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Abstract We consider FRW cosmology in f(R) = R +
¥y R? + 8R? modified framework. The Palatini approach
reduces its dynamics to the simple generalization of Fried-
mann equation. Thus we study the dynamics in two-
dimensional phase space with some details. After reformu-
lation of the model in the Einstein frame, it reduces to the
FRW cosmological model with a homogeneous scalar field
and vanishing kinetic energy term. This potential determines
the running cosmological constant term as a function of the
Ricci scalar. As a result we obtain the emergent dark energy
parametrization from the covariant theory. We study also sin-
gularities of the model and demonstrate that in the Einstein
frame some undesirable singularities disappear.

1 Introduction

A variety of explanations have been proposed for the acceler-
ating expansion of the universe at the current epoch. Among
them, the idea of positive cosmological constant A, as one
of the simplest candidates, seems to be viable. However,
it is only an economical description (with the help of one
free parameter) of observational facts rather than an effec-
tive explanation. The simplest alternative candidate for the
constant cosmological parameter being a key element in the
standard cosmological model (called ACDM model) is a
time-dependent (or running) cosmological term. It is crucial
for avoiding fine-tuning and coincidence problems [1,2].

It would be crucial to derive the dynamics of the run-
ning cosmological term as an emergent phenomenon from
a more fundamental theory, e.g., from string theory or from
the first principles of quantum mechanics [3]. In this context,
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it is important to formulate a dynamical cosmological term
without violating the covariance of the action. For exam-
ple, models with a slowly rolling homogeneous cosmologi-
cal scalar field provide a popular alternative to the standard
time-independent cosmological constant. We can study the
simultaneous evolution of the background expansion and an
evolution of the scalar field with the self-interacting potential
[4].

In this paper we are going to push forward the idea of the
emergent running cosmological term from a covariant the-
ory [5]. Parametrization of the cosmological term is derived
directly from a formulation of the model in the Einstein frame
by means of the Palatini variational approach. In analogy
with Starobinsky’s purely metric formulation [6], we obtain
the parametrization of the cosmological term directly from
the potential of the scalar field which appears after formula-
tion of the specific FRW model in the Einstein frame. As a
next step we investigate the dynamics of the model with such
a form of the dark energy.

In this letter, we demonstrate how f (R) model is modified
in the Palatini formulation. Our construction provides a sim-
ple model of an evolving dark energy (running cosmological
term) to explain a dynamical relaxation of the vacuum energy
(gravitational repulsive pressure) to a very small value today
(cosmological constant problem [7]). This model, when stud-
ied in the Einstein frame, leads also to a small deviation from
the w = —1 prediction of the non-running dark energy.

2 Cosmological equations for the polynomial f(R)
theory in the Palatini formalism

The Palatini gravity action for f (R) gravity is given by
1 R
S:Sg+Sm=5/4/—gf(R)d4x+Sm, (1)
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where R is the generalized Ricci scalar [8,9]. From the action
(1) we get

A A 1 ~
f/(R)R(/w) - Ef(R)g/w = T[MM (2)

Vo (V=2 S (Ryg) =0, 3

where T}, is energy-momentum tensor and V, is the covari-
ant derivative calculated with respect to I".

If we take the trace of Eq. (2), we get a structural equation,
which is given by

fI(RR—2f(R)=T, 4)

where T = g"VT),,. We assume the FRW metric in the fol-
lowing form:

ds? —a (z)[ ~dr? 4 r2(d6? + sin® dgp )}

&)

where a(¢) is the scale factor, k is a constant of spatial curva-
ture (k = 0, £1) and ¢ is the cosmological time. Thereafter,
we assume the flat model (k = 0).

We assume the energy-momentum tensor for a perfect
fluid,

T} = diag(—p, p, p, p), (©)

where p = wp with w = const. The conservation condition
T“M = 0[10] gives

m = —3(1 + w)Hpn, @)

where H is the Hubble function and pp, is the density of
baryonic and dark matter which is assumed to be in the form
of dust (w = 0).

In our paper the function f (R) is assumed in the polyno-
mial form as

fR) = Z yiR', ®)

where y; are some dimensionful parameters.
Therefore, we introduce more convenient dimensionless
functions and parameters,
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d=-3 i —2)Q, QL+ =2
(Z(l ) Yi"“R + QR)

i=1
.. i—1
8 Yo i — DKy, QI.R
Sy~ 2R, 2!
where H) is the present value of the Hubble function, Q0 =
Pm,0 Q _ PAO 1
3H2 MM0 T 32
For the functlon (8) the structural equation (4) is in the
following form:

n
D = 2)Q),Q = —Qm
i=1

&)

—4Q4. (10)

The Friedmann equation for the function (8) has the fol-
lowing form:

" o |: : [Xn: .

— = —| — Q,. Q% (Qr — 2iQuot)
2 2 Yi““R Y

h (b-l— %) 2b i=1

+ Qo — 3QA1| + Qtot:|~ (11)

3 Singularities in the polynomial f(R) theory in the
Palatini formalism

The Friedmann equation (11) can be rewritten in the equiv-
alent form

d% = 22V(a), (12)
where ’ = 4 — [bHd21d 4o oy parametrization of time

T dr T T p dr
(this parametrization is not a diffeomorphism) and

2.2
Hoa

1 [ © .
Via) = —— [%[X;nglze (§2r — 2i2t0)
i=

+Qot — 3QA:| + Qtot:|- (13)

The potential V(a) can be used to construction of a
phase space portrait. In this case the phase space is two-
dimensional,

0 v = -k 14
{(a,a).T—i- (a)——z}- (14)

! For the sake of generality (following the standard cosmological
model) the presence of the cosmological constant is also assumed.
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Fig. 1 The phase portrait for system (15)—(16) with f (Ié) =R+
yR2 48R3, where y = 1070 (%) and § = —10~14 (%)
Critical points (1), (2), (3) and (4) represent the static Einstein universes.
Critical points (1) and (2) are of saddle type and critical points (3)
and (4) are of center type. The red dashed line presents the sudden
singularity. The black dashed lines present the freeze singularities. The
gray color marks the non-physical domain (f’(R) < 0). The red
trajectories represent the path of evolution for the flat universe. These
trajectories separate the domain with the negative curvature (k = —1)
from the domain with the positive curvature (k = +1). The scale factor
is expressed in a logarithmic scale

The dynamical system has the following form:

a =x, (15)

¥ = V@ (16)
da

We assume that the potential function, except some isolated
(singular) points, belongs to the class C*(R).

The example phase portraits for the dynamical system
(15)—(16) are presented in Figs. 1, 2 and 3.

The evolution of a universe can be treated as a motion
of a fictitious particle of unit mass in the potential V (a).
Here a(#) plays the role of a positional variable. Equation of

motion (16) assumes the form analogous to the Newtonian
equation of motion. In this case the lines % + V() = —%
represent possible evolutions of the universe for different
initial conditions.

In our model, there are two types of singularities: the
freeze and sudden singularities. They are a consequence of
the Palatini formalism. We get the freeze singularity when
b+ d/2 = 0. The sudden singularity appears when b = 0 or
b 4 d/2 is equal to infinity.

For the case when the positive part of f (Ié) dominates after
the domination of the negative part of f (R), itis possible that

-0.05

-2.75 -2.5 -2.25 -2
a

-1.75 -1.5 -1.25 -1

Fig. 2 The zoomed region of Fig. 1. The behavior of trajectories in
the neighborhood of critical points (2), (3) and (4) which represent the
static Einstein universes. Critical point (2) is of saddle type and critical
points (3) and (4) are of center type. The black dashed lines present the
freeze singularities. The scale factor is expressed in a logarithmic scale.
The homoclinic orbits represent the bouncing models, which evolution
starts and ends at the Einstein universe (critical point 2). In the domain
bounded by the homoclinic orbits the oscillating models present cases
without the initial singularity

1

-0.25

-0.75

Fig. 3 The phase portrait for system (15)-(16) with f(R) = R +
A A~ 2 2

YR+ 8R3, where y = —10~ (S Mpe ) and § = —1014 (%)
Critical point (1), which is of saddle type, represents the static Einstein
universe. The red dashed line presents the sudden singularity. The
gray color presents the non-physical domain (f'(R) < 0). The red
trajectories represent the path of evolution for the flat universe. These
trajectories separate the domain with the negative curvature (k = —1)
from the domain with the positive curvature (k = +1). The scale factor
is expressed in a logarithmic scale
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Fig. 4 The evolution of the Hubble function for f(R) = R + y R? +

A 2 2 4 4

SR3, where y = 1076 (S Mpe ) and § = —10~14 (%) The
black dashed lines present the freeze singularities. Note that the singu-

larity of the big bang type does not appear here. H (a) is expressed in

: 100 km
units of s Mpc
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Fig. 5 The evolution of b(a) + @. For values of the scale factor for
which the equation b(a) + @ = 0 has roots, the freeze singularities

appear ( black dashed lines). This figure corresponds with Fig. 4

two freeze singularities appear. This situation is presented in
Fig. 4 for f(R) = R+ 1072R2 — 107°R3. In this case they
appear two freeze singularities and one sudden singularity.
The evolution of b(a) + @, which corresponds with Fig.
4, is presented in Fig. 5. Note that, for values of the scale
factor for which the function b(a) + d(za) has roots, the freeze
singularities appear. V (a) potential, which corresponds with

Fig. 4, is presented in Figs. 6 and 7.

4 Singularities in the Palatini f(R) = R + yR*> + §R3
model

For the special case of polynomial f(R) = R+ y R?+8R3,
one gets the following structural equation:

@ Springer
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Fig. 6 The evolution of V(a). This figure corresponds with Fig. 4.
The black dashed lines present the freeze singularities. The potential is
regular at these singularities while its higher derivative blows up. The

pole of V (a) represents the sudden singularity. The potential V (a) is
10* km?
s2Mpc?

expressed in units of

V(a)

Lo
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0.12 0.14 . 0.18 0.20

Fig. 7 The zoomed region of Fig. 6. The extrema of V (a) are pre-
sented. The black dashed lines represent the freeze singularities. The
10* km?
52 Mpc?

potential V (a) is expressed in units of

Qr — Q% = Qm + 4Q4, (17)

where Q, = 3)/Hg and Q5 = 95H6‘.
The Friedmann equation takes the form

H? b2 Qr
B peif L2
0 (b—f‘j)

+ 2825 Q2R (2R — 3Qtot)):| + Qior + Qk], (18)

|:Qy(QR - 4Qtot)

where

Quot = Qm,0a > + a0,
b= f'(R) =1+ Qr[2Q, + 3R],
1 db Q, + 3Qs Q2R 5
= —— =6-Y " Qr(1 — 2593%) — 4Q4 0]
AT 3959%_1 [©2Rr( s2R) AL0]

(19)
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The condition for the appearance of the freeze singularity
isb+ % = 0 and in this case it has the form

3Q, Q0% + 92 Q% + (R, — 3625Q2)2r — 122,24 — 1 =0.

(20)
Equation (20) has the following solution:
_ —1 _ r(Q)/sg(SsQA)
QRsing - QV |: 1 921/398
2173(=81Q5 + 99, Q5(Q) — 362524))
9r(Qy7987QA)Qé '
2
where
r(Q}/a QS’ QA)

= 2[243Q7 Q5 (1 + 69, Q2a) — 72923 (1 + 62, Q)
+(59049(225, — 3925)° Q5 (1 4 6, Q4)*
—(81923 — 99, 25(2, — 362203 (22)

For the sudden singularity the condition b = 0 provides
the equation

1+ Qr[2Q2, +3QsQr] = 0. (23)
which has the following solutions:
—-Q, £ /SZ)% —3Q5
Q = . 24
Reing = 3% (24)

5 The Palatini approach in the Einstein frame

If £”(R) # 0 then the action (1) can be rewritten in dynam-
ically equivalent form of the first order Palatini gravitational
action [11-13]

1 ~
(@ Ui 10 = 5 [ €532 GOGR = 0+ 700
+ Sm(g/wa ). (25)

The conditions that allow for the change of variables and lead
to Eq. (25) were discussed in the well-known paper of Olmo
[14], who clarified the issues raised by Faraoni [15].

Let ® = f/(x) be a scalar field, where y = R. Then the
action (25) takes the form

S(8uv: Ty, @) = /d4x«/ g(PR — U(D))

+Sm (uv, ¥)s (26)
where the potential U (P) is given as
Up(@) =U(®) = x(P)® — f(x(P)) 27

: — 400 p =, — U
with ® = P and R=x = =55~

After the Palatini variation of the action (26) we get the
following equations of motion:

. 1 1

® (Ru,v - gg;w ) + Zg/wU(@) ;,w =0, (28a)
Vilv/—g0g") =0, (28b)
R—U(®)=0. (28¢)

As a consequence of (28b) the connection [ is a metric con-
nection for a new (conformally related) metric g, = CDglw,
thus R,w = Ry, R = "Ry, = ® 'R and 3, R =
gWR . The g-trace of (28a) gives a new structural equation

2U(d) — U' (D) = T. (29)

Equations (28a) and (28c) can be rewritten in the following
form:

1. - - 1. -
Ry — Eg;wR =Tuw — zg,uvU(cD)a (30)

— (@2 U(®)) =0, 31)

where U(¢) = U(¢)/ D2, T, _,w = o~ T,w In this case, the
structural equation is given by the following formula:
SU(®)+T =0. (32)

The action for the metric g, and the scalar field ® can be
recast into the Einstein frame form

1
S(guv, @) = /d4xv 2R —TU(®) + S (P g, ¥)

(33)

with non-minimal coupling between ® and g,

- 2 8
THY — — S = (Ia_i_ls)b—tulzv_i_ﬁglw — ¢73T//.u7
v —E8 88#1} "
(34)
@ o= et o= d2p, p o= & 2p, T =
&7y, T = 72T (see e.g. [13,16]).
The metric g, takes the standard FRW form
ds? = —di? + a>(@D)[dr? 4 r?(d6? + sin® 6dep?)], (35)

where df = @(t)%dt and a new scale factor a(f) =
-1 -
®(t)2a(t). In the case of barotropic matter, the cosmological

equations are

- _ _ a _ _
3H? = o + fm, 6= =240 — pm(1 +3w) (36)

@ Springer
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where

-
o =50(®). fm=pa 34w g3 Gu-h 37)

and W = pm/Pm = Pm/Pm. In this case, the conservation
equation has the following form:

pm +3H pm(1 + w) = —po. (38)

Let us consider our Palatini model f (Ié) = Z;;] Vi Rin
the Einstein frame, where y; = 1. The potential U is given
by the following formula:

S G = DyiR

U(R) =2po(R) = (Zf'zl iy,-ﬁi*‘)z

(39)

The scalar field ® can be parametrized by R in the following
way:

. d
®(R) =

n
4R) _ > iR (40)
i=1

The relation between U and R for the case f (Ié) =R+
yl%2 +8R3 is presented in Fig. 8.

In this frame, two scenarios of cosmic evolution may
appear. In the first one the evolution of the universe starts
from the generalized sudden singularity. The second case is
when it starts from the freeze singularity. The diagrams of
the corresponding Newtonian potentials V (a) are presented
in Figs. 9 and 10. We can use the potential V (a) to construct
phase space portraits analogous to the ones in Sect. 3 (see
Figs. 11, 12).

TR
0.35
030
025
0.20
0.15
0.10

0.05

R

Fig. 8 Theevolution of U (Ii’ ) in the Einstein frame in the case when the
evolution of the universe starts from the generalized sudden singularity.
For illustration it is assumed that f (R) =R+ sz + 8R3, where

y =107 (q MPC )andz? =101 (%) U(R) is expressed in

km
10* km?

nits of
units o 2 Mpc?
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V(a)

Q|

i 0.2 04 0.6 0.3
-05F

20f |

-25 |

Fig. 9 The evolution of V(a) in the Einstein frame in the case when
the evolution of the universe starts from the generalized sudden singu-
larity. For illustration it is assumed that f' (Ié) =R+ y]éz + 8R3. This
figure corresponds to Fig. 11. The blue dashed line presents the gener-
alized sudden singularity. Note that the undesirable freeze singulan'ty

10* km?

disappears. The potential V (a) is expressed in units of 2 Mpe?

V(@)

S|

F o1 02 03 04 05 06 07
-05F |

—20f |

2sE |

Fig. 10 The evolution of V (a) in the Einstein frame in the case when
the evolution of the universe starts from the freeze singularity. For illus-
tration it is assumed that f(R) = R + y R% + 8R3. This figure corre-

sponds with Fig. 12. The blue dashed line presents the freeze singularity.
10* km?
52 Mpc?

The potential V (a) is expressed in units of

The evolution of the scalar field potential U (7), which
plays arole of dynamical cosmological constant, is presented
in Fig. 13 for the case with the generalized sudden singularity.
Note that for the late time the potential U (7) is constant. The
evolution of U (), for the case when the freeze singularity
appears, is presented in Fig. 14. For the late time the potential
U (a) can be approximated by

- R(a)? 4A + pmoa )2
0@ = RO Y8Rt pmod Ty,
1+4yR@ 1+4y@A+ pmoa=)

From the structural equation (32) for f (ﬁ) =R+ yﬁz +
SR> case, we get the parameterization of the dust matter
density with respect to R,
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-15

Fig. 11 The phase portrait for system (15)—(16) in the Einstein frame
in the case when the evolution of the universe starts from the generalized

sudden singularity. For illustration it is assumed that f (R) = R+yR2+
o
SR3, where y = 1079 (S k]\:]gc ) and § = 10713 (%) Critical

point (1) represents the static Einstein universe and is a saddle. The
black dashed line presents the generalized sudden singularity. The gray
color presents the non-physical domain (a < as). The red trajectories
represent the path of evolution for the flat universe. These trajectories
separate the domain with negative curvature (k = —1) from the domain
with positive curvature (k = +1). The scale factor is expressed in a
logarithmic scale

_ R—S8R3
P = A _ _4A. (42)
(1+2yR +38R?)?2

It is interesting that in the Einstein frame the interaction
between dark matter and dark energy naturally appears as
a physical phenomenon. This interaction modifies the origi-
nal scaling law for dust matter by a function € (7). We have

P = pm,oa (@) >+eD, 43)

7 [ 7a-ding and Q =

where € = = —py = H(R) x

3R(y+36R)(6R2 1) _ p2
X pm(R )—R(y+38R(3+yR)) for the case f(R) = R+ yR>+

8 R3. The evolution of €(7) is presented in Fig. 15.

6 Conclusions

The main goal of the paper was to point out some advantages
of the formulation of Palatini FRW cosmology in the Einstein
frame. The most crucial one is that in the Einstein frame the

20

15

10

-10

-15

Fig. 12 The phase portrait for system (15)—(16) in the Einstein frame
in the case when the evolution of the universe starts from the freeze
singularity. For illustration it is assumed that f (1%) =R+ y R2+5R3,
wherey = —107° (g ]iv[pc )andé =—-10"1 <%>.Criticalpoint
(1) represents the static Einstein universe and is a saddle. The black
dashed line presents the freeze singularity. The gray color presents
the non-physical domain (@ < as). The red trajectories represent the
path of evolution for the flat universe. These trajectories separate the
domain with negative curvature (k = —1) from the domain with positive
curvature (k = +1). The scale factor is expressed in a logarithmic scale

U(R®)
0.012F
0.010
0.008
0.006
0.004

0.002 f

‘1‘“‘1““1““1““1““1i

0.5 1.0 1.5 2.0 2.5 3.0

Fig. 13 The evolution of U (Ié(t_)) in the Einstein frame in the case
when the evolution of the universe starts from the generalized sudden
singularity. For illustration it is assumed that f(R) = R+ y R> 48R3,

where y = 107 (“kMPC )andé =101 (%).Notethatforthe

late time the potential U (7) goes to a constant value at late time. Time is

4 2
> Mp° and U(R(t)) is expressed in units of ISN}“",

pc”

expressed in unts of

parametrization of dark energy is uniquely determined. In
general it is obtained in the covariant form as a function of
the Ricci scalar.

@ Springer
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U(R(®@)

0.5 1.0 1.5 2.0 25 3.0

-0.002
—-0.004
—-0.006

—0.008

-0.010+

Fig. 14 The evolution of U (Ié(t_)) in the Einstein frame in the case
when the evolution of the universe starts from the freeze singularity.
For illustration it is assumed that f(Ié) =R+ yﬁz + 8R3, where
y =—-107"° (%) and§ = —10~13 (%) Time is expressed
10* km?
52 Mpc?

in units of ]SOOLE; and U (Ié (1)) is expressed in units of

e(i)'
0.008 *
0.006 *
0.004 *

0.002

A S S S S S S HN S S S ENSN S S B S St

0.2 0.4 0.6 0.8 1.0 1.2

~1

Fig. 15 The evolution of €(f) in the Einstein frame in the case when the

evolution of the universe starts from the generalized sudden singularity.

For illustration it is assumed that f(R) = R + yR% + 8R>, where
2 2 4 4

y =107 (s M';C ) and § = 10713 (S]z\fnﬁc ) Note that for the late

km'
time €(7) is constant. Time is expressed in units of -¥P<
s constant. S express s of 150,

It is well known that scalar—tensor theories of gravity can
be formulated both in the Jordan and in the Einstein frame.
These frames are conformally related [17]. We also know that
the formulations of a scalar—tensor theory in two different
conformal frames, although mathematically equivalent, are
physically inequivalent.

In recent years significant progress has been achieved in
the understanding of the geometric features of the Palatini
theories and the role of the choice of the frame [18,19]. In
particular, through the analysis of the tensorial perturbations,
it is shown that it is the auxiliary (conformal in this case)
metric, which determines the propagation of the gravitational
waves, while the geodesic motion of the particles is dictated
by the Jordan frame metric. A discussion, in this direction,

@ Springer

seems to be important as it would help to eliminate the need
to choose between the frames.

Faraoni and Gunzing gave a simple argument which favors
the Einstein frame over the Jordan frame: in the latter one
should potentially detect the time-dependent amplification
induced by gravitational waves [20].

An analogous problem has been detected in f(R) grav-
ity: the Jordan frames could be physically non-equivalent,
although they are connected by a conformal transforma-
tion [21,22]. In principle, there are two types of admissi-
ble arguments for favoring one frame over another: coming
from observations (for example astronomical observations)
or being of a theoretical nature (e.g. showing that some obsta-
cles or pathologies will vanish in the privileged frame).

From our investigation of the model in an Einstein frame
we found that some pathologies, like degenerate multiple
freeze singularities, [23] disappear in a generic case. The big
bang singularity is replaced by the singularity of a finite scale
factor. The subtle issue of what a singularity is in the con-
text of Palatini theories has been discussed in recent work by
Olmo et al. [24-26]. We are using singularities in a cosmo-
logical framework rather as a theoretical discriminator for the
optimal choice of the frame. We pointed out that the Einstein
frame is favored in this context.

Because the potential U (Ié (t)) is constant for the late time,
in the case when matter is negligible, the inflation appears
like in the case f(R) = R + y R? [23].

There are also some other advantages when transforming
to an Einstein frame, namely that in this frame one naturally
obtains the formula for dynamical dark energy which is going
at late time toward the cosmological constant. It is important
that the corresponding parametrization of dark energy is not
postulated ad hoc but emerges from first principles — which
is the formulation of the problem in the Einstein frame. It
is important that the parametrization of dark energy (energy
density as well as pressure) in terms of the Ricci scalar is
given in a covariant form from the structure equation.

After atransition to the Einstein frame the model evolution
is governed by the Friedmann equation with two interacting
fluids: dark energy and dark matter. This interaction modifies
the standard scaling of the redshift relation for dark matter.

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
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