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Abstract Linearized gravity is considered as an ordinary
gauge field theory. This implies the need for gauge fixing
in order to have well-defined propagators. Only after having
achieved this, the most general mass term is added. The aim
of this paper is to study of the degrees of freedom of the gauge
fixed theory of linearized gravity with mass term. The main
result is that, even outside the usual Fierz–Pauli constraint on
the mass term, it is possible to choose a gauge fixing belong-
ing to the Landau class, which leads to a massive theory of
gravity with the five degrees of freedom of a spin-2 massive
particle.

1 Introduction

In this paper we consider the theory of linearized gravity
with mass term. In particular, we are concerned with the
well-known problem of the counting of the degrees of free-
dom (dof). We will not list here the many good reasons to
modify gravity at long distances, referring the reader to the
many and thorough reviews on this subject (see, for instance
[1–8]). Our starting point is the assumption that the need for
a massive gravity does exist. The graviton of linearized grav-
ity is represented by hμν(x), which is a rank-2 symmetric
tensor field. Hence, in a D-dimensional spacetime, the num-
ber of independent components is D(D + 1)/2. If D = 4,
the number of components is 10. In 4D massless general
relativity, the physical dof are reduced by four constraints
and four general coordinate transformations, leading to the
two degrees of freedom of a massless spin-2 graviton. The
mass term breaks the four diffeomorphism symmetries, leav-
ing the four constraints, so that the number of independent
components seems to be six. On the other hand, we know that
the dof of a massive spin-2 particle should be five, the sixth
being a ghost (the so-called Boulware–Deser ghost [9]). It
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is an accepted fact that, if the mass term is constrained to
be a particular one, i.e. the Fierz–Pauli (FP) term [10], the
sixth ghost dof is removed. There is, nonetheless, a price to
pay. Indeed, if on one hand the FP model displays the correct
number of dof, on the other it suffers from several drawbacks,
like, for instance, the intrinsic impossibility of the existence
of a good massless limit [9].

The motivation of this work comes from the observation
that, from a pure field theoretical point of view the theory
of linearized gravity is a gauge field theory, invariant under
a gauge transformation of the field hμν(x). Hence, the first
concern should be to add an invariant gauge fixing term, in
order to have a well-defined theory with well-defined prop-
agators (see, for instance, [13]. Only after having done this,
one might face the problem of adding a mass term, for what-
ever reason it turns out necessary or convenient to do this.
In general, the mass term breaks gauge invariance, and field
theory provides us various ways to limit the damage. But one
thing is to add a mass term to a well-defined theory, and then
trying to control the breaking, like it is done, for instance,
in supersymmetric gauge field theories [11,12]. A different
one is to add directly a mass term to an ill defined theory,
where the propagators are not defined ab initio because of
the presence of a gauge symmetry, and then realizing that the
resulting theory is affected by several problems. This is the
result of the double use of a term which is at the same time
treated as a mass term and as gauge fixing term: without the
mass term the invariant action does not have propagators at
all. The deal of proceeding that way is that the FP action has
the correct number of dof, without BD ghost, at the addi-
tional price of having an highly constrained mass term with
one free parameter only instead of the original two, because
of the FP constraint on the masses.

The purpose of our research is trying to kill two birds with
one stone, i.e.

1. constructing a well-defined, massless, field theory for
the spin-2 graviton hμν(x), invariant under the gauge
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symmetry, with well-defined propagators by means of
an invariant gauge fixing term;

2. adding a mass term, which breaks gauge invariance and
which modifies also the propagators, hence asking which
are the constraints on the parameters in order that the mas-
sive, symmetry broken theory has well-defined propaga-
tors, namely without tachyonic unphysical poles induced
by the mass term;

3. addressing, finally, the question of the five dof, i.e. select-
ing amongst the solutions satisfying the previous require-
ments 1 and 2, those, if any, which display the correct
number of dof, in the hope of going beyond FP theory,
finding a model with a more general, less constrained
mass term which nonetheless displays five dof.

The first two points were solved in [14]. In the present work
we address the physically crucial third point, concerning the
dof.

The paper is organized as follows. In Sect. 2 we recall the
FP theory, with the aim of testing the procedure we follow
to study the dof of the theory. We recover, of course, the five
dof of a massive spin-2 field. In Sect. 3 we briefly summa-
rize the results of our previous work [14], listing the (eight)
possibilities for a theory of a massive symmetric rank-2 two
tensor field with well-defined propagators, free of unphysical
tachyonic poles. Lacking an analysis of the dof, these models
are not theories of massive gravity yet, since only a massive
rank-2 tensor field with five dof has the right of being called
graviton. In Sect. 4 the analysis of the dof is done, using the
technique presented in Sect. 2. In Sect. 5, we summarize and
discuss our results.

2 The Fierz–Pauli case

The action of linearized gravity in D spacetime dimensions
is given by

Sinv =
∫

dDx

(
1

2
h∂2h − hμν∂

μ∂νh

−1

2
hμν∂2hμν + hμν∂ν∂

ρhμρ

)
, (2.1)

which represents the most general 4D action written in terms
of a rank-2 symmetric tensor hμν(x) = hνμ(x) invariant
under the gauge transformation

δhμν = ∂μθν + ∂νθμ. (2.2)

In (2.1), h(x) is the trace of hμν(x): h(x) = hλ
λ(x) =

ημνhμν(x), where ημν = Diag(−1, 1, . . . , 1).
The need to modify general relativity at large distances

is the main motivation for the massive deformation of the
linearized theory of gravity by the following mass term:

Sm =
∫

dDx
1

2

(
m2

1h
μνhμν + m2

2h
2
)

, (2.3)

where m2
1 and m2

2 are mass parameters for hμν(x) and h(x),
respectively.

The mass term breaks the gauge invariance (2.2), and it is
constrained by the counting of the degrees of freedom (dof).
In fact, in absence of mass term, in D = 4 spacetime dimen-
sions (4D) gravitational waves described by hμν(x) are char-
acterized by two propagating dof: the two physical modes of
a massless graviton [15]. In the presence of a generic mass
term like (2.3), general covariance is broken and the dof of
the theory described by the action Sinv + Sm are 6. On the
other hand, we know that the theory of a massive spin S = 2
tensor field in 4D must have 2S+1 = 5 dof. The sixth dof is
the so-called Boulware–Deser (BD) scalar ghost [9]. Remov-
ing the sixth “bad” dof is uniquely realized by the following
choice of the mass term Sm (2.3):

m2
1 + m2

2 = 0, (2.4)

which is called the Fierz–Pauli (FP) choice [10].
We show now that, indeed, if the action is given by

SFP = Sinv + Sm, (2.5)

the FP choice (2.4) is the only one which yields a massive the-
ory of gravity describing only five propagating dof, without
BD ghost.

In momentum space, the equations of motion (eom) deriv-
ing from SFP (2.5) for h̃μν(x), which is the Fourier transform
of hμν(x), are

δSFP

δh̃μν

= [(p2 − m2
2)η

μν − pμ pν]h̃ − (p2 + m2
1)h̃μν

+ (pμ pλh̃
νλ + pν pλh̃

μλ) − ημν pλ pτ h̃λτ

= 0. (2.6)

Let us introduce the projection operator

eμν ≡ pμ pν

p2 (2.7)

and saturate (2.6) with ημν , eμν and pμ. We get, respectively,

ημν

δSFP

δh̃μν

= [p2(D − 2) − (m2
1 + Dm2

2)]h̃

+ p2eμν h̃
μν(2 − D) = 0, (2.8)

eμν

δSFP

δh̃μν

= m2
2h̃ + m2

1eμν h̃
μν = 0, (2.9)

pμ

δSFP

δh̃μν

= m2
1 pμh̃

μν + m2
2 p

ν h̃ = 0. (2.10)
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Supposing m2
1 �= 0, from (2.9) we find

eμν h̃
μν = −m2

2

m2
1

h̃, (2.11)

so that (2.8) becomes

(D − 2)
m2

1 + m2
2

m2
1

p2h̃ − (m2
1 + Dm2

2)h̃ = 0, (2.12)

and with the FP condition (2.4) the coefficient of p2 vanishes.
We thus have

h̃ = 0, (2.13)

and, from (2.10)

pμh̃
μν = 0. (2.14)

Hence, the FP condition m2
1 + m2

2 = 0 implies (2.13)
and (2.14), which represent the 1 + D constraints which,
subtracted from the D(D + 1)/2 components of the D-
dimensional rank-2 symmetric tensor field hμν(x) leave us
with the correct 2S + 1 dof of a massive spin S = 2 field in
D spacetime dimensions:

D(D + 1)

2︸ ︷︷ ︸
hμν = hνμ

− 1︸︷︷︸
h = 0

− D︸︷︷︸
∂μhμν = 0

= 2S + 1

∣∣∣∣∣∣∣∣∣
D=4;S=2

= 5.

(2.15)

3 The gauge fixed model

In order to have a well-defined gauge field theory, according
to the usual rules of quantum field theory [13], we first add
to the invariant action Sinv (2.1) the following gauge fixing
term:

Sgf =
∫

d4x
[
bμ(∂νhμν + κ1∂μh) + κ

2
bμbμ

]
, (3.1)

which, by means of a Nakanishi–Lautrup Lagrange multi-
plier bμ(x) [16,17], implements the gauge condition

∂νhμν + κ1∂μh = 0. (3.2)

From (3.1) and (3.2) we see that the gauge fixing procedure
for the symmetric tensor field hμν(x) implies the presence
of two gauge coupling constants: κ and κ1. The gauge fixed
action Sinv +Sgf given by the sum of (2.1) and (3.1) has well-
defined propagators and is invariant under a BRS symmetry

[18]. To this action we add the mass term (2.3), so that the
total action we are considering for massive gravity is given
by

S = Sinv + Sgf + Sm . (3.3)

The theory defined by (3.3) depends on four parameters:
m2

1, m
2
2, κ and κ1. In [14], we determined which are the con-

straints on them in order to have a theory without tachyonic
poles in the propagators. We found eight possible solutions:

Solution 1

m2
1 > 0 ; m2

1 + Dm2
2 = 0 ; κ < 0 ; κ1 = 0, (3.4)

Solution 2

m2
1 > 0 ; m2

1+Dm2
2 < 0 ; κ ≤ D − 1

2 − D
; κ1 = −1, (3.5)

Solution 3

m2
1 > 0 ; m2

1 + Dm2
2 > 0 ; D − 1

2 − D
≤ κ < 0 ; κ1 = −1,

(3.6)

Solution 4

m2
1 = 0 ; m2

2 < 0 ; κ ≤ D − 1

2 − D
; κ1 = −1, (3.7)

Solution 5

m2
1 = 0 ; m2

2 > 0 ; D − 1

2 − D
≤ κ < 0 ; κ1 = −1, (3.8)

Solution 6

m2
1 = 0 ; m2

2 < 0 ; κ > 0 ; κ1 = −1, (3.9)

Solution 7

m2
1 ≥ 0 ; m2

1 + Dm2
2 ≤ 0 ; κ = 0 ; κ1 = 0, (3.10)

Solution 8

m2
1 ≥ 0 ; m2

1 + Dm2
2 �= 0 ; κ = 0 ; κ1 = −1. (3.11)

All and only the above solutions display well-defined prop-
agators, hence they represent good field theories for a sym-
metric rank-2 tensor field, characterized by the action Sinv

(2.1), invariant under the gauge symmetry (2.2), which is
gauge fixed by Sgf (3.1), and is broken by the most general
mass term Sm (2.3). Concerning the mass term, five out of
eight solutions, in particular solutions n. 1, 3, 4, 5 and 6,
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exclude the FP point (2.4), and this, of course, begs the ques-
tion of which, amongst the eight solutions above, represent
also a theory of massive gravity, i.e. a theory for a symmetric
rank-2 tensor field hμν(x) characterized by five dof only.

4 Degrees of freedom

In order to determine the dof of each of the eight candidates,
we proceed like we did for the pure FP theory in Sect. 2.
Our aim is to investigate whether from the eom of the full
action S (3.3) it is possible to extract the two conditions (in
momentum space)

pν h̃
μν = 0, (4.1)

h̃ = 0, (4.2)

which allow for the counting (2.15), which leads to five dof
in D = 4 spacetime dimensions.

The eom for the action S (3.3) are

δS

δh̃μν

= δSFP

δh̃μν

+ δSm

δh̃μν

= δSFP

δh̃μν

− i

2
(pμb̃ν + pν b̃μ) − iκ1η

μν pλb̃
λ = 0,

(4.3)
δS

δb̃μ

= κ b̃μ + i pν h̃
μν + iκ1 p

μh̃ = 0, (4.4)

where δSFP

δh̃μν
is given by (2.6) and b̃μ(x) is the Fourier trans-

form of bμ(x).
Saturating (4.3) with ημν and eμν , like we did in the pure

FP case, we get

ημν

δSFP

δh̃μν

= i(1 + Dκ1)pλb̃
λ, (4.5)

eμν

δSFP

δh̃μν

= −i(1 + κ1)pλb̃
λ, (4.6)

which generalize (2.8) and (2.9) to the gauge fixed case.
The idea is to fit the eight solutions (3.4)–(3.11) to the

conditions (4.5) and (4.6) to see if any of them leads to the
constraints (4.1) and (4.2) needed in order to have the desired
five dof of massive gravity.

Let us illustrate the procedure for solution 2 (3.5), which
can be taken as an example of what typically happens. Notice
that this is one of the solutions which include the FP point
(2.4), for which we know that five dof are realized. Putting
the values for the parameters m2

1, m2
2, κ and κ1 of solution 2,

Eqs. (4.4), (4.5) and (4.6) become, respectively,

κ b̃μ + i pν h̃
μν − i pμh̃ = 0, (4.7)

[p2(D − 2) − (m2
1 + Dm2

2)]h̃ + (2 − D)p2eμν h̃
μν

= i(1 − D)pμb̃
μ, (4.8)

m2
2h̃ + m2

1eμν h̃
μν = 0. (4.9)

Supposing m2
2 �= 0,1 from (4.9) we get

h̃ = −m2
1

m2
2

eμν h̃
μν; (4.10)

hence, from (4.7),

b̃μ = − i

κ

m2
1 + m2

2

m2
2

pν h̃
μν. (4.11)

Substituting into (4.8), we have

(m2
1 + m2

2)

(
D − 2 + 1 − D

κ

)
p2eμν h̃

μν

= (m2
1 + Dm2

2)eμν h̃
μν. (4.12)

Notice that, for solution 2 (3.5), we have D − 2 + 1−D
κ

�= 0
andm2

1+Dm2
2 �= 0; hence if the FP condition (2.4) is satisfied

m2
1 + m2

2 = 0, from (4.12) and (4.11) we get, respectively,

eμν h̃
μν = b̃μ = 0, (4.13)

so that, from (4.10),

h̃ = 0, (4.14)

and from (4.8),

pν h̃
μν. (4.15)

The conditions (4.14) and (4.15) are those needed to have five
dof, according to (2.15). Therefore, solution 2 represents five
dof only if collapses to the FP point. Elsewhere in the generic
range of masses concerned by this solution (m2

1 +Dm2
2 < 0),

no easy identification of the dof of the theory can be obtained.
Still, an advantage exists in comparison to the pure FP theory
described in Sect. 2: solution 2 is an example of a well-defined
gauge field theory, with no tachyonic poles in the propagators,
for a symmetric rank-2 tensor field, where the five dof are
realized at the FP point (2.4), hence it represents a theory of
massive gravity.

Solution 2 is an example of what typically happens for
all the eight solutions displayed in Sect. 3: outside the FP
point, we are not able to get both the conditions (2.13) and
(2.14) which realize the schema (2.15) leading to five dof:
either none of them, or only one of them. But an exception
does exist, represented by solution 8 (3.11) (m2

1 ≥ 0 ; m2
1 +

Dm2
2 �= 0; κ = 0 ; κ1 = −1), which includes the FP point

(2.4).

1 The cases m2
1,m

2
2 = 0 do not lead to any identification of the dof of

this solution.
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The general equations (4.4), and (4.6), written for solution
8, are

pν h̃
μν − pμh̃ = 0, (4.16)

m2
2h̃ + m2

1eμν h̃
μν = 0. (4.17)

We can write

eμν h̃
μν = pμ

p2 pν h̃
μν = h̃, (4.18)

where we used (4.16) in the last equality. Using this, from
(4.17) we get

(m2
1 + m2

2)h̃ = 0. (4.19)

This condition is satisfied either on the FP pointm2
1+m2

2 = 0,
or else outside the FP point, provided that

h̃ = 0, (4.20)

which, substituted into (4.16), gives

pν h̃
μν = 0. (4.21)

Hence, quite remarkably, we get the two conditions needed
for the realization of the five dof of a massive spin 2 massive
particle also outside the FP point (provided thatm2

1+Dm2
2 �=

0).

5 Summary and conclusions

In this paper we considered the theory of linearized grav-
ity, defined by the action (2.1) written in terms of a rank-2
symmetric tensor field hμν(x), which is commonly called
“graviton”. The theory is taken as an ordinary gauge field
theory, defined by the gauge transformation (2.2), which
indeed uniquely identifies the action (2.1) as the most gen-
eral invariant action. In this respect, the analogy with the
electromagnetism is complete: the action (2.1) stands to the
Maxwell action as the graviton hμν(x) stands to the photon
Aμ(x). This field theoretical approach implies that the first
task should be the definition of a generating functional of the
Green functions, the simplest of which are the 2-point Green
functions, i.e. the propagators, which indeed are not defined
for the action (2.1) alone. Like in electromagnetism, a gauge
fixing is needed. The most general gauge fixing term for a
rank-2 tensor field is given by (3.1), which corresponds to the
gauge condition (3.2), which generalizes to a rank-2 tensor
field the gauge condition ∂μAμ(x) for the electromagnetic
vector field. Consequently, the gauge field theory for hμν(x)
depends on two gauge parameters (κ and κ1), instead of one
like in Maxwell theory. To this general class of gauge fix-
ing belong all the gauge fixing conditions used for linearized

gravity, like for instance the harmonic gauge [15]. Pursuing
the analogy, κ = 0 defines the Landau gauge, which in the
gravity side should be called Landau gauges, since κ1 can
still assume any value. After the gauge fixing procedure, the
theory described by the invariant action (2.1) plus the gauge
fixing term (3.1) is a well-defined gauge field theory for the
(massless) graviton hμν(x).

The most general mass term for a rank-2 tensor field is
given by (2.3), and depends on two mass parameters, one for
hμν(x) and the other for its trace h(x). The introduction of
the mass has two kind of consequences. The first is to break
explicitly the gauge invariance (2.2). The second one, less
evident, is the introduction of unphysical tachyonic poles in
the propagators. In Ref. [14] we faced the latter problem,
tuning the four parameters of the theory – two masses, two
gauge parameters – in order to get rid of the bad propagators.
This selected eight possibilities, listed in this paper from (3.4)
to (3.11), which identify eight classes of theories for a mas-
sive, rank-2 symmetric tensor field hμν(x) with well-defined
propagators, free of unphysical tachyons. In the massive case,
we cannot call hμν(x) a “graviton” anymore, because of the
counting of the dof: we are allowed to identify hμν(x) as a
massive graviton only for those theories, amongst our eight
candidates, which display five dof, because five are the dof
a massive spin-2 field.

It is not trivial at all to realize five dof in massive gravity,
since simply breaking the gauge (or infinitesimal diffeomor-
phism) invariance by means of an unconstrained mass term
leads, in four spacetime dimensions, from ten to six dof, the
extra dof being the Boulware–Deser ghost [9]. The tradi-
tional, generally accepted way out, is to constrain the mass
term (2.3) with the condition on the masses (2.4), which leads
to the well-known Fierz–Pauli theory [10].

If on one hand, the Fierz–Pauli theory realizes the desired
five dof of the massive graviton, on the other is not satisfac-
tory form the field theory point of view: we would have not
proceeded that way in the (quite analogous) case of electro-
magnetism. Adding a mass term directly to a gauge invariant
action, skipping the ordinary gauge fixing procedure, seems
to be a bit rude: the mass term, which breaks the gauge invari-
ance, is used at the same time as a gauge fixing (without it the
propagators are not defined) and as a mass term. The param-
eters appearing in the mass term are at the same time masses
(hence hopefully physical) and gauge parameters (definitely
unphysical).

The main motivation of this work was to check whether,
following the standard field theoretical procedure (invariant
action → gauge fixing → mass term) instead of the more
common one (invariant action → mass term ≡ gauge fixing),
the five dof of a massive spin-2 graviton could be obtained.

Five dof are obtained out of the ten components of the
symmetric rank-2 tensor field hμν(x) if the two conditions
h(x) = 0 (2.13) and ∂νhμν(x) = 0 (2.14) hold. In field
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theory, any condition should not be put by hand, but should
be a consequence of some constraints on the theory, like for
instance the equations of motion, carefully and conveniently
managed. To reach our aim, we adopted a procedure which
we first tested in Sect. 2 on the standard Fierz–Pauli theory,
getting the known result. In Sect. 4 we treated in the same
way the cases listed in Sect. 3, characterized by having good
propagators.

The outcome is that for seven out of eight cases, either
the two conditions do not obtain, or are indeed recovered,
but only if the Fierz–Pauli condition (2.4) on the masses
is satisfied. Remarkably, we found that solution 8 (3.11),
which corresponds to the particular Landau gauge condition
κ = 0 and κ = 1, realizes the five dof of a massive graviton
with the mass term (2.3), constrained only by m2

1 ≥ 0 and
m2

1 + 4m2
2 �= 0, which includes in particular the much more

restrictive Fierz–Pauli condition m2
1 + m2

2 = 0.
So, the theory corresponding to solution (3.11), like all the

other solutions from (3.4) to (3.10), has well-defined propa-
gators without tachyonic poles. Moreover, it has been shown
in [14] that it displays an unique feature with respect to the
others solutions: the Fierz–Pauli case can be identified by a
BRS symmetry. In this paper we see that it is remarkably
peculiar for another reason: it realizes the five dof of a mas-
sive spin-2 particle without the Fierz–Pauli constraint (2.4).
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