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Abstract In the paper, we present exact solutions of grav-
itational field equations for an anisotropic brane with a
Bianchi type I universe with perfect fluid having non-
vanishing Weyl tensor of the bulk. It is assumed that the ther-
modynamic pressure bears a linear relation with the energy
density. For a particular non-zero value of the pressure the
solutions are obtained in an exact analytic form with and
without the cosmological constant for a Bianchi type I uni-
verse. The relevant physical quantities associated with the
evolution of the universe are also derived in the two cases.

1 Introduction

During the past one and a half decade the evolution of the
universe in the brane world scenario is a much discussed
topic in cosmology. Randall and Sundrum (RS) presented a
theory of gravity with an infinite fifth dimension in the pres-
ence of a brane [1,2]. RS suggested a brane model in which
the standard model particles are confined in a hypersurface
called brane with constant negative tension embedded in a
higher dimensional space-time called the bulk. The bulk is a
space time with negative cosmological constant. Only grav-
ity and other exotic matter can propagate in the bulk [3].
Investigations are going on if our universe might be such
a brane-like object. Extensive studies on brane cosmology
have been done by many research workers. For a detailed
analysis of brane cosmology, to name only a few, one may
consult Refs. [4–10].

Campos and Sopuerta [6] assumed a linear barotropic
equation of state p = (γ − 1)ρ on the brane and presented
a qualitative analysis of the behaviour of Bianchi type I and
V cosmological models. Anisotropy may grow in intermedi-
ate stages during the expansion of the universe. A detailed
study of the geometry and dynamics of the brane world has
been done by Maartens [10]. An anisotropic Bianchi type I
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brane-world in the presence of inflationary scalar fields was
considered by Maartens et al. [11]. They showed that the
magnitude of the anisotropy parameter of the brane does not
affect inflation.

Chen et al. [9] presented exact solutions of the gravita-
tional field equations in the generalized RS model for an
anisotropic brane with Bianchi type I and V geometry with
perfect fluids and scalar fields as matter sources. They con-
sidered the bulk to be conformally flat with vanishing Weyl
tensor and showed that the quadratic terms arising in the
energy-momentum tensor of the perfect cosmological fluids
lead to major changes in the early dynamics of the anisotropic
universe as compared to the standard general relativistic
case [9].

We shall make an attempt to derive the field equations for
an anisotropic brane in the case of a Bianchi type I universe
with perfect fluid model having nonvanishing Weyl tensor
of the bulk. It is shown that the effect of the inclusion of
the energy term for non-zero Weyl tensor of the bulk in the
analysis is reflected in the gravitational field equations as an
additive term in the parametric expressions compared to the
results of Chen et al. [9]. By redefining the initial cosmolog-
ical time, it is shown that the brane universe evolves from
a singular state with volume scale factor equal to zero from
time t = 0. For a particular non-zero value of the pressure (p)
(but less than the matter density (ρ)) and under some restric-
tions on the constants, the solutions are obtained in an exact
analytic form with and without the cosmological constant for
a Bianchi type I universe. The evolution of the volume scale
factor, expansion scalar, deceleration parameter, shear and
the anisotropy are evaluated in both cases.

2 Field equations

In this section we discuss the relevant field equations describ-
ing the bulk and the brane universe.
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The bulk is assumed to be a 5-dimensional space-time and
the brane, embedded in the bulk, has 4 dimensions. In the 5-
dimensional space-time the brane is assumed to be located at
Y (X I ) = 0, (I = 0, 1, 2, 3, 4) The Einstein field equations
for the bulk are given by [9]

GI J = K 2
5TI J , (1)

TI J = −�5gI J + δ(Y )
[
−λgI J + TMatter

I J

]
, (2)

where K 2
5 = 8πG5 is the 5-dimensional gravitational cou-

pling constant, �5 is the vacuum energy of the bulk, λ is the
vacuum energy on the brane and I , J take the values 0, 1, 2,
3, 4. The vacuum energy represented by �5 is assumed to be
negative and is the only source of the gravitational field [9].

The metric is taken in the form [9]

ds2 = (nI nJ + gI J ) dx I dx J (3)

where nIdx I = dχ is the unit normal to the χ = con-
stant hypersurfaces, gI J is the metric induced on χ = con-
stant hypersurfaces. The effective 4-dimensional gravita-
tional field equations on the brane take the form [7–9]

Gμν = −�gμν + K 2
4Tμν + K 4

5 Sμν − Eμν (4)

where

Sμν = 1

12
T Tμν − 1

4
T α

μ Tνα + 1

24
gμν

(
3T αβTαβ − T 2

)
,

� = 1

2
K 2

5

(
�5 + 1

6
K 2

5 λ2
)

,

K 2
4 = 1

6
λK 4

5 ,

EI J = CI AJ Bn
AnB, (5)

CI AJ B is the 5-dimensional Weyl tensor in the bulk; it is
traceless [7,10]. Eμν is the projection of the bulk Weyl tensor
on the brane. This represents the nonlocal effects on the brane
from the free gravitational field in the bulk. Tμν is the matter
energy-momentum tensor on the brane and T = Tμ

μ is the
trace of the energy-momentum tensor. The components of
Tμν are [9]

T o
o = −ρ, T 1

1 = T 2
2 = T 3

3 = p. (6)

We now introduce the directional Hubble parameters (Hi )

and the mean Hubble parameter (H):

Hi = ȧi
ai

, i = 1, 2, 3, (7)

H = 1

3

3∑
i=1

Hi , (8)

where ai are given by

V =
3∏

i=1

ai (9)

V is known as volume scale factor. A dot represents differ-
entiation with respect to time.

The relevant quantities of physical interest such as the
expansion scalar (θ ), mean anisotropy parameter (A), shear
scalar (σ 2) and the deceleration parameter (q) are defined in
terms of the Hubble parameters (Hi and H ) by [9]

θ = 3H, (10)

A = 1

3

3∑
i=1

(
�Hi

H

)2

, (11)

σ 2 = 3

2
AH2, (12)

q = d

dt

(
1

H

)
− 1, (13)

where

�Hi = Hi − H, i = 1, 2, 3. (14)

For a Bianchi type I universe, the metric is given by

ds2 = −dt2 + a2
1(t)dx2 + a2

2(t)dy2 + a2
3(t)dz2. (15)

From Eqs. (7)–(9) the Hubble parameter is expressed as

H = V̇

3V
. (16)

We consider that the bulk has non-zero Weyl tensor and
since it is traceless the values of Eμ

μ are assumed to be of the
form [10]

Eo
o = − 6U

K 2
4 λ

, E1
1 = E2

2 = E3
3 = 2U

K 2
4 λ

, (17)

where the function U satisfies the relation [10]

U̇ + 4HU = 0. (18)

From Eqs. (16) and (18) one obtains

U = αV−4/3, (19)

α being a constant.
We further assume that the pressure p bears a linear

barotropic relation with the energy density ρ given by [9]

p = (γ − 1) ρ, (20)

where γ is a constant; it can take values 1 ≤ γ ≤ 2.
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With the help of Eqs. (7)–(9), the gravitational field equa-
tions on the brane are obtained:

3Ḣ +
3∑

i=1

H2
i = � − (3γ − 2)

2
K 2

4 ρ

− (3γ − 1)

12
K 4

5 ρ2 + 6α

K 2
4 λ

V−4/3, (21)

1

V

d

dt
(V Hi ) = � − (γ − 2)

2
K 2

4 ρ

− (γ − 1)

12
K 4

5 ρ2 − 2α

K 2
4 λ

V−4/3, (22)

and

ρ̇ = 3γ Hρ. (23)

The last term on the right hand side of Eqs. (21) and (22)
represents the effect of Weyl tensor of the bulk on the brane.
If one substitutes α = 0, one recovers the corresponding
equations of Chen et al. (Eqs. (16) and (17) of Ref. [9]).
From Eq. (22) we obtain

1

V

d

dt
(V H) = � − (γ − 2)

2
K 2

4 ρ − (γ − 1)

12
K 4

5 ρ2

− 2α

K 2
4 λ

V−4/3. (24)

The relation between the directional Hubble parameters
(Hi ) and mean Hubble parameter (H) is obtained by sub-
tracting Eq. (24) from (22) and is given by

Hi − H = Ci

V
(25)

where Ci is a constant with i = 1, 2, 3.

3 Solutions of brane universe

We now find the solutions of the brane universe embedded
in a 5-D bulk in general.

From Eq. (23), the energy density is obtained:

ρ = ρoV
−γ , ρ = constant > 0. (26)

The dynamical equation for the anisotropic brane world
with non-zero Weyl tensor of the bulk is obtained from Eq.
(22) and is given by

V̈ = 3�V − 3(γ − 2)

2
K 2

4 ρoV
1−γ

− (γ − 1)

4
K 4

5 ρ2
oV

1−2γ − 6α

K 2
4 λ

V−1/3. (27)

If one redefines the initial cosmological time in such a
manner that while integrating Eq. (27) one may set the con-
stant of integration equal to zero, then from Eq. (27) one
obtains

t − to =
∫

dV
[

3�V 2+3K 2
4 ρoV 2−γ + 1

4 K
4
5 ρ2

oV
2−2γ − 18α

K 2
4 λ
V 2/3

] 1
2

.

(28)

Using Eqs. (27) and (28), the expressions for the expan-
sion scalar (θ ), anisotropy (A), shear (σ 2) and deceleration
parameter (q) are obtained from Eqs. (10)–(13):

θ =
[

3�+3K 2
4 ρoV

−γ + 1

4
K 4

5 ρ2
oV

−2γ − 18α

K 2
4 λ

V−4/3

]1/2

,

(29)

A = 3C2

[
3�V 2+3K 2

4 ρoV
2−γ + 1

4
K 4

5 ρ2
o V

2−2γ − 18α

K 2
4 λ

V 2/3

]−1

,

(30)

σ 2 = C2

2V 2 , (31)

q = 2−
36�V 2+18(2−γ )K 2

4 ρoV 2−γ +3(1−γ )K 4
5 ρ2

o V
2−2γ − 72α

K 2
4 λ

V 2/3

12�V 2+12K 2
4 ρoV 2−γ +K 4

5 ρ2
o V

2(1−γ )− 72α

K 2
4 λ

V 2/3
,

(32)

where

C2 = C2
1 + C2

2 + C2
3 . (33)

We now consider the solutions presented in Eqs. (27)–(32)
for a particular case with γ = 4

3 for which the pressure (p)
and energy density (ρ) are related by p = 1

3ρ .
In this case, we have from Eq. (28),

t − to =
∫ [

3�V 8/3 + ηV 4/3 + β
]−1/2

V 1/3dV , (34)

where

η = 3K 2
4 ρo − 18α

K 2
4 λ

, β = 1

4
K 4

5 ρ2
o . (35)

From Eqs. (10)–(14) and (34), the following results are
obtained:

V (t) =
{

2
√

2(3�)3/4
}−1

e−s N 3/4, (36)

t = to + 3

4

1√
3�

ln
(
η + 2

√
3�β

)
, (37)

θ = √
3�N−1D, (38)

A = 8
√

3� C2 e2s D−2 N 1/2, (39)

σ 2 = 4(3�)3/2 C2 e2s N−3/2, (40)
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q = 8e
4
3 s D−2

[
η

(
e

4
3 s − η

)2 + 12�β
(

2e
4
3 s − η

)]
− 1,

(41)

where

s = √
3� (t − to) , (42)

N =
(
e

4
3 s − η

)2 − 12�β, (43)

D = e
8
3 s − η2 + 12�β. (44)

If the initial time to is redefined according to

e− 4
3

√
3�to = η + 2

√
3�β, (45)

the evolution of the brane universe starts from a singular state,

Vo = V (t = 0) = 0 at time t = 0. (46)

If we set the cosmological constant � = 0, the expressions
for V, θ, A, σ 2 and q on the brane universe are obtained:

V (t) = (9η)−3/4 P3/4, (47)

θ = 6η2 (t − to) P
−1, (48)

A =
(

9

4

)
C2η−5/2 (t − to)

−2 P
1
2 , (49)

σ 2 =
(

27

2

)
C2η3/2P−3/2, (50)

q = 1 +
(

9

2

)
β [η (t − to)]

−2 , (51)

P = 4η2 (t − t0)
2 − 9β. (52)

From Eqs. (47) and (52) one finds that V0 = V (t = 0) =
0, if the initial time is redefined by

t2
0 = 9β

4η2 . (53)

The evolution of the brane universe with and without the
cosmological constant is thus described in Eqs. (34)–(52).

4 Conclusions

It is evident from Eq. (46) that the brane universe evolves
from a singular state V = 0, from time t = 0 when the
initial time is defined according to Eq. (45). At t = 0, the
anisotropy vanishes and the expansion scalar (θ ) becomes
infinitely large. In the early stages of evolution when t is small
the volume scale factor and the anisotropy increase with time.

When t → ∞, the volume scale factor V becomes infinitely
large and the anisotropy decreases with time. The anisotropy
thus starting from value zero increases to a maximum in some
intermediate stages of evolution and then again decreases
with the passage of time.

For a universe with cosmological constant � = 0, the
evolution of the brane universe starts from t = 0 from a
singular state V = 0 when the initial cosmological time is
redefined by t2

o = 9β

4η2 (Eq. (53); β and η are defined in Eq.
(35)). At t = 0, the anisotropy A = 0, the expansion scalar
becomes infinite and the deceleration parameter q assumes
a constant value, q = 3. When t increases from its zero
value, the volume scale factor also increases. For large t , the
anisotropy varies as 1

t and as t → ∞, the volume scale factor
goes to infinity, the anisotropy A → 0, and the deceleration
parameter q becomes unity.

The effect of the Weyl tensor of the bulk on the brane is
reflected in the expression for η (see Eq. (35)). It appears
from Eqs. (36) and (39) (for � �= 0) and Eqs. (47) and (49)
(for � = 0) that the increase in volume scale factor and
the decrease in anisotropy with time become slower in the
presence of the Weyl tensor of the bulk.
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