Eur. Phys. J. C (2017) 77:630
DOI 10.1140/epjc/s10052-017-5208-8

THE EUROPEAN

) CrossMark
PHYSICAL JOURNAL C

Regular Article - Theoretical Physics

One-loop light-cone QCD, effective action for reggeized gluons

and QCD RFT calculus

S. Bondarenko'?, L. Lipatov>~, S. Pozdnyakov', A. Prygarin'

1 Physics Department, Ariel University, 40700 Ariel, Israel
2 St. Petersburg State University, St. Petersburg 199034, Russia
3 Petersburg Nuclear Physics Institute, Gatchina 188300, Russia

Received: 17 August 2017 / Accepted: 4 September 2017 / Published online: 21 September 2017

© The Author(s) 2017. This article is an open access publication

Abstract The effective action for reggeized gluons is based
on the gluodynamic Yang-Mills Lagrangian with external
current for longitudinal gluons added, see Lipatov (Nucl
Phys B 452:369, 1995; Phys Rep 286:131, 1997; Subnucl
Ser 49:131, 2013; Int J Mod Phys Conf Ser 39:1560082,
2015; Int J Mod Phys A 31(28/29):1645011, 2016; EPJ Web
Conf 125:01010, 2016). On the base of classical solutions,
obtained in Bondarenko et al. (Eur Phys J C 77(8):527,2017),
the one-loop corrections to this effective action in light-cone
gauge are calculated. The RFT calculus for reggeized gluons
similarly to the RFT introduced in Gribov (Sov Phys JETP
26:414, 1968) is proposed and discussed. The correctness of
the results is verified by calculation of the propagators of
AL and A_ reggeized gluons fields and application of the
obtained results is discussed as well.

1 Introduction

The action for the interaction of reggeized gluons was intro-
duced in the series of papers [1-6] and describes multi-Regge
processes at high energies; see [9-22]. There are the follow-
ing important applications of this action: it can be used for
the calculation of production amplitudes in different scat-
tering processes and calculation of sub-leading, unitarizing
corrections to the amplitudes and production vertices; see [ 1—
6,9-32]. The last task can be considered as a construction of
the RFT (Regge Field Theory) based on the interaction of
the fields of reggeized gluons, where different vertices of the
interactions are introduced and calculated. The phenomeno-
logical RFT based on the Pomeron degrees of freedom was
introduced in [8]. From this point of view we consider the
effective action for reggeized gluons as RFT calculus based
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on the degrees of freedom expressed through colored reggeon
fields (reggeized gluons).

The construction of an RFT based on a QCD Lagrangian
requires the knowledge of solutions of classical equations
of motion in terms of reggeon fields A4 and A_. Inserting
these solutions again in the Lagrangian we can develop field
theory fully in terms of reggeon fields, with loop corrections
to the action determined in terms of these fields as well. A
subsequent expansion of the action in terms of the reggeon
fields will produce all possible vertices of interactions of the
fields, with a precision determined by the precision of calcu-
lations in the framework of the QFT. From the QFT point of
view, therefore, the problem of interest is the calculation of
the one-loop effective action for gluon QCD Lagrangian with
added external current by use of the non-trivial classical solu-
tions expressed in terms of new degrees of freedom; see [7].
These calculations of the one-loop corrections to the effective
action we perform in light-cone gauge using classical solu-
tions from [7]. The correctness of the obtained results can be
checked by calculations of functions which are well known
in the small-x BFKL approach [33-38]. The basic function
is the gluon Regge trajectory, which determines the form of
the propagator of the reggeized gluon fields A4 and A_. This
propagator in the proposed framework can be considered as
an operator inverse to the effective vertex of interaction of
reggeon fields, and this check is performed in the paper. There
are also other possibilities to verify the self-consistency of
the approach. For example, it might be a calculation of the
BFKL kernel, which is an effective vertex of interactions of
four reggeons, or a calculation of the triple Pomeron vertex,
see [39—41], which is the interaction vertex of six reggeon
fields. These calculations will be considered further in sepa-
rate publications.

Thus, below, we calculate a one-loop effective action for
reggeized gluons and calculate propagators for A4 and A_
reggeon fields. Respectively, in Sect. 2, we recall the main
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results obtained for the classical solution of the effective
action for reggeized gluons. In Sect. 3 we consider the expan-
sion of the Lagrangian in terms of fluctuations around these
classical solutions, whereas in Sect. 4 we calculate the one-
loop correction to the classical action obtaining an effective
one-loop action in terms of the reggeon fields. In Sect. 5
we discuss RFT calculus based on the effective action and
in Sect. 6 we verify the correctness of the result calculating
the propagator of the reggeized gluon fields. Section 7 is the
conclusion of the paper, but we also have Appendices A, B,
and C where the main calculations related to the result are
presented.

2 Effective action for reggeized gluons and classical
equations of motion

The effective action, see [1-6], is a non-linear gauge invari-
ant action which correctly reproduces the production of the
particles in direct channels at a quasi-multi-Regge kinemat-
ics. It is written for the interactions local in rapidity of the
physical gluons in direct channels in some rapidity interval
(y —n/2,y + n/2). The interaction between the different
clusters of gluons at different though very close rapidities
can be described with the help of reggeized gluon fields'
A_ and A, interacting in crossing channels. Those interac-
tions are non-local in rapidity space. This non-local term is
not included in the action, the term of interaction between
the reggeon fields in the action is local in rapidity and can be
considered a kind of renormalization term in the Lagrangian.
The action is gauge invariant and is written in the covariant
form in terms of the gluon field v as

1
Seff = —/d4x (ZF;;UF;W +tr[veJ T (vy)

— A by +V-J 7 (v2) = A_jrgg]>, ey
where
TE(va) = 0(x*, va) jidy )

where the O (x*, vy) are operators, see [1-6], Appendix A
and

92AT 3)

4
Jrega = ﬁ i “ta

is a reggeon current, where C(R) is the eigenvalue of a
Casimir operator in the representation R with C(R) = N in
the case of the adjoint representation used in the paper. Fur-
ther in the calculations we will use the form of the reggeon

1 We use the Kogut—Soper convention for the light cone for the light-
cone definitions with x4 = (xo £ x3)/+/2 and x+ = xF.
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current Eq. (3) borrowed from the CGC (Color Glass Con-
densate) approach, see [42-53], where this current is written
in terms of some color density function defined as

; 1
3,’3_,0; = —NaiA;;, (4)
or
i 1 —1/qi ga
ply = 0= @ A%); ©)

see [7] for details. There are additional kinematical con-
straints for the reggeon fields

Ay =d,A_ =0, (©6)

corresponding to a strong ordering of the Sudakov compo-
nents in the multi-Regge kinematics; see [1-6]. Everywhere,
as usual, 9; denotes the derivative on transverse coordinates.
Under variation of the gluon fields these currents reproduce
Lipatov’s induced currents

S(vatF(va)) = (Bva) ji(ve) = (Bva) j T (va), )
with the notation jji;‘d = j* introduced. This current pos-

sesses a covariant conservation property:
(D1 jM(v)® = (Dij*(va))* = 0. ®)

Here and further we denote the induced current in the com-
ponent form in the adjoint representation?

1
JE () =~ T, 5 (v)] = 1l £ 007102 A%)

1 bra2 4b
see [7] and Appendix A as well. It was shown in [7] that if
the LO value of the classical gluon field in the solutions of
the equations of motion is fixed as

V4 = Ai (10)

and if the self-consistency of the solutions is required, the
currents of the Lagrangian in Eq. (1) are reproduced directly
in the form of Eq. (2) without any additional conditions.
Now, applying the light-cone gauge v_ = 0, the equations of
motion can be solved; see the form of the classical solutions
in [7]. Therefore, the general expressions for the gluon fields
can be written in the following form:

a a a a a a
Vi 7 Vi TEL VL > Vgt (11)
where the integration on fluctuations around the classical
solutions provides loop corrections to the “net” contribution
which is based on the classical solutions only.

2 We use the definition (T2)be = —1fabc of the matrices and write only
“external” indices of the fup = (f4)pe matrix in the trace.
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3 Expansion of the Lagrangian around the classical
solution

In this section we consider the first step in construction of the
effective action of the approach, expanding the Lagrangian
of Eq. (1) in terms of the fluctuations and classical fields.
Inserting Eq. (11) in the Lagrangian the only corrections to
orders g2 and &> will be preserved. This precision provides
a one-loop correction to the “net” effective action; contribu-
tions from higher order loops will be considered in a separate
publication.

The Lagrangian in light-cone gauge has the following
form:

1 a a a a l a a
L:—ZFijFij—i—FHFi_wLEF _F{ (12)
where F{_F{_ term does not consist of transverse fluctu-
ations and the FZ Fg. term does not consist of longitudinal
fluctuations.

3.1 The F{ F{* term

Inserting Eq. (11) in this term we obtain
Ffo — FA v + (D (e q)

—(D+ PN + g favee] € (13)
and
F — F* (o) —9_gd. (14)
Therefore we have

'l 'l
FLFY = (F{ FD)a + FL ) ((Di (v )e4)"
1 1\ b
—(D1 WHEN") = &fape(d-vf el s,
1l 1
—(0-e!) FL (v, vi") — (0—&f ) (Di (v )e4)”
+(0-) (D (e — g fabc(0-8)e] e
(15)
In this expression we do not account for the term which is
cubic in the fluctuations, the linear terms for the fluctua-
tions are canceled because of the equations of motion. The
terms for the quadratic to transverse fluctuations contribute
to the corresponding propagator in the Lagrangian and the
term which is quadratic with respect to the combination of
transverse and longitudinal fluctuations we write as

— 8fabe (- viM)el e — (9-e")(Di(vfe ) = Tl
(16)
Here the current

8 = (e00-0; + g fubeeS, (9-vP — vlB_)) an

i

is some effective current in the Lagrangian.

3.2 The Fl‘j’ Fl‘j term

We have for the term Fl‘; Fi‘}

FS = FA) + (Diej)* — (Dje)® + gfavecleS.  (18)

Therefore, accounting for the contributions which are only
quadratic for the fluctuations, we obtain

1 1 1 :
- ZF;/ZFZ = _Z(F;;'F;;’)cl - EF;;'(U,'C )((Disj)a
8
—(Djen)") = S F ) favee]
1 1
_E(Dié‘j)a(Digj)a + E(Disj)a(DjSi)a»

(19)

where as usual the linear terms for the fluctuations do not
contribute to the effective action.

3.3 The F_‘ﬁ_F_‘f__ term

The term F{_F¢_ consists of contributions from only lon-
gitudinal fluctuations. We have

1 1 1 .
SFEFL = S0 vD @) = _Evid(azuf’)
1
— (@2 v4M)el — Esi(aigi). (20)

The linear term in Eq. (20) is canceled due to the equation of
motion, therefore only the first and third terms are considered
further.

3.4 The current term

For the effective current term, taking into account that the lin-
ear term for the fluctuations is canceled due the equations of
motion, we obtain with the required precision the following
expansion in terms of longitudinal fluctuations:

1 (8Ll H\™
v I (v) = vczclj+ Uc[ + _( +Va ) 8b &
P () = 350 () 5 —Svf_évi +x€4y

vy =v{
(21)
We can write the same current’s term as
v () = =i 0 W) (3i9-pj)
18U (wy)\™ . ]
- —= 8;0_pl) el &< .
2( (Svj_ v+=Ui( L 'Oa)x +x“+y
(22)

In order to calculate this expression we have to know the
expansion of the following function:

U™ (vy) = t[f,0(v4) fOT (v3)] (23)

@ Springer
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with respect to the fluctuation of Eq. (11),

vy — vl el (24)
Using Appendix A we have
U (vy) = UL ) + (U565,
1
+582 UG e e+ (25)

where the integration on repeating y, z indices is assumed.
The coefficients of the expansion read

WU, = ol faGY, o0y O]+t feGT, £2Ox 50 ]
(26)

and

(USHE. = ulfuGY, £.GT. f20- £rO] ]
+ul fuG Y faG L £ 0, £, 0]
+tlfaGl fuGT, £20, 1,01
+ul feG Yy fuG Y, fa O: £ OF ]
+ulfaGl feGY, fa Ox 0] ]
+tr[ oG, faG L faOx 501 1; 27)

see [7] and Appendix A for details. Therefore we obtain for
Eq. (21) the expression

v I = 0% W) (8- p})

1 . i ¢
— 885 (UT")5, B0 pp)ees, (28)

4 One-loop effective action: integration over
fluctuations

We perform the computation of the one-loop correction
to the effective action in light-cone gauge using a non-
canonical method, integrating out subsequently transverse
and longitudinal fluctuations. The reason for the use of
this non-canonical method of the calculation is simple. The
Lagrangian Eq. (1) consists of a new term in comparison to
the usual gluon QCD Lagrangian. Consequently, instead of
the canonical equation of motion which relates transverse
and longitudinal fields, we have the following equation:

— (Di(@-V'))g — 3% Vay = jF(v4); (29)

see [7]. This equation is different from the “canonical” one
and will lead to a different constraint in the canonical quan-
tization method; see [54,55]. Still, it is possible to make
the usual substitution in the Lagrangian which relates these
fields, see for example [55], and we define the canonical light-
cone Lagrangian in the usual form in the limit g — 0. Butin
that case we will make a shift in the argument of the effective
current term, especially in light of the condition of Eq. (10),

@ Springer

and in turn that will lead to some complicated expression
of the induced current in the equations of motion to g2 and
higher orders of perturbative theory. Therefore, we prefer to
use the non-canonical method of introducing bare propaga-
tors in the theory, calculating the final one-loop expressions
in terms of these propagators; see Appendix B. As we shall
see there, after the resummation of one-loop terms, the well-
known light-cone propagators, see for example [44-49,56],
are arising in the expressions. So far it is not clear, whether
it os a result of the chosen precision of the calculations or
if it is a feature of the effective Lagrangian Eq. (1); we will
investigate this question in a separate publication.

4.1 Integration on transverse fluctuations

Collecting quadratic terms for the transverse fluctuation and
the effective current term we obtain

1
_ng(aac(aijm + aiaj)
~28 fube (81 (WP 3 —

1. ‘
—E(Uj?‘lai + P9, — F)

vicl a_)

bicl b
—&” faber ferbre@ijopog ! — op ol
+J0e! (30)
1
= —58?((M0)?j” + (M) + (M)f)es + Jfel. (31)

There are the following operators with respect to the trans-
verse fluctuations, which we determine and which we will
use in the further calculations. The first one reads

Gt =[(Mo)ff + (M) + (M1, (32)
the second one is
G = [(Mo)§ + (M1, (33)

and the third one, which is the bare propagator of the trans-
verse fluctuations, is

6 = LMoy 17" (34)
We write the inverse operator expressions of Egs. (32)—-(32)

in the following perturbative forms:

G (x,y) = G (x, ) — / d*2Ggl (e (M1 @)

(M) NG (2. y) (35)
and
G (x,y) = G (x, y)
- [ a6 oan @) 6% e
(36)
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with the bare propagator defined through

(Mo ()5 Gy (x, y) = 8788% (x — y), (37)
where
(Mo} = 8ac(8i;0+ 9;0;). (38)

The solution of Eq. (37) is simple:

b d4p e~ P(x—y)
ij

_ . pibj
Gy ) = =8 | 5% ’ 2<p_p+)>
= —SGbGOi]‘ (x,y) (39)

and determines the above operators as a perturbative series
based on Egs. (35)-(36).

Integrating out the transverse fluctuation we obtain the
following expression for the effective action:

r= /d4x(LYM(vl W ep) — vl I8 — A7 AY))
1 1 L[ 4 4
+§ln(1+GoM1)+§ln(1+GM2)+f d*x | d%y

x (g4, (U5, (3:0-pp)xessy + JAGEF (x, )T,
(40)

with all reggeon field terms in the Lagrangian included.

4.2 Integration on longitudinal fluctuations

Collecting only quadratic terms for the longitudinal fluctua-
tions we write the corresponding part of the action as

e = —% / d*x / dyed  (No) b
FINDLT+ (N5 + (N Dl (41)

with the inverse propagator term

(NoY b = 8287702, — (020,020, GGl (x, ). (42)

Correspondingly, the other terms in the Lagrangian of Eq.
(41) are determined by the following expressions:

—g(Uf), (310 pl)s, (43)
the third term,

(N2 = =28 fean((9—yv ) (90 Gl (x, 1))
—v§ (001 0ir G (x, 1))

(N ):;j =

_ngcclufddlb((a UCICI)_ Clcla )
X((afv?lcl) dlcl8 )yG (x N w
and the last one,
(N3):b+ = —(a_ai)x(a_aj)y(é?;’(x, y) — Ol] (x ).

(45)

The term of Eq. (42) determines the equation for the longi-
tudinal bare propagator:

/ d*y NGt (6, GES (v, 2) = 896, (46)

with solution

d4p eilp(xfy)p__‘r

Qm*  p? po

= —8"Goy1(x, y). (47)

_zaab

0++(x y) =

Therefore, integrating out this fluctuation, we obtain

/d x(Lyy 0 o) — vt I F ) — A4 (97 AY))

+% In(1 + GoMy) + - S In(l + GMy)

+ ; In(l + G (NDF + (N BT+ (N3) ),
(48)

which is a functional of the reggeized gluon fields only.

5 RFT calculus based on the effective action

The construction of the RFT calculus based on the effec-
tive action of Eq. (48) requires knowledge of the classical
solutions of Eq. (11) in terms of reggeon fields. This task
was performed in [7], the classical solutions found are the
following:

i = A% = 2g07 [ fupe (U (A ) ph) (0 A)]
+4g2D [fabe U (A1) p})
0 {07 [ febpe (U3 (A1) 0 ) (3741
=AY + 8P4 (A1) + g2, (Ay) (49)

and
o = vy + gufy = U D ppi (7, x1)
_g|:[]—1(aj P + _a,-((af' U pb) + al-a_'jjl)}
= U ) pyi + g A 1(A+) (50)

with some complicated P;; function; see [7], and

Ja = faverlp (-, (51)

On the base of these solutions, the effective action of Eq. (48)
can be written as a functional of the reggeized fields only. We
have

(F& F e = (0v) (D) — (0-v) (00
= V(D (_v))* + Do) (@) (52)

@ Springer



630 Page 6 of 15

Eur. Phys. J. C (2017) 77:630

Taking into account an identity from the equation of
motion

(Di(@-v)* = 920 + U™ () (@-9:]), (53)

we obtain to g2 accuracy

(Ffy F)a = =7 (994 D (0-9%))
iU (A @-8;p7) + (- ) (01 vf ).

(54)

Correspondingly, there are also the following terms of the

“net” effective action:

1 a a 1 2 a a

E(F _F+_)Cl = Eg (aqule)(af(DJﬁl)

= 28°07 [ fupe (U (AL) (3 p})) (3 A1

X[ fabrer (UM (AL (0-p) )(@;A1)] (55)
and
1 1
= g FGEa = =7 (Fpao(Fijeo (56)
with
(Ffeto = 50U () — ppid; U (vLy)
+8 fabe (U (v50) 00y ) (U (L) pey )
+8(3i MG — 3 AF)
8% fube (U piyi NSy + AL U pey ), (57)

where we notice that Eq. (56)’s minimal order is g2. Now,
based on the connection between the A_ field and the p;
operator

9;0_pt = —la?A_, (58)
a N 1

or

ac. . — 1 4 -0 a . —

o) =y [ 42600A @z, (59)

see [7] and Appendix A, the effective action of Eq. (48) can
be expanded in terms of reggeon fields A_ and A as
A,

F= Y @Ay ACKp A (60)

n,m=0
that determines this expression as a functional of the reggeon

fields and provides effective vertices of the interactions of the
reggeized gluons in the RFT calculus.

6 Interaction kernels and propagators of reggeized
gluons

The effective action of Eq. (60) can be fully determined in
terms of the effective vertices of reggeon fields interactions.

@ Springer

Calculating these vertices one after another we will recon-
struct the expression similar to introduced in [8], see also
[57-68], which can be considered as QCD Hamiltonian for
reggeized gluon fields. There are the following well-known
vertices of the interactions of reggeon fields. These are ver-
tices of the interaction of A4 and A_ fields and the vertex
of the interaction of two A fields and two A_, which are
propagators of reggeized gluons and BFKL kernel, respec-
tively, see [33—-38], the vertex of the interaction of six reggeon
fields, which can be identified with a triple Pomeron vertex,
see [39—41], or with an odderon one; see [69-77]. Equa-
tion (48) consists of these vertices plus many others with
different precision and different color representations. Cal-
culating the QFT corrections to this effective action we as
well will calculate the corrections to these vertices and will
determine the expressions for other complex vertices of inter-
actions of reggeized fields in RFT. Anyway, a recalculation
of the known vertices is a good test of the self-consistency
of the effective action. Therefore, in this paper we calculate
the propagator of reggeized gluons, which is the basic ele-
ment of the small-x BFKL approach, in the framework of the
effective action for reggeized gluons.

The interaction of reggeized gluons A4 and A_ is defined

as an effective vertex of interactions of reggeon fields in Eq.
(60):

8°r
(KT =Ky = (—) , (61)
=Y/ AL A_=0

T b
w * SA% SA

we can call this vertex as interaction kernel as well; see Egs.
(68)—(71) below. The contributions to this kernel are provided
by the different terms in the action which are linear with
respect to the Ay, A_ fields. Namely, the variation of the
logarithms in Eq. (48) gives

82In(1+GM
ket = (#)
AL 84, ),
_[< 82G yy 3G M 8G M
8AYSAL SAGL 8AP, AP AL,
8°M
b
8A%,8AY
< 8G 4o M
AP AP

5G s o M
X
5AY, AL,

+G ) x (14+GM)™!

)(1 +GM)™!

(62)
Ay A_=0

>(1 + GM)_l}

see the expression of the effective action of Eq. (48).
Therefore, we have the following contributions in the ker-

nel. The leading order contribution to K )‘C‘)’,’O is given by the
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second term in Eq. (54) and reads®

Kby = —8%8,,07, = 8%08,,(3;0")s. (63)

The NLO and NNLO contributions are determined by the
logarithms in the r.h.s. of Eq. (48). Further the variation of
the p field with respect to A_ field will be used as well, and
we have from Eq. (59)

Spf(x7,x1) sab _ - -
) B [ 12,0007 00— e
_ s YL

(64)
Taking into account that
GA=G" s(xt -8 (xL —zu). (65)
we write Eq. (64) in the following form:
S (T x) 1 %—0
—L = = —§87(x). — y1)G " _0iy, 66
8Ali(y_,yj_) N (x1 —y1) x—y— iy (66)

where the regularization of the pole of the G;P _ Green’s
function depends on its definition; see Appendix A.

The propagator corresponding to the kernel of Eq. (61) is
defined as a solution of the following equation:

[ atamy D =5, (67)

For the propagator of the reggeized gluons, D _, the fol-
lowing perturbative series can be defined therefore:

(D) +— = (DEH)o+—
- [ 'z [ oo,k
—(K2 (DY, (68)

or in brief notation

DY — pac —/d4Zfd4WDab (Kbd _Kde)DwC (69)

Xy xy0 xz0\ ™ zw Zw wy”
where
bd bd
Kb ="K, (70)
k=0
and
/ d*zK DYy = 696,y (71)

3 We note also that there are also different kernel, related to <A A >
and <A_ A_> propagators, in the approach. In leading order the con-
tributions to these kernels are zero:

(KSH = (Ky~ =0

we do not calculate these propagators in the paper. This task will be
considered in a separate publication.

The calculation of the NLO kernel K ;‘51 is performed in
Appendix B; the following answer is obtained:

1
2K = §g2Na“b f d*zd*d*w(92GY, L)

X (S%Luu(Sx*w*)(aizlgy*z*) : [(GZZSGLO + G;;(;)ng)

+2(G 0G0+ GG + GLOG + GG

- st (o )5 (s ot
_%gfcdb / dtwd*dwi(GE) — GIN O], 8-y

X G (ﬁmi’; o ) (#6351

A 1) .
+ 28 fedya / dtwd*w, G (Wwi’;l jz)u”)
—+x

) N
x( (-0 —vj-’l”a)w)G;“z;“t (72)
’,

where the expressions for all functional derivatives are pre-
sented in Appendix B. Nevertheless, the only non-zero con-
tributions to this kernel are the following:

1
~ 2K, = 582N5abfd4zd4td4w(al.zzG6§r+)
X (82 8ty ) (82 . 8, )G G
1
+§gfcdb/d4wd4td4w1G;}r?(atzlhst_y_)
N b ) R
<G5! <—5Aa (Mii},jz)wl)(aﬁGj’zi); (73)
+x

see Appendix C. Therefore, using Eq. (C.7) and Eq. (C.22)
we have

2
b g N 2 dp7
L T %(/p—_
d’k, K
] @ 2 (L —k1)?
pi(pL—ki)

and performing the Fourier transform we write Eq. (69) as

d’p.
(2m)?

e tki (xi—.Vi)> (74)

~ sab g2N dk_ p2 B
D (p) =2 - e / kP Py,
pi 321 ) k- k3 (o —ki)?
(75)
where we used
d*p e P
DI (x, y) = 5 f A —— (76)
0 Qem*  p?

see the definitions of Eqs. (63) and (71). Introducing the
rapidity variable y = %ln(Ak_) and taking into account the
physical cut-off of the rapidity related with particles cluster
size 1, we obtain after integration on the variable k_ in the
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limits yo — n/2 and yo + n/2

D (pL, / / d%k
= pi ot lki(m—kuz
D*(pi,n) (77)
with

2
2 agN 2 D1
e(pl)=—-—7== Ll >
oA K (pr —k1)?
as intercept of the propagator of reggeized gluons. Rewriting
this equation as a differential one:

3D (p)

(78)

e D (p)e(p?) (79)
we obtain the final expression for the propagator:
8ab E(Pi)
D (p) = — (—) (80)
P \S0

with some rapidity interval 0 < 1 < In(s/sp) introduced of
the problem of interest. We note that the propagator obtained
is precisely the well-known one, see [33-38], and thereby
we demonstrated the self-consistency of the obtained effec-
tive action of Eq. (48). It is interesting to note also that
the obtained intercept, Eq. (78), is known as well in CGC
approach, this is a color charge density; see for example the
work of Kovner et al. in [44—49].

7 Conclusion

The main result of this paper is the expression for the one-
loop effective action for reggeized gluons in Eq. (48). On one
hand, this effective action can be considered as the one-loop
effective action for gluodynamics with added gauge invari-
ant source of longitudinal gluons, calculated on the base of
non-trivial classical solutions for gluon fields. These clas-
sical solutions are fully determined in terms of reggeized
gluons fields, and, therefore, the same action can be consid-
ered as the one-loop effective action for reggeized gluons.
The expansion of this action in terms of the reggeons, see
Eq. (60), determines the vertices of the interactions of these
reggeized fields. There are all possible vertices in here, the
only limitation is the precision of Eq. (48). Whereas the A
reggeized field is the argument of the ordered exponential
in the classical solutions and the number of derivatives with
respect to this field is not limited, see Eqs. (49)—(50) and
[7], the A_ reggeon field is presented in Eq. (48) in a com-
bination which allows only a limited number of derivations
with respect to this field. Therefore, the calculation of the
complex vertices related to large number of A_ reggeized

@ Springer

fields will require or increase of the precision of the calcula-
tions, or calculation of the same effective action in a different
gauge, where two types of the ordered exponential, with A
and A_ fields in arguments, will be presented in the classical
solutions. In both cases, the precision of the computations
will be determined by the QFT methods, namely it will be
limited by the orders of the classical solutions, order of loops
included in calculations and by combinations of the fields in
the final expression, which will survive after application of
the Ay, A_ — O limit.

Another important result of the paper is the calculation
of the propagator of reggeized gluons of Eq. (80) in the
framework of the approach. Although this propagator is well
known and widely used in all applications of the effective
action, see [9-22] and [33-38], the full computation of the
propagator in the framework of interest was done for the first
time. We can consider this calculation as a check of the self-
consistency of the approach and also as an explanation of the
methods of the calculation of small-x BFKL-based vertices
in the framework. There are other important vertices which
can be similarly calculated based on Eq. (48). These vertices
are important ingredients of the unitary corrections to differ-
ent production and interaction amplitudes of the processes at
high energies and they will be considered in separate publi-
cations.

As we mentioned above, Eq. (48) describes the inter-
actions of the reggeized gluons inside a cluster of parti-
cles in a limited range of rapidity. Therefore, following
[8], we can define this expression as an RFT Hamiltonian
written in terms of the QCD reggeized gluons. The per-
formed calculations, in turn, can be considered as a con-
struction of QCD RFT in terms of QCD degrees of freedom.
This RFT construction is interesting because it allows one
to consider the field theory in terms of A_ and A fields
only, developing an approach to the calculation of reggeon
loops, applications of the Hamiltonian in the integrable sys-
tems frameworks and in condensed matter physics, [78-80],
and use of the methods in the effective gravity approach,
see [1-6].

In conclusion we emphasize that the paper is considered
as an additional step to developing of the effective theory
for reggeized gluons, which will be useful in a variety of
applications in high energy physics and other research fields.
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Appendix A: Representation and properties of O and
0T operators

For the arbitrary representation of the gauge field vy =

1T%v4 with Dy = 9, — gv,, we can consider the following
representation of O and O operators*:

O, =68"+g / d*yG T W ()ars

=1+g¢Gl vy, (A.1)
and correspondingly
0] =1+gvy,GY,. (A.2)

which is a redefinition of the operator expansions used in [1—
6] in terms of Green’s function instead of integral operators;
see [7] for more details. The Green’s function in the above
equations we understand as the Green’s function of the D
operator and express it in the perturbative sense by

Gl =G +¢G0v.GY (A.3)
and
Gl =Gl +3¢GHv.GL, (A.4)

with the bare propagators defined as (there is no integration
on the variable x)
015Gy = 85y, G

D e = by (A.5)

The following properties of the operators can be derived:

1.
8GT, = gG0vi)GE + Gy .86,
gG(v)GE + G, (8GY)D, G
= 8(GF)(Bv42)GY, — Gv4:GH, (D) G )
=g(GH) + G+0u+Z GH)svy G,
= gG 1,80 ,G (A.6)
2.

50)( — ngy(av-‘ry) + g((SG;_y)v-i-y
= gG 1 0v1,(14+¢Gvyy) = gGl 6v,,0p;
(A7)

4 Due the light-cone gauge we consider here only O(x*) operators.
The construction of the representation of the O (x™) operators can be
done similarly.

3,
8+x80x = g(a+ijp)8v+p0
= g(1 4 gvy G )8, 0, = g0 604, 0,
(A.8)
4.
4xOx = g(012G )04y = guin(l + gG} v4y)
= gu1x Ox; (A.9)
5.
oTy . — + 5 Vo _ +
X +x = gv+)’(ny 8 +X) - g(l + U+yny)U+x

=—g0lv,,. (A.10)

We see that the operator O and O have the properties of
ordered exponents. For example, choosing bare propagators
as

GH =0T —yN8),. G =0T —xT)8]

Xy’ yx

(A.11)

Xy’
we immediately reproduce

dx +U+(X +) OT Pegf + dx +‘1)4,()( ).

(A.12)

O, —Pegf

The form of the bare propagators which corresponds to
another possible integral operator will lead to the more com-
plicated representations of the O and O operators; see [1—
6].

Now we consider a variation of the action’s full current:

Str[vy, 0,87 AT]

1
U (G 0.)9; AT

1
gtruaﬂaox)a?m

=[Ol vy, 0,(37AM)], (A.13)

which can be rewritten in the familiar form of Lipatov’s
induced current used in the paper:

S(upd ) = 8tr[(v4r 0582 A )]

= 8vt[T, 0T, O (3} A}). (A.14)

We note also that with the help of Eq. (A.1) for the repre-
sentation of the O operator the full action’s current can we
written as

tr{(vy, Ox — Ay)37AT]

=tr[(vy — Ay + v+ijyv+y)(al.2A+)]. (A.15)
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Appendix B: Calculation of K ;’fv’l effective kernel

Below we present all contributions to the vertex of interest
and present the general answer for the kernel. We note that
there are new effective propagators which arise in the calcula-
tions, see Egs. (B.22) and (B.30)—(B.31) below. Introducing
these propagators the effective resummation of the differ-
ent contributions occurs, see Eqgs. (B.23) and (B.37). This
resummation can be performed directly in the expansion of
logarithms in Eq. (48), before taking the derivatives. Whether
these redefinitions of the propagators are valid for all order
contributions, i.e. whether it can be done on the level of the
Lagrangian is a subject of a separate publication. We do not
consider this problem in the present paper.

Transverse loop terms contributions

First of all, consider the M, term in Eq. (48) to g% accuracy:

b 2 1 cacl [ cocl
(Mz)?j =—8 facc‘|fc162b(5ijvl€(c) Uk(2) - vlcg Uj%) ).

(B.1)
We note that this term is quadratic with respect to the
p field and therefore it does not contribute to the kernel of
interest.
For the M| term in Eq. (48) we have

~2u(K%), = [G m(1+G My~
ot = | G050 5 oM,
_6o M L o160 MDY 4 gom )_1]
0 8A}iy oM 0 SA oM a0
(B.2)
Taking into account that
M{j; = =28 faco (&-,-(v,idak —v§a)
| » .
=5 @j 0 + v{ "9, - (F,-;-M)), (B.3)
which with the required accuracy reads
Mﬁ'}j’ = _ngachMlchj = _2gfacb (Uccl(sjj,olfl Ok
1
—5U (p§' 0 +p;'0)) — (sijAga), (B.4)

we obtain

1)
_21(K;l}1?1)1 = _/d4Zd4t<8Ab (Mfldj)z>Gojk(Z,l)
-y

) :
X(m(Mii/ﬁl)z>Gozi(t,z)- (B.5)
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Longitudinal loop terms contribution

A few contributions arise from the last logarithm in Eq. (48).
We account for only non-zero ones and calculate them one
by one.

(N 1)2—;— term contribution

The variation of the first term of the last logarithm in Eq. (48)
gives

SN LT |
—— (1 + Goyq N )™
SAY SAY,

SINDHT -
—Goy+ SAde (1+ Gor s N ' Gogy

—y

++
8(N1> —1
dc ++
X l + G()++N ) :| 5
aAix ( ' Ay, A_=0

(B.6)

— (K, = [Go++

where we used Ggf’F + 8%?G o4 definition. The N term,
which is determined by Eq. (43), is quadratic with respect to
the reggeon fields, therefore only the first term in Eq. (B.6)

gives the non-zero contribution:

SHNDLT
— (K%, = [Go++—“ ] : (B.7)
* 8AY8AY  Ja, 4 2o
We have
S (NI éa(de)g, 832 A%,
=
8AY. AP, N AL, oAb
8> b ‘Svild 2 2
cbyca w
= N(UZ )Zl‘li) 5Aix ((Syulg}‘*z*)ajp (B.8)
At required accuracy we have
avalcl
8A-"l_lw = 8aa1 (B)ELwLSx‘*'w"')’ (B9)
+x

see Eq. (49), and

. 1
(USDY Y as 4 =0 = zNza“”quoGﬁ + GG

Ztw w w

+2(GH2GHY + G 10GY

zt

+GHAG + GG B.10)
Therefore, we obtain
1 .
(k)2 = NS [ atadtd @G, O i)

2 0 0 0 0
X(Syuﬁs}"z‘) : [(G?w G:;_t + G?;; G_utz)
+2(GH0GH + GHPGEY + GRIG Y + GG

(B.11)
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(Nz);r;r term contribution
The only contribution from the term (Nz);;' in the vertex of
interest comes from the expression

S2 (N LT

— TTolec (B.12)
b
5A%,8A"

—2(K{))s = [G0++ } :
AL, A_=0

which are determined by the following derivatives:

82(N2)++ S
S = =28 ferde—5— 7 ((@-vf) — v,

b
A% 8A AL

5 (0- 3zzG‘”(Z 1).

(B.13)
5Afix

Taking into account that

(028651 1) = = [ A w(0-..Goy 2. w)

S W),
X ——7—Gojpj(w,1),
8A(jrx J2J

SAL,

(B.14)

we collect all terms together obtaining

—20(K)3 = 28ferde / d*td*zd*wGoy 1 (1, 2)(0—:0;:Goijy (z, w))

M ijllﬂ)w del

oAt Gar, @0
0999, Gojpj (w, 1), (B.15)

Here we see from Eq. (58)
1
3_,0;1 = ﬁaiA‘i (B.16)
that
(0§ — i), = —5787 , (8- — G;"y, d_1)ji.

8AY
(B.17)

(N3):h+ term contribution

++
The <N3) term with required accuracy reads
ab

(N3 = / d*2(_ B Goijy (¥, ) (M1 ()4, (00, G (2, )
= f d*2(0_c 0ix Goijy (x, 2) (M1 ()57, (0,03 Gojp (2. 3))
/d4zd4t(8 G V(M5 )G (MY 010230, G, ),

(B.18)

where we have the brief notation Go;j, (x,z) — Ggfjl in
the last expression and only the M term was preserved in

comparison with Eq. (35). The M, does not contribute to

the vertex of interest. Therefore, the first contribution to the
kernel is given by the following expression:

(N

—20(K))4 :|:G —_—
(Kyy4-a 0++8A‘jrx8Aliy

52
=—|Gopyp——
[ T sAY AL,

]A+,A_:O

(_/d4Zd4f(37u Bth(Isz )(Mljuz)Z

X Gd

dc
G (M1, )0 (030, G{f,“))]
Ay, A_=0

(M 1]1]2)1 2t

fw GOI/I SAY 023
“+x

(M )
x ”jj“(a 9 G{)SM>> .
3AZ, Ap,A_=0

The second contribution of this term to the kernel is given
by

-2 / d*wd*sd*zd* (Ga’i+(8_u

(B.19)

—20(K&)amp

— —[G S(NS)jd+
0++ (SAliy

S(N3) i+
SAL,

0++ :| . (B.20)
Ay A_=0

Inserting the leading contribution from Eq. (B.18) in Eq.
(B.20) we obtain

—20(K&)ap = — / d*wd*sd*zd* / d*wid*y

X(Gf)li+(8—w8iw63)i;}1| ((SA“ (Mljljz)wl>

(8 e (e

8 s

b (M 11112)11 (a—samsG()lZm) . (B.2D
sAZ Ap A_=0

We introduce now an additional operator:

Gij (x,y) = Goij(x, y) +/d4zd4t (a—zaszOik(x» Z))
XGog4(2,1)(0-1 0 Gy (t, ¥))

d*p e =)

a7 ©:22
and rewrite the sum
(K&D1a= (K& + (K& Daa + (K&Dap  (B23)

as

8
— (K14 = /d4zd4 16 ((SAa (M 1111)f)

xG'Z. 5 (M75..);
Jil2 5Ab 1]21
—y

(B.24)
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The functional derivatives in the above expression are
given by

; : (M50 = 288,87, 1 O+ feaad—s (B.25)

and

; Ab (M{')e = 28fune G0, 82y (8i(01)” = Djpdic)-
(B.26)

(N 1)3‘1)+ and (N3);'b+ terms contribution

For the non-diagonal contribution from the (Nl)j{b+ and
(Ng)jb+ terms we have

SINDLS
b
SAZ,

S(N3)IF
sAY,

— (K5 = —[Go++ ] .
ApA_=0

(B.27)

0++

Using results from the previous chapters, we obtain

—2(K&)s = —= / d*wd*sd*zd*rd*w,
(G, (UMW) aa=0(,, 8-y-05)

G a,bcg';;p(w <M1,1,2>w]><aza,zeg;23>)

(B.28)
Here we have
1
(WU aa=0 = S Nfean (G = G (B.29)
see Eq. (26). Now we introduce new operators:
Gij(x,y) = /d4ZG0++(xsZ)<a—zaizG0ij(Zv)’))
44 —ip(x=y)
_ dpe P (B.30)
@t pr pe
and
Gislx,y) = f d“z(a_zaizco,-,- (x, z)) Go4+(z, y)
=Gyj(y, ). (B.31)

Finally, with the help of these operators, we rewrite Eq.
(B.28) as

—2(K)s = —fgfcdb / d*wd*td*w (G} — GEDGL | 8-y -

A 264
-Giﬁl(tma (Mllln)wl)(alf JWZID)'
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(B.32)

(Nz);r;r and (N3)Z,;r terms contribution

For the non-diagonal contribution from the terms (NQ):;_
and (N3):b+ we have

vy, = [, SN
xyl/6 = 0++ (SA}i} 0++ SAiX A+’A7=0.

(B.33)

Using the results of previous calculations we write

(N § dyel dlcl

T = —zgfcld.d(m(@l}j ) — v 0 )y
X (3-10: G} (1, w)) (B.34)

and

S(N3)IF

4 d z
:/d wi (055G} )(5A” (Mljljz)w,>(8 20j:Go k-

(B.35)

SAY,

Therefore, we have for the contribution of Eq. (B.33)

—Zl(K“h1)6 = ngcdld/d4zd4td4wd4sd4w1

<06’++(8 A (@ o) ‘?'C’a_>w)

(- tattG()lj)Go++(8_sa Gl

0ij1
<8A“ (MIJIJZ)w1>(aZajZG8)j!2Zj)>
:2gfcd1d/d4wd4wl< ((9_ Udlcl) U‘-l'da_)
sAb J
Zy »
3
(G — GG Tﬁl(SA_“ (Mlm)uu) (B.36)
+x

Now the sum

(K& )6s = (K26 + (K223 (B.37)

can be written as
b
—21(Ky1)6,3

= ngcdld/d4wd4wléf_ﬁl<

'<<6;2y

with the derivatives in the expression given by Eqgs. (B.17)
and (B.25).

SAY,

(M 1J1J2)w1> ’

(-0 = oo )w) ;‘”;”), (B.38)
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Final expression for the kernel

Taking all contributions together we obtain the following

expression for the kernel to required order:
1

—uK® = ZgzNS“b / d*zd*rd*w (9L GE )

X((SXLLUL wz

b +w+)(5ym v [(G;g’(;;hmomo)

+2(G+OG+O 4 G+0G+0 4 G+0G+0 4 G+0G+0)}

4_ 44, Azt
_/d zd tGii(gAa

1
—ngcdb/d4wd4td4w1(Gf0 G0 (s?

§ Gt
X<5Aﬁ_ M ljljz)wl>( jzl+>

+28fedid / d*wd*w; Giﬁj?(

(Mlm )’) G;f/z < b (Mljzt)f)

Aww]
uhaf_y_)G+j1

d
(leljz)wl>

wlw
2j

sAY,
)

><<(S 5 (@) — vl >w>
-y

where the expressions for all functional derivatives are deter-
mined above.

Appendix C: Calculation of the final answer for K;‘;’l
effective kernel

Below we present the final answer for the vertex of interest
after the calculations of integrals in Eq. (B.39). First of all,
we calculate the integrals from Eq. (B.39) which give non-
zero contributions, we consider the other integrals from Eq.
(B.39) in the end of the appendix. We also recall that in the
framework of the approach we consider the cluster of the
particles with> p_ > 0, therefore we have

1 1
P? - i
2p_<p —ﬁ%—w)

which determines the form of the integration contours in the
p+ integrals.

,e >0, (C.1)

Non-zero contribution: first integral of Eq. (73)
This contribution reads
% g2 N5 / d*zdtrdtw (026, ) (83w, 00 )
x (8,28, ) (GG -2 (GG + 60647 ) )
(C2)

I =

> The full answer Eq. (B.39) is symmetrical with respect to sign of p_
momentum and the final answer does not depend on it.

(B.39)

or, using the results of Appendix A and Eq. (47), we write it
as

I = g2Ns92 (8)2{l),L/dt+9(t+ —x*)fdﬁe(x* -zh

d*p1 py +_gt
dp_ | d —ip+ (1T =) )
X/ P / p+/ Q0 p2p_° )

(C.3)
The integrals are found after the regularization:
/ Aot —xhe T = L et (4
P+ — 1€
and
/ dzro(t — zher+ = e+t (C.5)
P+ — 1€
Inserting these expressions in Eq. (C.3) we obtain
dp_
_ 2arsaba2 [ o2
11 = —§ NS” Bi <5XJ_}J_/2P7
d’p, 1 1
(2m)4 [dp+ » - 18)’ €6)
P+ — Z‘,,—i +1e P+

which after the integration on p gives finally

saby 2 (/ dp— /dzpl d ki e tkL(xi— M.))

L =1

(271)3 (271)2
(C.7)
Non-zero contribution: second integral of Eq. (73)
This contribution reads
1
b= 5 8fear / d*wd*td*w1GF) @7, 8-y)
A 8
ww w t
G+j1] (3141 (M 1]1]2)’”1)(8 le+) (C.8)
Here we have
)
SAY ( ljljz)w1 - 2g8]1]285)|LxL )Tx*fdacafuﬂ (C9)
+x
and
GH) =0t —1M62 , 8- (C.10)

see Eq. (B.25) and Appendix A. Inserting these expressions
in Eq. (C.8) we obtain for the first contribution

L = gZNB“b/dw+9(w t+)/dt+/dw1

x/dw‘&wjf/dt_&fyf

(C.11)
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/dw1 /d wlawlu/dha,m

/d%ufswlm i;”](a_wlaf, GUh. (C.12)

The propagator in Eq. (C.11) is defined above, see Eq.
(B.30); it is

d4p e —ip(w—wy) P

AWW]

= _ C.13
I et pr po ©1
and correspondingly
. d*k _nkj
- 05, G = —1d], We’k(“” ”k—g. (C.14)

Now, performing the integration on the delta-functions, we
obtain

L =1g>N§*o?> drt | dwTowt — 1)
X

_ a4
— wy (p——+k- p
x/dwl e 1( ) 20 (C.15)
4 A
Ak _Pi K iy (potho) it iy (i)
Qm)* p_p2k?
xe_’p+("’+_x+)e’k+(x+_t+)). (C.16)
The integral on the variable w, leads to
/dwl—e’wf(?—““—) =278, &, (C.17)

and integration on the variable w™ gives

/de“G(w+ — )T = /00 dwre—rvt (pete)
t

+

— L et

P+ — 18

(C.18)

Therefore, we obtain for Eq. (C.15)

- —2ng2Naaba,i< / dk / dr e etk / dp-
p—
/d /dsz/dsz 1
b <2n)4 @)t pr — e
kj
2p— (p

—ﬁ‘i‘h‘?) <k++——l8>

Xel(Piki)(xi}’i)elx+(k+P+)>' (C.19)
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Integrating now on the variables ¢* and k we have

dp_ [ d?
L= (2n)2g2N3“”a,%c</ Lf PL
pP—

@m)*
A2k, -1 (pi+ki) (Xi—yi>
@n) (”fk")e
dps 1 1 1
- / ap? ki 1 (p+—18))
- <p+ — 5" +l£‘) (p+ - 2’;—{ +zs>
(C.20)
and performing the p integration we obtain
L= "8 Naab 2 / dp_ [ d*py
(2m)?
d kj_z Pkaé e (pi+k,')(xiy,')>' (C21)
(2m)* p1k]

Performing the variable change p; +k; — k| werewrite
the integral in the more familiar form

I = 18 g*N 52 / dp_ [ d*py
2 =10 ——0 _— 2

4 p— 2m)

dzki ki —tki (x; —yi)

(27[)2 5 e i )

2
Pl (pl_ - kJ_)
ab 8 N

(/ dp- fdzm
(2 )3 lX

Zero contributions in Eq. (B.39)

&y o tki (xi—i)
Qn2¢ '

(C.22)

First of all, consider the term G+0Gf;? in the first integral
term in Eq. (B.39). With the help of Appendix A and per-
forming the calculation above we are left with the following

expression for this term:

e @ =1t
0zt — t+)/dp+72 o8zt — 1ot —zh)
P+ — 2% +ie
=0; (C.23)

see the definition of Eq. (C.1). The same holds for the
G;’,OG;’U? and G;OGZSQ terms and for the second and fourth
terms in Eq. (B.39). Two last terms in the first term in Eq.
(B.39) are equal to zero after the integration on the transverse
momentum in the corresponding integrals.
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