Aj. (2)

1
HMi — dAM:E _ EUMQfaQNPANa A APi

1
+50"C fronp BN, )

Note that for non-vanishing f_p/np the field strengths of
electric vectors HM* have a contribution from the two-form
fields.

Before moving to the Lagrangian, we explicitly give the
parametrization of the scalar coset manifold SL(2, R)/SO(2)

x SO(6,n)/SO(6) x SO(n). The first factor can be
described by a coset representative

1 T
Imt ( 1 > ©

or equivalently by a symmetric matrix

Vy =

1 7|? Ret
Mo = Re(VuV) = — <1|ae|f 1 ) . ™)

It should also be noted that Im(V, Vg) = €4p. The complex
scalar t can also be written in terms of the dilaton ¢ and the
axion y as

T=x+ ie?. (8)

Forthe SO (6, n)/S 0 (6)x SO (n) factor, we can introduce
the coset representative VMA transforming by left and right
multiplications under SO (6, n) and SO (6) x SO (n), respec-
tively. The SO (6) x SO (n) index will be splitas A = (m, a)
according to which the coset representative can be written
as VMA = V)", V), "). As an element of SO(6, n), the
matrix VMA also satisfies the relation

As in the SL(2,R)/S0O(2) factor, the SO (6,n)/SO(6) x
SO (n) coset can also be parametrized in term of a symmetric
matrix defined by

Myn = VMmVNm + VMaVNa. (10)

The bosonic Lagrangian of the N = 4 gauged supergrav-
ity is given by

1 1
e L= SR+ RDMMMND“MMN

—maufaﬂf* -V

1
_Zlm ‘EMMNH%,—FHN—FMU

1

1 - M+q/N+
—gRe Te Hpo

Voo
"IN,

1
_Ee—IEHVPG [f—MNPA%_A{;V+8pA5_

1 _
+ZfaMNRfﬁPQS’?RSA,}YaA{;VJrA;;ﬂAg
1

_foMNPBIILVVP

o _
X(ZBPAQW —EUMSfaSQRAg“A(If )

1
—1—6f+MNRf_stnRSB,%NB,§;Q} (11)
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where e is the vielbein determinant. The scalar potential is
given by

2
g
V= E[faMNPfﬂQRSMaﬂ
1 2
% |:§MMQMNRMPS+ <§nMQ_MMQ) nNRnPSi|
4
—§faMpr,sQRse“ﬂMMNPQRS] (12)

where MMN is the inverse of My y, and MMNPORS g

defined by
MMNPQRS = EmnpquVMmVNnVP pVQqVR rVS s (13)

with indices raised by ™V . The covariant derivative of My
is defined by

DMyn = dMyn + 24702 £, 0p My r. (14)

It should be pointed out here that the magnetic vectors
and the two-forms do not have kinetic terms. They are aux-
iliary fields whose field equations give rise to the duality
relation between two-forms and scalars and the electric-
magnetic duality of AMT and AM~| respectively. Together
with the Yang—Mills equations obtained from the variation
with respect to AM* | these equations are given by

nun * DHN ™

1
—Zf+MPNMNQDMQP, (15)

1
nun * DHNT = Zf_MPNMNQDMQP, (16)
HM= = Im MMV yyp x HPT —Re tHMT, (17)

where we have used differential form language for later com-
putational convenience. By substituting H™~ from (17) in
(15), we obtain the usual Yang-Mills equations for HM+
while Eq. (16) simply gives the relation between the Hodge
dual of the three-form field strength and the scalars due to
the usual Bianchi identity of the gauge field strengths

1
FME = gaM= — EUMQfaQNPANa/\APi. (18)

In this paper, we are interested in N = 4 gauged supergravity
coupled to three vector multiplets. The gauge group of inter-
est here is a non-semisimple group SO (3) x (T3, 'i'3) -
SO(6, 3) described by the following components of the
embedding tensor:

— f4143,746,K+6
2215k, 1,7, K =1,2,3,
fi146.7+6.k+6 = 68/ 2ker

f-1,+6,k+6 = —4€1jk. (19)

f+17.k+6 =

The constant k is related to the four-form flux along the four-
dimensional space-time; see Eq. (122).

@ Springer

We should also remark that we follow the convention of
[18] in all of the computations carried out here. In particular,
the SO (6, 3) tensor 1y is off-diagonal

—1I5 03 03

0; 013 (20)
0; I3 03

NMN =

where 03 and I3 denote 3 x 3 zero and identity matrices,
respectively. As a result, the computation of My pors in
(13) and parts of the supersymmetry transformations given
below which involve V,,”" and V,,“ must be done with the
projection to the negative and positive eigenvalues of 17y,
respectively. This can be achieved by using the projection
matrix

0; V2P; 05
P=|-P; 0 P (21)
Py 03 P

where the 3 x 3 matrix P3 is given by

3 1 001
h=—/010]. (22)
V2 100

We now turn to the supersymmetry transformations of
fermionic fields. These are given by

. 0 i N
8y, =2Dy€' —ggAll"yMej—i—Z(Va)*VM”H%“y”pyuej,

(23)
e ie“ﬂVaDﬂVﬂ)/“e"—gigA;jej + %VO,VMi-/H%‘,“Gj,
(24)
ol =2iV,M DV, yte; + 2igA,, !
—%VQVMHH,%“VWE" . (25)
The fermion shift matrices are defined by
Ailj = 6aﬂ(Va)*VklMVNikVlefﬂM N
Aéj = eaﬁVaszMVNikVP'ﬂfﬁM N
A2aij = VIV Vp jkfﬂMN : (26)

where V,," is defined in terms of the ‘t Hooft matrices G,
and V,," as

| g
Vi = 3Vu" G 27)
and similarly for its inverse

1 iy
M= —EVM’”(GL{)*. (28)
G% satisfy the relations

G
Gmij = (Gi)* = Efijle]:nl- (29)
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The explicit form of these matrices is given in the appendix.
It should also be noted that the scalar potential can be written
in terms of A; and A tensors as

1 ij 1 i LN
Vi=—2AVAlij + A7 Asij + 5 A5, Aoy -

3 9 2 (30)

With the explicit form of V, given in (6) and Eq. (17), it
is straightforward to derive the following identities:
Vo Vi THY ™ = — (V) T VT HET Y (1 = vs). 31
IVl Vi HIR Y™ = —(Vo) T Wy HIL Y (1L ps), (32)
Vo) Vi TH 1y, = V) T VM T H ™y, (1= ys).
(33)

In obtaining these results, we have used the following rela-
tions for the SO (6, n) coset representative [33]:

1 ..
NMN = _EeijleM”VNkl + VuVne,
VWM =0,
. 1 . o
V'V = =288 =880, Yu Yy =8 (34)

These relations are useful in simplifying the BPS equations
resulting from the supersymmetry transformations. Note also
that these relations are slightly different from those given in
[32] due to a different convention on V, in terms of the scalar
7. In more detail, V), used in this paper and in [18] satisfies
V4 /V_ = t while Vy used in [32] gives V1 /V_ = t*. This
results in some sign changes in the above equations compared
to those of [32].

2.2 Uplift formulas to 11 dimensions

As mentioned above, four-dimensional N = 4 gauged super-
gravity coupled to three vector multiplets with SO(3) x
(T3, 13) gauge group has been obtained from a truncation
of 11-dimensional supergravity on a tri-sasakian manifold in
[18]. We will briefly review the structure and relevant for-
mulas focusing on the reduction ansatz which will be useful
for embedding four-dimensional solutions. Essentially, we
simply collect some formulas without giving detailed expla-
nations for which we refer the interested reader to [18].
The 11-dimensional metric can be written as

ds?; = e**ds3 + ¢*Yds? (Bok)

+ers(m' + ADG? + A]). 35)

The three-dimensional internal metric g;; can be written in
terms of the vielbein as

g=0"0. (36)

Following [18], we will parametrize the matrix Q in terms
of a product of a diagonal matrix V and an SO (3) matrix O

Q0 =V0, V =diage", e, %). (37)
The scalar ¢ is chosen to be

1
<p=—§(4U+V1+V2+V3) (38)

in order to obtain the Einstein frame action in four dimen-
sions. Bk denotes a four-dimensional quaternionic Kéhler
manifold whose explicit metric is not needed in the following
discussions.

The ansatz for the four-form field is given by

1 -
Ga = Ha+ Har A(n+AD" + SeryicHy A (n+ A’
A + ADX + 4Tre vol(QK) H 1
1
A+ AN AT+ 66111(

xdy Am+AD A+ ADT A+ ADK
+Hy NI e l(x + Tro)d ke

—2ci)lmn+ AT A+ AT A TEK. (39)

c7y is a3 x 3 matrix and Trc = 8/ ¢; ;. The volume form of
Bqk, vol(QK), can be written in terms of the two-forms J !
as

_1 I I
vol(QK) = 27" A 7", (40)

Various forms in the above equation are defined by

Hy =dc3 + ¢y /\FZI,

Hy; = Deap + ey FS A Gk,
Hyp = D&y — 2¢a1 + x Fay,
Hy; = Dcip +2c1 + CJlej,

Hyjj = Dcyj +2ep5k(c1x + Ci1g) (41)

with the SO (3) covariant derivative
n
Dcy, .1, =dcyy..1, +2 Z ernkA] Acn ko, (42)
=1
The SO (3)r field strengths are defined by

F} =dAl — e xA] A A, (43)

It is useful to note here that the SL(2, R)/SO(2) scalars are
given by

Vi+Va+V3

T=x+Iie (44)

Although we will not directly need the explicit form of
ds2(BQK) and n'’s in the remaining parts of this paper, it
is useful to give some information on the N°19 tri-sasakian
manifold. N9 is a 7-manifold with SU(2) x SU(3) isom-
etry. The SU (2) is identified with the R-symmetry of the
dual N = 3 SCFT while SU (3) is the flavor symmetry. A

@ Springer
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simple description of N!0 can be obtained in terms of a
coset manifold SU(3)/U (1). With the standard Gell-Mann
matrices, the SU (3) generators can be chosen to be —%Aa,
a =1,...,8.Thecosetand U (1) generators are accordingly
identified as

i
K; = —5(/\1, A2, A3, A4, A5, Ag, A7),

i~/3
H=-"0 (45)
2
The vielbein on N0 can eventually be obtained from the

decomposition of the Maurer—Cartan one-form
L~ YL = é'K; + wH (46)

where L is the coset representative for SU (3)/U (1), and w
is the corresponding U (1) connection.

Following [18], we can use the tri-sasakian structures of
the form

1
I _ o1 207
Z(e,e,e),

1
J! =g(e‘t/\es—e?’/\e6,—e3/\es—e4

n

/\ef’, O ned—edn e4). 47

From these, we find the metric on the quaternionic—Kéhler
base Bqk to be

1
ds*(Bgk) = ﬁue%z +(eH)? + (@) + ()] (48)
with the volume form given by

1 1
vol(QK) = 6J’ AJl = —6—4e3 net A A ed. (49)

As mentioned before, all of the fields appearing in the reduc-
tion of [18] are SU (3) singlets.

3 BPS flow equations

In this section, we perform the analysis of Yang—Mills equa-
tions and supersymmetry transformations in order to obtain
BPS equations for the flows between AdS4 vacua and possi-
ble AdS; x X, geometries. We set all fermions to zero and
truncate the bosonic fields to SO(2) C SO(3)r singlets.
This SO (2) is generated by

X = Xoi + Xey + X3- (50)
where the gauge generators are defined by
Xuta = = famnpt"". (51)

We see that a combination of the electric vectors A%+, A%T
and the magnetic vector A3~ becomes the corresponding
SO(2) gauge field.

@ Springer

We are interested in supersymmetric solutions of the form
AdS; x T, with ¥, = §2, H2. We will then take the ansatz
for the four-dimensional metric to be

ds? = —e*/dr® 4 dr? + X7 (d6? + F(0)*dg?)  (52)
with
F(@)=sinf and F(f) =sinh6 (53)

for the S and H?, respectively. We will also use the param-
eter k = +1 to denote the S and H? cases. The functions
f(r), g(r) and all other fields only depend on the radial coor-
dinate r for static solutions. With the obvious vielbein

ef = efdt, e = dr,
¢! = e8do, ¢ = efFdg, (54)

it is now straightforward to compute the spin connections of
the above metric

ol = f/e;, o = g/eé,
A N PN F' (O o
o = g/ed), P = F((Q))e_ge(P' (55)

In the above expressions, we have used the hat to denote
“flat” indices while ' stands for the r-derivative with the only
exception that F/(0) = %. The ansatz for electric and
magnetic vector fields are given by

AMT = AMdr — pM F'(9)dg, (56)
AM= = AMdr — ey F'(0)dg (57)

where we have chosen the gauge such that A ﬁ” “ =0. pM and
e correspond to magnetic and electric charges, respectively.
In the present case, only AMY with M = 3, 6, 9 are relevant.

We finally give the explicit form of the scalar coset repre-
sentative for SO (6, 3)/S 0 (6) x SO (3). The parametrization
of [18] which is directly related to the higher-dimensional
origin is given by

V=CQ (58)

where the matrices Q and C are defined by

Iz 03 03
Q=020 Iy ,
03 03 €2U QT
03 2cT 05
C =exp 0; 03 03 ]. 59)
V2¢ a 03

For SO (2) invariant scalars, the 3 x 3 matrices ¢ and a are
given by

Zy Z3 0 0 0
c=|-z3z,0 |, a=|-200 (60)
0 0 Z, 0 00
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while Q can be obtained from (37) with V, = V| and O
being

0 B0

—00|. (61)
000

O =exp

This is a generalization of the coset representative of the
SO(3)g singlet scalars used in [19] in which & = g =
Z3 =0,Z1 = Zy and V| = V, = V3. In the following,
we will rename the scalars V3 — V; such that the complex
scalar T becomes

=y +ie?V1t"2, (62)

We now give the scalar potential for S O (2) singlet scalars,
V = e 3@UHVIHVI) [ AUHV) (AU 4 904V

+9k2+4x2e4u+2vl

_466U+4V1+2V2(6+62(U—V1)

—e 2 U=VDy L 24k y 7, + 164223

+8Xzze4U+2"' — 12kx 2y

+(16x% — 24k)Z1 Zy + 325 Z3 Z>

+4Z5eM TN L 49272 4 84 7,73

+1623735 — 4573 — 82173

+6kZ3 + 23 4 2¢*"2

(€' (x +22Z1 — 2)* + 2" 2Z1 + Z)*1]. (63)

The scalars 8, ® and Z3 do not appear in the potential. It
can also be checked that setting § = ® = Z3 = 0is a con-
sistent truncation. In fact, B never appears in any equations,
so we can set it to zero. On the other hand, the Yang—Mills
equations, to be given later, demand that ® and Z3 must
be constant. Since we are interested in the flow solutions
interpolating between AdS; x X5 and AdS4 vacua, and at
supersymmetric AdS4 critical points, both ® and Z3 vanish.
We then choose Z3 = & = 0.
The kinetic terms for the remaining scalars read

Lyin = —6U"> —2U' V] + V3) —2V[> = V| Vj

1[3‘/2/2 + 6—2(2V1+V2)X/2 + 46_2(2U+V1)
X Z 422U 22, (64)

We now redefine the scalars such that the kinetic terms are
diagonal

V=2Vi+Vs, U =204V, U,=2U+Vs, (65

in terms of which we find
1 - ~ ~
Liin = —Z(4U{2 + 20 + V"

4V x4 40122 4 207202 2D, (66)

These new scalars will also be useful in the analysis of the
BPS equations below.

The above scalar potential admits two supersymmetric
AdS4 vacua with N = 1 and N = 3 supersymmetries [18].
At these vacua the symmetry is enhanced from SO(2) to
SO (3). For convenience, before carry out the analysis of
the Yang—Mills and BPS equations, we review the N = 3
and N = 1 AdSy critical points in terms of the new scalars
defined above:

|
N=3:V=0=0=;mk
Vo=—12/k|">, k>0, (67)

. 1 k
N=1: U1=U2=1n5+§1n|:——:|,

k <0. (68)

Vo is the cosmological constant related to the AdS4 radius
by
3

L= ——. 69
7 (69)

3.1 The analysis of Yang—Mills equations

We now solve the equations of motion for the gauge fields
given in (15)—(17). We should emphasize that, in the reduc-
tion of [18], the magnetic vectors AM— with M = 4, 5,6 do
not appear in the reduction ansatz. These might arise from
the reduction of the dual internal seven-dimensional metric.
Furthermore, in this reduction, the two-form fields corre-
sponding to these magnetic vectors do not appear.

Although the present analysis involves A%t we will trun-
cate out the A%~ in order to use the reduction ansatz of [ 18] to
uplift the resulting solutions to 11 dimensions. This amounts
to setting eg and fl? in (57) to zero. It turns out that this
truncation is consistent provided that the two-form fields are
properly truncated. Therefore, we will seteg = A,ﬁ = Ointhe
following analysis. Note also that the vanishing of A°~ does
not mean the covariant field strength %~ vanishes although
the usual gauge field strength F°~ vanishes. This is due to the
fact that 4%~ gets a contribution from the two-form fields.

In order to consistently remove A6~ , we truncate the two-
form fields to only B'® and B78. With the symmetry of
AdS, x ¥, background and a particular choice of tensor
gauge transformations

BMN — BMN 4 MV, (70)
we will take the ansatz for the two-forms to be

B’ = B(r)F(0)df A dg,
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B'® = B(r)F(6)do A dé. (71)

With the explicit form of the embedding tensor, we can
compute the covariant field strengths

H* = AV dr Adt + (p® +4B)F(0)d6 A dp,

HOH = A%dr Adt + (p© — 4B)F(0)d6 A dép,

H* = A)'dr Adi + p°F(6)d6 A dg,

H3~ = AYdr Adr 4 (e3 — 2v/2B)F(0)d0 A dg,

HO™ = —6v2kBF(6)d0 A dé,

HO~ = AVdr Adr 4 (e9 — 2v/2B)F(0)d0 Adgp.  (72)
Note the non-vanishing covariant field strength 7, as men-
tioned above, due to the contribution from the two-form fields
despite A~ = 0.

Equations arising from (15) and (16) are explicitly givenin
the appendix. They can be solved by imposing the following
conditions:

Zy=0, @' =27,Z5-225Z],
B'F(0)dr A do Adgp = 24U+
x 3k x A% + %A% — /2% A7),
B'F(0)dr AdO Adg = 4Z e U+
x 3k % A%T + %A%t — V2% A7), (73)
The first condition implies that Z3 is constant. As men-
tioned above, this allows one to set Z3 = 0. The sec-
ond condition then requires that & is constant. We can
also set ® = 0. Together with B = 0, we are left
with only six scalars (U, Vi, Va, x, Z1, Z2) or equivalently
U1, Ua, V, X, Z1, Z2).

‘We move to the last two conditions in (73). First of all, the

dt A dr A dO component gives

3kp® + p® — V2e3 =0 (74)

while the dr A d6 A d¢ component leads to first-order dif-
ferential equations for B and B

B — \/5674(2U+V1)+28*f(3ku4t9 + A% — ﬁjg), (75)
E/ = —4Z1€74(2U+V1)+2g7f(3ku4t9 + A[ﬁ - ﬁvz{?) (76)

After solving all of the Yang—Mills equations and Bianchi
identities, we now consider the duality equation for electric
and magnetic vector fields. These equations whose explicit
form is given in the appendix lead to the relations between
(.Af” ’ fi{” ") and scalars. We can accordingly express the for-
mer in terms of the latter. These relations are given by

A?/ — ef—2g—2(U+V1)—3V2 [€4U+2V2

les +v2e9Zy —4BZ,

+x(p® + 4B +27))]

+Z312(e3 + P x) + V2Za(eo + p7x)]
—4Z)BGk —2xZy + Z3)

@ Springer

—2V2B(VF2 127, +273) + V2p° Zox 1., (77)
'Até/ — ef—2g—2(2U+V1)73Vz

[(2V2B —eg — p? )V T2 — pO7z3y

—e*V 22 725[V2e3 — 4B + 2002y + x (V2p° +2p° Z3)]

+ABZ5(x + Z2) — Z3[V2(e3 + p* X) + Za(eg + p° 1))

+4v2B 72682V (7 — ) +2v2BZ3(3k =2 Zo + Z3)],

(78)

A?/ — _of2820U+V)-3V;

[Z2(v2e3 — 4B + e9Z3) — 2v/2B(3k — 2 Zy + Z3)

+x(p® —4B + 27, + p° 73], (79)
A= ef—zg;vl—vz [—eVIH2V2 [/ AUV 9

2

+Z2(p* +4B +~2p°2y))

+xZoles — 2828 + v2e9Z, — 4B Z,

+x(p* +4B +v2p°Z5)]

+xe V2 [V2(e0 + pPx) — 4B1], (80)

~ of—28-2Vi—V

A= [AHUTVIHY2) 9 _ AU+ ) (002 /2B 4 p°)

z
—xZa[V2e3 — 4B + 4V2B(x — Z2) + 2e9Z>
+x (V2P +2p° )]
+eV1 227, (V23 + 4V2B +2p° 7,)]. (81)

It turns out that only A?, A? and .,Zl? appear in other equa-
tions, while the remaining ones only appear through their
derivatives. Therefore, these fields can be integrated out.

3.2 BPS equations for SO(2) invariant scalars

We now use the ansatz for all the fields given in the previous
section to set up the BPS equations for finding supersym-
metric solutions. We will use Majorana representation for
the gamma matrices in which all y,, are real, and

Ys = 1YYV (82)

is purely imaginary. We then have, for example,

ef—1(1+y)e"
—2 5)€Mm>

1 .
€ =51 =ys)ey (83)

with 651/1 being four-component Majorana spinors. It follows
that ¢; = (€')*.

We first consider the gravitino transformations. As in other
holographic solutions involving twisted compactifications of
the dual SCFTs, the strategy is to use the gauge connection to
cancel the spin connection on X;. Equations from 81% =0

and 81#; = 0 then reduce to the same equation. The gauge

connection enters the covariant derivative of €’ through the
composite connection Q ;'. With the SO (2) singlet scalars,
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we find that Q ji takes the form of

0100
i 1.1 -1000
A
27 =3% 0000 ®4)
0000
where A is given by
A — ﬁe—2(2U+V1)(3kA9++A6+
—\/EA3_ _ 4e4U+2V1 A9+). (85)

From the form of Q,/, we can see that supersymmetry cor-
responding to €>* is broken for spherical and hyperbolic 2,
since we cannot cancel the spin connections along €3, The
N = 4 supersymmetry is then broken to N = 2.

After using the condition (74) in the Q q;l.j components,
the twist is achieved by imposing the projection

yédaef —eliel (86)
provided that we impose the following twist condition:
2V2kp? = 1. (87)

Indices i, f = 1, 2 denote the Killing spinors corresponding
to the unbroken supersymmetry. From Eq. (86), the chirality

condition on €’ implies that

0F i _ .0 j
yo e =—ie el (88)
With these projections, we can write the Swé = 0 equation,

which is the same as § wé equation, as

A 2 52 i an
g'yre' — §A’1’e; + 50V V'

X (MG = M es e = 0 (89)

where we have multiplied the resulting equation by yé. We
further impose the projector

yiel = eihsi] & (90)
in which ¢/2 is an r-dependent phase. By Eq. (88), this pro-
jector implies

y()ef:ie' €lex. ©n

It should be noted that there are only two independent pro-
jectors given in (86) and (90). Therefore, the entire flows pre-
serve % supersymmetry. On the other hand, the AdS, x X,
vacua is % supersymmetric since the y; projection is not
needed for constant scalars.

As a next step, we introduce the “superpotential” JV and
“central charge” Z defined, respectively, by the eigenvalues
of

2 2 22
§A’1] =W,s" (92)

and
— S0V H — e =z (93)

It should be emphasized that no summation is implied in the
above two equations.

With all these, we obtain the BPS equation from 81//2 =0
by the equation

g — W, -2 =0 (94)
which gives
; Wi + Z;
"= |W,+ 2| and &P =_—""""" 95

8 (Wi il Wi + Zi| 95)

Using all of these results, we find that the equation Swé =
0 gives
N +iAeH—W, + Z =0. (96)
Taking the real and imaginary parts leads to the following
BPS equations:

[ =Rele AW, — 2] (97)
and
A, = el Tmle "MW — Z)]. (98)

We now come to the equation 81/;;T = 0, which gives the r-
dependence of the Killing spinors. When combined with the

equation 81&6 = 0, this equation reads

2l — ' —ideTe =0, (99)
which can be solved by

i_ e%-‘r%fﬁ,e’fdrgf'

€ (100)
&l are constant spinors satisfying the projections
y;%’ 281]617, Véj)gl =elj¢g] . (101)

Using the y; projector, we obtain the following BPS equa-
tions from 8’ and 81! :

4i

—eiAeaﬁVaV;}S;.] — ?Aéi
+iVaVuheM (i H) =0, (102)
.. . 1
Vo' Vu e 4 Ve Vura (H
 Mansis) i) i
+lHéd3 )825;6 + Azt = 0. (103)

Note that there are four equations from 8§/, for each value
ofa =1,2,3, but 8)»2,:3 “+ we do not get any contribution
from the gauge fields. However, the scalars appearing in these
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equations cannot be consistently set to zero since Ao, ji is not
diagonal in ij indices.

It should be pointed out that the N = 3 supersymmetric
AdS4 vacuum corresponds to the Killing spinors €234 while
€! is the Killing spinor of the N = 1 AdSy critical point.
In the next section, we will look for possible AdS, x X,
solutions to the above BPS equations. As mentioned before,
in the twist given above, the supersymmetry corresponding to
€% is broken. Therefore, the resulting AdS> x ¥ solutions
will preserve only two supercharges or half of the N = 1
supersymmetry corresponding to either €! or €2. We will
analyze these two cases separately.

4 Supersymmetric AdS; x X, solutions

In this section, we look for the AdS, x X, fixed points of
the above BPS flow equations with constant scalars. These
solutions should correspond to IR fixed points of the RG
flows from twisted compactifications of the dual N = 3 and
N = 1 SCFTs in three dimensions. They also describe near
horizon geometries of BPS black holes arising from M2-
branes wrapped on X,. Before giving the solutions, we first
discuss the conditions for obtaining the AdS; fixed points.

Atthe AdS; x X, geometries, the scalars are constant, and
we can choose the gauge in which A{” % ~ 0. Furthermore,
the warped factor g(r) is required to be constant, g’(r) = 0.
Let rj, be the position of the horizon, we can summarize the
conditions for AdS; x X, solutions and their properties as
follows:

frn) = o
AdS»

Im[e ™" *(W; — 2)] =0,

e8n) — Ly,

4 22 P
Wi+ 2 =0, 247 = Va V™ M GHE" + MY,

i . AM M e A
7 Ve VMa (i HE® + HGe = =4y

A, =0, =34 (104)

211]7
where L ags, and Ly, are, respectively, the radii of AdS; and
3. These conditions can be viewed as attractor equations for
the scalars at the black hole horizon.

4.1 Solutions in the N = 3 case

We begin with the N = 3 case. The AdS; x ¥ solutions will
describe the fixed points of the RG flows from N = 3 SCFTs
dual to the N%1° compactification of 11-dimensional super-
gravity to supersymmetric CFT;’s dual to the AdS,; x X,
geometries. These flows are examples of the twisted com-
pactifications of the N = 3 SCFT on X».

@ Springer

In this case, the superpotential and central charge are given
in terms of the redefined scalars (U, Uz, V) by

1 1 i sty 20 - b Da?
W, = 5677(4U1+2U2+V)[62U2 +4€U1+U2 —2€U2+V +46U1+V

3k +2i 72D 1+ 4i 726U — 4i 712 1 ¢V +i2,)
—2iZye" — 72 425 ie" —ie" 427, + Z)1.  (105)

1 ~ ~ ~ ~ ~
2z, = Ze—%(4g+2U2+V)[263eUz — V2iege®> 4 2iesy +2p° xe?

—2ip? 5 (202 +3k) — 4vV2B[eD + ¢V +i(x + Zo)]
12iesZs + 23200226V 4 2ip3x Zs + 2v/2p0 5 Z2eP2
+v2i(eo + p°x)Z3 + 4i B(*U2 — 2692V — 3p)
+4B2x (" +iZ5) + Zo(e” — 272 —iZy)]
+e¥ 23 —3v2p° —V2p°?0 12037, + V20 Z3)

—2ie"*V (p} + V2p° Z1)] (106)

in which the subscript 2 on W, and Z; refers to the super-

potential and central charge associated to the Killing spinor
2

€

The BPS equations are given by

f/ =Rele AW, — 2)],

bh = M2t 2 (107)
IWh + 25|
¢ =W+ 2|, (108)

Ny _ l.ef\”/ﬂAX/
1 5 ~ ~ ~ ~
=3 [e#*"ﬂ”' [2¢%2 + 86201 — 6k + 25871 — 275)]

e

—e 2872017 4028 4 26201 (3 + 4B + V2p° 7))
+ax (22 + Zy)e T 02201 4 ﬁegeﬁﬂg%]

1 sV - -
3¢ O WA, — e0Z2) — 2es(x + Z2) + 42 B

—4B(2 — 3k + 247y — Z2) + V2p x (P2 + 3k)
—Zox 2p* +V2p°Z5)]
—’Ee‘fh‘% (40272017, 27, — y) — 4" 20127, + 7,)

—2e92728[ 7, (\/2e0 — 4B — 2V2B) + x(p* + 4B + v2p° Z1)]
+e‘7728[263 —4V2B —V2p° 3k + 6202) —4v2B
+Z22p° + 8B +2p° Z2)] - 2602283,

o—iA (75 + i[sziA Zé

_ %e—zg—ﬁz—zﬁl—%[zez(gmz) b VBieocT+0D | gr2%

(109)

—2ie3xe20‘ + \/Eipgxez(l_]‘+ﬁ2) + 3\/§ikp9xe‘20‘
+8iZze2g+U‘ — 2ie3ZZeZU‘ — 4y Zre — 2ip3xZ2e20‘
—87,7Z,6%8 + 2Z§e23 — ﬁiegZ%ew‘ - 8)(21625'

—4i BV 202 _ 3k 4 7,25 — Zo — 2ie")] + 8i x 2+ Ui
+4V2BAUN Y t iy +i2y) — V2ipx 22

~4i*V 271 + 22) — 22820V @p + V2P 2)

—eU V82 4 ¥ [2ey — V2p (2 4 30011, (110)
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e_iA[]l' —ie_U‘_iAZi
— 670272017%[26024»\7 _ 6202 _ 260] (602 +€‘7) 43k
—4iZ1 %+ eV —izo) +2ixD — U2 4 2iZ) +iZ5)

+2iZy (% 4 e — ¢V + 72 (111)

where we have used the relation (74) to express p6 in terms
of p? and e3.

To obtain the complete flow solutions, we have to solve
these equations together with the two-form equations (75),
(76) and the equations for the gauge fields (77)—(81) as well
as the algebraic constraint given by Eq. (98). These equations
are very complicated even with the numerical technique not
to mention the analytic solutions. In what follows, we will
present only the AdS, x X solutions and will not give the
numerical flow solutions which may be obtained by suitable
boundary conditions. In principle, the horizon is character-
ized by the values of the scalars as functions of the electric
and magnetic charges. However, due to the complexity of the
BPS equations, it is more convenient to solve the horizon con-
ditions for the charges in terms of the scalar fields although
inverting the solutions to express the scalars in terms of the
charges is desirable.

In the present case, although it is straightforward to solve
the above equations for (B, B, X, 21, p9, p3, e3, e9) interms
of (0 1 02, \7, Z»), the resulting expressions turn out to be
cumbersome and not very illuminating. Accordingly, we
refrain from giving the general result here but instead present
some solutions with specific values of the parameters. These
are obtained from truncating the full result and represent
some examples of AdS, x ¥, geometries within the solution
space.

Examples of AdS, x X, solutions are as follows:

e We begin with a simple solution with vanishing pseu-
doscalars. In the M-theory point of view, only scalars
coming from the 11-dimensional metric are turned on.
The solution is given by

1
kzgv X:ZIZZ2=O’ 69207
-1 [27 .1 [27
V==-In|—|, Uy==In|—|,

2|5 2180
3 1. T5 |

=—-In|>|. B=--(5v2e3-27p°
U, 2n[3] zo(fez P,
1 81 [3
§=3 g0V 10°7 |’
3 3%
B=-2 Lags, (112)
4 32(5)1

It is clearly seen that only the hyperbolic horizon (k =
—1) is possible otherwise g(r,) will become complex.
Therefore, we find that this is an AdS, x H? solution.

e We next consider a solution with scalars and pseu-
doscalars turned on. In the 11-dimensional context, the
solution involves scalar fields from both the metric and
the four-form field. This solution is characterized by

k=1, 212222020,
- ~ 12
U=V =In|—|,

7

3 Aleg+220p° 4leg 4 136p°

P M2 1642
- ey 111
B = ——p°,
202 4’
1 Ll ot [2
= ——, = — In —_ —_— y
X=77 &§73 Py
V21
Lads, = BT (113)

This solution is also AdS, x HZ.

e As a final example, we consider a solution with more
scalars turned on and hence more general than the previ-
ous two solutions. This solution is given by

2k vk
— X=—

Z1=0, Zp=-
1 2 7 7

~ 1
Ul = U2 = Elnk,
5 128,447k — 104,895

P T hevae D
32,723k — 13,923
eg = ,
’ 1 116v2k
5 e, 567667k
W) o8
1. | 2100 = k)Vkkp®
g=-In| - _OVEP I
2 22
) 3, 809 — 2, 961
V =m@vk), B=-25p° [_ ]
16, 464+/2k
L K (114)
AdS; — 3ﬁ

In this case, the flux parameter & is not fixed, and there
are two types of solutions, AdS, x $2 and AdS, x H?,
depending on the value of k. For k > 1, we have an
AdS, x H? solution with x = —1 while the solution
with k < 11is AdSy x §? for which k = 1.
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4.2 Solutions in the N = 1 case

We now repeat a similar analysis for the N = 1 case in
which the N = 1 AdS4 vacuum arises from the squashed
N0 manifold. This critical point exists only for k < 0,
and the AdS; x X, solutions would be IR fixed points of
the twisted compactifications of the dual N = 1 SCFT. The
superpotential and central charge are given by

Wy = 1670272017%[6202 — 4eUr+02 _ 2e‘7(e[/2 + 2@01)
2
YAZ1(Zy —ie%? —ieY)
—3k+iZy(2eV> —4eVt —2¢Y +i75)

12071 + Zo — ieP2 —2ieUn), (115)

e
4

><[2e3(e[/2 +ix)— \/Eiegezﬁz + 2]73)(6‘02 - 3x/§ikp9)(
—ﬁipgxe202 - 4xf21§(602 + eVHXHZz) +2ie3Zs
+2«/§egzzeﬁ2 + 2ip3x22 + Zﬁpgx Zr + ﬁiegZ%
FV2ip° % 22 + 4By (€% + i Zy) + (€22 — 2602V 3k
14BZ>2¢" — 2% —i7y) — 21V (03 + V20 Z0)

+e¥ Qe — 6v/2p° —V2p°% 42972y + V2p°Z3)).

(116)

The procedure is essentially the same, so we will just
present the result of AdS; x X, solutions and leave the
explicit form of the corresponding BPS equations to the
appendix. In this case, it turns out to be more difficult to
find the solutions in particular we have not found any solu-
tions without the pseudoscalars turned on. With some effort,
we obtain the following solutions:

e We begin with a simple solution in which all scalars have
the same value as the N = 1 supersymmetric AdS4 vac-

uum
k=8 =0
= 117 1=4L2=X=V,
N 557 - 1. [55
U =0, =n5—In| 2|, V=—cIn|2|,
6 26
3 3
. 14
P S U U
4 24/2 542
| 10 /15
T I S ,
£§=35 [ Vi p}
53
Lags, = (117)

5 1 3 :
21 (31) (111)
The solution is of the AdS, x H? form.
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e We now give a more complicated solution

p3 _ i ( P’ )
V 638 \ 3, 190/—k

(567,365k — 1, 002, 298),

5= s (5307)
V638 \ 89,3200/—k
(13,987, 355k — 27, 368, 286),

~ e3 3p?
B=__
2.2 + 8,932

s [_3E
319
g=1In [7 (%)4 (k= 2)\/—_ka9} ,

~ 1 588k
Uy=-In|————|,
2
2

(63, 162 — 32, 267k),

Z) =

319
134 [7 [2\?
i1 Vai\29) -

This solution also gives AdS; x H? geometry. To show
that this leads to real solutions, we explicitly give one
example of the possible solutions

Lags, = (118)

Zi=x =0, e =5435 p>=—11.56,
U =V =-0.14,
U, =0.55, Z=-0.62, B=10.66,

B = —13.77 4 0.35e3,

g = 1.06. (119)

4.3 Uplift formulas

We end this section by giving the uplift formulas for embed-
ding the previously found Ad S, x X5 solutions in 11 dimen-
sions. We first identify the vector and tensor fields in the
N = 4 gauged supergravity and those obtained from the
dimensional reduction of 11-dimensional supergravity on a
tri-sasakian manifold

A = V24, & =
a =—-A",
& =24, a)> =v2B", =B"

With this identification and the ansatz for the scalars and
vector fields, the 11-dimensional metric and the four-form

—V2A%t, c? = AT,

(120)
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field are given by
dsfl — e*%(“ﬁ‘“fh“})[—ezfdtz 4 dr?

+e?8(d0% + F(0)*dg™)]
+e%(2(~/1+02—‘7)ds2(BQK)+e_%(l71—02+‘~/)

X[(nl)z + (7)2)2] +e§(\7—2l71—202)

x (' +V2A0d1 — V2p F'(0)d9)’ (121

and

G, = _[6kef(4l~/|+202+\7)+f+2g . ﬁBA?’ _ «/§B/A,9]
x F(0)dt Adr AdO Adg
+B'FO)dr AdO Adp A0 +dZy A (' AT+ 1P
ADIV2AY + x A)dr Adt + v2(e9 + xp°
—2B)F(0)d0 A dg] A n' A n?
X[(AY + V22, A7dr
Adt + (p* +v2p°Zy + 2B)F()d6 A dg] A J3
+2(x +2ZDOn' AP AT+ (dZy A TP +dy
AP AP A (7 = N2p° F(6)dg)
+2[(A} 4+ V2.AY)dr
—(V2e9 4 p*)F(0)dp +4(2Z1 4 Z2)vol(Bgk)
+(X + Z2) (P + V2A)dt — V2P  F(0)dg)]

AP AT =2 AT, (122)

5 Conclusions

In this paper, we have found a number of AdS; x ¥ solutions
in N = 4 gauged supergravity with SO (3) x (T?, ) gauge
group. The solutions can be uplifted to M-theory since the
N = 4 gauged supergravity is a consistent truncation of 11-
dimensional supergravity on a tri-sasakian manifold. These
AdS, x ¥, gemetries are expected to arise from the near
horizon limit of certain dyonic BPS black holes which can
be identified as holographic RG flows from twisted compact-
ifications of the dual N = 1, 3 SCFTs in the UV to supercon-
formal quantum mechanics corresponding to the AdS, geom-
etry in the IR. We have found that most of the solutions have
hyperbolic horizons, but some of them have spherical hori-
zons depending on the values of the four-form flux param-
eter. These solutions provide examples of AdS, geometries
from M-theory compactified on a tri-sasakian manifold such
as N°19 and are hopefully useful in the holographic study
of the N = 1,3 Chern-Simons—Matter theories in three
dimensions. They should also be useful in the study of black
hole entropy along the line of recent results in [37-39]. In
this aspect, the near horizon solutions given here are enough
although we have not constructed the full black hole solu-
tions, numerically. It would be interesting to compute the

topologically twisted index in the dual N = 1, 3 SCFTs and
compare with the black hole entropy computed from the area
of the horizon A ~ L222.

The solutions found here might constitute only a small
number of all possible solutions due to the complexity of
the resulting BPS equations. It could be interesting to look
for more solutions or even to identify all possible black hole
solutions to this N = 4 gauged supergravity similar to the
analysis in N = 2 gauged supergravity. For the case of N1°
manifold, there exists an invariant two-form in addition to
the universal forms on a generic tri-sasakian manifold. This
leads to an additional vector multiplet, called a Betti mul-
tiplet, in N = 4 gauged supergravity. This vector multiplet
corresponds to a baryonic symmetry in the dual SCFTs. Find-
ing a reduction that includes the Betti multiplet and SU (3)
non-singlet fields would be very useful in order to find more
interesting black hole and other holographic solutions. We
leave all these issues for future work.
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Appendix A: Useful formulas
In this appendix, we collect some convention on t Hooft

matrices and details on Yang-Mills equations and compli-
cated BPS equations in the N = 1 case.

A.1: ‘t Hooft matrices

In converting SO(6) vector indices m, n to chiral spinor
indices i, j, we use the following ‘t Hooft matrices:

0100
i | -1000
l.[_
“T=looo1l
| 0 0-10]
00107
y 000-1
o _
2= 1000 |’
L 0100 |
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T 0 001
0 010
0 —100|"

| -1 000

C0i0 07
—i00 0
000—i|

[ 00i 0 |

C0 007

000

—i 000 |

0 —i00

000 i

00—i0

0i00

| —i0 00

ij
G3

ij
G,

ij
G5

GY = (123)

A.2: Field equations of gauge fields

In this section, we present the full equations of motion for
the gauge fields AM%. Equation (15) gives

—+DH?™ = e UV [47,(0' +2257})
(/. gzlzzé] dr
871 4QUFV (2 A3 _ /2 ASF _ 32k A%,
(124)
«DHO™ = 33/2ke QU@ 42257] — 22, Z})dr
F12ke™4CUAD (35 A9 1 A% _ /2437), (125)
¥DHO™ = 2ke QU (®' 2757 — 27, Z})dr

+4e74(2U+V1)(3kA9+ + A6+ _ \/§A37) (126)
while Eq. (16) leads to
—«DH3 = 274CUVI(@' 422571 — 22, Z%)dr
+4eHUED 3 A% 4 A — V2437, (127)

*DH6+ — 4\/§k6_4(2U+V1)
[*VT2ViZl 42727 — 7,(®' +2232Z))]dr
—16Z1e4PUHVD 3k A% + A% — V24%7), (128)
«DHt =0 (129)

For equations obtained from (17), it is more convenient to
express them in the following combinations:

H9— _ 6‘_4U+2V1_V2(Z% *H9+ + *H6+

+V2Zy x H3T) — xHOT,
Z%Hg_ +H6_ + \/EZ2H3_ — e4U+2V1+3V2 *H9+

(130)

— X (Z3HY + HOT + V22,13, (131)
V2ZoH ™ + H3 = —x (V221 + H3)
—N V2 (27, % HOT + xH3H). (132)

@ Springer

A.3: BPS equations for the N = 1 case

In this section, we collect all the relevant BPS equations in
the N = 1 case. These are given by

eI 4iemUiming]

_ o020 Y Uit _ 20 4 9,7 (02 4 Uty 4 3
—4i 71 4 eV —iZy) —2ix(e? + eV —2i7) —iZy)
25125 = 2i(e” + U1 — D), (133)

efiA 0& + ierzfiAZ/z

_ %e—Zg—[/z—Z[/]—%[zeZ(g—O—Uz)+ﬁi6962(01+02)+6k62g

—2ie3)(620‘ + ﬁipgxez(me) + 3\f2ikp9)(e2[7‘
—8i22823+0’ —2ie3 22620] — 4y Zre*8 — 2ip3xZ2e20‘
—871Z2e% 4+ 2756% — ﬁiegZ%ew‘ —V2ip°y Z%eﬂ71
—4i B2V [0 _ 3k 4 Z,(2x — Zp — 2ie")] — 8iye2etUn
—4ie2+V (27, + 7o) + 4V2BU eV 1 i(x + Z2)]
+eU1HV (867 + U1 (V27 (202 + 3k) — 23)]
~8xZ1e% — 2,20V @p* + V2 o)),

AV — e VEiNy

1

. -y . _ - -
Ee—Zg—U2—2U1 -5 [262(g+U2) _ 862g+Uz+U1 + 2ie3eU2+2U]

+\/§€962(01+02) — 41')(62‘“02 — 8ixezg+01 - 2e3xe20‘
$2ipd 02200 /394 201400 |3 /3kp9 5 o200
468 2x Zy + i Z2e"2) — 225Ut 46?8 + e3eUt) — 2736%¢
+2\ﬁi€9226’02+201 +4xZe% —2p3x ZzeZ[/‘ — 6ke*8
+2«ﬁip9x22e02+201 + 871 Z20%8 — ﬁegZ%eZUI
1428207y + x —i(@%2 — V)] — 4BeU1 (L20HV _ 3
4BV 2iZ5(e% + V) — 73 + 2x(Zs — ie"?)]
+i620‘+‘7[6«/§p9 —2e34+~2p° —2p37Z5 — «/EpQZ%
+2ie (p* +V2p°Zo)] + 461V [ 4122, + Z0)]
V2p®x 230

(134)

+862g+U1+V _ 8l-ZleZg+Uz _

(135)

where

; Wi+ 24
iA
= — 136
Wi + Z1| (136)

These equations need to be solved together with the following
equations:

f=Rele "W — 211,

g=Wi+2Z, A =eImle ™V - 2] (137)

and the two-form equations (75) and (76).
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